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MOT SO KIEN Til EC CO BAN YE BAT DANG Til EC 


I. Dinh nghia 

Gia su A va B la hai bieu thuc bang so hoac bang chu. Khi do 
+ A>B;A<B;A>B;A<B dupe goi la cac bit ding thuc. 

+ Cac bat dang thuc tren dupe viet lai nhu sau 

A-B>0;A-B<0;A-B>0;A-B<0 

+ Mot bat dang thuc bat ki co the dung, cung co the sai. 

Quy w&c: Khi noi ve mot bat dang thuc ma khong noi gi them thi ta hieu do la mot bat dang thuc 

dung. 

II. Tinh chat eff ban cua bat dang thuc 

+ Tinh chat giao hoan 

Vdi cac so thuc A va B bat ki, ta luon coA<B<=>B>A 
+ Tinh chat bac cau 

Vdi cac so thuc A, B, C bat ki, ta luon coA<B, B<C=>A<C 

+ Tinh chat lien he vdi phep cong 

- Vdi cac so thuc A, B va M bat ki, ta luon co 

A<B«>A + M<B±M 

- Vdi cac so thuc A, B, C, D bat ki, ta luon co 

• A<B;C<D=>A + C<B + D 

• A<B;C<D=>A-D<B-C 

+ Tinh chat lien he vdi phep nhan 

- Vdi cac so thuc A, B bat ki, ta luon co 

• A < B; M > 0 => A.M < B.M 

• A < B; M < 0 => A.M > B.M 


- Vdi cac so thuc A, B, C, D bat ki, ta luon co 
Jo < A < B 
| 0 < C < D 


> 0 < A.C < B.D 


+ Tinh chat lien he vdi luy thua 

- Vdi cac so thuc A, B bat ki, ta luon co 

• A>B>0<»A n >B n >0, vdi n la so thuc duong. 


• A > B <=> A n > B n , vdi n la so tu nhien le. 

• |A| > |b| <» A n > B n > 0, vdi n la so tu nhien chan. 

• m > n > 0; A > 1 A m > A" 


• m>n>0;0<A<l=> A m < A n 
+ Tinh chat lien he vdi tinh nghich dao 

- Vdi cac so thuc duong A, B bat ki, ta luon co A > B <=> J 


1 

B 


III. Mot so bat dang thuc co 1 ban can nhd 

+ A 2 > 0 vdi VA 



+ A 2k > 0 vai V A va k la so tu nhien 
+ IA| > 0 vai VA 



Chmmg I - MOT SO PHUONG PHAP CHUNG MINH BAT DANG THUC 


Noi dung co ban cua chucmg I gom: 

• Gibi thieu cac phuang phap chung minh bat dang thuc. 

• Neu mot so tinh chat lien quan, mot so luu y cua cac phuang phap chung minh bat dang thuc tren. 

• Giai thieu cac bai tap mau cung qua trinh phan tich, suy luan de tim ra cac loi giai va cac loi giai duoc 
trinh bay cu the. 

• Gioi thieu mot so bai tap tu luyen. 


Chu de 1 

MOT SO KY THUAT BIEN oOl TlTONG DlTONG 

1. Kien thirc can nhd 

Gia sii' ta can chung minh bat dang thuc A > B. Tu tuong cua phuang phap la bien doi tuong 
duong bat dang thuc tren thanh mot bat dang thuc dung ma pho bien la cac dang sau: 

+ Sir dung dinh nghia bit ding thuc: A>B<»A-B>0 

+ Dang tong binh phuang: A > B <=> mX 2 + nY 2 + kZ 2 > 0, vai cac so m, n, k duong. 

+ Dang tich hai thira so cimg dau: 

A > B «■ X.Y > 0 hoac A > B <=> X 2n .Y > 0 

+ Xay dung cac bat dang thuc tir cac dieu kien ban dau: Neu x, y, z e [a,b] thi ta nghi ngay tdi 


mot trong cac bat dang thuc dung sau day 

(x - a)(x - b) < 0; (x - a)(y - a)(z - a) > 0; (x - b)(y - b)(z - b) < 0 

Mot so dang thirc can nho 1 


(a ± b) =a 2 ±2ab + b 2 ; a 2 + b 2 


(a + b) (a - b) 
2 + 2 


+ (a + b + c) = a 2 + b 2 + c 2 + 2ab + 2bc + 2ca 
+ (a + b) (b + c) (c + a) = a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 + 2abc 
+ (a + b + c)(ab + be + ca) = a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 + 3abc 
+ (a + b) (b + c) (c + a) + abc = (a + b + c) (ab + be + ca) 

+ ^a + l) (b + l) (c + l) = abc + ab + bc + ca + a + b + c + l 
+ (a - l) (b -1) (c - l) = abc - (ab + be + ca) + a + b + c- l 
+ a 3 + b 3 + c 3 - 3abc = (a + b + c) (a 2 + b 2 + c 2 - ab - be - ca) 


+ (a + b + c) = a 3 + b 3 + c 3 + 3(a + b)(b + c)(c + a) 

+ (a + b + c) (a 2 + b 2 + c 2 ) = a 3 + b 3 + c 3 + a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 

Mot so bat ding thirc co’ ban 

+ a 2 + b 2 > 2ab; 2 (a 2 + b 2 ) > (a + b) > 4ab 



+ a 2 + b 2 


ab > 


3(a + b) 


+ a 2 + b 2 + c 2 > ab + be + ca 
+ 3 (a 2 + b 2 + c 2 ) > (a + b + c) >3 (ab + be + ca) 


u(a 4 +b 4 + c 4 |> (ab + be + ca) > 3abc(a + b + c) 

Bat dang there tam giac 

f b - c > 0 
<| b + c - a > 0 
a - b > 0 


b -c 

< a < b + c 

c - a 

< b < c + a <=> \ 

a - b 

< c < a + b ( 


Vdi a, b, c la ba canh cua mot tam giac. 

Mot so ky thuat eff ban trong phep bien doi tmmg diro’ng 
+ Ky thuat xet hieu hai bieu thuc. 

+ Ky thuat sir dung cac hang dang thuc. 

+ Ky thuat them bat mot hang so, mot bieu thuc. 

+ Ky thuat dat bien phu. 

+ Ky thuat sap thu tu cac bien. 

+ Ky thuat khai thac tinh bi chan cua cac bien. 

2. Mot so vi du minh hoa 

Vi du 1. Cho a, b, c la cac s6 thuc bit ki. Chung minh rang: 

a) a 2 + b 2 + c 2 > ab + be + ca 

b) a 2 + b 2 + c 2 + 3 > 2 (a + b + c) 

Phan tich: Cac bat dang thuc tren kha quen thuoc, ta co the giai bang each xet hieu ve trai va ve phai roi 


phan tich thanh tong cac binh phuong. 


Loi giai 

a) Xet hieu hai ve cua bat dang thuc 

(a 2 + b 2 + c 2 ) - (ab + be + ca) = - 


- 2ab + b 2 + b 2 - 2bc + c 2 + c 2 - 2ca + a 2 
2 

i - b) +(b-c) + (c 


i 0 


Suy ra a 2 + b 2 + c 2 > ab + be + ca 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c 

b) Xet hieu hai ve cua bat dang thuc 


(a 2 + b 2 + c 2 + 3) - 2 (a + b + c) = a 2 - 2a + 1 + b 2 - 2b + 1 + c 2 - 2c + 1 
= (a - l) +(b-l) + (c - l) >0 


Suy ra a 2 + b 2 + c 2 + 3 > 2 (a + b + c) 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1 
Vi du 2. Cho a, b, c la cac s6 thuc bit ki. Chung minh ring: 




a 2 + b 2 + c 2 & ( a+b+c Y 

3 “l 3 J 

Phan tich: Day la mot bat dang thuc kha quen thuoc, ta co the giai bang each xet hieu ve trai va ve phai 
roi phan tlch thanh tong cac binh phuong. 

Loi giai 

Xet hieu hai ve cua bat dang thuc 

a 2 + b 2 + c 2 _ f a + b + c Y = 3(a 2 + b 2 + c 2 ) - (a + b + c) 

3 [ 3 J 9 

_ ( a - b ) 2 + ( b - C ) 2+ ( C - a ) 2 

9 


Suy ra 


Yay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

Nhan xet: Qua hai vi du tren ta nhan thay khi bien doi tuong duomg bat dang thuc bac hai thuang xuat 


hien cac dai luang (a - 6) ; (b - cj ; (c - a) vai dieu kien dau dang thuc xay ra tai a = b = c. Do do 
tru&c khi bien doi bat dang thuc ta nen du doan dau dang thuc xay ra de tit do co hu&ng di hap U. 

Vi du 3. Cho a, b, c la cac s6 thuc bit ki. Chung minh rang: 

a 2 + b 2 + c 2 + d 2 + e 2 > a (b + c + d + e) 

Phan tich: Bat dang thuc can chung minh co hinh thuc tuong tu nhu cac bat dang thuc tren, ta co the giai 
bang each xet hieu ve trai va ve phai roi phan tich thanh tong cac binh phuong. De dupe cac tich 
ab, ac, ad, ae vao trong binh phuong ta can ghep a vbi b, c, d, e, va vi vai tro cua b, c, d, e nhu nhau nen 


ta co the nghT den viec bien doi nhu sau 

a 2 +b 2 +c 2 +d 2 +e 2 >a(b + c + d + e) 

<=> (a - kb) + (a - kc) + (a - kd) + (a - ke) > 0 

Trong trudng hop tren ta co the chon k = 2, tuc la ta phai nhan hai ve vdi 4. 

Loi giai 

Xet hieu hai ve cua bat dang thuc 

a 2 + b 2 + c 2 + d 2 + e 2 - a(b + c + d + e) 

4 (a 2 + b 2 + c 2 + d 2 + e 2 ) - 4 (ab + ac + ad + ae) 

4 

(a 2 - 4ab + 4b 2 ) + (a 2 - 4ac + 4c 2 ) + (a 2 - 4ad + 4d 2 ) + (a 2 - 4ae + 4e 2 ) 

4 

(a-2b) +(a-2c) +(a-2d) +(a-2e) 

4 _ 

Suy ra a 2 + b 2 + c 2 + d 2 + e 2 > a (b + c + d + e) 

Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = 2b = 2c = 2d = 2e. 





Nhan xet: Vai bat dang thuc tren, ngoai phep bien doi tuang duang ta con co the dung tinh chat cua tam 
thuc bac hai de chung minh. 

Vi du 4. Cho a, b, c la cac so thuc thoa man dieu kien a, b, c > 1. Chung minh rang: 

a) 1 , 1 ^ 2 b ) 1 | 1 | 1 ^ 3 

1 + a 2 1 + b 2 1 + ab 1 + a 3 1 + b 3 1 + c 3 1 + abc 

Phan tich: Be y ta thay, mau cua cac bieu thuc xuat hiet cac binh phuong, y tuang chung minh bat dang 

thuc tren la xet hieu va phan tich lam xuat hien cac binh phuong. Chu y den gia thiet 

a, b>l=>ab-l>0. 


Loi giai 

a) Xet hieu hai ve cua bat dang thuc 

1 | 1 2 _ 1 1 | 1 1 

1 + a 2 1 + b 2 1 + ab 1 + a 2 1 + ab 1 + b 2 1 + ab 
(a - b)" (ab - l) ^ 

(a 2 + l)(b 2 + lj(ab + l) 


Suy ra 


1 + a 2 1 + b 2 1 + ab 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = 1 . 
b) Bat dang thuc can chung minh tuang duang vai. 

1 i i > 3 1 1 1 1 > 4 

1 + a 3 1 + b 3 1 + c 3 1 + abc 1 + a 3 1 + b 3 1 + c 3 1 + abc 1 + abc 

Ap dung bat dang thuc a cau a ta dugc 

111 1 2 2 

-T “I-T “I-7T "I-- 1 

1 + a 1 + b 1 + c 1 + abc i + Va 3 b 3 1 + Vabc 4 


"l 1 + abc 


Suy ra 


1 1 13 

1 + a 3 1 + b 3 1 + c 3 1 + abc 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 


Vi du 5. Cho a, b, c la cac so thuc duang thoa man a 3 + b 3 = a - b. Chung minh rang: 

a 2 + b 2 + ab < 1 


Phan tich: Quan sat bat dang thuc can chung minh ta thay co bieu thuc a 2 + b 2 + ab. Trong khi do gia 
thiet lai xuat hien bieu thuc a - b. Vay moi lien he cua hai bieu thuc nay nhu the nao? Be thay dugc 
hang dang thuc (a - bj|a 2 + b 2 + abj = a 3 - b 3 . Bo do mot each rat tu nhien ta nhan hai ve cua gia thiet 
vbi bieu thuc a 2 + b 2 + ab de lam xuat hien a 3 - b 3 va a 2 + b 2 + ab, khi do ta dugc 


a 2 + ab + b 2 


3 — b 3 a 3 — b 3 

-. Tbi day chi can chung minh- 

3 + b 3 a 3 + b 3 


va a“ 

< 1 la xong. 


Loi giai 

Bien doi gia thiet ta dugc 





a> + b> = a - b o (a s + b s )(a ! + ab + b J ) = (a - b)(a ! + ab + b 2 ) 

<=> (a 3 + b 3 )(a 2 + ab + b 2 ) = a 3 - b 3 <» a 2 + ab + b 2 = a ;j — 

Ta can chung minh dugc 

< 1 <=> a 3 - b 3 < a 3 + b 3 <=> 0 < 2b 3 <=> 0 < b 

a 3 + b 3 

Do b > 0 hien nhien dung. Nen bat dang there dugc chung minh. 

Vi du 6. Cho a, b la cac s6 thuc duong thoa man dilu kien a > b. Chung minh ring: 

Va 2 - b 2 + V2ab - b 2 > a 

Phan tich: Bit ding thuc co chua can bac hai va cac biSu thuc trong can co chua cac binh phuong, lai co 
them dieu kien a > b > 0, nen ta binh phuong hai ve de bien doi bat dang thuc. 

Loi giai 

Bat dang thuc can chung minh tuong duong vbi: 


Va - b + V2ab - b 


<=> a 2 - b 2 + 2\J& 2 - b 2 .V2ab - b 2 + 2ab - b 2 > a 2 
<=> 2b(a - b) + 2^a 2 - b 2 .V2ab - b 2 > 0 

Vi a > b > 0 nen b(a - b) > 0. Vay bat dang thuc dugc chung minh 


Vi du 7. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 4 + b 4 + c 4 > abc (a + b + c) 

Phan tich: Bat dang thuc tren la mot bat dang thuc co ban co ve trai la cac luy thua bac chan. Be y ta 


thay abc (a + b + c) = ab.bc + bc.ca + ca.ab, do do rat tu nhien ta nghT den viec bien doi bat dang thuc 


thanh tong cua cac binh phuong. 

Loi giai 

Bat dang thuc can chung minh tuong duong vbi 

a 4 + b 4 + c 4 - a 2 bc - b 2 ac - c 2 ab > 0 <» 2a 4 + 2b 4 + 2c 4 - 2a 2 bc - 2b 2 ac - 2c 2 ab > 0 
<=> (a 2 - b 2 ) + 2a 2 b 2 + (b 2 - c 2 ) + 2b 2 c 2 + (c 2 - a 2 ) + 2a 2 c 2 - 2a 2 bc - 2b 2 ac - 2c 2 ab > 0 
<=> (a 2 - b 2 ) + (b 2 - c 2 ) + (c 2 - a 2 ) + (ab - be) + (be - ac) + (ab - ac) > 0 
Suy ra a 4 + b 4 + c 4 > abc (a + b + c) 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c 
Vi du 8. Cho a, b la cac sb thuc duong tuy y. Chung minh ring: 

__ (a“ + b")(a* + b^(a» + b»)(a- + b<) _ 

Phan tich: Be y ta thay a 10 .a 2 = a 8 .a 4 , b 10 .b 2 = b 8 .b 4 , do do ta bien doi tuong duong de thu ggn va 

chung minh bit ding thuc. 

Loi giai 

Bien doi tuong duong bat dang thuc 






(a 10 + b 10 )(a 2 + b 2 ) > (a 8 + b 8 )(a 4 + b 1 ) 

«• a 12 + a 10 b 2 + a 2 b 10 + b 12 > a 12 + a 8 b 4 + a 4 b 8 + b 12 


» aV (a 2 - b 2 ) + aV (b 2 - a 2 ) > 0 « a 2 b 2 (a 2 - b 2 )(a‘ - b‘)> 0 
»aV(a 2 -b 2 ) ! (a< + aV+b‘)iO 

Bat dang thuc cuoi dung. Vay ta co dieu phai chung minh. 



Phan tich: Tir gia thiet a + b + c = 0 ta co the rut mot bien theo cac bien con lai, chang han c = -a - b, 
thay vao bieu thuc cua bat dang thuc ta duoc 3a 2 + 4ab + 2b 2 la bieu thuc chi chua hai bien va xuat hien 
cac binh phuong. Ben day ta tim each phan tich thanh tong cac binh phuong de chung minh bat dang 
thuc. 

Loi giai 

Theo gia thiet thi c = - (a + b), nen bat dang thuc da cho tuong ung vbi 


ab + c^2a + 3a) < 0 «> ab + (-a - b)(2b + 3a) < 0 
<» ab - 2ab - 3a 2 - 2b 2 - 3ab < 0 «> 3a 2 + 4ab + 2b 2 > 0 «> a 2 + 2 (a + b) 2 > 0 
Tu do ta co dieu phai chung minh . Dau dang thuc xay ra khi va chi khi a = b = c = 0. 



a 5 

(a 2 +i) n 

Vi du 10. Chung minh vbi cac so thuc a duong, ta co: - 

a 


v ' > 

2 +1 

2a 2 


Phan tich: Bit ding thuc cin chung minh chi chua mot biin a, nen thong thudng ta sir dung phuong 
phap bien doi tuong duong de chung minh. Be y them nua ta thay, bat dang thuc chua cac dai luong 

a 2 + 1 va 2a lam ta lien tuong den hang dang thuc [a - l) , lai thay dang thuc xay ra khi a = 1 nen suy 


nghT rat tu nhien la bien doi tuong duong bat dang thuc lam xuat hien dai luong [a - l) xem co the 


chung minh bai toan duoc khong. Vbi 

ta chuyen ve de bien doi bat dang thuc. 

Loi giai 

Bien doi tuong duong bat dang thuc 


1 khi do ta co —- 

a +1 




2 


2a 2 a 2 +1 2 2a 

o > 0 

2a 2 ^a a 2 +1J 

2 ~ a + 5 ^ Q _ ( a ~ !) ( a ~ ^ + 9 ( &2 + ^ ^ Q 

(a 2 +1) 2 ' 2 (a 2 +1) 


— + 5 nen 
2 


Bat dang thuc cuoi dung nen ta co dieu phai chung minh. 
Bang thuc xay ra khi va chi khi a = 1. 






Phan ti'ch: Quan sat bat dang thuc can chung minh ta nhan thay nhung dac diem sau: 


+ Hai ve ciia bat dang thuc cung co bac mot. 

+ Bat dang thuc can chung minh lam ta lien tudng den mot bat bat dang thuc kha hay dung 
x 3 + y 3 >xy(x + y). 

Loi giai 

Trudc het ta chung minh bat dang thuc x 3 + y 3 > xy (x + y'j vdi x, y la cac so duong 
That vay 

x 3 + y 3 >xy(x + y)<=>(x + y)(x 2 + y 2 -xy)>xy(x + y)<=>(x-y) >0 


Ap dung bat dang thuc tren ta dupe 



Phan ti'ch: Bit ding thuc chi chua mot biin va co chua can bac hai. Trudc hit ta kiim tra diiu kien xac 
dinh cua cac can thuc 


Nen bat dang thuc duoc xac dinh vdi moi x. 

Quan sat bat dang thuc ta thay neu thay x bang -x thi ve trai cua bat dang thuc trd la 
(-2x + l) .Vx 2 + x + 1 va ve phai cua bat dang thuc la (2x - ij ,\lx 2 - x + 1, khi do neu nhan hai ve vdi 

—1 thi duoc (2x - ij.Vx 2 + x + 1 < ^2x + ij.Vx 2 - x + 1, tuc la bit ding thuc khong thay ddi gi ca. 
Nhu vay ta chi can xet trudng hop x khong am la duoc. 


Vdi 0 < x < —, ta thay ve trai luon duong va ve phai nho hon hoac bang khong nen ta co the 


chia nho cac trudng hop 0 < 


1 

2 


de chung minh bat dang thuc. 






2t + 1^ Vt 2 + t + 1 > 2t — 1 j yjt 2 — t + 1 
<=> ^2t + 1^ Vt 2 — t + 1 > ^2t — 1^ Vt 2 + t + 1 

Bat dang thuc cuoi nay co dang nhu bat dang thirc b de bai va quan trong han luc nay ta lai co 

t > 0. Nhu vay, vbi lap luan nay ta thay rang chi can xet bai toan trong trubng hop x > 0 la du. Luc nay 

co hai kha nang xay ra : 

+ Neu 0 < x < ^ thi (2x + 1 ).Vx 2 - x + 1 > 0; (2x - l^.-v/x 2 + x + 1 < 0 

suy ra (2x + l) \]x 2 - x + 1 > (2x -l) \/x 2 + x + 1 . Nen bat dang thuc dung. 


+- Neu x > — thi hai ve cung duong, nen binh phuong hai ve ta duoc 

(2x + l) 2 (x 2 - x + l) > (2x - l) 2 (x 2 + x + l) 

<=> 4x 4 + x 2 + 3x + 1 > 4x 4 + x 2 -3x + l<=>x>0 


Ma x > — nen bat dang thuc cuoi cung dung. 


Vay bat dang thuc duoc chung minh. 

Vi du 13. Cho cac so thuc a, b, c g [0, 1]. Chung minh rang: 

a 4 + b 3 + c 2 - ab - be - ac < 1 

Phan tich: Tir gia thiet a,b,c g [0, 1] ta duoc 0 < a,b,c < 1, khi do theo tinh chat cua luy thira ta duoc 
a > a 4 ; b > b 3 ; c>c 2 . Bieu thuc d ve trai cua bat dang thuc duoc thay bang dai luong 
a + b + c - ab - be - ca. Cung tir gia thiet a, b, c g [0, 1] va bieu thuc ben lam ta lien tubng den tich 
(l-a)(l-b)(l-c) > 0. Do do ta sir dung phep bien doi tuong duong de chung minh bat dang thuc 

tren. 

Loi giai 

Theo gia thiet a, b, c g [0, 1] ta co 


(l - a)(l - b)(l - c) > 0 
<=> 1 - (a + b + c) + ab + be + ac - abc > 0 
<»l>a + b + c-ab-bc-ac + abc 
Cung tir gia thiet a,b,c g [0, 1] nen abc > Ova a > a 4 ; b > b 3 ; c > c 2 . 


Do do ta suy ra 1 > a + b + c - ab - be - ac > a 4 + b 3 + c 2 - ab - be - ac 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 hoac 

a = l;b = c = 0 va cac hoan vi. 

a 2 b 2 a b 

Vi du 14. Chung minh rang vbi moi so thuc khac khong a, b ta co: — + — > — + — 

b 2 a b a 





, a 2 b 2 ( a b 

Phan tich: De y ta thay — + — = — + — I - 2, do do ta co the bien doi bat dang there thanh 


a b 

— + — 

b a 


1 , b a 

- 2 — f — + —1 > 0. Den day ta co the phan tich thanh tich roi quy dong hoac dat bien phu 


a b 

t = —l—, chu y dieu kien t > 2 . 
b a 1 

Loi giai 

Bit ding there da cho tuong duong vdi 


«-+--2--+->0«-+-+l-+--2>0 


Den day ta co hai hudng xir ly bat dang thuc tren. 

+ Hudng 1: Bien doi tuong duong tiep ta dupe bat dang thuc 


(a 2 + b 2 + ab)(a - b) 


(a + b) + (a 2 + b 2 ) 
f b 2 + ab = ^^> 0 
2 


Do do bat dang thuc duoc chung minh. 
ci b 

+ Hudng 2: Dat t = —I—, khi do ta duoc t 2 = 
b a 


a b 

— + — 

b a 


Khi do bat dang thuc can chung minh duoc viet lai thanh (t + ij(t - 2 j > 0. 

- Neu t > 2, suy ra t - 2 > 0 nen (t + l) (t - 2) > 0. 

- Neu t < -2, suy rat + l<0;t-2<0 nen (t +1) (t - 2 ) > 0 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b 
Vi du 15. Chung minh rang vdi moi so thuc a, b ta co: 

ab(a-2)(b + 6) + 12a 2 -24a + 3b 2 + 18b+ 36 > 0 
Phan tich: Quan sat bat dang thuc ta nhan thay ve trai cua co ser xuat hien cac dai luong 

a (a - 2); b(b + 6) va chu y them cac dai luong ben ta nhan thay a (a - 2) + 1 = (a -1) va 

b (b + 6) + 9 = (b + 3) . Den day ta thay co hai y tuong chung minh bat dang thuc tren. 

+ Thu nhat la ta bien doi tuong duong lam xuat hien cac binh phuong (a - 1 j . (b + 3 ) . 

+ Thu hai la dat bien phu x = a (a - 2 ); y = b(b + 6) va sir dung dieu kien cua bien phu de chung 

minh. 

Loi giai 

Cach 1: Goi P la ve trai cua bat dang thuc da cho, ta co 

P = ab(a - 2^b + 6) + 12a 2 - 24a + 3b 2 + 18b + 36 
= a(a - 2)[b(b + 6) + 12 ] + 3[b(b + 6) + 12 ] 

= [b(b + 6) + 12] [a (a - 2 ) + 3 ] = ^(b + 3) 2 + 3 J(a - l) 2 + 2 J > 0 




Vay bat dang there dugc chung minh. 

Cach 2: Bat dang thvrc can chung minh tuong duong vdi 

ab(a - 2)(b + 6) + 12(a - l) 2 + 3(b + 3) 2 - 3 > 0 

fx = a(a-2) x + l = (a-l) >0 
Bat { } (o V ’ 

[y = b(b + 6j [ y + 9 = (b + 3) > 0 

Khi do bat dang there dugc viet lai thanh 

xy + 12(x + l) + 3(y + 9)-3 > 0 <=> (x + 3)(y+ 12) > 0 
Bat dang there cuoi cung luon dung vix + l>0;y + 3>0. 

Vay bat dang thuc dugc chung minh. 

Vi du 16. Cho a, b, c la cac so thuc bat ki. Chung minh rang: 

1019a 2 + 18b 4 + 1007c 2 > 30ab 2 + 6b 2 c + 2008ca 

Phan tich: Quan sat bat dang thuc can chung minh ta thay ve trai xuat hien cac luy thera bac chan va ve 
phai xuat hien tich cua hai trong ba bien nen ta nghT den viec bien doi bat dang thuc thanh tong cac binh 
phuong. Tuy nhien vi he so khac nhau nen ta can phai tinh y khi phan tich. 

Sau khi chuyen ve ta phan tich thanh m - b 2 ) + n ^b 2 - c) + k (c - a) va can tim m, n, k sao 
cho m + k = 1019; n + k = 18;k + m = 1007. Giai he dieu kien tren ta tim dugc 
m = 15; n = 3; k = 1004. Ben day ta chung minh dugc bat dang thuc. 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 

15 (a 2 - 2ab 2 + b 2 ) + 3 (b 4 - 2b 2 c + c 2 ) + 1004 (c 2 - 2ca + a 2 ) > 0 
<=> 15(a-b 2 ) 2 +3(b 2 - c)“ +1004(c-a) 2 > 0 

Vat bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b 2 = c. 

Vi du 17. Cho a, b la cac sd thuc thoa man a > 1; b > 1. Chung minh ring: 

aVb - 1 + bVa -1 < ab 

Phan tich: Bat dang thuc co chua can bac hai va dang thuc xay ra tai a = b = 2, do do ta co cac y tuong 
chung minh bat dang thuc sau day: 

+ Thu nhat la dat bien phu x = Va - 1; y = Vb - 1 de lam mat can bac hai va phan tich thanh cac binh 
phuong. 

+ Thu hai la khvr can bac hai bang mot danh gia quen thuoc x 2 + y 2 > 2xy. Be y den chieu bat dang thuc 
va dieu kien dau bang xay ra tai a = b = 2 ta danh gia dugc 

Loi giai 

Cach 1: Bat x = Va -1; y = Vb -1, khi do x > 0; y > 0 . Bat dang thuc can chung minh dugc viet lai 
thanh (x 2 + l)y + (y 2 + l)y < (x 2 + l)(y 2 + l) 





(x 2 + l)y + (y 2 + l)y < (x 2 + l)(y 2 +1) 

«- (x 2 + l)(y 2 + l) - 2(x 2 + l)y + (x 2 + l)(y 2 + l) - 2(y 2 + l)x > 0 
«(x 2 +l)(y-l) 2 +(y 2 +l)(x-l) 2 >0 

Bat dang there cuoi cung dung. Vay bat dang there dugc chung minh. 

Bang thvrc xay ra khi va chi khi x = y = 1 hay a = b = 2. 

Cach 2: Ap dung mot bat dang there quen thuoc ta dugc 


Do do ta duoc aVb - 1 + bVa - 1 < — + — = ab 

2 2 

Vay bat dang there dugc chung minh. Bang there xay ra khi va chi khi a = b = 2. 

Vi du 18. Chung minh rang vbi mpi so thuc a, b ta co: 2 ^a 4 + b 4 j > ab 3 + a 3 b + 2a 2 b 2 

Phan tich: Be y ta thay, vdi a = b thi dau dang thuc xay ra nen ta tach cac hang ter de tao ra nhan ter 

chung (a - b) . 


Loi giai 


Bat dang thuc can chung minh tuong duong vdi 

a 4 - 2a 2 b 2 + b 4 + a 4 - a 3 b + b 4 - ab 3 > 0 <=> (a 2 - b 2 ) + (a 3 - b 3 )(a - b) > 0 

«> (a - b) |ja + b) + (a 2 + ab + b 2 ) J > 0 «> (a - b) |^3 (a + b) + a 2 + b 2 J > 0 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b . 


Vi du 19. Cho a, b la hai so thuc khac khong. Chung minh rang: 

4a 2 b 2 a 2 b 2 > c 

TJZ iTf + b^ + a^“ C 


Phan tich: Quan sat bat dang thuc ta nhan thay khi a 2 = b 2 thi bat dang thuc xay ra dau bang va 

a 2 b 2 (a 2 + b 2 ) 2 


- - 2 . Nen ta co cac y tuong bien doi tuong duong bat dang thuc nhu sau: 


b 2 a 2 a 2 b 2 

+ Thu nhat la quy dong hai ve va phan tich lam xuat hien nhan ter chung (a 2 - b 2 ] 
2ab 


Thu hai la dat bien phu t = 


, chu y dieu kien 0 < t < 1. 

Loi giai 


Cach 1: Bit ding thuc da cho tuong duong vdi. 





4a 2 b 2 


(a 2 -b 2 ) (a 2 -b 2 


(a 2 — b 2 ) (a 4 + b 4 + a 2 b 2 


Bat dang thuc cuoi cung luon dung. Vay bat dang thuc dugc chung minh 


Bang thuc xay ra khi va chi khi a = ±b. 


Cach 2: Bat dang thuc dugc viet lai thanh - 


Bat t = —-- , khi do ta duoc 0 < t < 1. Suy ra -- = 4 - 

U +b 2 J ' a 2 b 2 [ 2ab J 

Bat dang thuc can chung minh trb thanh 

t + ^ > 5 ^ t 2 - 5t + 4 > 0 (t - l)(t - 4) > 0 
Bat dang thuc cuoi cung luon dung vi 0 < t < 1. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = ±b. 

I Vi du 20. Cho cac so thuc duong a, b, m. n (m > n). Chung minh rang: 


| na + mb mb + na m + n 

Phan tich: Nhan thay bat dang thuc xay ra dau bang tai a = b, do do mot each tu nhien ta nghT den bien 
doi bat dang thuc lam xuat hien (a - b j , chu y den dieu kien m > n 

Lol giai 

Bat dang thuc can chung minh tuong duong vbi 

-!_^ + ^_ m (‘- b ) -(‘-h) >o 

na + mb n + m nb + ma n + m ^na + mbj^n + mj ^nb + maj^n + mj 

o m (a-b )r- 1 __ ,0 

n + m ^na + mb nb + ma J n + m I na + mbll nb + ma) 

Vi a, b > 0 va m > n nen bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc dugc chung minh. Bau dang thuc xay ra khi a = b hoac m = n. 

Vi du 21. Cho a, b la cac so thuc duong tuy y. Chung minh rang: 

a 2 b + 2 > a 2 + 2ab 
2a 3 + b 3 3 ~ 2a 2 + b 2 

Phan tich: Quan sat bat dang thuc ta nhan thay dau dang thuc xay ra vbi a = b, khi do rat tu nhien ta 
nghT den bien doi bat dang thuc lam xuat hien dai lugng [a -b) . Mat khac vbi a = b ta lai co 





a 2 b 1 a 2 +2ab 1 * , 2 1 „ , A *. A . 

-= —; -= 1. Be y la — = 1 —, nen ta ta bien doi bat dang thuc thanh 

2a 3 +b 3 3 2a + b 3 3 

Q 2 K 1 O 2 X OoK 

■ -1. Tori day ta quy dong hai ve va phan tich thanh cac binh phuong. 


2a 3 + b 3 3 2a 2 + b" 


Loi giai 


Bat dang thuc can chung minh tuong duong vdi 


a 2 b 2 a 2 + 2ab a 2 b 1 a 2 + 2ab 

-+ - >-<=>->- 1 

2a 3 + b 3 3 2a 2 + b 2 2a 3 + b 3 3 2a 2 + b 2 


-(a-b) (2a + b) -(a-b) 
3(2a 3 + b 3 ) 2a 2 + b 2 


; (2a 2 +b 2 3 (2a 3 + b 3 

<=> (a-b) 2 [3(2a 3 + b 3 )-(2a 2 +b 2 )(2a + b)] >0 
<=> (a - b) (2a 3 + 2b 3 - 2a 2 b - 2ab 2 ) > 0 (a + b)(a - b) >0 
Bat dang thuc cuoi cung luon dung. 

Vat bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b. 


Vi du 22. Cho cac so thuc a , b khong dong thbi bang 0. Chung minh rang: 

2ab b 2 3 


a 2 + 4b 2 3a 2 + 2b 2 5 


Phan tich: Dau dang thuc xay ra vdi a = b, khi do 
1 b 2 


2 b 2 1 k 

- —; -= —. Nen ta ta bien doi 

5 3a 2 + 2b 2 5 


, A .i , , , , , 2 2ab 

bat dang thuc thanh 


5 a 2 + 4b 2 5 3a 2 + 2b 2 


— > 0. Tbi day ta quy dong hai ve va phan tich thanh 


cac binh phuong. 


Loi giai 


Bat dang thuc can chung minh tuong duong vbi 
2ab 


b 3 2 2ab 1 b 2 ^ 

-< - <^-+- >0 

a 2 + 4b 2 3a 2 + 2b 2 5 5 a 2 + 4b 2 5 3a 2 +2b 2 


2a 2 - lOab + 8b 2 3a 2 3b 2 _ 2(a-b)(a-4b) 3(a-b)(a + b) 

-1-> o <s> — -—-- h— -^> o 

a 2 + 4b 2 3a 2 + 2b 2 a 2 + 4b 2 3a 2 + 2b 2 

<=> (a - b)[2(a - 4b)(3a 2 + 2b 2 ) + 3(a + b)(a 2 + 4b 2 )] > 0 

<=> (a - b)^9a 3 - 21a 2 b + 16ab 2 - 4b 3 ) > 0 <=> (a - b) (3a - 2b) > 0 

Bat dang thuc cuoi cung luon dung. Vay bat dang thuc dugc chung minh. 

Bang thuc xay ra khi va chi khi a = b hoac 3a = 2b 

Vi du 23. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a) a (a - b)(a - c) + b(b - c)(b - a) + c(c - a)(c - b) > 0 

b) a 6 + b 6 + c 6 > a 5 b + b 5 c + c 5 a 


Phan tich: 






a) Quan sat bat dang thuc thu nhat ta nhan thay a - c = (a - b) + (b - c) do do bat dang thuc luc nay 
tuong duong vdi a [a - b) + c (a - c) (b - c) > 0. Den day chi can sap thu tu cac bien sao cho 
c(a - c) (b - c) > 0 la xong. 

b) Tuong tu nhu tren taco a-c = (a-b) + (b-c), bien doi tuong duong bat dang thuc ta duoc bat 
dang thuc (a - b) (a 5 - b 5 ) + (a - c) (b 5 - c 5 ) > 0. Den day ta chi can sap thu tu cac bien sao cho 
(a - c)(b 5 - c 5 ) > 0 la xong. 

Loi giai 

a) Vi vai trd cua a, b, c trong bat dang thuc nhu nhau nen khong mat tinh tong quat ta gia su 
a > b > c > 0. Khi do ta co 

a(a -b)(a - e) + a(b -c)(b - a) + e(e - a)(c - b) > 0 
a(a - bjjja - b) + (b - c)J + b(b - c)(b - a) + c(c - a)(c - b) > 0 
oa(a-b) 2 +a(a-b)(b-c)-a(b-c)(a-b) + c(a-c)(b-c)>0 
o(a-b) ! (a + b-c) + c(a-c)(b-c)>0 

Via>b>c>0 nen bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

b) Vi vai trd cua a, b, c trong bat dang thuc nhu nhau nen khong mat tinh tong quat ta gia su 
a>c>0;b>c>0. Khi do ta co 

a«-a s b + b‘-b s c + c e -c s a>0»a s (a-b) + b s (b-c) + c s (c-a)>0 
oa s (a-b)-b s [(a-b) + (c-a)] + c 5 (c-a)>0 
»(a-b)(a s -b ! ) + (a-c)(b s -c s )^0 
Via>c>0;b>c>0 nen bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 



+ Quy dong hai ve cua bat dang thuc thi ve trai xuat hien (be) + (ca) + (ab) va ve phai xuat hien 


abc(a + b + c) = ab.be + bc.ca + ca.ab. Nhu vay chi can chuyen ve trai ta viet duoc thanh tong cac binh 
phuong 


+ De y ta thay 



Nhu vay ta can nhan hai ve vdi 2 va ghep tuong tu. 

Loi giai 


Cach 1: Bi6n d6i tuong duong bit dang thuc tren nhu sau 




— + ^ + — > a, + b + e (be) + (ca) + (ab) >abc(a + b + c) 

o 2 (be) 2 + 2(ca) + 2(ab) - 2abc(a + b + c) > 0 
«> (ab - be) + (be - ca) + (ca - ab) > 0 
Bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 
Cach 2: Bien doi tucmg duang bat dang thuc tren nhu sau 


— + — + — >a + b + c<»2 — + — + — >2 a + b4 
a b c ( V abcj v 

[ be ca . | [ ca ab - | f ab be nl _ ) ^ _ 

lab Jibe J l c a J 

c(b 2 +a 2 -2ab) a(c 2 +b 2 -2bc) b(c 2 +a 2 -2ca) 


^ c(a-b) | a(b-c) | b(c-a) 
ab be ca 

Bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c . 
I Vi du 25. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 


Phan ti'ch: Nhan thay-2a + b = -- —. Ap dung tuong tu ta duoc bat dang thuc can chung minh. 

b b 


Bat dang thuc can chung minh tuong duong vbi 


a 2 - 2ab + b 2 b 2 - 2bc + c 2 c 2 - 2ca - 


Vi a, b, c la cac so thuc duong nen bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 

Vi du 26. Cho a, b la cac s6 thuc duong, tim hlng s6 k lbn nMt thoa man bit ding thuc. 

k 1 1 8 + 2k 

&2 + b 2 + &2 + b 2 ~ (a + b ) 2 

Phan tich: Vi vai tro cua a, b nhu nhau nen ta du doan dau dang thuc xay ra tai a = b, do do khi bien doi 
bat dang thuc ta can lam xuat hien nhan tir (a - b) . Khi do bat dang thuc tro thanh 

(a-b) j^(a 2 + 4ab + b 2 )(a 2 + b 2 ) - ka 2 b 2 J > 0. Be tim k lbn nhat ta cho a = b, khi do ta dugc 

12a 4 - ka 4 > 0 => k < 12. Ben day ta chi can chung minh k = 12 bat dang thuc dung la dugc. 

Loi giai 





Bat dang thuc can chung minh tuong duong vdi 

k | 1 | 1 ^ 8 +2k 
a 2 + b 2 a 2 b 2 


a + 


2k 


b ) 


a + k (a + b) a (a + b) ^ (a + b) 

.. , (b - a)(b + 3a.) (a - t>)(3a + b ) ^ Q 

(a 2 + b 2 )(a + b) a 2 (a + b) b 2 (a + b) 

(a - b) (a 2 + 4ab + b 2 ) k(a-b) 
a 2 b 2 (a + b) (a 2 + b 2 ) (a + b) 

<=> (a - b) |ja 2 + 4ab + b 2 )(a 2 + b 2 ) - ka 2 b 2 J > 0 

Vi (a - b) >0 nen bat dang thuc dung khi va chi khi 

(a 2 + 4ab + b 2 ) (a 2 + b 2 ) - ka 2 b 2 > 0 

Cho a = b thi bat dang thuc tren trb thanh 12a 4 - ka 4 > 0 => k < 12 . Ta chung minh k = 12 
la hang so Ion nhat thoa man bat dang thuc da cho 
That vay, ta xet cac trucmg hop sau 

+ Vbi k < 12 thi ta duoc (a 2 + 4ab + b 2 j^a 2 + b 2 j - ka 2 b 2 > 0. 

+ Vbi k = 12 thi bat dang thuc (a 2 + 4ab + b 2 j^a 2 + b 2 j - ka 2 b 2 > 0 trb thanh 
(a 2 + 4ab + b 2 )(a 2 + b 2 ) - 12a 2 b 2 > 0 

<=> (a 2 + b 2 ) - 4a 2 b 2 + 4ab (a 2 + b 2 - 2abj > 0 <=> (a 2 - b 2 ) + 4ab (a - b) >0 
Bat dang thuc cuoi cung hien nhien dung. Vay hang so k lbn nhat la 12. 


Vi du 27. Cho a, b la cac so thuc duong, tim hang so k lbn nhat thoa man bat dang thuc 
k 1 16 +4k 

a 3 + b 3 a 3 b 3 („ . h \ 3 


Loi giai 

Bien doi tuong duong bat dang thuc can chung minh ta duoc 



k 

- + - + -> 

16 +4k 


a 3 + b ; 

1 a 3 b 3 

(a + b) 

k 

4k ( 1 

8 + 1 

8 

a 3 + b 3 

(a + b) 3 8,3 ( 

a + b) k 

(a + b) 

a - b ( 

7b 2 + 4ab + a 2 

7a 2 + 4ab + b 

2 ^| 3k (a 

(a + b) V 

b 3 

a 3 

T]a^ 

(a-b) 2 (, 

i 4 + 5a 3 b + 12a 2 b : 

2 + 5ab 3 + b 4 j 

3k (a - 


b 3 )(a + b) 


a 3 b 3 a 2 - ab + b 2 

(a - b) [ja 4 + 5a 3 b + 12a 2 b 2 + 5ab 3 + b 4 )(a 2 - ab + b 2 ) - 3ka 3 b 3 J > 0 

Vi (a - b) >0 nen bat dang thuc dung khi va chi khi 




(a 4 + 5a 3 b + 12a 2 b 2 + 5ab 3 + b 4 )(a 2 - ab + b 2 ) - 3ka 3 b 3 > 0 

Cho a = b thi bat dang thuc tren trb thanh 24a 6 - 3ka 6 > 0 => k < 8. Ta chung minh k = 8 la 
hang so Ion nhat thoa man bat dang thuc da cho. That vay, ta xet cac trubng hop sau 
+ Vbi k < 8 thi ^a 4 + 5a 3 b + 12a 2 b 2 + 5ab 3 + b 4 )(a 2 - ab + b 2 ) - 3ka 3 b 3 > 0. 

+ Vbi k = 8 thi bit ding thuc tren duoc vi6t lai thanh 

(a 4 + 5a 3 b + 12a 2 b 2 + 5ab 3 + b 4 ) (a 2 - ab + b 2 ) - 24a 3 b 3 > 0 
Ta co a 4 + b 4 > 2a 2 b 2 ; a 2 + b 2 > 2ab nen 


a 4 + 5a 3 b + 12a 2 b 2 + 5ab 3 + b 4 = a 4 + b 4 + 5ab^a 2 + b 2 j + 12a 2 b 2 > 24a 2 b 2 
Va a 2 - ab + b 2 > ab 

Do do ta co (a 4 + 5a 3 b + 12a 2 b 2 + 5ab 3 + b 4 )(a 2 - ab + b 2 j > 24a 3 b 3 
Suy ra bat dang thuc duoc chung minh. Vay hang so k lbn nhat la 8. 

Vi du 28. Cho a, b la cac so thuc duong tuy y. Chung minh rang: 

3aZ+ a 2 » b b +3b! >2^(a» + ba ) 

Phan ti'ch: Dang thuc xay ra khi a = b, do do ta co bien doi bat dang thuc lam xuat hien dai luong 
(a - bj . Bat dang thuc can chung minh co chua can, nen de xuat hien nhan tir chung co dang [a - bj ta 

can chu y den phep bien doi 2 (a 2 + b 2 ) - (a + b) = (a - b) 


Khi do ta co ^2 (a 2 + b 2 j - (a + b j = - 


[2(a 2 + b 2 ) + (a + b) 


Loi giai 

Ta bien doi bat dang thuc can chung minh nhu sau 


a + b 

3a 2 + 2ab + 3b 2 


2^(a 2 + b 2 ) 

2(a + b) > 2.^2 (a 2 + b 2 j - 2 (a + b) 






Phan tich: B6 y ta tMy 


a - 


a + b 2ab _ {* + ~ ^ 

2 a + b _ 2(a + b) _ 2(a + b) 

a 2 + b 2 , , ,2 

'a 2 +b> rr ~+~~ ab ( a - b ) 


Lai co J- ——— Vab f fe 2 - 

2 a 2 + b 5 


+ Vab 2 ]j a 2^ 


Do do ta bien doi tuong duong de chiing minh bat dang there 

Lol giai 

Bat dang there can chiing minh deroc bien doi nhu sau 

JZ± 

V 2 2 a+b 2 


8+1 


<=> (a - b) j^2a + 2b - ^2 (a 2 + b 2 j - 2-Vab > 0 

Vi (a - b) >0 nen ta can chiing minh 2a + 2b - ^2 ^a 2 + b 2 j - 2\/ab > 0 


That vay, ta co 


-f 


+ b- J2 a 2 + b 2 1 = - 




^2 (a 2 + b 2 ) + |a + b) 

a + b -2Vab = (Va - y/b) = — - 

1 ; (W + V^) 

Do vay bat dang there tren tuong duong vbi 


|Va+Vbj \J 2 ( a2 + b2 ) + ( a + b )j 

<=> (a - b) ^2^a 2 + b 2 j + a + b - |Va + Vb j j > 0 

/ \2 r n -S <—i . , 2 2(a 2 + b 2 )-4ab 

(a - b) ./2(a 2 + b 2 ) - 2yab > 0 (a - b) , ^ =L -> 0 

1 I J J v > 

2 (a-b) 4 

<=> ■ V ’ -— > 0 

y2^a 2 + b 2 j + 2 Vab 

Bat dang thiic cuoi nay hien nhien dung, Vay bat dang thiic duoc chiing minh. 

Dang thuc xay ra khi va chi khi a = b . 


Vi du 30. Cho a, b, c la do dai ba canh cua mot tarn giac. Chiing minh rang: 

a) a 2 + b 2 + c 2 < 2(ab + be + ca) 

b) abc > (a + b - c) (b + c - a) (c + a - b) 


Lol giai 

a) Vi a, b, c la do dai ba canh ciia mot tarn giac nen ta co 




0 < a < b + c I a 2 < a(b + c) 

0<b<a + c=>jb 2 < b(a + c) 

0 < c < a + b c 2 < c(a + b) 

Cong theo ve ba bat dang thuc tren ta dirge a 2 + b 2 + c 2 < 2(ab + be + ca j 
b) Vi a, b, c la do dai ba canh cua mot tam giac nen ta co 

a 1 >a 2 -(b-c) 2 =(a-b + c)(a + b-c)>0 
Chung minh tuong tu ta duoc b 2 > b 2 - (c - a) 2 > 0; c 2 > c 2 - (a - b) 2 > 0 
Nhan ve cac bat dang thuc ta duoc 

aW Sjv - (b - cj Jb ! - (c - a) 2 ] - (a - bfj 

^aW>(a + b-c) 2 (b + c-a) 2 (c + a-b) 2 
Matalaico a + b- c>0;b + c- a>0;c + a- b>0 
Nen tu bat dang thuc tren ta duoc abc > (a + b - c). (b + c - a). (c + a - b) 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = C. 

Nhan xet: Bat dang thuc abc > [a + b - cj(b + c - a^[c + a - b'j khong chi dung vai a, b, c la cac canh 

cua mot tam giac, ma no edn dung cho a, b, c la cac so thuc duang bat ki. Bat dang nay la mot truang 
hap cua bat dang thuc Schur. Trong phan Phu luc 3, ta se ban nhieu ve bat dang thuc nay hon. 


Bai 31. Cho a, b, c la do dai ba canh cua tam giac chung minh rang: 

a (b - c) ! + b(c - a)" + c (a - b) 2 > a 3 + b 3 + c 3 


Loi giai 

Bien doi tuong duong bat dang thuc tren ta duoc 

a(b-c) 2 +b(c-a) 2 +c(a-b) 2 >a 3 +b 3 +c 3 
o a(b - c) 2 + b(c - a) 2 + c(a - b) 2 - a 3 - b 3 - c 3 ^> 0 

*»aj^b-c) -a 3 J + bj^c-a) -b 3 J + c|^(a-b) -c 2 J>0 

»a(b-c-a)(b-c + a) + b(c-a-b)(c-a + b) + c(a-b-c)(a-b + c)>0 
o(a + b-c)(c-a + b)(c + a-b)>0 

Do a, b, c la do dai ba canh trong mot tam giac nen bat dang thuc cuoi cimg luon dung. 

Vay bat dang thuc duoc chung minh. 


Vi du 32. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang: 

Va + be + Vb + ca + Vc + ab > 1 + Vab + Vbc + Vca 


Phan tich: Quan sat bat dang thuc ta co cac nhan xet nhu sau: 
+ Du doan dang thuc xay ra khi a = b = c = —. 





+ Khi thay 1 bang a + b + c vao bat dang thuc va chuyen ve thi ta dugc cac nhom 
Va + be - a - Vbc; Vb + ca - b - Vca; Ve + ab - c - Vab . Vi vai trd a, b, c nhu nhau nen ta du doan 
moi nhom tren khong am. De chung minh dvr doan tren ta co the binh phuong lam mat can bac hai roi 
bien doi tuong duong thanh tong cac binh phuong. 

+ Be y gia thiet a + b + c = 1, khi do ta co Va + be = J(a + b)(a + c) . De dang nhan ra 

^a + b)(a + c) > a + Vbc . Nhu vay chi can ap dung tuong tu cho hai trudng hop con lai thi bat dang 
thuc dugc chung minh. 

Loi giai 

Cach 1: Bit dang thuc cln chung minh tuong duong vbi 

Va + be + Vb + ca + Vc + ab > a + b + c + Vab + Vbc + Vca 
<=> |Va + be - a - Vbc j + |Vb + ca - b - Vca j + |Vc + ab - c - Vab j > 0 

Ta can chung minh 

Va + be - a - Vbc > 0; Vb + ca - b - Vca > 0; Ve + ab - c - Vab > 0 

That vay, ta co 

Va + be - a - Vbc > 0 <=> Va + be > a + Vbc <=> a + be > a 2 + 2aVbc + be 
1 > a + 2Vbc <» a + b + c > a + 2Vbc |Vb - Ve j >0 
Chung minh tuong tu ta dugc Vb + ca - b - Vca > 0; Ve + ab - c - Vab > 0. 


Den day bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = ^. 

Cach 2: Ket hgp vbi gia thiet a + b + c = ltaco 

Va + be = + b)(a + c); Vb + ca = ^{a + b)(b + c); Ve + ab = ^{c + a)(b + c) 

Khi do bat dang thuc dugc viet lai thanh 

a + b)(a + c) + ^(a + b)(b + c) + ^c + a)(b + c) > 1 + Vab + Vbc + Vca 

Mat khac ta co 

^{a + b)(a + c) > a + Vbc «> a 2 + ab + be + ca > a 2 + 2aVbc + be 

<» b + c > 2-Vbc <=> |Vb - Ve j > 0 

Chung minh tuong tu ta dugc 

^b + cj^a + bj > b + Vca; ^c + a)(b + c) > c + Vab 

Cong theo ve cac bat dang thuc tren ta dugc 

^a + b)(a + c) + ^a + b)(b + c) + ^c + a)(b + c) > a + b + c + Vab + Vbc + Vca 
Hay a + b)(a + c) + ^(a + b)(b + c) + yj (c + a)(b + c) > 1 + Vab + Vbc + Vca 
Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = ^. 


Vi du 33. Cho a, b, c la cac s6 thuc khong am. Chung minh ring: 



a 2 (b + c - a) + b 2 (c + a - b) + c 2 (a + b - c) < 3abc 

Phan tich: Quan sat bat dang thuc ta co nhung nhan xet sau: 

+ De thay dang thuc xay ra khi a = b = c va vai tro cac biin la nhu nhau. 

+ Be y ta thay abc - a 2 (b + c - a) = a (a - b)(a - c), nhu vay bat dang thuc dugc viet lai thanh 
a (a - b)(a - c) + b (b - c) (b - a) + c (a - c) (b - c) > 0, la bat dang thuc dugc chung minh a Vi du 

23. 

+ De dcm gian hoa bat dang thuc ta co the su dung each dat bien phu: 

x = b + c-a; y = c + a-b;z = a + b- c 

Khi do bat dang thuc dugc viet lai thanh 

x(y + z) 2 | y(z + x) 2 | z(x + y) 2 ^ 3(x + y)(y + z)(z + x) 

4 4 4 8 

Chu y den dang thuc (x + y) (y + z) {z + x) = x 2 y + xy 2 + y 2 z + yz 2 + z 2 x + zx 2 + 2xyz ta co the 

biin d6i tuang duang di chung minh bit ding thuc tren. 

Loi giai 

Cach 1: Vai tro cua a, b ,c la nhu nhau nen co the gia thiet a > b > c > 0. 

Bit ding thuc da cho tuong duong vbi 

abc - a 2 (b + c - a) + abc - b 2 (c + a - b) + abc - c 2 (a + b - c) > 0 
«> a(a - b)(a - c) + b(b - c)(b - a) + c(a - c)(b - c) > 0 
o(a-b)[a(a-c)-b(b-c)] + c(a-c)(b-c)>0 
«> (a - b) (a + b - c) + c(a - c)(b - c) > 0 

Vi a > b > c > 0 nen a + b - c > 0; (a - c) (b - c) > 0, suy ra bat dang thuc cuoi cung luon dung. Do 
do bat dang thuc dugc chung minh. 

Dang thuc xay ra khi va chi khi a = b = c hoac a = b; c = 0 va cac hoan vi. 

Cach 2: Dat x = b + c-a; y = c + a-b; z = a + b - c. Khi do ta dugc 

a _y + z . b - z + x c - x + y 

Bat dang thuc can chung minh dugc viet lai thanh 

x (y +z f , y( z+x f , 4 x+ y) 2 , 3 b+y)(y+4( z+x ) 

4 4 4 8 

Bien doi tuong duong bat dang thuc tren nhu sau 

x(y + z) 2 | y( z + x) 2 | z(x + y) 2 ^ 3(x + y)(y + z)(z + x) 

4 4 4 8 

2 ^x 2 y + xy 2 + y 2 z + yz 2 + z 2 x + zx 2 + 6xyz j < 3 (x + y) (y + z )( z + x) 

o 2(x + y)(y + z)(z + x) + Sxyz < 3(x + y)(y + z)(z + x) 

<=> 8xyz < (x + y)(y + z)(z + x) 

Ta can chung minh 8xyz < (x + y) (y + z) (z + x) 

That vay, ap dung mot bat dang thuc quen thuoc ta dugc 





X + y > 2 ^x 3 ^; y + z > 2-Jjyzj; z + x > 2^zx| 

Nhan theo ve cac bat dang thuc tren ta dugc 8xyz < (x + y)(y + z )(z + xj. 

Do do bit ding thuc dugc chung minh. 

Dang thuc xay ra khi va chi khi a = b = c hoac a = b; c = 0 va cac hoan vi. 

Vi du 34. Cho cac so thuc a,b,c g [-1, 2]vaa + b + c = 0. Chung minh rang: 

a) a 2 + b 2 + c 2 < 6 

b) 2abc < a 2 + b 2 + c 2 < 2abc + 2 

c) a 2 + b 2 + c 2 < 8 - abc 

Phan tich: 

a) Tu dieu kien a,b,c e [-1,2], de tao ra a 2 ta co the su dung cac bat dang thuc 


(a + l)(a - 2 ) > 0, ap dung tuong tu va de y den gia thiet a + b + c = 0 

b) De chung minh dugc bat dang thuc ta can lam nhu the nao de vua co the tao ra a 2 + b 2 + c 2 vira 
lam xuat hien tich abc. De y gia thiet a + b + c = 0 co the bien doi tuong duong thanh 

3? + + C 2 ' 9 

ab + be + ca =---. Nhu vay trong bat dang thuc co them su xuat hien cua ab + be + ca . Tu 

dieu kien a,b,c e [-1, 2] ta cung nen de y den bat dang thuc (a + l)(b + l)(c + l) > 0. 

c) Cung tuong tu nhu cau b nhung trong bat dang thuc o cau c co su xuat hien cua bieu thuc 
8 - abc nen ta lai chu y din (a-2)(b-2)(c-2)<0. 

Loi giai 

a) Do a,b,c e [-1, 2] nen ta co (^a + l) (a - 2 j > 0 hay a 2 < a + 2. 

Chung minh tuong tu ta dugc b 2 < b + 2; c 2 < c + 2 . 

Cong theo ve cac bat dang thuc tren va ket hgp vdi gia thiet a + b + c = 0 ta dugc 

a 2 +b 2 +c 2 <a + b + c + 6 = 6 

Vay bat dang thuc dugc chung minh. 

b) Trade het ta chung minh a 2 + b 2 + c 2 < 2abc + 2 
Do a,b,c g [-1, 2] nen ta co (a + l)(b + l)(c + l) > 0 

Hay abc + ab + bc + ca + a + b + c + l>0<» abc + ab + be + ca + 1 > 0 
Mat khac, vi a + b + c = 0 nen (^a + b + c) =0 


Hay 


ab + be + ca 


a 2 + b 2 + c 2 
2 


Khi do ta dugc abc 


a 2 + b 2 + c 2 
2 


+ 1 > 0 <» a 2 + b 2 + c 2 < 2abc + 2 


Ta can chung minh a 2 + b 2 + c 2 > 2abc. 

That vay, vi vai tro cua a, b, c nhu nhau nen khong mat tinh tong quat ta co the gia su a > b > c. Tu do 
suy ra 


-1 < c 


a + b + c 


£ 0 => c < 1 


3 





Khi do ta dirge 2abc < 2 |a|.|b|. | J^2 |a|,[l|i. 

Suy ra a 2 + b 2 + c 2 - 2abc > a 2 + b 2 + c 2 - 2 |a| .|b| = (|a| + |b| j + c 2 > 0 
Do do ta co a 2 + b 2 + c 2 > 2abc 

Ket hop hai ket qua tren ta dugc bat dang thuc can chung minh chung minh. 
c) Do a,b,c g [-1, 2] nen ta co (a - 2^b - 2)(c - 2) < 0 

Hay abc - 2 (ab + be + ca) + 4(a + b + c)-8<0<=> abc - 2 (ab + be + ca) - 8 < 0 

Ma ta co ab + be + ca = - a + ^ + c 

2 

Nen abc + a 2 + b 2 + c 2 - 8 < 0 hay a 2 + b 2 + c 2 < 8 - abc . 

Vay bat dang thuc dugc chung minh. 

Vi du 35. Cho cac so thuc a,b,ce[0, 2] va a + b + c = 3. Chung minh rang: 

3 < a 2 + b 2 + c 2 < 5 

Loi giai 

Dat x = a + l;y = b + l;z = c + l, khi do ta dugc x, y, z e [ - 1, 1] va x + y + z = 0 
Ta co 

a 2 + b 2 + c 2 = (x + + (y + l) + (z + 1^ 

= x 2 + y 2 + z 2 + 2 (x + y + z) + 3 = x 2 + y 2 + z 2 + 3 > 3 

Dau dang thuc co khi x = y = z = 0 hay a = b = c = 1. 

Mat khac do x, y, z e [ -1, 1] nen ta co 

(l - x)(l -y)(l - z) + (l + x)(l + y)(l + z) > 0 
<=>2 + 2 (xy + yx + zx) > 0 <S> 2 - (x 2 + y 2 + z 2 j + (x + y + x) >0 
x 2 + y 2 + z 2 < 2 

Suy ra a 2 + b 2 + c 2 < 5 . Dang thuc xay ra khi a = 2; b = 1; c = 0 va cac hoan vi. 

Ket hgp hai bat dang thuc tren ta dugc 3 < a 2 + b 2 + c 2 < 5. 

Vay bai toan dugc chung minh. 

Vi du 36. Cho cac s6 thuc a, b, c e [0, 2] va a + b + c = 3. Chung minh ring: 

3 < a 3 + b 3 + c 3 - 3 (a -1) (b -1) (c -1) < 9 

Loi giai 

Dat x = a-l; y = b -1; z = c- l, khi do ta dugc x, y, z e [ -1, 1] va x + y + z = 0 
Dat P = a 3 + b 3 + c 3 - 3 (a -l) (b -l) (c -1), khi do P dugc vilt lai thanh 

P = (x + l) + (y + l) + (z +1) - 3xyz 
= x 3 + y 3 + z 3 - 3xyz + 3 (x 2 + y 2 + z 2 ) + 3 (x + y + z) + 3 
Ma x + y + z = 0 nen ta co 

x 3 + y 3 + z 3 - 3xyz = (x + y + z) (x 2 + y 2 + z 2 - xy - yz - xz j = 0 
P = 3(x 2 + y 2 + z 2 ) + 3 


Do do 





Ma ta chung minh dugc 0 < x 2 + y 2 + z 2 < 2 nen 3 < P < 9. 

Vay bat dang thuc dugc chung minh. 

Vi du 37. Cho cac so thuc a,b,ce [0. 1]. Chung minh rang: 

a b c ^ n 

1 + be 1 + ca 1 + ab 
Phan ti'ch: Quan sat bat dang thuc ta nhan thay 

+ Vbi a + b + c = 0 thi a = b = c = 0, bat dang thuc hien nhien dung. Nhu vay ta can tim each 
chung minh cho truong hgp a + b + c > 0 

+ Tu gia thiet a,b,c e [0, 1] va truong hgp a + b + c > 0 dan den 0 < a, b, c < 1. 


Khi do de tao ta 1 + be ta nghi den bat dang thuc (l - b) (l - c ) > 0 1 + be > b + c. Be y ve phai cua 

, , , , 2(a + b + c) , , , 

bat dang thuc co the dugc viet thanh —--, do do rat tu nhien ta nghi den chung minh bat dang 

a + b + c 

a 2a 

thuc -<-. 

1 + bc a + b + c 

Loi giai 

Vi a,b,c g [0, 1] nen taco 0 < a,b,c < 1. 


+ Xet truong hgp a + b + c = 0 suy raa = b = c = 0, khi nay bat dang thuc can chung minh hien nhien 
dung. 

+ Xet truong hgp a + b + c > 0, khi do ta co 


Khi do ta co 


a < 1 a < 1 

^b - l)(c - l) > 0 \ b + c < 1 + be => 0 < a + b + c <, 2bc + 2 

be > 0 I 0 < be 

12 a 2a 

-<-<=>-<- 

1 + bc a + b + c 1 + bc a + b + c 


Chung minh tuong tu ta dugc —-— < ——-; ——— <-—- 

1 + ca a + b + c ab + 1 a + b + c 
Cong theo ve cac bat dang thuc tren ta dugc 

a + b + c < 2a + 2b + 2c _ 2 
1 + bc 1 + ca 1 + ab a + b + c a + b + c a + b + c 
Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = 1; c = 0 va cac ho an vi 


Vi du 38. Cho a, b, c la cac so thuc duong thoa man dieu kien a + b + c = 1. Chung minh rang: 

a-bc + b-ca + c-ab < 3 
a + be b + ca c + ab 2 

Phan tich: De y tu gia thiet a + b + c = 1 ta co a + be = (a + b Va + c), khi do bat dang thuc co the viet 
lai thanh 

a(a + b + c)-bc b(a + b + c)-ca c(a + b + c)-ab 3 
(a + b)(a + c) + (b + c)(b + a) + (c + a)(c + b) "2 
Den day ta quy dong hai ve va bien doi tuong duong bat dang thuc, chu y den dang thuc 
(a + b) (b + c)(c + a) = ab 2 + ac 2 + be 2 + ba 2 + ca 2 + cb 2 + 2abc 

Loi giai 


Ap dung gia thiet a + b + c = lta dugc 





a + be = a (a + b + c) + be = (a + b) (a + c) 

Ap dung tuang tu ta dugc b + ca = (b + c) (a + b); c + ab = (c + a) (b + c) 

Khi do bat dang thuc can chung minh tucmg duong vbi 

a(a + b + c)-bc b(a + b + c)-ca c(a + b + c)-ab 3 
(a + b)(a + c) (b + c)(b + a) (c + a)(c + b) 2 

<=> (a 2 + ab + ac - bej (b + c) + (b 2 + ba + be - ca) (c + a) + 

(c 2 + cb + ca - ab)(a + b) < — (a + b) (b + c)(c + a) 
«> ab 2 + ac 2 + be 2 + ba 2 + ca 2 + cb 2 > 6 abc 
<=>a(b-c) + b(c-a) + c(a-b) >0 


Vay bat dang thu dugc chung minh. Dang there xay ra khi va chi khi 


b = c 


1 

3' 


Nhan xet: Trong bat dang thuc tren, co mot kinh nghiem nen nha khi tim lai giai do la tim each doi chieu 
bat dang thuc. Cach dcm gian nhat la nhan hai ve vai -1 khi do ta dugc: 


bc-a + ca-b + ab-c > 3 
a + bc b + ca c + ab 2 

Bay gia ta chua bien doi ngay ma tim each triet tieu cac dai lugng dm trong cac bieu thuc truac 
va doi dau ve phai. Be y ta thay a + be + bc - a = 2 be, do vay chi can cong 1 vao moi phan so roi quy 
dong la ta triet tieu dugc cac dai lugng dm, khong nhimg vay ta edn doi dugc dau ben ve phai, cu the la 


1 be- a 1 ca-b 1 a& - c „ 3 2 be 2 ca 2 ab ^ 3 

1 +-+ 1 +-+ 1 +-> 3 - - «-+-+-> - 

a + bc b + ca c + ab 2 a + bc b + ca c + ab 2 

Den day ta se tim thay cac hucmg khac de xu li bai toan. 


Vi du 39. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a + b + c > 3 
b+c c+a a+b 2 

Phan ti'ch: Bit ding thuc cln chung minh la bit ding thuc Neibizt nbi tieng, hien nay co rit nhiiu each 
chung minh cho bat dang thuc nay. Be chung minh bang phuong phap bien doi tuong duong ta co cac y 
tudng nhu sau 


+ Thu nhat ta xet hieu hai ve va ehu y ——-— = ——— -4 —-——, khi do ta co 6 phan thuc. 

b + c 2 2 (b + c) 2 (b + c) 

Du doan dau dang thuc xay ra khi a = b = c, nen ta ghep hai phan thuc lam mot nhom sao cho co thi 
phan tich dugc thanh binh phuong cua hieu hai trong ba so a, b, c. Be y la 

a-b a-b («-b)' 
b + c c + a (b + c)(c + a) 

+ Thu hai ta de y den bien doi —-—f 1 = & + ^ + C . Do do ta cong vao hai ve cua bat dang thuc vbi 

b+c b+c 

3, thuc hien bien doi nhu tren ta duoc dugc bat dang thuc ve dang nhu sau 

( 2 a + 2 b + 2 c) —-— 1—-—1 --— > 9, den day ta co the don gian hoa bat dang thuc bang viec dat 

V / yb + c c + a a + bj 

bienphu x = b + c;y = c + a;z = a + b. 




+ Thu ba la ta tien hanh dat bien phu x = b + c;y = c + a;z = a + b ngay tu dau, khi do ta dugc 


a = ^^;„- 

2 2 

y+z-xz+x—yx+y-z 


> 3 se chung minh de dang hon. 


Loi giai 

Cach 1: Bat dang thuc can chung minh tuong duong vdi 

a 1 | b 1 | c 1 >Q 

b+c 2 c+a 2 a+b 2 


b + c b + c c + a c + a a + b 

a + b 

> 0 

fa-b a-bWb-c b - c l + f 

c - a 

c - a^j 

v b + c c + aj ^c + a a + bj [ 

a + b 

b + cj 

(a - b) 2 (b-cf | 

'c - b) 

-^>0 


Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 
Cach 2: Bat dang thu can chung minh tuong duong vdi 


a 1 b 1 c 19 

- 1 - 1 - 1 - 1 - 1 — > — 

b+c 2 c+a 2 a+b 2 2 


( 2 a + 2 b + 2 c) —— + + —— > 

v \b + c c + a a + bj 


Bat x = b + c;y = c + a;z = a + b, khi do bat dang thuc can chung minh trd thanh 

x y y z z x v 


Jill 

z -+-+- 
'IX y z 


(x + y + zj| i h— >9<» h — + — h i h >6 
" ' yxzxxz 


x ^ y 


+ — - 2 


y z 


--2 


2 > 0 < 


x-y 


y-z 


^y x J y z y j^zx J 2xy 2yz 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 
Cach 3: Bat x = b + c;y = c + a;z = a + b, khi do ta dugc 


. y+ z-x 


; b = 


; + x ~ y . c = x + y- 
2 ’ C 2 


Bat dang thuc can chung minh trd thanh 

y+z-x z+x-y x+y-z v 


<=>—+ ^-2 + ^ + --2 + 


^y x J yz y J (z x J 2xy 2yz 2zx 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 


Vi du 40. Cho a, b, c la cac so thuc duong thoa man 6a + 2b + 3c = 11. Chung minh rang: 

2b + 3c + 16 6a + 3c + 16 6a + 2b + 16 

-+-+-> 15 

6 a + 1 2b + 1 3c + 1 

Phan tich: Quan sat gia thiet va bat dang thuc can chung minh ta nghT ngay den viec doi bien 
x = 6a + 1; y = 2b + 1; z = 3c + 1, chinh viec doi bien nay ta thu dugc ket qua khong the hgp ly hon la 

x + y + z = 14 va bat dang thuc can chung minh trd thanh 






Den day viec chung minh bat dang there het sue don gian. 

Loi giai 

Dat x = 6a + 1; y = 2b + 1; z = 3c + 1, suy ra x + y + z = 14 . 
Bat dang thuc can chung minh duoc viet lai thanh 


y + z + 14 z + x + 14 x + y + 14 

--+-+---> 15 

x y z 



Bat dang thuc cuoi cung luon dung. Vay bat dang thuc duoc chung minh. 


* , , A 14 , 11 . it 11 

Dang thuc xay ra khi va chi khi x = y = x = — hay a = —; b = — ;c = — . 

S _ _ * 3 ^ 18 6 9 _ 

Vi du 41. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

ab (a + b - 2c) + be (b + c - 2a) + ca (c + a - 2b) > 0 

Phan tich: Vbi bit ding thuc tren ta co cac y tubng chung minh sau: 

+ Thu nhat la ta khai trien cac tich va nhom cac hang tir vdi nhau mot each hop ly, chu y la 

ab 2 + ac 2 - 2abc = a (b 2 + c 2 - 2bc) = a^b - c) . 


ab(a + b - 2c) 
abc 


+ Thu hai la vi a la so thuc duong nen ta co 
d 6 i duoc bit ding thuc vi dang don gian. 

Loi giai 

Cach 1: Bat dang thuc can chung minh tuong duong vdi 

a 2 b + ab 2 - 2 abc + b 2 c + be 2 - 2 abc + c 2 a + ca 2 - 2 abc > 0 
<» a ^b 2 + c 2 - 2 bc) + b (c 2 + a 2 - 2 ca) + c (a 2 + b 2 - 2 ab) > 0 
oa(b-c) 2 +b(c-a) 2 + c(a-b ) ! >0 
Bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

Cach 2: Bat dang thuc can chung minh tuong duong vdi 

ab(a + b- 2 c) bc(b + c- 2 a) ca(c + a- 2 b) 

abc abc abc 

a + b- 2 c b + c- 2 a c + a- 2 b^_ a b b c c a 
c a b bacbac 

Bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

I Vi du 42. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 


- - 2 , ap dung tuong tu ta bien 





2^a 3 + b 3 +c 3 j 9(a + b + c) 


_abc_ a 2 + b 2 + c 2 _ 

Phan ti'ch: Du doan dau dang thuc xay ra tai a = b = c. Khi do ta co dugc ket qua dep la 

2(a 3 +b 3 +c 3 ) 9(a + b + cf , , , 

— -- = 6 ; —k--- — = 27, do do ta rat tu nhien ta nghi den xet hieu hai ve ciia bat dang 

abc a + b + c 

thuc. Hon nua ta lai co hai ket qua sau 

2 (a 3 + b 3 + c 3 j - 6 abc = 2 (a + b + c) (a 2 + b 2 + c 2 - ab - be - ca) 

27 (a 2 + b 2 + c 2 ) - 9 (a + b + c) =18 (a 2 + b 2 + c 2 - ab - be - ca) 

Den day cang thay yen tarn la da di dung huong. 

Loi giai 

Bat dang thuc can chung minh tuong duong vbi 

2(a 3 +b 3 +c 3 ) 9(a + b + cf 

--- ^- 6 + - i 27 > 0 

abc a + b + c 

2 (a + b + c) (a 2 + b 2 + c 2 - ab - be - ca J 18 (a 2 + b 2 + c 2 - ab - be - ca) 


<=> 2 ^a 2 + b 2 + c 2 - ab - be - ca 


a 2 + b 2 + c 2 


abc a 2 + b 2 + c 2 


|^(a - b) + (b - c) + (c - a) j^a + b + c) (a 2 + b 2 + c 2 j - 9abcJ > 0 

Do (a - b) + (b - c) + (c - a) >0 nen ta chi can chung minh 

(a + b + c) (a 2 + b 2 + c 2 ) - 9abc > 0 

<=> a 3 + b 3 + c 3 - 3abc + a |b 2 + c 2 j + b (c 2 + a 2 ) + c (a 2 + b 2 j - 6 abc > 0 


Bat dang thuc nay dung vi ta co 


a 3 + b 3 + c 3 - 3abc = - 


i-b + c) (a-b) + (b-c) + (c - a) 


Va a(b 2 + c 2 ) + b(c 2 + a 2 ) + c(a 2 + b 2 ) - 6 abc = a(b - c) + b(c-a) + c(a-b) >0 
Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c 


Vi du 43. Cho a, b, c la cac so thuc tuy y. Chung minh rang: 

(a + b + c) + (b + c - a) + (c + a - b) + (a + b - c) < 28 (a 4 + b 4 + c 4 


Phan ti'ch: Bai toan ggi cho ta hang dang thuc: 

(x-y)‘ + (x + y)‘=2(x' + 6xy + y‘) 

Khi do ta co 


(a + b + c) + (b + c-a) =2 
(c + a-b) + (a + b-c) =2 


(b + c) + 6 a 2 (b + c) + a 4 
(b - c j + 6 a 2 (b - c) + a 4 


(b + c) + (b-c) = 2 ^b 4 + 6 b 2 c 2 + c 4 ) 


De y den bat dang thuc x 2 + y 2 + z 2 > xy + yz + zx 

Lol giai 





Be dang chung minh dugc (x - y) + (x + y) =2 ^x 4 + 6 x 2 y 2 + y 4 
Ap dung hang dang thuc tren ta dugc 


(a + b + c) + (b + c-a) =2 (b + cj + 6 a 2 (b + c) + a 4 
(c + a-b) + (a + b-c) =2 (b-c) + 6 a 2 (b-c) + a 4 
(b + c) + (b-c) = 2 ^b 4 + 6 b 2 c 2 + c 4 j 


= 4 ^a 4 + b 4 + c 4 j + 24b 2 c 2 + 12a 2 |Jb + c j + (b - c j J 
= 4(a‘ + b‘ + c‘) + 24(aV + bV + cV) 

Nhu vay ta can chung minh 

4 (a 4 + b 4 + c 4 ) + 24 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) < 28 (a 4 + b 4 + c 4 j 
<=> a 2 b 2 + b 2 c 2 + c 2 a 2 < a 4 + b 4 + c 4 

Bat dang thuc cuoi cung la mot bat dang thuc dung. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c 
I Vi du 44. Cho a, b, c la cac so thuc khac 1 thoa man abc = 1. Chung minh rang: 


Phan tich: Tu gia thiet abc = 1 ta nghT den each dat bien phu a = —; b = —; c = —. Khi do bat dang 

x y z 


thuc can chung minh trb thanh - 


1 1 1 


(i~ x ) ^-y) i 1 - 2 } 

Sd dung cac bien doi co ban va gia thiet xyz = 1 ta co cac ket qua sau 


1 | 1 | 1 _ 1| 3-(x + yn 

1 x 1 -y 1 -z xy + yz + zx - (y 


(l-q(i-y) (l-y)(l-») (l-z)(l- 

Ben day ta viet lai bat dang thuc can chung minh thanh 

r 1 1 4 V r 


3-(x + y+ z) 


U-x 1-y 1-zJ ’ [(l-x)(l-y) (l — y)(l — z) (l-z)(l-x) 


Va su dung cac ket qua tren. 


Bat dang thuc can chung minh trb thanh 


1 1 1 


(1 x) 1-y 1-z 


Bat dang thuc tren tuong duong vbi 




[— + — + —I 

U -x 1_ y 1 ~ z J 


i-x M-y 1 -y 1 -z 1 -z 1 -x 


3 - 21 x + y + z) + xy + yz + zx 


xy + yz + zx - (x + y + z) 
3-(x + y + zj 


3-(x + y+ z) 


xy + yz + zx - (x + y + z) 
3-(x + y + z) 


xy + yz + zx - (x + y + z) J 

Bat dang thuc cuoi cung luon dung. Vay bat dang thuc duoc chung rninh. 


xy + yz + zx - (x + y + z) 
3-(x + y+ z) 


xy + yz + zx - (x + y + z) 


Vi du 45. Cho a, b, c la cac so thuc doi mot khac nhau. Chung minh rang: 

(a + b) 2 | (b + c) J | (° + °)\ 2 
(a-b) (b - e) (e - a) 


Phan tich: Quan sat kT bat dang thuc can chung minh ta co cac nhan xet nhu sau 

, ,a a + b 1 2a a + b 1 2b , ,. k 

+ Be y ta thay-t-1 =-,-1 =-, do do ta co ket qua sau 

a-b a-ba-b a-b 


fa + b^Yb + c 
U-b Jlb-c 


-1 I -+ 1 

Ic-a 


ra + b_ Vb + c^Yc + a^^ 

^a-b J^b-c J^c-a ) 


Be don gian hoa bat dang thuc ta co the dat x = a + ^ ; y = ^ + c ; z = C + a , khi do ta duoc 

a-b b-c c-a 

(x + l) (y + l) (z + l) = (x - l) (y -l) (z - l) hay xy + yz + zx = -1 va bat dang thuc can chung minh 

duoc viet lai la x 2 + y 2 + z 2 > 2. Ben day ta co the chung minh duoc bat dang thuc 

+ Vdi each dat x = & + ^ ; y = ^ + c nhu tren ta co duoc mot ket qua khac nhu sau 
a - b b - c 


+ 1 fa + b b + c + Y T a + b + b + Y _ a + e 
hy (a-bb-c J‘U~b b-cj a-c 

Khi do bat dang thuc can chung minh tro thanh 

(?Yj s 2 o ( x+y M?Yj - 2xy£2 


Ben day ta cung co the chung minh duoc bat dang thuc. 

Loi giai 

_, , „ a + b b + c c + a 

Cach 1: Bat x =-; y = - ; z =-. 

a-b b-c c-a 


Khi do ta co 

Va 

Suy ra 


(x + l)(y + l)(z + l) = 
(x-l)(y- 1 )(z-l) = 


(a - b)(b - c)(c - a) 
8abc 

a - :fe<)(b - e)(c- a) 


(x + l)(y + l)(z + l) = (x - l)(y - l)(z - 1 ) 
<=> 2 (xy + yz + zx) = -2 <=> xy + yz + zx = -1 
Bat dang thuc can chung minh tro thanh 



x 2 + y 2 + z 2 > 2 <» x 2 + y 2 + z 2 + 2 (xy + yz + zx j > 0 (x 4- y 4- zj >0 

Bat dang thuc cuoi cung luon dung. Vay bat dang thuc dugc chung minh 
Bang thuc xay ra khi va chi khi x + y + z = 0 hay mot trong ba so a, b, c bang 0. 


Cach 2: Bat x = 

a - b 

b 

7 = b~ 

—. Khi do ta duoc 
- c 



xy +1 _ 

^a + b 


b 4- c^| 


x + y 1 

^a - b 

'b-c J'[a-b 

b - cj 



(a + b) 

(b4-c) + (a- b)(b - 

-c) (a4-b)(b-< 

c) 4- (a - b)(b 4- c) 


_ 2 ab + 2 bc _ a + c 
2 ab - 2 bc a - c 

Khi do bit ding thuc cin chung minh trb thanh 

D§ thiy (x + y) + |^ Xy + 1 j > 2 (xy 4- l) 

Do do ta dugc (x + y) + |^ Xy j - 2xy > 2(xy + l) - 2xy = 2 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi mot trong ba so a, b, c bang 0. 

Vi du 46. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a b c 3 

-1-1-< — 

2a + b + c a + 2b + c a + b + 2c 4 

Phan tich: Quan sat bit ding thuc cin chung minh ta co the dua ra cac y tubng sau 

+ Thu nhat ta de y den bien doi sau 1-—-= a + ^ + c Ap dung tuong tu ta co the doi 

2 a + b + c 2 a + b + c 

chieu bat dang thuc. Ben day de don gian hoa bat dang thuc ta co the dat bien phu 
x = 2 a + b + c;y = a + 2 b + c;z = a + b + 2 c. 


- Bat bien phu x = 2a + b + c; y = a + 2 b 4 
3x — y — z 3y — x — z 3z — x — y 


f 2 c ngay tu dau va khi do ta dugc bat 


4x 4y 4z 4 

+ Bat bien phu x = b + c;y = a + c;z = a + b va viet lai bat dang thuc can chung minh nhu sau 

y+z _ x + z+x _ y + x+y _ z ^3 

2(y + z) 2(z + x) 2(x + y) 4 

Vdi cac bat dang thuc b ca ba y tubng tren ta co the chung minh tiep bang bien doi tuong duong. 

Lol giai 

Cach 1: Bien doi tuong duong bat dang thuc can chung minh 

1 -?-+ 1 -*-+ 1 - 5 - 

2a + b + c a + 2b + c a + b + 2c 4 
^ a + b + c + a + b + c + a + b + c > 9 
2a + b + c a + 2b + c a + b + 2c 4 


1 

a + 2 b + c 





Bat x = 2a + b + c; y = a + 2b + c; z = a + b + 2c=>x + y + z = 4(a + b + c) 

Khi do bat dang there tren tro thanh 


fy + z) - + - 




2 xy 2 yz 2 zx 


> 0 


Bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 
Cach 2: Bat x = 2a + b + c;y = a + 2b + c;z = a + b + 2c 


Suy ra 


3x-y-z ^ 3y-x-z 3z-x-y 
4 ’ 4 ’ C_ 4 


Bat dang thuc can chung minh dugc viet lai thanh 

3x-y-z + 3y-x-z + 3z-x-y < 3 
4x 4y 4z 4 


>Ip- 


y . y , 


- + --2 + — +- 2 + - +- 2 >0 


2 xy 


2 yz 


Bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 
Cach 3: Bat x = b + c;y = a + c;z = a + b 



>0 


Suy ra 


a = 


y + z-x 
2 


, x+z-y x+y-z 

b =-c =--- 

2 2 


Bat dang thuc can chung minh dugc viet lai thanh 

y + z — x z + x — y x + y — z < 3 x y z >3 
2 (y + Z ) + 2(z + X ) + 2(x + y) S 4°y + z + z + x + x + y 2 
Bat dang thuc cuoi cung la bat dang thuc Neibizt. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 

Vi du 47. Cho a, b, c la cac s 6 thuc duong tuy y. Chung minh ring: 

1 1 lb+c c+a a+b 

-1-1-^-1-1- 

a b c a 2 + be b 2 + ca c 2 + ab 

Phan tich: Bat dang thuc can chung minh thuc su da gay ra rat nhieu kho khan khi giai no. Khi thuc hien 
bien doi tuong duong thi y nghT dau tien la chuyen ve va xet cac hieu theo nhom, nhung ta can ghep cac 
nhom nhu the nao cho phu hgp. Be y mot cong cu rat hieu qua trong luc be tac do la vai tro cac bien nhu 
nhau nen co the sap thu tu cac bien. Cho nen ta ghep dai cac nhom nhu sau 


f 1 a + b "j 

Jl. 

b + c 'j 

[ 1 c + a | 

^a c 2 + ab J 

t c 

a 2 + be J 

^b b 2 + ca J 


(c-a) (c + a)(bc + ab - ab) (^b-c^b-a) 
ca ^a 2 + be j ^c 2 + ab j 


b 3 + abc 






Den day thi hay roi, chi can chon b la so lbn nhat trong ba so a, b, c la bai toan coi nhu xong. Noi 
that neu khi ghep theo each khac va duoc ket qua khac thi ta co the sap thu tu cac bien theo kieu khac 
cung khong sao ca. 

Loi giai 

Bien doi tuong duong bat dang thuc nhu sau 

1 + 1 + 1 > b + c + c + a + a + b 
b c a 2 + be b 2 + ca c 2 + ab 


(l a + b Wl 

b + c | | f 1 c + a "U, 

ya C 2 -+ 

-abj l^c 

a 2 + be J ^b b 2 + ca J 

(c 2 -a 2 \ 

1 

1 

, ( b - c )f b - 1 

l C a ) 

a (c 2 + ab) 

c(a 2 + be) 

b 3 + abc 


(c - a) (c + a) (be + ab - ab) (b - c) (b - a) 


>0 


ca (a 2 + be) (c 2 + ab) b 3 + abc 

Khong mat tinh tong quat ta gia su b la so Ion nhat trong ba so a, b, c khi do ta duoc 


be + ab - ca > 0: 


(b-cjfb- 


-> 0 


b 3 + abc 

Do vay bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 


Vi du 48. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 2 + b 2 + c 2 > a + b 
b 2 + c 2 a 2 + c 2 a 2 + b 2 b + c c + a 


Phan ti'ch: Bat dang thuc can chung minh co hinh thuc cong kenh va phuc tap, b day ta cung co dau bang 
xay ra tai a = b = c nen khi bien doi tuong duong ta thudng nghT den cac dai luong 

fa-b) ;fb-c) ;(c-a) . Ta de y den viec xet cac hieu 


a 2 a b 2 b c 2 c 

b 2 + c 2 b + c ’ a 2 + c 2 c + a ’ a 2 + b 2 a + b 

Ket qua thu duoc la 


a 2 a 

ab(a - b) 

ac(c - a) 

b 2 + c 2 b + c 

(b 2 + c 2 )(b + c) 

(b 2 + c 2 )(b + c) 

b 2 b 

bc(b-c) 

ab(a - b) 

a 2 + c 2 c + a 

(c 2 + a 2 )(c + a) 

(c 2 + a 2 )(c + a) 

c 2 c 

ca(c - a) 

bc(b - c) 


a 2 + b 2 a + b (a 2 + b 2 ) (a + b) (a 2 + b 2 ) (a + b) 


Khi do co 6 phan thuc rat phuc tap. Den day ta chon cac bieu thuc cung tir de ghep cap vi ghep 
cac phan thuc cung mau lai khong cho ta ket qua tot. Chang han 
ab(a-b) ab(a-b) 

(b 2 + c 2 )(b + c) (c 2 + a 2 )(c + a) 

Vbi cac bieu thuc nhu tren ta co the bien doi tiep hoac tim each sap thu tu bien. 

Loi giai 


Xet hieu hai ve ta duoc bat dang thuc 




Bat 
Ta co 


A = —--—; B 

b + c b + c 


a 2 a + b 2 b 

b 2 + c 2 b + c a 2 + c 2 c + a 
b 2 b 


- b 2 a + b 
c 

b 2 a + b 

a 2 (b + c) - a(b 2 + c 2 ) ab(a-b) 


+ c c + a 


b 2 + c 2 b + c ^b 2 +c 2 )(b + c) (b 2 +c 2 )(b + c) (b 2 + c 2 )(b + c) 
Chung minh tuong tu ta duoc 


B = - 


bcfb - c 


ab(a - b) 


; C = 7 


bc(b - 


(c 2 +a 2 )(c + a) (c 2 +a 2 )(c + a) (a 2 +b 2 )(a + b) (a 2 +b 2 )(a + b) 

Khi bat dang there can chung minh tro thanh 

ab(a-b) ac(c-a) bc(b-c) ab(a-b) 

(b 2 +c 2 )(b + c) (b 2 +c 2 )(b + c) (c 2 + a 2 )(c + a) (c 2 + a 2 )(c + a) 

bcfb - c 


(a 2 + b 2 ) (a + b) (a 2 + b 2 ) (a + b) 
Ben day ta co hai hubng chung minh bat dang thuc tren 
+ Huong 1: Xet cac hieu sau 


ab (a - b) 

ab (a - b) 

ab (a - b) (a 2 + b 2 + c 2 + ab + be + ca j 

(b 2 +c 2 )(b + c) 

(c 2 + a 2 )(c + a) 

(b 2 + c 2 )(b + c)(c 2 + a 2 )(c + a) 

bc(b - c) 

bc(b - c) 

be (b - c) (a 2 + b 2 + c 2 + ab + be + ca j 

(c 2 + a 2 )(c + a) 

(a 2 + b 2 )(a + b) 

(c 2 + a 2 )(c + a) (a 2 + b 2 )(a + b) 

ca(c - a) 

ac(c - a) 

ca (c - a) ^a 2 + b 2 + c 2 + ab + be + ca j 

(a 2 + b 2 )(a + b) 

(b 2 + c 2 )(b + c) 

(a 2 + b 2 ) (a + b) (b 2 + c 2 ) (b + c) 


Cong theo vl cac bit dang thuc tren ta duoc bit ding thuc cin chung minh. 

Vay bai toan duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 

+ Huong 2: Vi vai tro cua a, b, c nhu nhau nen khong mat tinh tong quat ta co the gia sua>b>c>0. 
Khi do ta co 

ab(a-b) ab(a-b) 


(b 2 + c 2 )(b + c) 

(c 2 + a 2 )(c + a) 

bc(b-c) 

bc(b-c) 

(c 2 + a 2 j(c + a) 
ca(c - a) 

(a 2 + b 2 )(a + b) 
ac(c - a) 


= (a-h) 

= ( b - c ) 
= (a-c)| 


ab 

ab 

(b 2 + c 2 )(b + c) 

(c 2 + a 2 )(c + a) 

be 

be 

(c 2 + a 2 )(c + a) 

(a 2 + b 2 )(a + b) 

ca 

ca 

(b 2 + c 2 )(b + c) 

(a 2 +b 2 )(a + b) 


(a 2 + b 2 )(a + b ) (b s +c ! )(b + c) 

Cong theo vi cac bit dang thuc tren ta duoc bit ding thuc cin chung minh. 
Vay bai toan duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 



Mot so bai toan khac 


Vi du 49. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 


Bat dang thuc can chung minh tuong duong vdi 


Loi giai 


b ~ c ; a _ V 2 V _2_ V 2 _2 

(a-b) (b-c) ( c_a ) > I a 2 + b 2 a + b lb 2 + c 2 b + c Ic 2 + a 2 c + a 

> b + c + c\2 2 + V 2 2 + V 2 2 

(a - b) (b - c) (c - a) (a - b) 

> b ^ ^ 


2^2 ^a 2 + b 2 j + 2 (a + b) 

(b -c) (c- a) 


2^2(b 2 + c 2 ) + 2(b + c) 2^2(c 2 +a 2 ) + 2(c + a) 
>A(a-b) + B(b-c) + C(c-a) >0 


A = 

b 


2^2(a 2 + b 2 ) + 2(a + b) 

B = 1 - ^__L 

c 2^2(b 2 +c 2 )+2(b + c) 

C = -~—;=- L - 

c 2J2^c 2 + a 2 ) + 2(c + a) 

Chung minh se hoan tat neu ta chi ra duoc A, B, C > 0. That vay 


j 2 2.^2 + b 2 ^ + 2a + b 

^ 2^2 ^a 2 + b 2 j + 2 ^a + b^ 2^2 ^a 2 + b 2 j + 2 ^a + b^ 

Hoan toan tuong tu ta co B, C > 0. Vay bai toan duoc chung minh xong. 


Vi du 50. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

— + — + — > Va 2 + b 2 - ab + Vtk 


a 2 + b 2 - ab + Vb 2 + c 2 - be + \[c 2 + a 2 - ca 


Loi giai 


Nhan thay 


-2a + b = -- 

b b 


, , 7T a + b 

i va - ab + b-= 


3(a-b) 2 


2 Wa 2 - ab + b 2 + 2a + 2b 


Ap dung tuong tu ta duoc bat dang thuc tuong duong vdi 





(a-bf | (b-cf | (c-a)^ 3(a-b)‘ 

b c c Wa 2 + b 2 - 2ab + 2^a + bj 

, 3 ( b ~ c )' , 3 ( c - a ) : 

-isliF + c 2 - be + 2^b + c) We 2 + a 2 - ca + 2(c + a) 
=>A(a-b) + B^b-c) + C(c-a) >0 


b Wa 2 + b 2 - ab + 2 (a + b) 

b = -— L > - 

c 4Vb 2 + c 2 - be + 2^b + c) 

C = i- . ^ 3 _ 

c 4vc 2 + a 2 - ca + 2^c + a) 

Chung minh se hoan tat neu ta chi ra dugc A, B, C > 0. That vay 

.1 3 4-s/a 2 + b 2 - ab + 2a + b 


- 0 


b 4^a 2 + b 2 - ab + 2 (a + b) 4Va 2 + b 2 - ab + 2 (a + b) 

Hoan toan tuong tu ta co B, C > 0. Vay bai toan dugc chung minh xong. 

Nhan xet: Hai bat dang thuc tren ngoai phep bien doi tuang duong ta con co the chung minh bang nhieu 
each khac nhau. Loi giai cac each khac dupe trinh bay trong chit de “Tuyen chon cac bat dang thuc hay 
va kho 


Vi du 51. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

a 2 + b 2 + c 2 > a 2 + b 2 + c 2 
b+c c+a a+b a+b b+c c+a 


Ta co 

Do do 


a 2 -b 2 
a + b 


Khi do ta can chung minh 


Loi giai 

b 2 - c 2 c 2 - a 2 

b-+-= a- b + b- c + c- a = 0 

b+c c+a 

a 2 + b 2 + c 2 _ b 2 + c 2 + a 2 
a+b b+c c+a a+b b+c c+a 

2 a 2 | 2 b 2 | 2 c 2 > a 2 + b 2 | b 2 + c 2 | c 2 + a 2 

b+c c+a a+b a+b b+c c+a 
Bat dang thuc tren tuong duong vdi 

2a 2 - b 2 + c 2 2b 2 - c 2 + a 2 2c 2 - a 2 + b 2 ^ n 
b+c c+a a+b 

„ (a-b)*(a + b ) | (b-c)’(b + c) | (c-afjc + a) ^ 
(a + c)(b + c) (a + b)(a + c) (a + b)(b + c) 

Nhu vay bat dang thuc dugc chung minh. 


Vi du 52. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

a 2 + b 2 b 2 +c 2 c 2 + a 2 5 

- 1 - 1 -+ — 

a 2 - 2 ab + b 2 b 2 - 2 bc + c 2 c 2 - 2 ca + a 2 2 


Loi giai 






Bat dang thuc can chung minh tuong duong vdi 

(a + b) + (a-b) (b + c) + (b _c ) (c + a) + (c-a) ^ 

(a-b) (b-c) (c-a) 

(a + bV (b + c) (c + a) 

<=> -- J - + ± - ’- + ± - ’->2 

(a-b) (b-c) (c-a) 

Bat x = a + ^ ; y = ^ + C ; z = c + a ; khi do bat dang thuc can chung minh trd thanh 
a-b b-c c-a 

x 2 + y 2 + z 2 > 2 

Ta co 


+ + _a + b b+c + b+c c+a + c+a a + b 

a-b b-c b-c c-a c-a a-b 
(a + b)(b + c)(c - a) + (b + c)(c + a)(a - b) + (c + a)(a + b)(b - c) 


(a - b)(b - c)(c - a) 

(a - b)(b - c)(c - a) 

(a - b)(b - c)(c - a) 


Ma (x + y + z) > 0, do vay x 2 + y 2 + z 2 > -2 (xy + yz + zx) = 2. 

Bat dang thuc duoc chung minh. Dau dang thuc xay ra khi a = b = c. 

Vi du 53. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 < ^( a + ^ + c ) 
a + b b + c c + a a + b + c 

Loi giai 

Bien doi tuong duong bat dang thuc nhu sau 


2 +b 2 | b 2 +c 2 , c 2 +a 2 < 3 (a 2 + b 2 + c 2 ) 
a + b 


, , c(a 2 +b 2 ) a(b 2 +c 2 ) b(c 2 +a 2 ) , , 

2(a 2 + b 2 + c 2 ) + V - ’ + 1 - ' + 1 - ' < 3fa 2 + b 2 + c 2 ) 

v ’ a+b b+c c+a v ’ 

c|ja + b) - 2 abj a|^(b + c) - 2 bcj b|jc + a) - 2 caj 


a + b b + c c + a 

> 2 (ab + be + ca) < a 2 + b 2 + c 2 + abc —-- 1 --- 1 -— 

v ' la+bb+cc+a 


111 9 

Theo bat dang thuc dang - + — + ->-ta duoc 

x y z x+y+z 

o.o o i I 1 1 1 ] 2 i 2 2 9abc 

a“ + b + c + 2 abc -+-+- > a + b" + c +- 

ya + b b + c c + aj a + b + c 

Ta can chi ra duoc a 2 + b 2 + c 2 + —^ >C — > 2(ab + be + ca), bat dang thuc nay tuong duong vdi 
a + b + c v ’ 

a+b+c* + 3abc>a(b + c) + b(c + a) + c(a + b). 

Khong mat tinh tong quat ta gia sir a la so ldn nhat trong ba so a, b, c. Khi do ta co 






(a - b) (a + b - c) + c(a - c)(b - c) > 0 
<=> a 3 + b 3 + c 3 + 3abc > a (b + c) + b (c + a) + c (a + b) 


Nhu vay bat dang thuc tren dirge chung minh. Dau dang there xay ra khi a = b = c. 
Vi du 54. Cho a, b, c la cac s 6 thuc ducmg bit ki. Chung minh ring: 

5b 3 - a 3 5c 3 - b 3 5a 3 - c 3 „ 

-+-+-- < a + b + c 

ab + 3b 2 be + 3c 3 ca - 3a 2 

Loi giai 


5b 3 - a 3 

Cach 1: Ta se chung minh-- < 2b - a vbi a, b la cac so thuc duong. 

ab + 3b 

That vay, bien doi tuong ducmg bat dang thuc tren ta dugc 

5b 3 - a 3 < (2b - a)(ab + 3b 2 ) <=> 5b 3 - a 3 < 2ab 2 + 6 b 3 - a 2 b - 3ab 2 

<=> a 3 + b 3 > a 2 b + ab 2 <=> (a + b) (a - b) >0 


Bat dang thuc cuoi cung luon dung, do do bat dang thuc tren dugc chung minh. 

- < 2 a - c 


5c 3 - b 3 5a 3 

Chung minh tuong tu ta dugc -- < 2c - b;- 

be + 3c ca - 3a 


Cong theo ve cac bat dang thuc tren ta dugc 


5b 3 - a 


5c 3 - b 3 5a 3 - c 3 


ab + 3b 2 be + 3c 3 ca - 3a 2 
Vay bai toan dugc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c. 
Cach 2: Ta co 


a 3 - 5b 3 + 2b(ab + 3b 2 ) = a 3 + b 3 + 2ab 2 

= (a 3 + ab 2 ) + (b 3 + a 2 b) + 2 ab 2 - (a 2 b + ab 2 ) 

> 2a 2 b + 2ab 2 + 2ab 2 - (a 2 b + ab 2 ) = a (ab + 3b 2 ) 


a 3 _ 'ib 3 - a 3 

Do do ta co -- + 2b > a hay ta dugc —-< 2b - a 

ab + 3b 2 ab + 3b 2 

r 5c 3 _b 3 5a 3 _c 3 

Ap dung tuong tu ta dugc-< 2c - b;-- < 2a - c 

be + 3c 3 ca - 3a 2 

Cong theo v 6 cac bit ding thuc tren ta dugc 

5b 3 - a 3 5c 3 - b 3 5a 3 - c 3 „ 

-+-+-- < a + b + c 

ab + 3b 2 be + 3c 3 ca - 3a 2 

Vay bai toan dugc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c. 

Nhan xet: Trong hai each chung minh tren, muc dich chung deu la di chung minh bat dang thuc 

— - <2b - a, nhung van de dat ra la lam the nao de tim ra duac dai luong 2 b - a. Cau tra loi se 

ab + 36 

duac trinh bay trongphu luc “Phuo'ngphap he so bat dinh trong chinig minh bat dang thuc”. 

Vi du 55. Cho a, b, c la cac so thuc thoa man 0<a,b,c<2vaa + b + c = 3. Chung minh rang: 

a 3 + b 3 + c 3 < 9 

Loi giai 

Cach 1: Bat A = a 3 + b 3 + c 3 va ket hgp vbi gia thiet cua bai toan ta dugc 





A = a 3 + b 3 + c 3 = (a + b + c ) 3 - 3(a + b)(b + c)(c + a) 

= 27 - 3(3 - c)(3 - a)(3 - b) = 27 - 9(ab + be + ca) + 3abc 

Mat khac, do 0 < a,b,c < 2 nen (2 - a)(2 - b)(2 - c) > 0 hay 

8-4(a + b + c) + 2 (ab + be + ca) - abc > 0 
2 (ab + be + ca) - abc >4(a + b + c )-8 = 4 
<=> 2 (ab + be + ca) > abc + 4 

Khi do ta dugc 

2A = 54 - 9.2 (ab + be + ca) + 6 abc <54-9. (abc + 4) + 3abc = 18 - 6 abc < 18 
Suy ra A < 9, do do ta dugc bat dang thuc a 3 + b 3 + c 3 < 9. 

{ abc = 0 

2(ab + be + ca) = 4 
a + b + c = 3 

Giai he tren ta dugc a = 2; b = 1; c = 0 va cac hoan vi cua no. 

Cach 2: Khong mlt tinh tong quat, ta gia su a la s 6 lbn nhlt. Khi do ta dugc 

3 = a + b + c<3a, suy ra 1 < a < 2. Do do ta dugc (a - l) (a - 2 ) < 0 

Ta co 

A = a 3 + b 3 + c 3 < a 3 + b 3 + c 3 + 3bc(b + c) = a 3 + (b + c) 3 = a 3 + (3 - a ) 3 = 9 + (a - l)(a - 2) < 9 
Hay ta dugc bat dang thuc a 3 + b 3 + c 3 < 9. 

Dau dang thuc xay ra khi va chi khi a = 2; b = 1; c = 0 va cac hoan vi cua no. 



Chu a! 2 


SU DUNG CAC TINH CHAT CUA TI SO, TINH CHAT GIA TRI TUYET DOIVA TINH CHAT 
CUA TAM IIIIC BAC HAI TRONG CI1L NC MINH BAT DANG IIIIC 


A. Kien there can nhd 

1. Mot so tinh chat cua ti so 


+ Vdi cac so there duong a, b, c, d bat ki, ta co: 

, a _ , , a a + c 

- Neu — < 1 thi — <- 

b b b + c 


- a c ,, a a + c c 

- Neu — < — thi — <-< — 

b d b b+d d 

2. Mot so tinh chat cua gia tri tuyet doi trong bat dang there 


■ a < b <=> -b < a < b 


|a + b| < |a| -|p|. Dang there xay ra khi va chi khi a, b cung dau. 
■la - b| < la + b|. Dang thuc xay ra khi va chi khi a, b cung dau. 


- b < a - b . Dang thuc xay ra khi va chi khi a > b > 0 hoac a < b < 0. 


+ Cho cac so there i 


, , the thi hien nhien ta co 


+ Cho cac so there khac khong bat ki a; b, the thi hien nhien ta co 
ISL t) I 9 9 

— H— > 2. Dang thuc xay ra khi va chi khi a = ±b. 
| b a | 

3. Mot so tinh chat cua tam there bac hai thererng dung trong bat dang there. 

Cho tam thuc bac hai f(x) = ax 2 + bx + c vdi a ^ 0. Khi do ta viet duoc 


f(x) = ax 2 + bx 4 


= a ax--- vdi A = b - 4ac 

l 2a J 4a 2 


Ter do ta co mot so tinh chat sau: 

Tinh chat 1: Da thuc co nghiem khi va chi khi A = b 2 - 4ac > 0 
Tinh chat 2: Neu A = b 2 - 4ac < 0 thi af(x) > 0 . 

Tinh chat 3: Neu A = b 2 - 4ac > 0 va da thuc co hai nghiem x x ; x 2 ^x x <x 2 ) thi 
+ af(x) < 0 vdi moi gia tri x 1 < x < x 2 . 





+ af(x) > 0 vdi moi gia tri x < x x hoac x > x 2 . 

B. Mot so vi du minh hoa. 

1. Sir dung tinh chat cua ti so. 


Vi du 1. Cho a, b la cac s 6 thuc duong bit ki. Chung minh ring: 

a b * 

-+-< 1 

2a + b a + 2b 

a b , , , 

Phan ti'ch: Be y ta thay- 1 -= 1, nhu vay de chung minh bat dang thuc ta can danh gia dugc 

a + b a + b 

a < a b < b 
2 a + b a + b’ 2b + a a + b 

Loi giai 

Do a, b la cac so duong nen ta co 2a + b > a + b; a + 2b > a + b 


Tu do suy ra —-— <-; -<- 

2 a + b a + b 2 b + a a + b 
Cong theo ve cac bat dang thuc tren ta dugc 

a + b < a + b 
2 a + b 2 b + a a + b a + b 
Vay bai toan dugc chung minh. 


Vi du 2. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

b c 

— +-+-< 2 

b b + c c + a 


1 < 


Phan tich: Quan sat bat dang thuc kep tren ta nhan thay kho co the bien doi tuong duong de chung minh 
bai toan, d day ta cung khong can phai du doan dau dang thuc xay ra. Be y mot chut ta co 


1 =- - - 1 -—- 1 - C -, nhu vay can danh gia dugc - - -< ———. De nhan thay 

a+b+c a+b+c a+b+c ’ ’ a+b+c a+b 

danh gia do hi In nhien dung, do do chi cln ap dung tuong tu thi bit ding thuc ben trai dugc chung minh. 


Be chung minh dugc bat dang thuc ben phai thi ta can phai danh gia dugc —-— < a + C , viec nay 

a+b a+b+c 

hoan toan co the thuc hien dugc nhd tinh chat cua ti so. 

Loi giai 


Do a, b, c la cac so duong nen ta co - 


< 1. Vi vay theo tinh chat cua ti so ta dugc 


a a ^ a + c 

- < - <- 

a+b+c a+b a+b+c 


Ap dung tuong tu ta co 

b b.a+b c c.b+c 

-<-<- , -<-<- 

a+b+c b+c a+b+c a+b+c c+a a+b+c 

Cong ve theo ve cua ba bat dang thuc kep tren ta dugc 



a+b b+c c+a 


Vay bai toan dugc chung minh. 

Vi du 3. Cho a, b, c, d la cac so thuc duong bat ki. Chung minh rang: 






a+b+c b+c+d c+d+a d+a+b 


Theo tinh chat cua ti so ta co 


Mat khac ta lai co 


Loi giai 


a < a + d 
i-b + c a + b + c + d 


a+b+c a+b+c+d 

Ket hop hai bat dang thuc tren ta duoc 



a 

a 


a + d 


a+b+c+d 

a + b + c 


a + b + c + d 

Tuong tu ta co 

b 

b 


b + a 


a+b+c+d 

b + c + d 


a+b+c+d 


c 

c 


b + c 


a+b+c+d 

d 

c + d + a 
d 


a+b+c+d 
d + c 


a+b+c+d 

d + a + b 


a+b+c+d 

Cong theo ve cac bat dang thuc tren ta duoc. 





1 ,< 


a+b+c b+c+d c+d+a d+a+b 
Nhan xet: De chung minh cac bat dang thuc ta can tinh y sit dung cac tinh chat cua ti so. Ngoai ra cac 
bat dang thuc trong a hai vi du tren co the duac phat bieu lai nhu sau: Cho cac bieu thuc voi a, b, c la 
cac so thuc duong. 

b c 


A = - 


a+b b+c c+a 
b 


a+b+c b+c+d c+d+a d+a+b 
Chung minh A, B khong the nhan cac gia tri nguyen. 


Vi du 4. Cho a, b, c, d la cac so thuc duong thoa man — < —. Chung minh rang: 

b d 

a ab + cd c 

_ b b 2 + d 2 d _ 

Phan ti'ch: Be y ta nhan thay — < — <=> — < —, den day ta ap dung tinh chat cua ti so de chung minh 
b d b d 

bit ding thuc. 

Loi giai 

Tu — < — suy ra — < —, theo tinh chat ti so ta duoc 
b d b 2 d 2 

ab ab + cd cd _ c 
b 2 b 2 + d 2 d 2 d 

_ ., A a ab + cd c 

Do do ta co — <-< — 

b b 2 + d 2 d 

Vay bat dang thuc duoc chung minh. 


Vi du 5. Cho a, b, c la do dai ba canh cua mot tarn giac. Chung minh ring: 





b+c Vc+a \a+b 


- >1 


Phan ti'ch: Bat dang thiic can chiing minh co chiia can, nhin chieu bat dang there ta nghi den sir dung bat 
dang thiic Cauchy. Tuy nhien de danh gia dugc bat dang thiic theo Cauchy khong he dan gian ti nao vdi 
nhung ai mod hoc bat dang thiic. 


Chii y den gia thiet a, b, c la ba canh ciia mot tarn giac, no co moi lien he nhu the nao vai 


b + c 


do b + c > a nen ta thay duoc 0 <-< 1, vai ket qua do ta co the khii can bang danh gia 

b + c 

. I—-— > —-—. Ben day thi bai toan duoc giai quyet triet de tuong tu nhu vi du thii nhat. 

V b + c b + c 

Loi giai 

Vi a, b, c la do dai ba canh ciia mot tarn giac nen ta co 


Vi a la so duong nen theo tinh chat ciia ti so ta duoc 


b+c a+b+c 


Do do ta co 

Chiing minh tuong tu ta duoc 

Cong theo v 6 ba bit ding thiic tren ta duoc 
Vay bai toan duoc chiing minh. 


b+c a+b+c 
b > b I c > c 

c+a a+b+c’ \a+b a+b+c 
b 


b+c \c+a Va+b 


Vi du 6 . Cho a, b la cac so thuc duong tuy y. Chiing minh rang: 

if a b ^ a + b r 


2 i a +1 b + 1 J a + b +1 a + 1 b + 1 


Phan tich: bI y ta thay & < 1 nen co- - -< & va & < a + — , ap dung tuong tu ti 

a +1 a+b +1 a +1 a +1 a+b +1 

chiing minh duoc bat dang thiic. 


+ Trade het ta chiing minh — 


Loi giai 

b 1 a + b 


2 l a +1 b + 1 J a + b + 1 


Do a la so thuc duong nen ta co ——— < 1 suy ra ——— < — a + ^ — 
a +1 a +1 a+b +1 

^ ^ ^ b a + b 

Chung minh tuong tu ta co -<- 

b +1 a+b +1 

Cong ve vdi ve ciia hai bat dang thiic cuoi ta duoc 
if a b 


- Ta chiing minh 


Do a, b duong ta co 


2 ^a + 1 b + lj a + b + 1 
b 


,+b+l a +1 b +1 


a +1 a+b +1 


b +1 a+b +1 





Cong ve vdi ve cua hai bat dang thuc nay ta duoc -< ——i- 

a+b +1 a +1 b +1 

Ket hop hai bat dang thuc tren ta duoc bai toan can chung minh. 

I Vi du 7. Cho a x ; a 2 ;; a n ; b x ; b 2 ;...; b n la cac so thuc duong. Ki hieu 


M = Max ^ I; m = Mini “S: 

b, b ’ ’b b/b’ ’b 


Chung minh rang: 


" b, + b + .... + b 


Phan ti'ch: Nhan thay M = Max 


, ; m = Min —; %' 

b lb,’b. 


. nen ta co m < —< M 
b b. 


l b i b, 

vdi moi i = 1, 2, ..., n. Do do ta duoc mb. < a. < Mb., den day ta ap dung cho i = 1, 2, ..., n thi ta 
duoc bit ding thuc cin chung minh. 

Loi giai 

f a, a„ a ] fa. a, .. , 

Vi M = Max —; —; ...; — ; m = Min —; —; ...; — nen ta duoc 

I b, b ’ b I 1 b, b„ u 


a n 

’\) 1 


a. 

m < — < M vdi moi i = 1, 2, .... n. 

b. • 

Suy ra mb. < a. < Mb. vdi moi i = 1, 2, ..., n. 

Lan luot cho i bang cac gia tri 1, 2, ..., n roi cong cac theo ve lai vdi nhau ta dupe 

(b t + b 2 + .... + b n )m < a 1 + a 2 +.+ a n < M^b x + b 2 + .... + bj 

Hay m < &1 + &2 + . + 9,11 < M. Vay bai toan duoc chung minh. 

b x + b 2 + .... +b n 

Vi du 8 . Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

1 1 11 
a 3 + b 3 + abc b 3 + c 3 + abc c 3 + a 3 + abc abc 
Phan tich: Trudc hit ta du doan ding thuc xiy ra tai a = b = c. Quan sat bit ding thuc ta nhan thiy cin 
phai thay dai lupng d cac mau ben ve trai bdi cac dai lupng nho hon sao cho khi bieu thuc thu dupe van 
nho hon hoac bang ve phai. Bieu do co nghia la can tim ve phai cho bat dang thuc a 3 + b 3 + abc > ?, de 
y trong ve trai cua bat dang thuc ta khong danh gia dupe gi tu tich abc, cho nen ta tap trung danh gia 
a 3 + b 3 . Trong ve phai cua bat dang thuc can chung minh co chua tich abc d mau nen khi danh gia mau 
ve trai ta cung can lam xuat hien tich abc d cac phan thuc, nhu vay khi danh gia a 3 + b 3 can lam xuat 
hien tich ab, dieu nay gpi y cho ta danh gia rat dep a 3 + b 3 > ab (a + bj. Neu chung minh dupe bat dang 

thuc do thi ta thu dupe ket qua la a 3 + b 3 > ab(^a + bj khi do ta suy ra dupe danh gia 
a 3 + b 3 + abc> ab (a + b + c). Den day ta co cac danh gia tiep theo 

_I_<_I_ = _c_ 

a 3 + b 3 + abc ab ^a + b + c) abc (^a + b + c) 









Cong theo ve cac bat dangthuc tren ta dugc 

1 1 11 

-5-o-I-“-“-I-“-“- — - 

a 3 + b 3 + abc b 3 + c 3 + abc c 3 + a 3 + abc abc 

Vay bat dang there dugc chung minh. Dang there xay ra khi va chi khi a = b = c. 

Nhan xet: Bat dang thuc tren la mot bat dang thuc hay. De chung minh duac no ta can chung minh 
a 3 + 6 3 > ab [a + 6 j. Nhung van de la lam sao tim ra ducrc bat dang thucphu do. Dau tien la do yeu can 

lam xuat hien tlch ab, ke den la can phai lam cho hai ve dong bac 3 va cuoi cung la chu y khi a = b thi 
hai ve cua bat dang thuc do bang nhau. Khi phan tich bai toan ta can chu y den cac yeu to nhu dang thuc 
xay ra a dau, tlnh dong bac cua bat dang thuc, chon chieu danh gia nhu the nao cho hap U,... Tuy nhien 
khi tien hanh cac buac phan tlch ma gia thiet cang gan vai ket luan thi co hoi cang lan. 

Vi du 9. Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh rang: 

1 1 11 

-1-1-^ — 

a 2 + 2b 2 + 3 b 2 + 2c 2 + 3 c 2 + 2a 2 + 3 2 

Phan tich: Y tudng tuong tu nhu vi du tren, b day ta chu y den dau dang thuc xay ra khi a = b = c = 1, 
nhu vay ta can co cac danh gia sao cho dam bao co dang thuc xay ra. Nhan thay 
a 2 + b 2 > 2ab; b 2 + 1 > 2b nen a 2 + 2b 2 + 3 > 2 (ab + b + l). 

Khi do ta co danh gia---< —- . Ap dung tuong tu ta duoc bat dang thuc 

a 2 + 2b 2 + 3 2 ab + b + 1 

1 1 1 „ if 1 1 |/ ) 

- 9 - 9 - 1 - 9 - r. - 1 -„-“- ^ -- 1 - 1 - 

a +2b +3 b +2c +3 c + 2a + 3 2^ab + b + l bc + c + 1 ac + a + lj 

Vkn d 6 con lai la chung minh dugc ---+---+---= 1. Day la mot ding 

ab + b + 1 bc + c + 1 ca + a + 1 

thuc quen thuoc va nhieu hubng de xir li no. 


Loi giai 




Ta co a 2 + b 2 > 2ab; b 2 + 1 > 2b => a 2 + 2b 2 + 3 > 2(ab + b + l) 
_ 4 111 


a 2 + 2b 2 + 3 2 ab + b + 1 


Chung minh tuong tu ta co 
1 1 


1 


1 


, 1 


1 


b 2 + 2c 2 + 3 2 be + c + 1 c 2 + 2a 2 + 3 2 ac + a + 1 

Cong theo ve cac bat dang thuc tren ta duoc 

1 1 1 if 1 


+ 2b 2 + 3 b 2 +2c 2 + 3 c 2 +2a 2 + 3 21 v ab + b + l bc + c + 1 ac + a + 1 

1 1 1 


Ta can chung minh 

ab + b + 1 bc + c + 1 ca + a + 1 

Den day ta co hai each chung minh dang thuc tren nhu sau 

Cach 1: Do abc = 1, nen ton tai cac so duong x, y, zdea = —;b = —;c = — 

y z x 

Khi do ta co 

111111 

- 1 - 1 -—- 1 - 1 - 

ab + b + 1 bc + c + 1 ca + a + 1 x y y z x z 

- + - + 1 —+ - + 1 - + - + 1 

z z xx y y 

- = 1 


Cach 2: Do abc = 1, nen ta duoc 
1 1 


x+y+z x+y+z x+y+z 
1 abc 


ab + b + 1 bc + c + 1 ca + a + 1 ab + b + abc abc + ac + a ca + a + 1 
ac a 1 


a + l + ac 1 + ac + a ca + a + 1 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Vi du 10. Cho a, b, c la cac s 6 thuc duong thoa man abc = 1. Chung minh ring: 

2 2 2 


^a + 1 ^ + b 2 + 1 (b + l) + c 2 + 1 (a + l) + b 2 + 1 


<1 


Loi giai 

Ap dung bat dang thuc Cauchy ta duoc 

(a + 1 ^ + b + 1 = a + b + 2 a + 2 ^ 2 ab + 2 a + 2 

Ap dung tuong tu ta duoc 


(a + l) +b 2 +l (b + l) +c 2 +l (a + l) + b 2 + 1 

1 1 1 


Ta can chung minh - 

ab + a + 1 bc + b + 1 ca + c + 1 

Den day ta co hai each chung minh dang thuc tren nhu sau 


ab + a + 1 bc + b + 1 ca + c + 1 
1 1 


Cach 1: Do abc = 1, nen ton tai cac so duong x, y, z de a = —; b = —; c = - 


Khi do ta co 




ab + a + 1 bc + b + 1 ca + c + 1 


xy + yz + zx xy + yz + zx xy + yz + zx 


Cach 2: Do abc = 1, nen ta dirge 


ab + a + 1 bc + b + 1 ca + c + 1 ab + a + abc bc + b + 1 cab + be + b 
be 1 b 

—-1-1-— 1 

bc + b + 1 bc + b + 1 1 + bc + b 

Bat dang there dirge chung minh. Dang there xay ra khi va chi khi a = b = C = 1 . 

Nhan xet: Cac bat dang thuc trong vi du 8, 9 va 10 cho thay ky thuat danh gia a mau duac sit dung nhu 
the nao trong chung minh bat dang thuc, thuc chat cua viec danh gia nay la thay the cac mau bod cac dai 
luqng khac sao cho cac danh gia cung chieu va dam bao dau dang thuc xay ra. Dieu quan trong la biet 
each chon cac danh gia phu hop sao cho cang chat cang tot. 

Vi du 11. Cho a, b, c la cac so thuc duong thoa man dieu kien abc = 1. Chung minh rang: 

ab be ca 

-+-+-< 1 

a + b + ab b + c + bc c + a + ca 

Phan ti'ch: Trade het ta du doan dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta co nhan 
xet la ter cua cac phan thuc la cac dai lugng ab, be, ca. Chu y den gia thiet abc = 1 ta co the viet lai phan 

thuc ben ve trai theo cac y tudng nhu -—-=--- hoac la-—-=---. 

a + b + ab ac + bc + 1 ’ a + b + ab 1 1 


Den day ta viet dugc ve trai cua bat dang thuc can chung minh thanh cac bieu thuc 


1 1 1 , » 1 

- 1 -h -hoac - 

ac + bc + 1 ab + be + 1 be + ca + 1 ’ 1 1 


1 1 i 1 1 i 1 1 i 

+ +1 —+-+1 -+—+1 
a b be c a 


va de don gian ta co 


the dat x 3 = ab; y = be; z 3 = ca hoac 3 


1 va chu y den gia thiet abc = 1 dan den 


dugc xyz = 1, luc nay ta dugc bat dang thuc nhu vi du 9. 

Loi giai 

De y vdi dieu kien abc = 1, khi do bat dang thuc can chung minh tuong duong vdi 


Dat x 3 = —; y 3 = —; z 3 = —, khi do ta dugc xyz = 1. 
abc 


Bat dang thuc can chung minh trd thanh 


x 3 + y 3 + 1 y 3 + z 3 + 1 z 3 + x 3 + 1 

Ta chung minh dugc x 3 + y 3 + 1 > xy (x + y) + xyz = xy (x + y + z) va ap dung tuong tu ta dugc 


+ y + z 




Vay bat dang there dugc chung minh. Dau dang there xay ra tai a = b = c = 1. 

Nhan xet: Bat dang thuc tren la mot bat dang thuc kho, khi toi ph&n tlch de tim lot giai thi cac cau hoi 
dupe dat ra nhu bien doi cac bieu thuc nhu the nao de bai toan dom gian horn, sir dung gia thiet nhu the 
nao day, thay vi danh gia ca tit va mau ta co quy ve danh gia mau dupe khong. Sau cac buac bien doi 
nhu tren thi bai toan nhin co ve de han doi chut va neu tan dung tot cac Ipi the nay thi cong viec con lai 
se khong gay dupe kho khan nua. 

Vi du 12. Cho cac so thuc a; b; c e [0; 1]. Chung minh rang: 

a b c ^, 

ac + b + 1 ab + c + 1 bc + a + 1 

Phan tich: Truoc het ta du doan dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta nhan thay 
khong the true tiep danh gia tir cua cac phan thuc, do vay ta tim each danh gia mau cua moi phan thuc. 
Chu y den chieu cua bat dang thuc tren, ta can mot danh gia kieu ab + c + 1 > ?. Gia thiet co goi cho ta 
dieu gi? Nen nhb la khi a; b; c e [0; 1] ta thudng thu dugc cac bat dang thuc dang (l - aj(l - bj > 0 hay 
1 + ab > a + b, den day ta cong vao hai ve vdi c thi dugc ab + c + l>a + b + c. Luc nay ta co danh gia 

tot cho viec chung minh bat dang thuc la -—-<---. Chi can ap dung tuong tu cho cac 

ab + c + la + b + c 

trudng hgp con lai la ta hoan thanh chung minh bai toan. 

Loi giai 

Vi a; b e [0; 1] nen ta co ^1 - a)(l - b) > 0 suy ta 1 + ab > a + b 


Do do ta dugc ab + c + l>a + b + c suy ra 
Chung minh tuong tu ta dugc 


ab + c + 1 a + b + c 

b c 


ab + c + 1 a + b + c bc + a + 1 a + b + c 

Cong theo ve cac bat dang thuc tren ta dugc 

a b 


-<! 


ac + b + l ab + c + 1 bc + a + 1 
Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 


Vi du 13. Cho a, b, c la cac so thuc khong am thoa man a + b + c = 1. Chung minh rang: 

1 + a 2 1 + b 2 1 + c 2 7 

1 + b 2 1 + c 2 1 + a 2 2 

Phan tich: Quan sat bat dang thuc ta nhan thay dang thuc khong xay ra tai a = b = c ma xay ra tai 
a = l;b = c = 0 va cac hoan vi. Trong trucmg hgp nay de de co nhung danh gia hgp li ta co the sap thu 

tu cac bien. Vi dang thuc xay ra tai a = 1; b = c = 0 nen khong mat tinh tong quat ta sap thu tu cac bien 
blng each chpn a la s6 Ion nMt. Khi do ta manh dan co cac danh gia ki6u nhu 1 + b 2 > 1; 1 + c 2 > 1 ma 

van bao toan dugc dau dang thuc xay ra, cac danh gia nay dan tbi + a < 1 + a 2 ; + ^ < 1 + b 2 . Con 

1 + b 1 + c 

1 C 2 ' . r t , ^ 9 

lai-can phai danh gia nhu the nao de cimg chieu vbi hai danh gia truoc do. De y la sau khi danh gia 

1 + a 2 

hai phan thuc dau ta thu dugc a 2 + b 2 nhu vay ta can lam xuat hien c 2 trong danh gia + C 9 . De y den a 

1 + a 2 





1 + 81 


. Ket qua la sau mot so bubc danh gia nhu tren ta thu duoc 


i luong 2 + a 2 + b 2 + c 2 + 


1 

1 + a 


, bay gib neu bien doi duoc thanh bieu thuc chi chua bien a thi cang 


de chung minh hon. Tu gia thiet a + b + c = l va chu y den b = c = 0 ta co mot danh gia rat tu nhien la 
b 2 + c 2 < (b + c) = (l - a) . Bay gib viec chung minh bat dang thuc hoan toan don gian. 

Lol giai 

Vi vai tro cua a, b, c nhu nhau nen khong mat tinh tong quat ta gia sir a la so lbn nhat trong ba so a, b, c. 
Khi do ta co 1 + b 2 >1; 1 + c 2 > 1. 

„ 1 + U 2 2 1 + b 2 , 2 1 + _ 2 1 

Dodo -<l + a“; -<l + b ;-< c“ +- 

1 + b 1 + c 2 1 + a 2 1 + a 2 

Tu do ta duoc bat dang thuc 

1 + a 2 1 + b 2 1 + c 2 „ 2 , 2 2 1 

-- +-- +-- < 2 + a + b + c +-- 

1 + b 1 + C 1 + cl 1 + cl 

<2 + a i + (b + c) ! + I + ? = 2 + a> + (l-a) ! +I T ? 

2 + a 2 + (l - a) 2 + | ' 2 < I <=> (a - l)(4a 3 + 3a -1) < 0 

Bat dang thuc cuoi cung luon dung. Vay bat dang thuc duoc chung minh. 

Dang thuc xay ra khi va chi khi a = l;b = c = 0va cac hoan vi. 

Nhan xet: Diem mau chot de tim ra each chung minh bat dang thuc tren chinh la cac danh gia 

1 + ffl , 2 1 + 6 , l2 1+C 2 1 • - i ' i ■ ~ ... 

-- < 1 + a ; -- <l + b ; -- < c +--, viec phat men ra cac danh gia do doi hoi phai co 

1 + b 1 + c 1 + a 1 + a 

su suy luan mot each logic. 


Ta can chung minh 


Vi du 14. Cho a, b, c la cac so thuc khong am thoa man 
Chung minh rang: 


1 + be 1 + ca 1 + ab 

a b c ^ 3 

- 1 - 1 -^ — 

1 + a + bc 1 + b + ca 1 + c + ab 4 


Dat x =-; y =-; z =- 

1 + be 1 + ca 1 + ab 


Loi giai 

suy ra ta co x + y + z = 3 

Bat dang thuc can chung minh duoc viet lai thanh 

x + y + z >3 
1 + x 1 + y 1 + z 4 

y ^ y z 


Ma ta co 


1 + x 1 + x + y + z 1 + y 1 + x + y + z 1 + z 1 + x + y + z 
Cong theo vb cac bit dang thuc tren ta duoc 

x + y + z > 3 
l+x 1+y 1+z 4 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi a = 3;b = c = 0va cac hoan vi. 


2. Sir dung tinh chat gia tri tuyet doi. 


Vi du 15. Cho a, b, c la do dai ba canh cua mot tarn giac. Chung minh rang: 




a b c b c a 

—+ - +- <1 

b c a c a c 

, , a b c b c a a 2 c + b 2 a + c 2 b - a 2 b - c 2 a - b 2 c , , , , , , „ 

Phan tich: Deytaco — + — +-=-, phan tich thanh nhan 

b c a c a c abc 

tu a 2 c + b 2 a + c 2 b - a 2 b - c 2 a - b 2 c = (a - b) (b - c)(c - a), ma a, b, c la ba canh cua mot tam giac nen 
|a < e; |b - c| < a; |c - a| < b. Den day ta chung minh duoc bat dang thuc. 


a b c b c 

— + — +- 

b c a c a 


Loi giai 

_ a 2 c + b 2 a + c 2 b - a 2 b - c 2 a - b 2 c 
j abc I 

|a- b )( b - c )( c -a)| 


Vi a, b, c la ba canh cua mot tam giac nen ta co 

|a — b| < c; |b — c| < a; |feaj|<b 

Do do ta suy ra |(a - b)(b - c) (c - a)| < abc 

|( a ~ b)(b — c )(c — a)| ^ 


Hay 


Suy ra 

Vay bat dang thuc duoc chung minh. 


a b c b c a 

- + - +- <1 

b c a c a c 


Vi du 16. Cho a, b, c la cac so thuc thoa man a + b + c = 3 . Chung minh rang: 

Va 2 - ab + b 2 + Vb 2 - be + c 2 + Vc 2 - ca + a 2 > 3 

Phan tich: Trubc het ta du doan dang thuc xay ra tai a = b = c = 1. Quan sat kT bat dang thuc ta co 
nhan dinh la can phai co mot danh gia kieu a 2 - ab + b 2 > k (a + b) de khi khu can ta thu duoc a + b. 
Van de la can xac dinh gia tri cua k de danh gia tren la dung, nhd la dang thuc xay ra tai a = b = c nen ta 

1 5 1 / \2 

xac dinh duoc k = —, tuc la ta co a - ab + b > — (a + bj . Mot dieu nua can chu y la cac bien a, b, c la 

cac so thuc bat ki nen khi khu can ta can lay gia tri tuyet doi va de y den |a + a + b. 

Loi giai 

(a + b) 

Trudc het ta chung minh a 2 - ab + b 2 > -- —. 

4 

That vay, bat dang thuc tren tuong duong vdi 

4 ^a 2 + b 2 - ab j > a 2 + b 2 + 2ab 3 ^a 2 - 2ab + b 2 )>0<»3(a-b) >0 

Bat dang thuc cuoi cung dung nen bat dang thuc tren duoc chung minh. 

Tu bat dang thuc tren ta co 






Va 2 - ab + b 2 > \, _ 

V 4 2 2 

Chung minh tuong tu ta dugc 

[71 : 7^b + c l~, 7 c + a 

Vb -bc + c >-; Vc -ca + a >- 

2 2 

Cong theo ve cac bat dang thuc tren ta dugc 

2(a + b + c) 
2 


y[a‘ 


- ab + b + 


7F- 


bc + c + 


(a + b) _ |a + b| a + b 


Vc 2 - c 


Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1 
Vi du 17. Cho a, b, c la cac s6 thuc bit ki. Chung minh ring: 

lal + Ibl + |c| + la + b + cl > la + b| + lb + cl + |c + a| 


Phan tich: Theo bat dang thuc gia tri tuyet doi ta luon co a + b > a + b , bay gib ta tim each chung 
minh |c| + |a + b + c| > |b + c| + |c + a|. Be la mat cac gia tri tuyet doi ta thubng sir dung each xet dau cac 
so hoac la binh phuong hai ve, trong trubng hgp nay ta chgn each binh phuong hai ve vi viec xet dau rat 
kho khan. Khi binh phuong hai ve ta thu dugc ket qua la: 

ab*jc(a + b + c| £ (a + c)(b + c)| o ab#|(a + b + c)| > |ab + c(a + b + c)| 

Bat dang thuc se dugc giai quyet neu nhu ta khang dinh dugc ab > 0. Chu y den vai tro cua a, b, c 
trong bat dang thuc thi viec gia sir ab > 0 la hoan toan thuc hien dugc. Bay gib ta can trinh bay lai lbi 
giai nua la xong. 

Ldi giai 

Trong ba so a, b, c co it nhat hai so cimg dau, khong mat tinh tong quat ta gia sir hai so do la a, b. 
Khi do ta dugc |a| + |b| = |a + b| 

Nhu vay ta chi can chung minh |c| + |a + b + c| > |b + c| + |c + a| 

Bit ding thuc cln chung minh tuong duong vbi 

+ (a + b + c) ! + 2 |c(a + b 4^2 (a + c) 2 + (b + c) 2 + 2 |(a + c)(b + c)| 
ab + |c(a + b + c)| > |(a + c)(b + c)| «> ab + |c(a + b + c)| > jab + c(a + b + el" 

Bat dang thuc cuoi cimg dung theo bat dang thuc gia tri tuyet doi. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi a, b, c cimg dau. 


Vi du 18. Cho a, b la cac s6 thuc khong am. Chung minh ring: 


(a - b)(l - ab) 

1 


(l + a)(l + b) 

~ 4 


Phan tich: Ta co mot dang thuc quen thuoc la (l + a) ( l + b) = (l + a + b + ab) va nhu vay neu ta 
danh gia dugc |a - b)(l - ab) < ^ (1 + a + b + ab) thi bai toan xem nhu dugc giai quyet. Be y den 
danh gia theo bat dang thuc Cauchylaf ^a + b)^l + ab) < -^(l + a + b + ab) va ta can chi ra dugc 
|(a - b)(l - ab)| < (a + b)(l + ab)|, danh gia nay la hoan toan dung dan theo bat dang thuc gia tri tuyet 






Loi giai 

Theo bat dang there gia tri tuyet doi ta dugc 

|a - b| p + b|; |l - ab| < |l + ab| 

Do do ta dugc 


(a - b) (1 - ab) 


(a + b)(l+ ab) 

(ab + a + b + l) \ 

(l + a) 2 (l + b) 2 


(l + a) 2 (l + b) 2 

4(l + a) 2 (l + b) 2 4 


Vay bat dang thvrc dugc chung minh. Dang there xay ra khi a = 0; b = 1 hoac a = 1; b = 0. 


Vi du 19. Cho a, b, c la cac s6 thuc doi mot khong d6ng thbi blng 0. Chung minh ring: 

. .( a! -b ! )(b ! -c 2 )( c, - al ) 


(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) 


Phan tich: Ta vilt lai bit ding thuc la 

(a 2 -b 2 )(b 2 -c 2 )(c 2 -a 2 ) 

< 1 , nhu vay neu danh gia dugc 

(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 ) 


|a 2 - b 2 1 < |a 2 + b 2 1 thi bai toan dugc chung minh. 

Loi giai 

Bit ding there cln chung minh tuong duong voi 


(a 2 -b 2 ; 

|(b 2 -c 2 )(c 2 -a 2 ) 

(a 2 + b 2 ^ 

)(b 2 + c 2 )(c 2 + a 2 ) 


Trubc het ta chung minh bat dang thuc la 2 - b 2 | < |a 2 + b 2 |. 

That vay, bat dang thuc tren tuong duong voi 

(a 2 - b 2 ) < (a 2 + b 2 ) «> 4a 2 b 2 > 0, Dung voi mgi a, b. 
Chung minh tuong tu nhu tren ta dugc 

|b 2 - c 2 | < |b 2 + c 2 |; |c 2 -a 2 |<|# + a 2 | 
Nhan theo ve cac ket qua tren ta dugc 

|(a 2 -b 2 )(b 2 -c 2 )(e 2 -a|j' 


Vi dang thuc khong xay ra nen ta 

|(a 2 + b 2 )(b 2 +c 2 )(c 2 +a 2 |f ‘ 

Vay bit ding thuc dugc chung minh. 

Vi du 20. Cho a, b, c la cac so thuc khong am bat ki. Chung minh rang: 

3-\/abc + ||.«- b| #• Jb —c| +fe>'r a| > a + b + c 

Phan tich: Nhan dinh dau tien khi tim hieu bat dang thuc tren la tim each pha gia tri tuyet doi. Quan sat 
ki ta thay khong the binh phuong cung khong the xet dau cac dai lugng de pha gia tri tuyet doi dugc. 
Trong trubng hgp nay ta ther nghT den each sap ther tu cac bien de pha gia tri tuyet doi xem co the chung 
minh dugc hay khong. Chang han ta chgn a > b > c, khi do ta pha dugc cac gia tri tuyet doi va bat dang 


|(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 )| 

dugc 

|'(a 2 -b 2 )(b 2 -c 2 )(c 2 -a 2 )| 





there dugc viet lai thanh 3-\/abc + a- b-3c>0, nhan thay a - b > 0; 3^/abc - 3c > 0 nen bat dang 
there thu dugc hoan toan dung. 

Loi giai 

Vi vai tro cua a, b, c nhu nhau nen khong mat tinh tong quat ta gia su a > b > c. 

Khi do bit ding there cln chung minh trb thanh 

3fc + (a-b) + (b-c) + (a-c)>a + b + c 
<» 3^/abc + a- b-3c>0<»a-b + 3yfc |>/ab - > 0 

Bat dang there cuoi cung luon dung vi a > b > c. 

Vay bit ding thuc dugc chung minh. 

Vi du 21. Cho a, b, c la cac so thuc bat ki. Chung minh rang: 

b| + |b - c| 2Va 2 + b 2 + c 2 - ab - be - ca 

Loi giai 

Vi vai trb cua a, b, c nhu nhau nen khong mat tinh tong quat ta gia sir a > b > c. 

Khi do bit ding thuc cin chung minh trb thanh 

a-b+b-c+a-c> 2y/ a 2 + b 2 + c 2 - ab - be - ca 
<=> 2(a - c) > 2-\/a 2 + b 2 + c 2 - ab - be - ca 
o 4(a - c) ! > ?[(* - b)’ + (b - c)' + (c - a)’J 

o (a - c) 2 > (b - c) 2 + (c - a) 2 o [(a - b) + (b -«)J > (b - c) 2 + (c - a) 2 
<=> 2 (a - b)(b - c) > 0 

Bat dang thuc cuoi cung luon dung do a > b > c. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 

Vi du 22. Cho a, b, c la cac sb thuc khong am bit ki. Chung minh ring: 

3 4 

Phan tich: Trubc hit ta du doan dugc ding thuc xly ra tai a = b = c. Quan sat bit ding thuc ta nhan 
thay ve phai xuat hien cac dai lugng a-b;b-c;c-a nen suy nghT dau tien khi bien doi bat dang thuc 

la can phai lam the nao de xuat hien b ve trai cac dai lugng a-b; b-c; c-a, chinh yeu cau nay lam ta 
lien tubng den mot hang dang thuc bac ba het sue quen thuoc do la 
a 3 + b 3 + c 3 - 3abc = ^a + b + c)|ja - b) + (b - c) + (c - a) J. Nhu vay sau khi ap dung thi ve trai 

cua bat dang chera dai lugng (a - bj + (b - c) + (c - a) ma ben ve phai lai la tich cac dai lugng 
a-b; b-c; c-a, ter chieu cua bat dang thuc can chung minh ta nghT den danh gia 

(a - b) + (b - c) + (c - a) > 3^|ja - b)(b - c)(c - a)J . Bay gib ta can mot danh gia kieu 

2(a + b + c) > 3^a - b)(b - c)(c - a) la hoan thanh chung minh bat dang thuc. Chu y den dau gia tri 
tuyet doi va cac bien khong am ta co dugc cac danh gia dung la 
a + b > |a - b|; b + c> |b ^p i + a > |c - a|, den day thi cac yeu cau de chung minh bai toan da dugc 
xu li, viec trinh bay lbi giai hoan toan don gian. 


Loi giai 





Bat ding thvrc cln chemg minh tuong duong vdi 

(a + b + c)^(a-b) 2 +(b-c) 2 +(c-a) 2 J 3 |( a -b)(b - c)(c-a)| 

r ? 2 21" 4 

<=> 2 (a + b + cb (a - b) + (b-c) + (c-a) > 9^a - b)(b - c)(c - a)| 

Theo tinh chat cua bat dang there gia tri tuyet doi ta co 

a l 1) > a - b : b + c > b c + a > |c - a| 

Do do ap dung bat dang there Cauchy ta duoc 

2 (a + b + c) = (a + b) + (b + c) + (c + a) > |a - b| + |b - c| + |c - a| 

> 3 ^|( a - b )( b - c )( c -a)| 

Va (a-b) + (b _c ) +( c_a ) - - b )(b - c)(c - a)J 

Nhan theo ve hai bat dang thuc tren ta duoc 

2(a + b + c)[(a - b)’ + (b - c) ! + (c - a) 2 ] > e|(a - b)(b - c)(c - a)j 
Vay Bat dang thuc duoc chemg minh. Dang thuc xay ra khi va chi khi a = b = c. 


| Vi du 23. Cho n so there x x ; x 2 ;...;x n (voi n > 3). Chung minh rang: 

X 1 + X 2 + ... + X n |x x - X 2 | + |x 2 - X 3 | + .. 

1 + 2n 


Max{x x ; x 2 ;...; x n } > - 
Trong do Max{x x ; x,;...; x n } la so lbn nhat trong cac so there x ( ; x 2 ;...;x n 


De y la trong hai so there x, y bat ki ta luon co 


Loi giai 


Min{x, y} < x, y < Max{x, y} va Max{x, y} = - 


, x + y + x - y 

Sir dung dang thuc Max{x, y} =----, ta co: 

X 1 + X 2 + ... + X n |x x - X 2 | + |x 2 — X 3 | + ... + |x n — xj 
n 2n 

_ x 1 + x 2 + |xi-x 2 | | x 2 +x 2+ |x 2 -x 3 | | ^ | x n+ x 1 + |x n - Xl | 

2n 2n 2n 

Maxjxj, x 2 } + Max{x 2 ,x} + Max{x n ,x 1 } 

<---< Max{x ; x x } 

n n 

Vay bai toan duoc chemg minh. Dang thuc xay ra khi va chi khi x x = x 2 =... = x n . 


3. Sir dung tinh chat cua tam there bac hai. 


Vi du 24. Cho a, b la cac s6 there thoa man a 2 - a + 2b + 4b 2 - 4ab < 0 
Chung minh ring: 0 < a - 2b < 1 






Phan tich: Be y rang bat phuong trinh bac hai At 2 + Bt + C<0<»t 1 <t<t 2 vdi A > 0, trong do 
t 2 la cac nghiem cua tam thuc At 2 + Bt + C. Phan tlch bat dang thuc gia thiet ta thu dugc 

(a - 2b) - (a - 2b) < 0, ta xem ve trai la da thuc bien a - 2b, khi do ta co lbi giai sau. 

Loi giai 

Bat dang thuc gia thiet tuong duong vdi 

a 2 - 4ab + 4b 2 - (a - 2b) < 0 <=> (a - 2b)' - (a - 2b) < 0 

Bat t = a-2b=>t 2 -t<0<^>0<t<l<^>0<a-2b<l 

Vay bai toan dugc chung minh. 

Vi du 25. Cho a, b la cac so thuc bat ki. Chung minh rang: 

a 2 b 4 + 2^a 2 + 2)b 2 + 4ab + a 2 > 4ab 3 

Phan tich: Bat dang thuc co hai bien va bien a co bac cao nhat la 2, do do ta bien doi bat dang thuc theo 
hubng xuat hien mot tam thuc bac hai co bien la a nhu sau 

(b 2 + l) a 2 + 4b (l - b 2 ) a + 4b 2 > 0 

Ta xem ve trai cua bat dang thuc la tam thuc bac hai, de y den [b 2 + l) > 0, ta can chung minh 
dugc biet thuc A cua tam thuc co gia tri am. 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 

(b 2 + l) a 2 + 4b (l - b 2 ) a + 4b 2 > 0 
Xet da thuc f(a) = (b 2 + l) a 2 + 4b (l - b 2 ) a + 4b 2 

Khi do taco A = j^4b^l - b 2 )J -4^b 2 +l) .4b 2 = -16b 2 < 0 
Bo do ta co (b 2 + l) f(a) >0 ma (b 2 +l) >0 nen ta dugc 

f(a) = ^b 2 + l) a 2 + 4b (l - b 2 ) a + 4b 2 > 0 
Vay bat dang thuc dugc chung minh. 

Vi du 26. Cho a, b, c, d la cac so thuc thoa man b < c < d. Chung minh rang: 

(a + b + c + d) >8^ac + bd) 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 

a 2 - 2 (b - 3c + d) a + (b + c + d) - 8bd > 0 
Xet tam thuc f(a) = a 2 - 2 (b - 3c + d) a + (b + c + d) - 8bd 

Khi do taco A' = (b-3c + d) -(b + c + d) + 8bd = 8(c - b)(c -d) 

Bo b < c < d nen ta dugc A 1 < 0 suy ra f(a) > 0 

Hay a 2 - 2^b - 3c + d)a + (b + c + d) -8bd>0. 

Vay bat dang thuc dugc chung minh. 





Vi du 27. Cho a, b, c, d, e la cac s6 thuc bit ki. Chung minh ring: 

a 2 + b 2 + c 2 + d 2 + e 2 > a (b + c + d + e) 

Phan tich: Bit ding thuc nay da dugc chung minh blng kT thuat biln d6i tuong duong. (3 day ta su dung 
tu tuong cua tam thuc bac hai de chung minh. Be y ta viet lai dugc bat dang thuc nhu sau 
f(a) = a 2 - (b + c + d + e)a +b 2 + c 2 + d 2 + e 2 , den day ta can phai chung minh dugc 

A = (b + c + d + e) 2 -4^b 2 + c 2 + d 2 + e 2 j < 0. Viec nay hoan toan thuc hien dugc nhd phep bien doi 
tuong duong hoac bat dang thuc Bunhiacpoxki. 

Loi giai 

Bit ding thuc cln chung minh tuong duong vdi 

a 2 + b 2 + c 2 + d 2 + e 2 - a(b + c + d + e)> 0 

Xet f(a) = a 2 -(b + c + d + e)a + b 2 + c 2 + d 2 + e 2 

Khi do ta co A = (b + c + d + e) 2 -4^b 2 + c 2 + d 2 + e 2 j 

Theo bat dang thuc Bunhiacopxki ta co 

4 (b 2 + c 2 + d 2 + e 2 ) = (l +1 +1 + l)(b 2 + c 2 + d 2 +e 2 ) 

> (b + c + c + e) 2 

Suy ra A = (b + c + d + e) 2 -4^b 2 + c 2 + d 2 + e 2 ) < 0 

Do do ta dugc f(a) = a 2 - (b + c + d + e)a + b 2 + c 2 + d 2 + e 2 >0 

Hay bat dang thuc dugc chung minh. 

Vi du 28. Cho a, b, c la cac so thuc thoa man -1 < a, b, c < 2 vaa + b + c = 0. 

Chung minh rang: a 2 + b 2 + c 2 < 6 

Phan tich: Tir gia thilt -1 < a < 2, ta co thl thilt lap dugc bit ding thuc bac hai dang 
(a - 2^a +1) < 0, ap dung tuong tu va chu y den gia thiet a + b + c = 0. 


Giai 

Theo tinh chat ve dau cua tam thuc bac hai ta co 


-1 < a < 2 => 

(a-2) 

(a + i) 

l<0 

-1 < b < 2 ^ 

(b-2) 

i(b + l' 

|<o 

-1 < c < 2 => 

(c-2) 

( c + 1 ) 

<0 


Cong tung vl ba bit ding thuc tren ta dugc 

(a 2 -a-2) + (b 2 -b-2) + (c 2 -c-2)<0oa 2 + b 2 + c 2 -(a + b + c)<6 


Via + b + c = 0 nen a 2 + b 2 + c 2 < 6. Vay bat dang thuc dugc chung minh. 

Vi du 29. Chung minh bat dang thuc Bunhiacopxki. 

a) Cho cac so thuc bat ky a 1? a 2 , a 3 , b |; b 2 , b 3 khac 0. Chung minh rang: 

(a.b, + a 2 b 2 + a 3 b 3 ) < (a 2 + a 2 + a 2 )(b 2 + b 2 + b 2 ) 





, , . # a a a 

Dang thuc xay ra khi va chi khi — = — = — 

b l b 2 b 3 


b) Cho cac so thvrc bat ky a T , a 2 , a n , b x , b 2 ,..., b n khac 0. Chung minh rang: 

(a^ + a 2 b 2 + ... + ajb n ) < + a 2 + .. 

. + a 2 )(b 2 + b 2 + ... + b 2 j 

Dang thuc xay ra khi va chi khi — = — = '!• 

b l b 2 b n 


Loi giai 

a) Xet da thuc 


f(x) = ^a 2 + a 2 + a 2 )x 2 - 2 ^ 1 ^ + a 2 b 2 + £ 

l 3 b 3) + ( b ? +b 2 +b 3) 

= ^a 2 x 2 - 2a 1 b 1 x + b 2 j + (a 2 x 2 - 2a 2 b 2 x 

+ b 2 ) + ^a 2 x 2 - 2a 3 b 3 x + b 2 j 

= (a 1 x-b 1 ) 2 +(a 2 x- b 2) 2 + (a3x- b 3 ; 

2 - o 

Vi f(x) >0, Vx g R nen ta co 


A 1 = (a^ + a 2 b 2 + a 3 b 3 ) - (a 2 + a 2 

+ a, 2 )( b2 +b 2 + b 2 ) < 0 

Hay (a^ + a 2 b 2 + a 3 b 3 ) < (a 2 + a 2 + a 2 j(b 2 

+ b 2 +b 2 ) 

Dang thuc xay ra khi va chi khi 


a^ - b 1 = a 2 x - b 2 = a 3 x - b 3 

a, a n a 0 

<=> — =—= -i* 

b l b 2 b 3 

Vay bat dang thuc dugc chung minh. 
b) Xet da thuc 


f(x) = (a 2 + a 2 + ... + a 2 )x 2 - 2^^ + a 2 b 2 4 

... + a n b n ) + ^b 2 + b 2 + ... + b 2 j 

= (a 2 x 2 - 2a 1 b 1 x + b 2 j + (a 2 x 2 - 2a 2 b 2 x + 

b 2 ) + ... + (a 2 x 2 -2a n b n x + b 2 ) 

= ( a i x - b i) 2 + ( a 2 X - b 2 ) 2 + - + (a n x - b 

■J*° 

Vi f(x) >0, Vx g R nen ta co 


A 1 = (a^ + a 2 b 2 + ... + a n b n ) - (a 2 + a 2 + . 

.. + a 2 )(b 2 + b 2 + ... + b 2 ) < 0 

Hay (a^ + a 2 b 2 +... + ajb n ) < (a 2 + a 2 + ... + a 

l)(K + K+- + K) 

Dang thuc xay ra khi va chi khi 


a x x - b t = a 2 x — b 2 = ... = a n x - b n 

a i a 2 a n 

° b^ _ b^ ~~ _ V 

Vay bit ding thuc dugc chung minh. 


Vi du 30. Cho a, b, c, d la cac so thuc thoa man a + d = b 

+ c. Chung minh rang: Neu ton tai so thuc m 

sao cho 2m > ad - be thi vdi mgi x g R ta luon co: 


(x - a)(x - b)(x - c)(x - 

d) + m 2 >0 


Phan ti'ch: Quan sat bieu thuc ben ve trai ta nhan thay ngay day la da thuc bac 4, vbi phep dat bien phu 
y = x 2 - (a + d)x = x 2 - (b + c)x, khi do ve trai trd thanh da thuc bac hai, bay gib ta can chung minh dugc 





biet thuc A am, can chu y den gia thiet 2m > |ad - bc| vi chac chan phai can den no mdi co the chung 
minh dupe. 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 

[x 2 - (a + d)x + adj[^x 2 - (b + c)x + bcj + m 2 > 0 
Doa + d = b + c nen ta dat y=x 2 - (a + d) x = x 2 - (b + c) x, khi do ta duoc bat dang thuc 
(y + ad) (y + be) + m 2 > 0 <» y 2 + (ad + be) y + abed + m 2 > 0 
Xet f(y) = y 2 + (ad + be) y + abed + m 2 

Taco A y =(ad + bc) - 4.1.(abed + m 2 ) = (ad - be) -4m 2 
Vi 2m > |ad - bc| nen 4m 2 > (ad - be) «> A y < 0 do do ta co f(y) > 0 
Hay (x - a)(x - b)(x - c)(x - d) + m 2 >0 

Vay bai toan duoc chung minh. 

Vi du 31. Cho a, b, c la cac so thuc thoa man a + b + c = 1. Chung minh rang: 

(3a + 4b + 5c) > 44 (ab + be + ca) 

Phan tich: Bit dang thuc co bac hai ddi vdi mdi biln, nen ta nghT d6n viec dua v6 tarn thuc bac hai. Bit 
dang thuc co ba bien nhung co them dieu kien a + b + c = 1 cho nen ta co the chuyen bat dang thuc 
thanh bit ding thuc chi co hai bi6n. Den day ta chon mot bi6n lam bi6n chinh, con lai ta xem nhu la tham 
so va sir dung tinh chat tarn thuc bac hai la mot y tudng khong toi chut nao. 

Loi giai 

Tir gia thiet a + b + c = 1 suy rac = l — a — b, thay vao bat dang thuc ta duoc 

(3a + 4b + 5 - 5a - 5b) 2 > 44ab + 44 (a + b) (l - a - b) 

<=> 48a 2 +16 (3b-4) a + 45b 2 -54b+ 25 > 0 

Xet f (a) = 48a 2 +16(3b-4)a + 45b 2 - 54b + 25, khi do ta duoc 

A ' = 64 (3b - 4) 2 - 48 (45b 2 - 54b + 25) = -176 (3b - l)' < 0 

Do do suy ra f(a) > 0 hay 48a 2 + 16 (3b - 4) a + 45b 2 - 54b + 25 > 0 

Vay bat dang thuc duoc chung minh. 

Dang thuc xay ra khi va chi khi a = —;b = —;c = —. 

2 3 6 

Vi du 32. Cho a, b la cac so thuc bat ki. Chung minh rang: 

3(l-a + a 2 )(l-b + b 2 )>2(l-ab + a 2 b 2 ) 

Phan tich: Quan sat bit ding thuc ta nhan thly, bit ding thuc co tinh ddi xung vdi hai biln a, b va la co 
bac hai ddi vdi mdi bien do do mot each tu nhien ta nghT den sir dung tinh chat tarn thuc bac hai de chung 
minh. Trudc het ta viet lai bat dang thuc 

(b 2 - 3b + 3)a 2 + (3b 2 - 5b + 3)a + 3b 2 - 3b + 1 > 0 

Xem ve trai la mot tarn thuc bac hai bien a khi do, de y den b 2 - 3b + 3 > 0 ta can chung minh 
duoc biet thuc A < 0. 





Loi giai 

Bat dang there can chung minh tuong duong vdi 

(b 2 - 3b + 3)a 2 + (3b 2 - 5b + 3)a + 3b 2 - 3b + 1 > 0 

Xet tam thuc bac hai 

f(a) = (b 2 - 3b + 3)a 2 + (3b 2 - 5b + 3)a + 3b 2 - 3b + 1 

Khi do ta dugc 

A = (3b 2 - 5b + 3) 2 - 4(b 2 - 3b + 3)(3b 2 - 3b + l) = -(a 2 - 3a + l) < 0 

Be y ta thay b 2 - 3b + 3 = j^b - ^j + ^ > 0, do do ta dugc f(a) > 0 

Hay (b 2 - 3b + 3)a 2 + (3b 2 - 5b + 3 )a + 3b 2 - 3b + 1 > 0. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra ki va chi khi 

f b 2 - 3b + 1 = 0 r 

3b 2 - 5b + 3 a = b = 

a = —j— -r 2 

2 (b - 3b + 3 j 

Vi du 33. Cho a, b, c la cac sb thuc khong am bit ki. Chung minh rSng: 

3(l-a + a ! )(l-b + b ! )(l-c + c 2 )>l + abc + aVc 2 
Phan tich: Trubc het ta du doan dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta nhan thay 
bat dang thuc co tinh doi xung va co bac hai doi vbi moi bien, do do mot each tu nhien ta nghT den tam 
thuc bac hai. Nhu vay ta cin chgn mot bi6n chinh, la c chang han, khi do cac biln a, b dong vai tro tham 
so. Be y thay ve trai cua bat dang thuc co dai lugng (l - a + a 2 j (l - b + b 2 j rat cong kenh khi bien doi, 

do do ta can thay dai lugng do bang mot dai lugng be hon, chu y den dau dang thuc xay ra ta co hai y 
tubng la 

(l - a + a 2 )(l - b + b 2 j > (2a - a)(2b - b) = ab 


Hoac (l - a + a 2 j (l - b + b 2 ) = 


1 + a 2 b 2 + (a - b) 2 + (l - a) 2 (l - b) 2 1 + a 2 b 2 


Nhan thay ngay y tubng dau khong thuc hien dugc vi chang han ab = 0 thi bat dang thuc 
3ab (l - c + c 2 j > (l + abc + a 2 b 2 c 2 j khong dung. Bo do ta chi co the theo y tubng thu hai. Luc ta dugc 
bit ding thuc 


2(l - a + a 2 }(l - b + b 2 )(l - c + c 2 } > (l + a 2 b 2 }(l - c + c 2 ) 

Bay gib ta can chung minh 3(l + a 2 b 2 )(l-c + c 2 )>2(l + abc + a 2 b 2 c 2 j, viet thanh 
f(c) = (3 + a 2 b 2 j c 2 - (3 + 2ab + 3a 2 b 2 j c + 1 + 3a 2 b 2 > 0. Cong viec cuoi cung la chung minh 

A = (3 + 2ab + 3a 2 b 2 j -4(3 + a 2 b 2 j (l + 3a 2 b 2 j < 0 thi bai tomi xem nhu dugc chung minh. (3 day neu 
nhu ta khong chung minh dugc biet thuc A < 0 thi y tubng tren hoan toan pha san. Cung may trong bai 
toan nay ta thu dugc A = -3 (l - ab) < 0. Ben day chi can trinh bay lai lbi giai nua la xong. 


Loi giai 





Taco 2^1 - a + a 2 )(l - b + b 2 ) = 1 + a 2 b 2 + (a - b) + (l - a) (l - b) > 1 + a 2 b 2 
Do do ta dugc bat dang thirc 

2(1 - a + a 2 )(l - b + b 2 }(l - c + c 2 ) > (l + a 2 b 2 )(l-c + c 2 ) 

Ta can chung minh 

3(l + a 2 b 2 - c + c 2 ) > 2(l + abc + a 2 b 2 c 2 ) 

<=> ^3 + a 2 b 2 jc 2 _ (3 + 2ab + 3a 2 b 2 jc + 1 + 3a 2 b 2 > 0 

Xet tam thuc bac hai f(c) = ^3 + a 2 b 2 ) c 2 - ^3 + 2ab + 3a 2 b 2 ) c + 1 + 3a 2 b 2 
Kh i do ta dugc 

A = (3 + 2ab + 3a 2 b 2 ) 2 - 4^3 + a 2 b 2 )(l + 3a 2 b 2 ) = -3(l - ab) 4 < 0 
De thay 3 + a 2 b 2 > 0 nen ta dugc f(c) > 0 
Hay (3 + a 2 b 2 )c 2 - ^3 + 2ab + 3a 2 b 2 )c + 1 + 3a 2 b 2 > 0 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 
Nhan xet: Day la mot bai toan kho, ban dau neu xem c la bien va a, b la tham so ma chung minh biet 
thuc A < 0 thuc su rat kho khan, cho nen y tu&ng lam dcm gian hoa ve trai la hoan toan tu nhien. Nhung 
de co mot danh gia hap U can phai xem xet bai toan mot each tong the va luon de y den cac tinh huong co 
the xay ra. 

Vi du 34. Cho a, b, c la cac s6 thuc khong am thoa man abc + ab + be + ca = 4. Chung minh rSng: 
a + b + c > ab + be + ca 

Phan tich: Du doan dau dang thuc xay ra tai a = b = c = 1 hoac a = b = 2;c = 0. Qua trinh danh gia 


bat dang thuc can chu y den dang thuc xay ra. Quan sat bat dang thuc ta nhan thay bat dang thuc co tinh 
doi xung doi voi ba bien va co dieu kien nen ta co the dua ve dang tam thuc bac hai. Chang han tu gia 

, Z|. - r t r 

thiet ta rut duoc a =-. Khi do bat dang thuc duoc viet lai thanh: 

b + c + be 


4 - be , ^ 4 - be / \ 

- + b + c > ,- ; —lb + c 1 + be 


b + c + bc b + c + bc v 

Va neu xem b la bien va c la tham so thi ta thu dugc bat dang thuc co bac hai doi voi mot bien 
f(b) = (l + c - c 2 ) b 2 + ^c 2 + c - 4) b + c 2 - 4c + 4 > 0. 


Luc nay ta co A = c 


;2 )( c ' 


- 4c + 4] = clc - lj 15c - 8j. Bay gio ta can 


phai chi ra dugc A<0 va 1 + c- c 2 >0. Chu y trong truong hgp nay ding thuc xiy ra tai c = 1 hoac 
c = 0, ta nhan thay khi c < 1 thi hai yeu cau tren dugc dap ung ngay. Nhan thay tu gia thiet 
abc + a + b + c = 4 neu chgn c nho nhat thi ta co ngay c < 1, do do ta co the gia sir c la so be nhat trong 
ba so a, b, c. Viec gia sir nay la hoan toan co the vi vai tro cua cac bien nhu nhau. Den day ta trinh bay lai 
lbi giai nhu sau. 

Loi giai 

Khong mat tinh tong quat ta gia sir c la so be nhat trong ba so a, b, c. Khi do ta co 


4 = abc + ab + be + ca > c 3 + 3c 2 => c < 1 


4 — be ' 

Tir abc + ab + be + ca = 4 suy ra a =-. Nhu vay ta can chung minh 

b + c + bc 

4 - be , ^ 4 - be /, \ , 

-+ b + c >- b + c+bc 

h + f' + hr' / 


b + c + bc 




Hay (l + c - c 2 ) b 2 + ^c 2 + c - 4 j b + c 2 - 4c + 4 > 0 

Xet f(b) = (l + c - c 2 )b 2 + (c 2 + c - 4^b + c 2 - 4c + 4 

Khi do ta co A = (c 2 + c - 4) - 4(l + c - c 2 ) (c 2 - 4c + 4) = c(c - l) (5c - 8) 

Vi c < 1 nen ta co A = c (c - l) (5c - 8) < c (c - l) (5 - 8) = -3c (c -1) <0 
Lai thay khi c < 1 thi 1 + c - c 2 >0 nen f(b) > 0 

Hay (l + c - c 2 jb 2 + (c 2 + c - 4^b + c 2 - 4c + 4 > 0. 

Vay bit ding there dupe chung minh. 

Dang thuc xay ra khi a = b = c = 1 hoac a = b = 2;c = 0va cac hoan vi. 

Nhan xet: Sit dung nguyen li Dirichlet cung co the chung minh duac bat dang thuc tren, tuy nhien de sit 
dung duac nguyen li Dirichlet khong he dom gian. Qua do ta nhan thay vai cac bat dang thuc bac hai thi 
nghi den sit dung cac tinh chat cua tam thuc bac hai la dieu het sue tu nhien va thuc te cac tinh chat cua 
tarn thuc bac hai cung da cho thay hieu qua trong chung minh bat dang thuc. 

Vi du 35. Cho a, b, c la cac so thuc bat ki thoa man dieu kien: a + b + c = 2 va a 3 + b 3 + c 3 - 3abc = 2 . 

Goi M la s6 Ion nhlt va m la s6 nho nhlt trong ba s6 a, b, c. Chung minh ring: 

M-m<4 = 

_V3_ 

Phan tich: Quan sat bat dang thuc ta thay dupe vai tro nhu nhau cua ba bien a, b, c nen de don gian ta co 
the sap thu tu cac bien de quy dinh M va m cho bat dang thuc. Chang han ta chon M = a; m = c, khi do 


ta can chung minh a - c < . 

V 3 

Chu y ding thuc a 3 + b 3 + c 3 - 3abc = ^ (a + b + c)|ja - b) + (b - c) + (c - a) j, kit hop voi 

a + b + c = 2,ta viet lai dupe (a - b) + (b - c) + (c - a) = 2, vi ta can phai chung minh a - c < ~^= 

v 3 

nen ta co the xem dang thuc ben la phuong trinh bac hai an X = a - c va viet lai ta dupe 

X 2 - (b - c) X + (b - c) -1 = 0. Den day ta thay dupe hai y tubng de chung minh X < ~^=. Mot la ta 

v 3 

, 2 

can giai ra cac nghiem X theo b - c sau do chung minh X < _ . Hai la doi vai tro trong phuong trinh 

Vs 

2 

va xem X la tham so, khi do tu dieu kien co nghiem cua phuong trinh ta suy ra duoc X < . 

V 3 

Loi giai 

Vi vai tro cua a, b, c nhu nhau nen khong mat tinh tong quat ta co the gia sir a la 
so nh o nhat trong ba so a, b, c. 

, 2 
Khi do ta can chung minh a - c < — 

V 3 

Ta co 2 = a 3 + b 3 + c 3 - 3abc = (a + b + c) (a 2 + b 2 + c 2 - ab - be - caj 
Hay (a - b) + (b - c) + (c - a) = 2. Dat X = a - c, khi do ta dupe 


s6 lbn nhlt va c la 




X 2 + (a - b) 2 + (b - c) 2 = 2 <=> X 2 + (a - c - b + c)' + (b - c) 2 = 2 
«>X 2 +(a-c) + 2(b-c) -2 (a - c)(b - c) = 2 
<=> 2X 2 - 2(b - c)X + 2(b - cf = 2 <=> X 2 - (b - c)X + (b - cf -1 = 0 
Xem phvrang trinh tren co an la b - c, khi do de phuong trinh co nghiem thi 

A = x--,(x*-i)« e xvbxsi 


Suy ra a - c < 


2 


Vay bit ding thuc dugc chung minh. 


Dang thuc xay ra khi va chi khi 


2 + S_ 

3 ’ 


b = —; c = -—— va cac hoan vi. 
3 3 



Chu de 3 

CHtfNG MINH BAT DANG TIIIC BANG PHlTONG PHAP PHAN CHtfNG 

1. Kien there can nhd 

a. Noi dung phuoug phap 

Gia sir ta can chimg minh bat dang there A > B. Tu tudng cua phuong phap la ta hay gia sir bat 
dang thuc do sai, sau do van dung cac kien thuc da biet va gia thiet cua de bai de suy ra dieu vo ly. Dieu 
vo ly co the la trai vdi gia thiet, hoac la nhung menh de mau thuan nhau, tu do suy ra dang thuc can 
chung minh la dung. 

Cac bic&c suy luan phan chimg 

Budc 1: Gia su dieu can chung minh la sai (phu dinh lai menh de can chung minh). 

Budc 2: Tir dieu gia su ta suy ra mot so tinh chat hoac quan he mdi, ma nhung tinh chat nay mau thuan 
vdi dieu da cho hoac trai vdi tinh chat ta da biet. 

Buo'c 3: Ta ket luan dieu gia su ban dau la sai. Vay bai toan duoc chung minh. 

Chu y: Trong cac buac suy luan phan chimg neu tren, bu&c 1 rat quan trong vi can tao ra menh de 
phu dinh dieu can chimg minh thuc su chinh xac. 

b. Mot so hinh thuc chung minh bat dang thuc 

+ Dung menh de dao. 

+ Phu dinh roi suy ra dieu trai vdi gia thiet. 

+ Phu dinh roi suy ra trai vdi dieu dung. 

+ Phu dinh roi suy ra hai menh de trai nguoc nhau. 

+ Phu dinh roi suy ra ket luan. 

c. Mot so dang thuc va bat dang thuc can nhd. 

„ , , (a -bV +fb-c)~ +(c-a) 

+ a + b + c - (ab + be + ca) = - - --—^ ---— > 0 

+ (a - l) 2 + (b -1) 2 + (c - l) 2 > 0 

+ (a-b) +(b-c) +^c-a) >0 

2. Mot so vi du minh hoa 

Vi du 1. Cho a, b, c la cac so there bat ki. Chung minh rang co it nhat mot trong cac bat dang thuc sau day 
la dung: a 2 + b 2 > 2bc b 2 + c 2 > 2ca c 2 + a 2 > 2ab 

Phan tich: Vi bai toan yeu cau ta phai chung minh co it nhat mot bat dang thuc dung, dieu nay co nghTa 
la khong the co trudng hop ca ba bat dang thuc tren cung sai. Nhu vay ta chi can chung minh ca ba bat 
dang thuc tren cung sai khong the xay ra la duoc. 

Loi giai 

Gia sir ca ba bat dang thuc tren cung sai, tuc la ta co ba bat dang thuc sau 

a 2 + b 2 < 2bc b 2 + c 2 < 2ca c 2 + a 2 < 2ab 

Cong theo v6 ba bit ding thuc tren ta duoc 





(a 2 + b 2 - 2ab) + (b 2 + c 2 - 2bc) + (c 2 + a 2 - 2ca) < 0 
Hay (a-b) +(b-c) + (c-a) <0. 

Dieu nay mau thuan voi bat dang thuc (a - bj + (b - c) + (c - a j > 0. 

Vay dieu gia sir tren khong the xay ra, tire la bai toan dugc chung minh. 

Vi du 2. Cho cac so thuc a, b, c e (0, 2) . Chung minh rang co it nhat mot trong ba bat dang thuc sau day 
lasai: a(2-b) >1 b(2 -c)>l c(2-a)>l 

Phan tich: Vi bai toan yeu cau ta phai chung minh co it nhat mot bat dang thuc sai, dieu nay co nghTa la 
khong the co trubng hop ca ba bat dang thuc tren cung dung. Nhu vay ta chi can chung minh ca ba bat 
dang thuc tren cung dung khong the xay ra la dugc. Chu y b day ta co gia thiet a, b, c e (0, 2) nen co the 
sir dung den cac hieu 2 - a, 2 - b, 2 - c la cac so duong. 

Loi giai 

Gia sir ca ba bat dang thuc da cho deu dung, nhan chung vbi nhau theo ve vbi ve ta co 
a (2 - b) .b ^2 - c) .c (2 - a) > 1 <=> a (2 - a) .b (2 - b) .c (2 - c) > 1 
Mat khac do a e (0, 2) nen ta co 2 - a > 0. Do do ta dugc 

0 < a ^2 - a) = 2a - a 2 = 1 - (l - 2a + a 2 ) = 1 - (a -1) <1 
Chung minh hoan toan tuong tu ta co 0 < b (2 - b) < 1; 0 < c (2 - c) < 1 
Nhan theo ve cac bat dang thuc tren ta dugc 

a ^2 - a) .b ^2 - c) .c (2 - c) < 1 

Bat dang thuc nay mau thuan voi bat dang thuc a (2 - a) .b (2 - b) .c (2 - c) > 1. 

Vay dieu gia sir tren khong the xay ra, tuc la bai toan dugc chung minh. 

Vi du 3. Cho a, b, c la cac sb thuc thoa man thoa man cac di6u kien sau 
a + b + c > 0; ab + be + ac > 0; abc > 0 

Chung minh ring ca ba sb a, b, c dbu la sb duong. 

Phan tich: Vi bai toan yeu cau ta phai chung minh ca ba so a, b, c deu la so duong, dieu nay co nghTa la 

khong the co trubng hgp mot so nao do khong duong. Nhu vay ta chi can chung minh mot so bat ki 

khong duong khong the xay ra la dugc. 

Loi giai 

Gia sir rang trong ba so a, b, c co mot so khong duong, khong mat di tinh tong quat ta chgn so do la 
a, tuc la ta co a < 0. 

Vi abc > 0 nen a ^ 0, do do suy ra a < 0. 

Lai co a + b + c > 0 nen b + c > 0, tu day suy ra a (b + c) < 0 





Theo gia thiet thir hai ab + be + ca > 0 hay a (b + c) + be > 0 dan den be > 0 

Nhu vay ta dugc a < 0; be > 0 vi the ta co abc < 0. Bat dang thuc nay mau thuan vdi gia thiet thir ba 

cua bai toan. 

Vay dieu gia sir tren khong the xay ra, tire la bai toan dugc chung minh. 

Vi du 4. Chung minh rang khong co 3 so duong a, b, c nao thoa man ca 3 bat dang thuc: 

a + — < 2 b + — < 2 c + — < 2 

_b_c_a_ 

Phan tich: Vi bai toan yeu clu ta phai chung minh khong tdn tai ba sd duong a, b, c dd ca ba bit ding 
thuc tren deu dung, dieu nay co nghTa la khong the co trudng hgp ca ba bat dang thuc tren cimg dung. 
Nhu vay ta chi can chung minh trudng hgp ca ba bat dang thuc tren cimg dung khong the xay ra la dugc. 

Chu y cac bat dang thuc tren lam ta lien tudng den bat dang thuc Cauchy dang x + — > 2 . 

x 

Loi giai 

Gia sir tdn tai ba sd duong a, b, c thoa man ca 3 bit ding thuc: 


b + — < 2; c + — < 2 


Cong theo timg ve ba bat dang thuc tren, ta dugc: 

1 


1 < 6 <^> a + 


1 u 1 

h—+b+-H 
b c 


Vi a, b, c la cac so duong nen theo bat dang thuc Cauchy ta dugc 


(1) 


b + - > 2; 
b 


Cong theo ve ba bat dang thuc tren ta dugc 


v) + H) + H)* 6 (2) 


Ta thay hai bat dang thuc (1) va (2) mau thuan vdi nhau. 

Vay dieu gia sir tren khong the xay ra, tuc la bai toan dugc chung minh. 

Vi du 5: Cho ba sd thuc a, b, c doi mot khac nhau. Chung minh ring tdn tai it nhlt mot trong cac sd 9ab , 
9bc , 9ac nho hon + b + c) . 

Phan tich: Vi bai toan yeu clu ta phai chung minh tdn tai it nhlt mot trong ba sd 9ab, 9bc, 9ca nho hon 
(a + b + c) , dieu nay co nghTa la khong the co trudng hgp ca ba sd 9ab, 9bc, 9ca cimg ldn hon 

^a + b + . Nhu vay ta chi can chung minh ba sd 9ab, 9bc, 9ca cimg ldn hon ^a + b + khong xay 

ra la dugc. Chu y cac dai lugng 9ab, 9bc, 9ca, ^a + b + c) lam ta lien tudng den bat dang thuc 


a 2 + b 2 + c 2 > ab + be + ca. 





Loi giai 

Gia ser dieu can chung minh la sai, terc la ta co cac bat dang there sau 

9ab > (a + b + c) ; 9bc > (a + b + c) ; 9ca > (a + b + c) 

Cong ve vdi ve ba bat dang there ta derge 

3(a + b + c) < 9(ab + be + ca) <=> (a + b + c) <3(ab + bc + ca) 

<^> a 2 + b 2 + c 2 < ab + be + ca <=> (a - b) + (b-c) + (c-a) <0 (l) 

Theo bai ra a, b, c doi mot khac nhau nen ta lai co 

(a-b) + (b-c) + (c-a) >0 (2) 

Ta thay hai bat dang there (1) va (2) mau thuan vdi nhau. 

Vay dieu gia ser tren khong the xay ra, tuc la bai toan duoc chung minh. 

Vi du 6: Cho a, b, c, d la bdn s6 there duong bit ki. Chung minh ring ba bit ding there sau khong thi 
cung xay ra: 

a + b < c + d (l) 

(a + b)(c + d) < ab + cd (2) 

(a + b)cd < (c + d)ab (3) 

Phan tich: Vi bai toan yeu cau ta phai chung minh ca ba bat dang thuc tren khong cung xay ra tuc la co it 
nhit mot bit ding thuc sai, dilu nay co nghTa la khong thi co trudng hop ca ba bit ding thuc tren cung 
dung. Nhu vay ta chi can chung minh ca ba bat dang thuc tren cung dung khong the xay ra la duoc. 

Loi giai 

Gia ser ton tai bon so duong a, b, c, d thoa man ca ba bat dang thuc. 

Ter bat dang thuc (1) va bat dang thuc (2) ta co 

(a + b) < (a + b)(c + d) < ab + cd 
<=> cd > (a + b) - ab = (a - b) + 3ab > 3ab 
=> cd > 3ab (4) 

Mat khac ta lai co 

(a + b)cd < (c + d)ab 

=^> (a + b) cd < (c + d) (a + b) ab < (ab + cd) ab 
=> ab (ab + cd) > (a + b) cd > 4ab.cd 
=> ab (ab + cd) > 4ab.cd 
=> ab > 3cd (5) 

Ta thay hai bat dang thuc (4) va (5) mau thuan vdi nhau. 

Vay dieu gia ser tren khong the xay ra, tuc la bai toan duoc chung minh. 

Vi du 7: Cho a, b, c la cac so thuc thoa man dieu kien a 2 + b 2 + ab + be + ca < 0. 

a 2 + b 2 < c 2 


Chung minh ring: 





Phan ti'ch: Dai lugng a 2 + b 2 + ab + be + ca lam ta lien tuemg den hang dang thiic 

(a + b + c) = a 2 + b 2 + c 2 + 2 (ab + be + ca). Nhir vay tir gia thiet cua bai toan da cho ta suy ra dugc 

gia thiet mdi 2 (a 2 + b 2 + ab + be + ca) < 0. Vay neu a 2 + b 2 > c 2 , thi ta dugc bat dang thiic mod 

a 2 + b 2 + c 2 + 2 (ab + be + ca) < 0 <=> (a + b + c) < 0. Ro rang bit ding thiic thu dugc la sai, do do 
ta nghi den sir dung phuang phap phan chiing de chiing minh bai toan. 

Ngoai ra, de y bat dang thiic 2 (a 2 + b 2 + ab + be + ca) < 0 va (a + b + c) > 0 ta dugc bat 

dang thiic (a + b + c) >2 (a 2 + b 2 + ab + be + ca). Khai trien va thu ggn ta cung dugc 

a 2 + b 2 < c 2 . 

Loi giai 

Gia sir bat dang thiic can chiing minh la sai, tiic la ta co bat dang thiic a 2 + b 2 > c 2 , khi do ta dugc 

a 2 + b 2 + a 2 + b 2 + 2 (ab + be + ca) > a 2 + b 2 + c 2 + 2 (ab + be + ca) 

2 (a + b + ab + be + ca) > (a + b + c) 

K6t hgp vai gia thi it ta co 

0 > 2 (a 2 + b 2 + ab + be + ca) > (a + b + c) =>(a + b + c) <0 

Bat dang thiic cuoi cimg la sai. Vay dieu gia sir tren khong the xay ra, tiic la bai toan dugc chiing minh. 
Bat dang thiic tren cung co the chiing minh theo each sau day: 

Gia thiet cua bai torn tucmg duong vdi 2 (a 2 + b 2 + ab + be + ca) < 0 

Ma ta luon co (a + b + c) > 0, do do ta dugc bat dang thiic 

(a + b + c) > 2 (a 2 +b 2 +ab + bc + ca) 

<=> a 2 + b 2 + c 2 + 2 (ab + be + ca) < 2 (a 2 + b 2 ) + 2 (ab + be + ca). 

<=> c 2 > a 2 + b 2 

Vay bat dang thiic dugc chiing minh. 

Vi du 8. Cho hai so diromg a, b thoa man dieu kien a 3 + b 3 = a - b . Chiing minh rang: 

a 2 + b 2 < 1 

Phan tich: Quan sat gia thiet ta nhan thay a > b > 0 va hai dai lugng a 3 + b 3 ; a - b khong dong bac. 
Do do ta co the dong bac hai ve bang each nhan them a“ + b". Vi yeu cau chiing minh a 2 + b 2 <1 nen 
ket hgp vai gia thiet ta quy bai toan ve chiing minh bat dang thiic a 3 + b 3 > (a - b) (a 2 + b 2 ). Den day 

ta co thi sir dung phuang phap phan chiing hoac biin dii tuang duang di chiing minh bai toan. 

Loi giai 




Tir gia thiet ta co a > b > 0 . Gia sir bat dang thuc can chung minh la sai, tire la ta co bat dang there 
a 2 + b 2 > 1. Khi do ket hop vdi gia thiet ta dirge 

a 3 + b 3 < (a -b)(a 2 +b 2 ) a 3 +b 3 < a 3 +ab 2 -a 2 b-b 3 
<^> ab 2 - a 2 b - 2b 3 > 0 <s> b (ab - a 2 - 2b 2 j > 0 

Vi a > b > 0 nen ta co a (b - a) < 0 => a (b - a) - 2b 3 < 0. Do do bat dang thuc tren khong the xay 
ra. 

Vay dieu gia sir tren khong the xay ra, tuc la bai toan duoc chung minh. 

Bat dang thuc tren cung co the chung minh theo each sau day: 

Tir gia thiet ta co a > b > 0. Bat dang thuc can chung minh tuong duong vdi 

a 3 + b 3 > (a-b)(a 2 +b 2 ) a 3 +b 3 > a 3 + ab 2 -a 2 b-b 3 
<» a 2 b - ab 2 + 2b 3 > 0 <» a 2 - ab + 2b 2 > 0 
Ma ta co a > b > 0 nen a 2 - ab > 0 nen ta duoc a 2 - ab + 2b 2 > 0. 

Vay bat dang thuc duoc chung minh. 

Vi du 9. Cho a, b, c la cac sd thuc thoa man a > 4, b > 5, c > 6 va a 2 + b 2 + c 2 = 90 
Chung minh rang: a + b + c > 16 

Phan tich: Tir dieu kien cua bien a > 4, b > 5, c > 6, de quy ve mot dieu kien ta co the sir dung each 
dat bien phu a = x + 4; b = y + 5; z = c + 6, khi do di6u kien cua bi6n mbi la x, y, z > 0. 

Gia thiet luc nay duoc viet lai la x 2 + y 2 + z 2 + 12 (x + y + z) - 4x - 2z = 13 va bat dang thuc 

can chung minh trd thanh x + y + z > 1. Tir nhung ket qua thu duoc d tren ta neu ta gia sir 

x + y + z < 1 thi ta thu duoc dieu kien 0 < x, y, z < 1. Khi do ta co 

x 2 + y 2 + z 2 < x + y + z suy ra x 2 + y 2 + z 2 + 12 (^x + y + z) - 4x - 2z < 13. Den day 

xem nhir bai toan duoc gia quyet xong. 

Loi giai 

Dat a = x + 4; b = y + 5; z = c + 6, khi do ta co x, y, z > 0. 

Gia thiet luc nay duoc viet lai la 

(x + 4) +^y + 5^ +(z + 6^ = 90 <=> x 2 + y 2 + z 2 + 12 ^x + y + z) - 4x - 2z = 13 
Bat dang thuc can chung minh trd thanh x + y + z > 1 
Gia sir tdn tai x, y, z > 0, thoa man di6u kien 

x 2 + y 2 + z 2 + 12 (x + y + z) - 4x - 2z = 13 
Nhung bit ding thuc x + y + z > 1 khong dung. Tuc la ta co x + y + z < 1. 

Khi do hi6n nhien co 0 < x, y, z < 1 nen x 2 < x; y 2 < y; z 2 < z. 

Suy ra x 2 + y 2 + z 2 < x + y + z. Tir do ta co 




13 = x 2 + y 2 + z 2 + 12 (x + y + z) - 4x - 2z < 13 (x + y + z) - 4x - 2z 
< 13 (x + y + z) < 13 

Hay 13 < 13, day la mot mau thuan. Vay dieu gia sir tren khong the xay ra, tuc la bai toan dugc chung 
minh. 

Vi du 10. Cho a, b, c la ba s6 thuc bit ki thoa man cac dibu kien sau: 

abc = 2015 3 va ab + be + ca < 2015 (a + b + c) 

Chung minh ring trong ba s6 a, b, c do co dung mot s6 lbn hon 2015. 

Phan tich: Tu bai toan ta nhan thay khong the co trudng hop ca ba so a, b, c cung lbn hon 2015. Bai toan 
yeu cau chung minh rang trong ba so a, b, c do co dung mot so lbn hon 2015. Dieu nay co nghTa la khong 
the co hai so lbn hon 2015 cung khong the co ca ba so cung khong lbn hon 2015. Nhu vay de chung minh 
bai toan ta chi can chung minh hai trubng hop nay khong xay ra la dugc. Be y la khi so sanh cac so a, b, c 
vbi 2015 ta thubng so sanh a - 2015; b - 2015; c - 2015 vbi 0. 

Lai thay tu gia thiet ta dugc 2015 (a + b + c) - (ab + be + ca) > 0 nen ta dugc 

P = (a - 2015) (b - 2015) (c - 2015) = 2015 [2015 (a + b + c) - (ab + be + ca)] > 0. 

Loi giai 

Xet bieu thuc 

P = (a-2015)(b-2015)(c-201S) 

= abc - 2015 (ab + be + ca) + 2015 2 (a + b + c) - 2015 3 
= 2015 [2015 (a + b + c) - (ab + be + ca)] > 0 

Gia su khang dinh cua bai toan la sai, khi do se co hai trubng hgp 
+ Trubng hgp thu nhat ca ba so a, b,c deu khong lbn hon 2015, khi do ta co 
a - 2015 < 0; b - 2015 < 0; c - 2015 < 0 

Suy ra P < 0, dieu nay mau thuan vbi bat dang thuc tren. 

+ Trubng hgp thu hai la co it nhat hai so lbn hon 2015, chang han la a, b. Khi do ta dugc 
a > 2015; b > 2015 suy ra a - 2015 > 0; b - 2015 > 0. 

Dodo taco (a - 2015) (b-2015) > 0 => c-2015 = 7-^-7 > 0 

v A ’ (a - 2015) (b-2015) 

Suy ra c > 2015, dan den abc > 2015 3 , dieu nay mau thuan vbi gia thiet abc = 2015 3 . 

Vay dieu gia su khong the xay ra. Do do bai toan dugc chung minh. 

Vi du 11. Cho a, b, c la cac so thuc thoa man a 2 + 2b 2 + 2a 2 c 2 + b 2 c 2 + 3a 2 b 2 c 2 = 9 
Chung minh ring: ||bc| < 1 

Phan tich: Trubc hit ta nhan thly, n6u mot trong ba sb a, b, c blng 0 thi bai toan dugc chung minh. Nhu 
vay ta can phai chung minh cho trubng hgp ca ba so a, b, c khac 0. Be y tir gia thiet ta thu dugc 





a 2 + 2b 2 + 2aV + b 2 c 2 + 3a 2 b 2 c 2 = a 2 H---h 2 b 2 H--— 


Ma ta lai co a 


1-2 b 2 


+ 3a 2 b 2 c 2 > 2 abc + 4 abc + 3a 2 b 2 c 2 


Den day ta co the sir dung phep phan chung hoac phan tich thanh nhan tir de chung minh bai toan. 

Loi giai 

Neu mot trong ba so a, b, c bang 0 thi bai toan duoc chung minh. 

Nhu vay ta can phai chung minh cho trudng hop ca ba so a, b, c khac 0. Tir gia thiet ta thu duoc 


a 2 + 2b 2 + 2a V + b 2 c 2 + 3a 2 b 2 c 2 = a 2 + 


a 2 b 2 c 2 


+ 2 b 2 + 


a 2 b 2 c 2 


- 3a 2 b 2 c 2 


Gia sir bat dang thuc can chung minh la sai, tuc la ta co bat dang thuc label > 1 
Bat x = |abc| > 1 => x 2 > 1. Khi theo bit ding thuc Cauchy ta co 


? = a 2 + 2b 2 + 2a 2 c 2 + b 2 c 2 + 3a 2 b 2 c 2 = a 2 + — + 2 b 2 + 


i N 

>a 2 +^V + 2|b 2 +— + 3 > 9 


Hay 9 > 9, dieu nay la vo ly. Vay dieu ta gia su la khong xay ra hay bai toan duoc chung minh. 
Ngoai ra ta cung co the trinh bay nhu sau: Bien doi tuong tu nhu tren ta duoc 


9 = a 2 + + 2 ^b 2 + J + 3a 2 b 2 c 2 > 2 |abc| + 4 |abc| + 3a 2 b 2 c 2 

Bat x = | abc | > 0 khi do ta duoc 

9 > 6x + 3x 2 <^>x 2 +2x-3<0<^>(x-1^x + 3^<0<^>x<1. 


Vi du 12. Cho a, b la cac so thuc duong thoa man a + b = 2. Chung minh rang: 

yfa, + yfb < 2 

Phan tich: Be bai toan don gian hon ta co the thuc hien lam mat can bac ba bang each dat 
X = y/a; y = Vb , khi do gia thiet cua bai toan trb thanh x 3 + y 3 = 2 va ta can chung minh x + y < 2 . 


Be y ta thay x + y < 2 tuong duong vbi (x + yj < 8, khai trien ta va sir dung gia thiet ta duoc duoc 

xy (x + y) < X 3 +y 3 . Nhu vay bat dang thuc cuoi cung luon dung nen ta co duoc bat dang thuc can 

chung minh. Tuy nhien neu x + y > 2, vbi each biin dbi nhu tren ta thu duoc xy (x + yj > X 3 + y 3 la 

mot bat dang thuc sai. Do do ta co the sir dung phep bien doi tuong duong hoac phep phan chung de giai 
quyet bai toan. 


Loi giai 




Bat x = Va; y = Vb , khi do gia thiet cua bai toan trb thanh x 3 + y 3 = 2 va ta can chung minh 
x + y <2. 

Gia sii' bat dang thuc can chung minh la sai, tuc la ta co bat dang thuc x + y > 2 . 

Bi6n d6i tuong duong bit ding thuc ta dugc 

(x + y) > 8 <=> x 3 + y 3 + 3 (x + y) > 8 <=> 2 + 3xy (x + y) > 8 
<=> xy (x + y) > 2 xy (x + y) > x 3 + y 3 
Chia 2 ve cho so duong x + y khi do ta dugc bit ding thuc 

xy > x 2 - xy + y 2 0 > (x - y) 

Bat dang thuc cuoi cung la mot bat dang thuc sai. Vay dieu ta gia su la khong xay ra hay bai toan dugc 



Phan tich: Be chung minh trong hai 25 so tu nhien tren luon ton tai hai so bang nhau ta co the gia su 25 
so do khac nhau tung doi mot, de de bien doi ta nen sap thu tu cho 25 so do, chang han 
& 1 < a 2 <... < a 25 . Vdi each sap thu tu nhu vay ta se nhan dugc ket qua la 

a : > 1, a 2 > 2, ..., a 25 > 25. Khi do ta co 

11 111 1 

Ben day ta chi can chi ra ~^= + ~^= H- f j— < 9 la bai toan duoc giai quyet 

VI V 2 V 25 

Loi giai 

Gia su trong 25 so tu nhien a i? a 2 ,..., a 25 khong co hai so nao bang nhau. Khong mat tinh tong 
quat ta co th6 chgn & l < a 2 < ... < a 25 . Khi do ta co 

a x >1, a 2 >2, a 25 >25 


Suy ra ta dugc 




Vi 


Vis 


Mat khac ta chung minh dugc 




7 + 7" 


1 _ 1 | 2 [ 2 | 
7$ 2V2 2V3 


2 

2^5 


l^ + VT V3 + V 2 Tb + Ti, 

= l + 2(7-7 + 7~7 + + V25-V24) 


= 1 + 2 h/25-1 =9 


Dieu nay dan tdi 


^ ^ >^25" 


Bat dang thiic thu dugc mau thuan vdi gia thiet cua bai toan. 

Vay dieu ta gia sir la khong xay ra hay bai toan dugc cluing minh. 


Vi du 14. Cho 25 so tu nhien a l5 a 2 ,..., a 2015 khac 0 thoa man dieu kien: 

— j= H— j= H— j — + .. . +•-'• I -‘ >89 

V a ! V a 2 V a 3 V a 2015 

Chiing minh rang trong 2015 so tu nhien do ludn ton tai hai so bang nhau. 

Loi giai 

Gia sir trong 2015 so tu nhien a l5 a 2 ,..., a 2015 khong co hai so nao bang nhau. Khong mat tinh tong quat 
ta co th6 chgn a, < a„ < ... < a mt . Khi do ta co 


a, > 1, a 0 >2, a > 3, ... , 


. > 2015 


Suy ra ta dugc 


111 


Mat khac ta chiing minh dugc 


1 1 [ 1 | 1 | | 1 
1 7 V3 7 015 


7 + 7 


1 2 2 | 2 

^2015 2yl2 2V3 2V2015 

< 1+2 [Til + + "■ + V2015+V2014. 

= 1 + 2 ( 7 -7+7-7+... + V2015 - V2014 j 

= 1 + 2^2015 -lj < 89 


Dieu nay dan tdi 


1 | 1 


1 



< 89 


Bat dang thiic thu dugc mau thuan vdi gia thiet cua bai toan. 

Vay dieu ta gia sir la khong xay ra hay bai toan dugc chiing minh. 

Vi du 15. Cho a, b la cac sd thuc duong thoa man a 4 + b 4 < a 3 + b 3 . Chiing minh ring: 

a + b < 2 









Loi giai 

Gia su bat dang there can chung minh sai, khi do ta co bat dang there a + b > 2. 

Dat a = x + 1; b = y + 1 khi do ta dirge x + y > 0 

Xet hieu hai ve cua gia thiet ta duoc 

a 4 + b 4 - a 3 - b 3 = (l + x) + (l + y) -(l + x) -(l + y) 

= (x + y) + 3(x 2 + y 2 ) + 3(x 3 + y 3 ) 

= (x + y) + 3(x 2 + y 2 ) + 3(x + y)(x 2 -xy+ y 2 ) > 0 

Hay a 4 + b 4 - a 3 - b 3 > 0 

Ma ta lai co a + b > 2 do do suy ra a 4 + b 4 > a 3 + b 3 . Bat dang there thu duoc trai vbi gia thiet cua bai 
toan. 

Vay dieu ta gia sir la khong xay ra hay bai toan duoc chung minh. 

Vi du 16. Cho a, b, c la cac so nguyen duong thoa man a 2 + b 2 = c 2 ^1 + ab). 

Chung minh rang: a > C va b > C 

Phan tich: Quan sat bai toan ta nhan thay vai trd cua a, b la nhu nhau, do do ta chi can chung minh 
a > C, trudng hop con lai hoan toan tuong ter. De tim moi lien he cua a va c ta viet lai gia thiet la 
a 2 - c 2 = b ^ac 2 - bj. Do do neu nhu a < c thi ta duoc bat dang there 

a 2 - c 2 = b (ac 2 - b) < 0 <=> b > ac 2 . Mat khac ta lai thiy b ^b - ac 2 j > b > ac 2 . Nhu vay ta duoc 
c 2 - a 2 - ac 2 > 0, nhemg do a, c la cac s6 nguyen duong nen ta lai thu duoc 
c 2 - a 2 - ac 2 = c 2 (l - a) - a 2 < 0, hai bat dang there nay mau thuan vdi nhau, bai toan duoc giai quyet 
xong. 

Loi giai 

+ Trudc het ta chung minh a > c. T viet lai gia thiet la a 2 - c 2 = b ^ac 2 — b j. 

Gia su a < c khi do ta duoc a 2 — c 2 = b ^ac 2 — b) < 0 <^> b > ac 2 . 

Ma ta lai thly b (^b - ac 2 j > b > ac 2 . 

Nhu vay ta duoc c 2 - a 2 - ac 2 > 0. 

Ma do a, c la cac s6 nguyen duong nen ta duoc c 2 - a 2 - ac 2 = c 2 (l - a) - a 2 < 0. 

Hai bat dang there nay mau thuan vdi nhau. Do do khong the xay ra a < C, terc la ta co bat dang thuc 
a > c. 

Hoan toan tuong ter ta chung minh duoc b > C. 

Vay bai toan duoc chung minh xong. 

Vi du 17. Cho a, b, c la cac so thuc duong thoa man dieu kien a + b + c > abc . Chung minh rang 2 
trong 3 bat dang thuc sau la bat dang thuc dung 






Phan tich: Tu each phat bieu bai torn ta uu tien lua chon phuong phap phan chung de chung minh. Vi 
bai to an yeu cau ta phai chung minh co it nhat hai trong ba bat dang there la dung, dieu nay co nghia la 
khong the co trubng hop co it nhat hai bat dang thuc tren cung sai. Nhu vay ta chi can chung minh trudng 
hop co it nhat hai bat dang thuc tren cung sai khong the xay ra la duoc. Chu y gia thiet va cac bat dang 

thuc ta co th6 dat x = —; y = —; z = —. Khi do gia thiSt trb thanh xy + yz + zx > 1 va cac bit ding 
a b c 

thuc la 2x + 3y + 6z > 6; 2y + 3z + 6x > 6; 2z + 3x + 6y > 6. 

Loi giai 

Dat x = —; y = —; z = —. Khi do gia thiet trb thanh xy + yz + zx > 1 va cac bat dang thuc la 
a I) c 

2x + 3y + 6z > 6; 2y + 3z + 6x > 6; 2z + 3x + 6y > 6. 

Ta can chung minh co it nhat hai trong ba bat dang thuc tren la dung. 

Gia su dieu can phai chung minh la sai. tuc la co it nhat hai bat dang thuc tren khong dung. Khong 
mit tinh ting quat ta chon 2x + 3y + 6z > 6; 2y + 3z + 6x > 6 la hai bit ding thuc bi sai, khi do ta 

duoc 2x + 3y + 6z < 6; 2y + 3z + 6x < 6 
Cong theo vi hai bit ding thuc tren ta duoc 8x + 5y + 9z < 12 
1 — yz 

Tu xy + yz + zx > 1 ta duoc x >-, khi do ta co bat dang thuc 



1 





Gia thiet dugc viet lai la 8 3 x 2 .y 2 .z 2 = ^1 - x 2 j^l - y 2 - z 2 j va bat dang thuc can chiing 
minh la x + y + z > 1. Nhin gia thiet ta lien tircmg den mot bat dang thuc quen thuoc 
8xyz < (x + y)(y + z)(z + x), nhu vay ta can each tim bien doi lam xuat hien cac dai lugng 
x + y, y + z,z + x . Nhan thly theo bit ding thuc Cauchy ta co 

(x + y + z) -x 2 = (y+ z)[(x + y) + (x + z)]> 2(y+ z)^(x + y)(x + z) 

Nhu vay neu x + y + z > 1 thi 1 - x 2 < (A + y + zj - x 2 , liic nay ta dugc cac bat dang thuc 
ngugc chieu nhau. Den day mot each tu nhien ta nghT den phep phan chiing. 


Loi giai 


1 - x 1 — y 1 - z 

Suy ra a =-—; b =-—; c =-—, khi do ta duoc 0 < x; y; z < 1. 

8x 2 8y 2 8z 2 

Vi abc = 1 nen gia thiet dugc viet lai la 8 3 x 2 .y 2 .z 2 = ^1 - x 2 - y 2 j^1 - z 2 j va bat dang thuc can 


chiing minh lax + y + z>l. 

Gia su bat dang thuc can chiing minh la sai, tuc la ta co bat dang thuc x + y + z < 1. 

Khi do ap dung bat dang thuc Cauchy ta dugc 

l-x ! >(x + y + z) 2 —x i= (y + z)[( x + y) + (x + z) ] 

> 2(y + z)^/(x + y)(x + z) > 0 

Ap dung tuong tu ta co 

1-y 2 > 2 (x + z)^(x + y)(y + z) > 0; 1-z 2 > 2 (x + y)^(x + z)(y + z) > 0 
Nhan theo ve cac bat dang thuc tren ta dugc 

8 3 x 2 .y 2 .z 2 = (l-x 2 )(l-y 2 )(l-z 2 ) > (x + y) (y + z) (z + z) 

Hay 8xyz > (x + y) (y + zj (^z + xj, ro rang bit ding thuc cu6i cung la mot bit ding thuc sai. Vay di6u 

gia su khong the xay ra, tuc la bai toan dugc chiing minh. 

Mot so vi du khac 

Vi du 19. Cho a, b, c la cac so thuc duong thoa man — + — + — = 3 . Chung minh rang: 

abc 

Va + b + Vb + c + Vc + a > 3 V 2 

Loi giai 

Bat x = Va + b; y = Vb + c; z = Vc + a , khi do ta dugc 


2a = x 2 + z 2 - y 2 ; 2b = x 2 + y 2 - z 2 ; 2c = z 2 + y 2 - x 2 




1 1 13 

Gia thiet dugc viet lai thanh —---- H— ---- + —---- = — 

x + z - y x + y - z z + y - x 2 

Bit ding thuc cin chung minh la x + y + z > 3 yfe 

Gia sir bit ding thuc cin chung minh la sai, tire la ta co x + y + z < 3\fl. 

Ap dung bat dang thuc Cauchy ta dugc 


2 x 2 + z 2 - y 2 x 2 + y 2 - z 2 z 2 + y 2 - x 2 


^(x 2 +z 2 -y 2 )(x 2 +y 2 -z 2 )(z 2 +y 2 -x 2 ) 
Mat khac theo mot bat dang thuc quen thuoc ta lai co 


v 2 _l r , 2 \ 1^2 , 2 2 \( 2 , 2 


Do do ta dugc 


/(x 2 +z 2 -y 2 )(x 2 +y 2 -z 2 )(z 2 +y 2 -x 2 ) ^8 2 


3 3 ,, 

Hay ta dugc — > —, bat dang thuc thu dugc la mot bat dang thuc sai. 


Vay dieu gia su khong the xay ra, tuc la bai toan dugc chung minh. 

Vi du 20. Cho a, b la cac so thuc thoa man cac dieu kien sau: 

-l<a + b<l; -l<a + b + ab<l 

Chung minh rang: -2 < a, b < 2 

Loi giai 

Vi vai tro cua a, b nhu nhau nen ta chi can chung minh -2 < a < 2. Viec chung minh 
—2 < b < 2 hoan toan tuong tu. 

Gia sir bat dang thuc -2 < a < 2 la sai, khi do ta co a > 2 hoac a < -2. 

+ Xet trubng hgp a > 2, khi dotir -l<a + b<l suy ra b < 1 - a < 1 - 2 = -1, do do ta dugc 
ab < -2 ma a + b < 1 nen a + b + ab < -1 dieu nay mau thuan vdi gia thiet thu hai cua bai toan. Nhu 
vay trubng hgp nay khong xay ra. 

+ Xet tuong hgp a < -2, khi do tu -1 < a + b < 1 suy ra b > -1 - a > -1 + 2 = 1, do do ta dugc 
ab < -2 ma a + b < 1 nen a + b + ab<-l dieu nay mau thuan vbi gia thiet thu hai cua bai toan. Nhu 
vay trubng hgp nay cung khong xay ra. 

Cac ket qua tren chung to dieu gia sir khong the xay ra, tuc la bai toan dugc chung minh. 

Vi du 21. Cho a, b, c la cac so thuc khong am thoa man a + b + c > abc . Chung minh rang: 

a 2 + b 2 + c 2 > abc 

Loi giai 

Neu abc = 0, thi bat dang thuc dugc chung minh. 

Xet abc ^ 0, khi do ta dugc a, b, c > 0. Gia sir bat dang thuc can chung minh la sai, tuc la 


a 2 + b 2 + c 2 < abc. Khi do ta co abc > a 2 + b 2 + c 2 > a 2 nen be > a . 





Chung minh tuong tu ta dugc b < ac, c < ab 
Tu do suy ra a + b + c < ab + be + ca. 

Mat khac ta lai co abc > a 2 + b 2 + c 2 > ab + be + ca => abc > ab + be + ca 

Ket hop hai bat dang there ta dugc abc > a + b + c, bat dang there nay mau thuan vdi gia thiet cua bai 
toan. 

Vay dieu gia su khong the xay ra, tuc la bai toan dugc chung minh. 

Vi du 22. Cho a, b, c la cac s6 thuc duong thoaman a + b + c = — + — + -. 

abc 

Chung minh ring: (a + b - c) (b + c - a) (c + a - b) < 1 

Loi giai 

Bat dang thuc co tinh doi xerng giua cac bien, do do khong mat tinh tong quat ta gia su a > b > c, Khi 
do a + b- c>0vaa + c- b>0. 

+ Neu b + c- a < 0, bat dang thuc hien nhien dung. 

+ Neu b + c - a > 0. Khi nay tadatx = b + c-a; y = c + a-b; z = a + b- c. 


Khi do ta viet lai gia thiet la x; y; z > 0 va x + y + z =-+-1-. 

x+y y+z z+x 

Bit ding thuc cin chung minh trb thanh xyz > 1. 

Ta chung minh bat dang thuc tren bang phuong phap phan chung 
That vay, gia su xyz < 1. Khi do theo bat dang thuc Cauchy ta dugc 

2 2 2 -j 1 1 

x + y + z — I I -i §<: , — T ,— r -p-3i 

x + y y + z z + x ^ xy ^ yz ^/ zx 

Hay \fx. + yfy + yfz > -y/xyz ^x + y + z j, vi xyz < 1 nen 

>/x + Vy + Vz > x + y + z 


Tuy nhien cung theo bat dang thuc Cauchy ta dugc 


thiet lap cac danh gia tuong tu ta co 


^ ^2 Z + ^ ~ + Jy + ^ > x + y + z => x + y + z< 3 


2 2 2 9 

Mat khac x + y + z =-+-1->-=>x + y + z>3 

x + y y + z z + x x + y + z 

Mau thuan nay chung to dieu gia su tren la sai, do vay xyz > 1. Nhu vay bat dang thuc tren dugc chung 
minh, dau dang thuc xay ra khi a = b = c = 1. 

Nhan xet: Ta co the sit dung phuong phap phan chimg theo hu&ng nhu sau 
Gia sit xyz < 1, khi do tit gia thiet cua bai toan suy ra 

[x + y + z} [xy + yz + zx} = 2 [x + y + z} + 2 [xy + yz + zx} + xyz {x + y + z} 

Theo bat dang thuc Cauchy va ket hap vai gia sit ta lai co 




Do do 



3 

2 {x + y + z} 

[xy + yz + zx'j 

2 (x + y + z} 

9 

[xy + yz + zx'j 


> 2 [xy + yz + zx'j 


Cong theo ve a bat dang thuc tren ta duac 

[x + y + z^j [xy + yz + zxj > 2 [x + y + z'j + 2 [xy + yz + zx ) + xyz [x + y + z^j 
Dieu nay mau thuan vai dang thuc tren, do do dieu gia sit la sai. Nhu vay bat dang thicc tren duac chitng 
minh. 


Vi du 23. Cho a, b, c la cac so thuc thoa man dong thbi cac dieu kien sau: 

a<b<c; a + b + c = 6; ab + bc + ca = 9 
Chung minh ring: 0<a<l;l<b<3;3<c<4 

Loi giai 

Tir gia thiet cua bai toan, ta suy ra 

a 2 + b 2 + c 2 = (a + b + c) - 2 (ab + be + ca) = 18 

Mat khac, vi a, b, c la cac so duong cho nen 

i s (b + c) , , (6- 

9 = ab + be + ca < a (b + cj + -— = a ^6 - aj + -—- 


Hay-3a < 0, tu do suy ra 0 < a < 4, do vay 0 < a < b < c 

4 

Khi do 18 = a 2 + b 2 + c 2 < ac + be + c 2 = c (a + b + c) = 6c . Suy ra c > 3. 

Bay gib ta chung minh c < 4. That vay, gia su C > 4 khi do ta duoc C 2 > 4c, tu day ta suy ra 

(a + bf (6-ef 

18 = a 2 + b 2 + c 2 > ^+ c 2 > ^+ 4c 
2 2 

c 2 

Hay —-2c<0<S>0<c<4. Mau thuan vbi c > 4, do vay c < 4 
Tu do ta co 3 < c < 4 

Cung tu day ta suy raa<b<c<4.Ta chung minh a < 1. That vay, gia su a > 1 
Khi do ta duoc l<a<b<c<4, suy ra 

(a-l)(a-4)<0; (b - l)(b - 4) < 0; (c-l)(c-4)<0 
Hay a 2 < 5a - 4; b 2 < 5b - 4; c 2 < 5c - 4 


Cong theo v6 ba bit ding thuc tren ta duoc a 2 + b 2 + c 2 < 5 (a + b + c j -12 = 18 

Dieu nay mau thuan vbi dieu kien a 2 + b 2 + C 2 = 18 . Do do a < 1. Vay 0 < a < 1. 
Cuoi cung ta chung minh 1 < b < 3 

That vay, via<lvac<4,dodob = 6- a- c>6-l-4 = l hay b > 1 
Ta can chung minh b < 3. 




Gia sir b > 3, khi do ta co (b - 3) (c - 3) > 0 

Hay be > 3^b + c) - 9 = 3^6 - a) - 9 = 9 - 3a 

Tir do suy ra 9 = ab + be + ca = a (b + c) + be > a (b + c) + 9 - 3a 
Hay a(b + c-3)<0 

Banh gia cuoi cung la mot danh gia sai do 3 < c < 4 . Vi vay gia sir b > 3 la sai. 
Do do b < 3. Vay ta dirge 1 < b < 3. 

Nhu vay bai toan dirge chung minh xong. 



Chu de 4 

CHUNG MINH CAC BAT DANG TIIIC VE TONG, TICH CUA DAY SO - PHlTONG PHAP 
QUY NAP TOAN HOC 

1. Mot so kien thiic can nho 1 
a) Phirong phap lam troi, lam giam 

Gia sir can chiing minh A < B , khi do ta can lam troi bieu thiic A thanh A < M roi chiing minh 
M < B. Cung co the lam giam B thanh M < B roi chiing minh A < M. 

Phuong phap lam troi, lam giam thuong duoc ap dung cho bat dang thiic ve tong hoac tich cua mot 
day so. Khi do dung cac tinh chat bat dang thiic de dua mot ve cua bat dang thiic ve dang tinh duoc tong 
huu han hoac tich huu han. 

+ Y tu’d’ng chung cho bat dang thiic dang tong cua day so la: 

Gia sir ta can chiing minh A^x^ + A^x^ + A^x^ + .-. + A^x^ < M, khi do ta thuc hien lam 
troi A^x.) < B^y. + J-B^y.) dlthuduoc 

A ( x i) + A( x ! ) + A( x 3 ) + ." + A(*)< B ( y ,)- B (y 1 ) 

Sau do ta chi can chiing minh bat dang thiic B (y r j - B (y, ] ^ M. 

+ Y tu’d’ng chung cho bat dang thiic dang tich cua day so la: 

Gia sir ta cdn chiing minh A(xJ.A(x 2 ).A(x 3 )...A(x n ) < M, khi do ta thuc hien lam troi 

A(x )< aethudugc A(x ).a(x ).A(x )...A(x ) < ^ 

V •! B ( y ) ' '> y 21 V ’’ y B(y,) 

B(y n ) 

Sau do ta chi can chiing minh bat dang thiic — { < M. 

B ( y >) 

+ Mot so tong sai plain hay dung 

1 _ 1 1 a _ 1 _ 1 

n(n + l) n n + l’n(n + a) n n + a 

2a 1 _ 1 

n(n + a)(n + 2a) n(n + a) (n + a)(n + 2a) 

11 11 

-1-h • • • H- t -r — 1- 

1.2 2.3 n(n + lj n 

1 | 1 | + _1_ k 

n(n + a) (n + a)(n + 2a) |^n + (k - l)aj(n + ka) x(n + ka) 

1 1 1 _ 1 __1 _ 1 

1.2.3 2.3.4 n(n + l)(n + 2) 2 1.2.3 n(n + l)(n + 2) 

Chu y: 

- Ta can dp dung lam troi, lam giam sao cho bat dang thuc cuoi cung can chung minh phai cang 
don gian cang tot. 



- Thong thuomg ta tim quy luat viet cac so hang cua day roi dua ra each viet tong quat, tit do ta 
mod lam troi cho so hang tong quat va dp dung cho cac so hang cu the. 

b) Phuong phap quy nap toan hoc 
+ Noi dung cua phuong phap quy nap 

Mot bat dang there phu thuoc vao so nguyen duong n dupe xem la dung neu thoa man hai dieu kien 

sau: 

- Bat dang there dung vbi gia tri dau tien cua n 

- Ter gia thiet bat dang there dung vdi n = k|keN| suy ra dupe bat dang there dung vdi 
n = k + 1 

+ Cac budc chung minh bat dang there bang phuong phap quy nap 

Gia su ta cin chung minh bit ding there A (nj > B (nj vdi n > n 0 , n e N, ta tiin hanh cac 
bude nhu sau: 

- Budc 1: Kiem tra bat dang thuc dung vdi n = n Q 

- Budc 2: Gia ser bat dang thuc dung vdi n = k^k>n Q , keNj 

- Budc 3: Chung minh bat dang thuc dung vdi n = k + 1 va ket luan bat dang thuc dung vdi 

n > n o . 

Chu y: 

- Thong thuomg khi chimg minh bat dang thuc co su phu thuoc vao so nguyen duong n, thi ta nen 
chu y sit dung phuong phap quy nap toan hoc. 

- Trong phuong phap quy nap toan hoc thi bat dang thuc co duoc tit buoc thu hai chinh la mot 
gia thiet mod duoc dung de chimg minh bat dang thitc trong buoc thir ba. Do do can phai khai thac that 
hieu qua gia thiet quy nap. 

2. Mot so vi du minh hoa 

Vi du 1. Vdi moi so ter nhien n >1. Chung minh rang: — < —--1---f ... 4--— 

2 n +1 n + 2 n + n 

Phan tich va loi giai 

Nhan thiy tdng tren co n sd hang, do do ta lam troi bing each thay miu n + k vdi 
k = 1, 2, 3, ..., n -1 bing n + n . Terc la ta co: 


—— > ' = —, vdi k = 1, 2, 3, ..., n -1 

n + k n + n 2n 


Khi do ta dupe: 


1 1 1 _ 

n +1 n + 2 2n 2n 

Vay bat dang thuc dupe chung minh. 


J_ _ _n_ _ 1 
2n _ 2n _ 2 


Vi du 2. Vdi moi sd ter nhien n > 1. Chung minh rang: 

i 111 1 

n + 1 n + 2 n + 3 3n + l 


Phan tich va loi giai 





+ Tnrac het ta chung minh: —--1---1--—... 4--— < 2 

n + 1 n + 2 n + 3 3n + l 

, , 2n +1 2n + 2 

Tong tren co 2n +1 so hang va lai thay -<-= 2, do do ap dung tu tudng nhu vi 

n + 1 n + 1 

du tren ta lam troi blng each thay m6i s6 hang blng s6 hang Ion nhlt. Tuc la ta dupe 

111 | 1 111 | 1 _ 2n +1 

n+1 n+2 n+3 3n+l n+1 n+1 n+1 n+1 n+1 

111 1 


+ Bay gib ta chung minh: 1 < 


n + 1 n + 2 n + 3 3n +1 


Tong tren co 2n +1 so hang va so hang chinh giua la-, ta chuyen bat dang thuc can 

2n +1 


chung minh thanh 


2n +1 1 1 1 1 

2n + l n + 1 n + 2 n + 3 3n + l 
1 


0 day ta lai nhan thay + ^ = n _ — 2 -1-1— co chua so hang chinh giua, do do y tucmg a 

2n + 1 2n + 1 2n + 1 


day la ghep cac cap dang 


n + 1 3n + l n + 2 3n 2n 2n + 2 


thi dupe n tong, roi chung 


„ , 2 , 2 

minh moi tong do deu Ion hon -. Be chung minh cac tong tren deu lbn hon - ta chi can 

2n + 1 2n + 1 


chung minh duoc-1-, trong do k nhan cac gia tri tu 1; 2; ...; n. That vay: 

2n + 1 - k 2n + 1 + k ' ' ’ 

1 1 _ 4n + 2 4n + 2 _ 2 

2n + 1 - k 2n + 1 + k ( 2 n + l)* - k 2 (2n + l)* 2n + 1 

Ben day ta co lbi giai nhu sau: 

Ta co 


1 

1 

1 

1 

1 

n + 1 4 

n + 2 

+ 2n + 1 " + 

3n 

3n +1 

r 1 

1 


)+ 

1 

l n + 1 

3n +1 

j n + 2 3n 

J 

2n +1 

4n + 2 

4n + 2 


1 . 2 _ 1 


7 -w- 7 + 7 -\-1" ...- ^ -.n H- 

(n + l)(3n + l) (n + l)3n 2n + 1 2n + 1 2n +1 


Vay ta dupe 1 < - 


1 

n + 2 


1 

n + 3 


1 

3n +1 


Vay bai toan dupe chung minh 

Nhan xet: Bat dang thuc ben trai la mot bat dang thuc kho, sit dung each lam nhu bat dang thitc ben 
phai khong dem lai hieu qua, cho nen ta phai tim mot phuong an khac. Diem quan trong de tim ra loi giai 
cho bai toan nay chinh la phat hien cac tong bang nhau 
[n + l) + (3n + l) = [n + 2) + 3n = ...2n + (2n + 2) = 2^2n + l) va y tucmg ghep cac cap 





1 1 1 

n + 1 3n +1 ’ n + 2 3n ’ 2 n 2n + 2 

va buac tiep theo chlnh la danh gia mau ve cung 2n +1 


—— sao cho khi quy dong co cung mot tit so la 2 (2n + l) 


Vi du 3. Chung minh rang vdi moi so nguyen duong n > 2 ta co: 

2n +1 1 1 1 1 3n + 2 

- <-1-1-h ... H-< - t -r- 

3n + 2 2n + 2 2n + 3 2n + 4 4n + 2 4m + lj 


2n + 2 2n + 3 2n + 4 


Phan ti'ch va 151 giai 

1 

4n + 2 


+ Chung minh P > + ^ Tong P co 2n +1 so hang, ta ghep thanh n cap each deu hai dau, con lai 

3n + 2 

mot so hang dung giua la —-—, moi cap co dang: 

3n + 2 

1 1 2 ( 3 n + 2 ) 2(311 + 2) 2 / \ 

---+---=--- > ~ -; (k = 1, 2,..., n-l, n) 

3n + 2-k 3n + 2 + k ^3 n + 2) -k 2 (3n + 2) 3n + 2 


Do do ta dupe: 


P > - 


3n + 2 3n + 2 3n + 2 


3n + 2 


+ Chung minh P < 

4(n +1) 

De chung minh bat dang thuc nay, chung ta can co bo de sau: 
Bo de: Vdi moi 0 < k < m - 2 |k,meZj,taco: 

111 


m + k 2m - 2 - k m 2m - 2 ' ' 

Chung minh: Tu gia thiet 0 < k < m - 2 (k. m e Z), ta thay cac mau so deu duong va 3m - 2 > 0. 
Quy dong mau so hai ve ta co 

(*) <^> j -^— -y < —t* 11 — m (2m - 2 ) < (m + k)(2m - 2 - k) 

V ’ (m + k)(2m-2-k) m(2m-2J V ; V A 1 

<» 2m 2 - 2m < 2m 2 - 2m - km + 2km - 2k - k 2 <=> k 2 < km -2k<=>k<m-2 

Bat dang thuc cuoi cung dung theo gia thiet, nen bo de dupe chung minh 
Viet lai bieu thuc P va ap dung bo de ta co 


" 1 

1 1 


1 ^ 

v 2n + 3 

+ 4n + 1 J ' 

{4n + 2 

2n + 2 ^ 


< f —^- 1 -^—|(2n + l) 

^2n + 2 4n + 2j v ’ 

1 3n + 2 t \ 3n + 2 

Hay P <- 7 --v • 2n + 1 = ,-. 

2 2(n + l)(2n + l) V ’ 4(n + l) 

Vay bat dang thuc dupe chung minh. 






Nhan xet: Y tuong cua bai torn tren cung la ghep theo cap, vai bat dang thuc ben trai ta thay khong co 
van de gi lan ca. Tuy nhien vai bat dang thuc ben phia phai, se thuc su gay ra nhieu kho khan neu khong 
phat hien ra bo de: Vai 0 < k < m - 2 (k,mGZ\,tacd: 


1 1 1 1 

_ m + k 2m -2 -k m 2m - 2 

Vi du 4. Chung minh rang vai moi so nguuyen duang n > 2 ta co 

n+1 111 1 

-< 1 + - +- + - + +-< r 

_ 2 2 3 4 2 n -1 

Phan tich va loi giai 

Bat dang thuc can chung minh la mot bat dang thuc kep nen ta chia thanh hai bat dang thuc de 
chung minh. Nhan thay tong tren co 2 n -1 phan so nen neu chia theo nhom tuong tu nhu vi du tren 
khong dem lai hieu qua vi khi quy dong theo nhom thi cac tu so khong bang nhau. Be tien cho viec tim 
lbi giai ta dat: 

1 

2 n -1 

n + 1 


P = 1 + — + — + — H 
2 3 4 


Tuc la ta can chung minh - 


- < P < n 


= 1 


Quan sat yeu cau bai toan, ta thay co the lam troi bang each chia bieu thuc thanh nhieu nhom, roi 
lam troi tung nhom. 

+ Trade het ta chung minh P < n . 

Be y ta thay n = 1 + 1 + . .. + 1 (co n so 1), nen ta co the chia P thanh n nhom sao cho moi nhom 
deu co the be hon hoac bang 1. Ta co the lam nhu sau: 

1 

’ 2 11-1 

Nhu vay P dupe chia thanh cac nhom co so phan so lan lupt la: 1; 2; 4; 8; ...; 2 n_1 , ta can kiem tra xem 
t6ng cac phan s6 co phai la 2 n -1 khong? 

Taco 1+ 2+4 + 8+ ... + 2 n_1 = 2 n -1, dieu nay co nghTa la ta nhom vvra du, va co tat ca n nhom nhu 

vay, khi nay ta co the giai dupe nhu sau: 

Ta co: 


1 = 1; 1 + 1 <2. X =1; 1 H 

2 3 2 4 


- 1 <4. X =1; 
7 4 


--— < 2 n_1 . 

T - 1 2 


'i iV f i i i 


(i t? 


' 1 1 1 

v 2 + 3J + 1^2 2 + 5 + ' + 2 3 - 1 y 

l + l 

,2 3+ -' + 2*-l; 


v 2- + - + 2»-lJ 


Lam troi bieu thuc bang each thay cac phan so trong moi ngoac bang phan so Ion nhat trong moi 
nhom ta dupe 

1 


P < 1 + -.2 + —.4 + —.8 + ... 
2 2 2 2 3 

+ Be chung minh P > ~~~ ta cung lam tuong tu. 


Ta co P = 1 H- 

2 


2 11-1 


-. 2 n_1 


= 1 + 1 + ... + ! = 


f 1 

1^ ' 

1 + 1 + + 1 V + 

[ i k 1^ 

| 1 

[^2 + 1 

h 4) K 

2 2 +l 6 2 3 J 

v 2 n_1 + 1 + ' + 2 n y 

1 2 n 


Lam troi bieu thuc bang each thay phan so trong moi ngoac bang phan so nho nhat trong moi 
nhom ta dupe. 





Phan ti'ch va loi giai 

Be chung minh bat dang thuc tren ta can lam troi moi phan so bang cac thay mau so bang mot so 
nho hon. Be y den danh gia k 2 3 > k (k — 1 j, khi do ta thu dupe cac danh gia co dang 

— < . v = --—, cho k = 2, 3, ..., n ta thi ta duoc mot bat dang thuc 

ie k(k-i) k-i k 

, ii 1,1111 ii . .... 

1H-1-1-_H-< 1H-1-1-... H-. Bay gia ta can kiem tra xem 

2 2 3 2 n 2 1 2 2 3 n-1 n 

1 + - - — + — - — + ...H---— < 2 co dung khong. Be thay bat dang thuc tren dung, do do ta trinh 

1223 n-1 n 

bay lai loi giai nhu sau: 

Ta co: \ < —, —, = —--—, Vk la so nguyen duong. 

k^ k(k-i) k.-i k- 

Cho k =2, 3, ..., n taco: 

2 2 2 
1 1 _ 1 

3 2 < 2 3 







Ill 1111 1 



= -(— + — + — + +JO<Ii = I 

4^2 2 + 3 2 + 4 2 n 2 J"4‘ 4 

Vay bat dang thuc dugc chung minh. 

Nhan xet: Bat dang thuc tong quat cua vi du tren la: 


1 1 1 1 1 W 7 AT* 

-y +-v +-7 + ... +-, \/k e N 

(k. 2) (ife.3) (k. 4) (k.n) k 

Ta thay k bod mot so tu nhien khac 0 tuy y se dugc cac bai toan mod, chang han voi k = 5 ta 


,111 11 

CO —— H-— H-— + ... H-— < 

10 2 1 5 20 ( 5n ) 2 25 

11 1 2014 

Vi du 6. Chung minh rSng: — + — + H - - <- 

2 2 3 2 2015 2015 

Loi giai 


Ta co voi moi k > 1 thi k 2 > k (k -1) > 0 nen — < — 7 ——r = — -— 

1 ’ k 2 k(k-l) k — 1 k 

Cho k = 2, 3, 4, 2015, ta co: 

\< — = i-- 

2 2 1.2 2 

1 1 _ 1 _ 1 

3 2 2.3 _ 2 3 


1 

2015 2 


2014.2015 2014 2015 

Cong ve voi ve cac bat dang thuc cung chieu, ta dugc 

1 1 

¥ + ¥ 

Vay bat dang thuc dugc chung minh. 


1 , _ 1 2014 

2015 2 2015 _ 2015 


Vi du 7. Chung minh rang voi mgi so nguyen duong n ta co: 

i ^ 1 1 1 15 

l 2 2 2 3 n 2 3 


Phan tich va loi giai 

De thay vi n la so nguyen duong nen ta co: ^ + ^ + ^ + ... + ^>^ = 1 ^lj 

..Ill 15 

Bay gio ta chung mmh- 1-1-I-...H—- < —. 

I 2 2 2 3 2 n 2 3 


Thuc hien y tuong lam troi nhu cac vi du tren voi danh gia - 


: —--—. Tuc la ta se thu duoc 

k-1 k 

mot bat dang thuc ^- + — + — + ... + — <1 + 1- — = 2- —, tuy nhien d day ta khong the khang 
1“ 2 3 n n n 






15 

dinh duoc 2-< — la dung. Do do trong bat dang thuc tren ta khong the lam troi theo cac danh gia 

n 3 

nhu tren dupe. Tat nhien la vdi bai toan nay ta van thuc hien y tudng lam troi nhung vdi mot danh gia tot 

i 1 - &2 < 8,2 _ a 2 f 1 1 1. 


hon, khi do ta can mot danh gia theo kieu 


k 2 (ak ) 2 (ak ) 2 -b 2 2 b^ak-b ak + b 


Be y ta 


, , . 11 12 

viet lai duoc bat dang thuc can chung minh la — + — + ... H—- < — nen vdi k = 2 khi do ta chon cac 

a 2 2 

gia tri a, b nguyen duong sao cho —,-. = —, thu mot vai trucmg hop ta chon duoc a = 2 , b = 1 . 

2b(2a - b) 3 


14 4 

Tuc la ta duoc — = —- < — -= 2. 

• k 2 4k 2 4k 2 -1 l 2k — 1 2k+ 1 


Van de bay gid ta can kiem tra xem danh 


gia duoc chon co du tot hay khong: 

1 _ 

2 2 + 3 2 

Nhu vay danh gia ta chon la mot danh gia du tot nen ta chi can trinh bay lai ldi giai cho bai toan 
nhu sau: 


1 2 2 2 2 

—— <-1-1 

n 2 3 5 5 7 


2 2 2 2 2 
2n -1 2n + 1 3 2n + 1 3 


14 4 

Ta co, vdi moi k > 1, ta co: — = —- < ^7-^—7 = 2 


k 2 4k 2 4k 2 -1 l 2k —1 2k +1 


1 


1 


Cho k = 2, 3, 4, ..., n ta co: 


1 

4 

4 

2 

2 

2 2 


2 2 

4.2 2 

' 4.2 2 -1 

2.2-1 

2.2 + 1 

3 5 


1 

4 

4 

2 

2 

2 2 


3 2 

4.3 2 

' 4.3 2 -1 

2.3-1 

2.3 + 1 

3 7 


1 

4 

4 

2 

2 

2 

2 

n 2 

_ 4n 2 

< 4n 2 -1 

” 2n-l 

2n +1 ~ 

2n -1 

2n +1 


Cong ve vdi ve cac danh gia tren ta duoc: 


1 + 1 + 1 + + 1 <1+ 2 - 2 < 1+ 2 - 5 

¥ + ¥ + ¥ + '" + ^ < + 3 2n + 1 < + 3 _ 3 

Tu (1) va (2) duoc bat dang thuc can chung minh. 

Vi du 8. Chung minh rang vdi moi so tu nhien n, ta luon co: 

1 _ 1 _ I 

2 3 + 3 3 + " " + n 3 < 4 

Phan tich: B 6 y ta tMy vdi moi k e N * ta luon co k > k 3 - k = k (k -1) (k + l) , khi do ta co danh 


gia — < —-= 7 --- 7 - 7, bay gid ta lam troi theo danh gia do bang each cho 

k 3 k 3 -k (k-l).k.(k + l) 

k = 2, 3, 4, ..., n. 


Ldi giai 





k k -k k(k 2 - 1) (k — 11.k.(k +1) 


Cho k = 2, 3, 4, 


2 3 1.2.3 

1 1 


Cong theo ve cac bat dang thuc tren ta dugc: 

11 111 

-1-h ... H-<-1- 

2 3 3 3 n 3 1.2.3 2.3.4 


(n - l).n.(n + l) 


(n-l).n.(n + l) 2 1.2 2.3 


(n-l)n n(n + l 


2 ^1.2 n(n + l) 

Nhu vay bat dang thuc dugc chung minh. 

Nhan xet: Bai toan tong quat la v&i moi so nguyen duang n ta luon co: 

11 11 1 
2 3 3 3 n 3 4 2n(n + l) 

Ta co the dac biet hoa bang each 

- Chon n la mot so tu nhien bat ki, chang han v&i n = 100 ta co bai toan: 


Chung minh rang: 


100 3 4 101.200 


- Chon gia tri n la nam thi, chang han v&i n = 2015 ta co bat dang thuc: 


Vi du 9. Chung minh ring: —— < —- + —— - 

65 5 6 


1 

2014 3 40 


Phan ti'ch: Bat dang thuc can chung minh la bat dang thuc kep nen ta can mot danh gia kep la 

—t --v < — < t -, ^ ^, bay gio ta lam troi va lam giam theo danh gia do bang each 

k(k + l)(k + 2) k 3 (k-l)k(k + l) ‘ 

cho k = 5, 6, 7, ..., 2014. 


Lol giai 




1 _ 1 
k 3 k 3 -k k(k 2 -l) (k-l)k(k + l) 

1 1 


k 3 k 3 + 3k 2 + 2k k(k 2 +3k + 2) k(k + l)(k + 2) 

K6t hop hai bit ding thuc tren ta duoc: —7--- < — < 7--- 

k(k + l)(k + 2j k 3 (k-l)k(k + l) 

Cho k = 5, 6, 7, 2014 taco: 


1 1 

5.6.7 < 5 F< 4.5.6 
1 1 _ 1 

6.7.8 < 6 3 < 5.6.7 


. 1 1 
Dat A = — + — -+ 
5 3 6 3 

1 1 
5.6.7 6.7.8 

Ta can chung minh: 
Va 


+ Chung minh: 
Ta co: 

1 


1 1 
2014.2015.2016 2014 : 

1 

2014 : 


_1_ 

2013.2014.2015 

, cong theo ve cac bat dang thuc tren ta dupe: 


| 1 A < 1 1 1 1 

2014.2015.2016 4.5.6 5.6.7 

1 


2013.2014.2015 


1 


_ 1 1 
65 < 5.6.7 + 6.7.8 H 
1 1 

4.5.6 5.6.7 2013.2014.2015 40 

1 1 1 


2014.2015.2016 
1 1 


65 < 5.6.7 6.7.8 


2014.2015.2016 


1 


1 


+ Chung minh: 

T , 1 . 
Ta co: 


5.6.7 6.7.8 2014.201 

1 1 
4.5.6 + 5.6.7 + 
1 1 


1 

' 1 

1 

H 

" 1 

_ 0 

2 

^5.6 

2015.2016 y 

v 30 

390 y 


" 65 


1 

h 2013.2014.2015 < 40 


4.5.6 5.6.7 

Vay bat dang thuc dupe chung minh. 


2013.2014.2015 21 4.5 2014.2015) 40 


| Vi du 10. Chung minh rang voi moi so tu nhien n > 1, ta luon co: 

111 1 
-1-1-h ... H- 

5 13 25 


n 2 + (n + l) 


9 

< — 
20 


Phan ti'ch va loi giai 





Be y ta thay cac mau so dugc viet dudi dang k 2 + (f +1 j , ta can mot danh gia kieu 
k 2 + (k + lj > ?. Trade het ta thu vdi bat dang thde Cauchy, khi do ta dugc 
k' + (k +1]" > 2k(k + l).Dodotaco- 1 -- < — 1 - T = i i-?— . 

y > y ) k’ + (k + l) ! 2k (k +1) 2[k k + lj 

Bay gidtacho k = 1, 2, 3, 4, n thita thu dugc 

1 ■ 1 ■ 1 — ^1 = 1 -- 


I + 2 2 2 2 + 3 2 - n2+ ( n + i) 2 2 ^ n + lj 2 2 (n +1) 

119 

Bat dang thuc dugc chung minh neu ta chi ra dugc--r < —, tuy nhien danh gia do 

2 2^n + lj 20 

khong dung vdi gia tri n ldn. Co phai ta dang lam troi vdi mot danh gia sai. 

Ben day hoac ta van su dung cac danh gia do nhung vdi k nhan gia tri ldn hon 1 hoac ta tim mot 
9 11 

danh gia khac. Chu y mot ti ta nhan thay — = —l—, do do ta can lam troi tu k = 2, 3, 4, .... n va 
20 5 4 

khi do ta thu dugc ket qua la 

II 1 


2 2 + 3 2 3 2 + 4 2 "" n 2 + ( n + i) 2 2^2 n + lj 4 2(n + l) 4 

Ben day, chi can trinh bay lai ldi giai ma khong can phai tim danh gia khac nua. 

Loi giai 

i i if i i. ) 

Taco: --<—-r- = —- 

k 2 + (k + l) 2k(k + l) 2 [^k k + lj 
Cho k = 2, 3, 4, ..., n ta co: 

2 + 3 2^2 3 J 

1 1 [ 1_1 

3 2 + 4 2 < 2 I 3 4 


1 1 \ 1 _ 1 

n 2 + (n +1) 2 2^n n + 1 


Cong theo ve cac bat dang thuc tren ta dugc: 

11 1 


Hay 


2 2 + 3 2 3 2 + 4 2 "" n 2 + ( n + 1 ) 2 2^2 n + lj 4 2(n + l) 4 

1 


11 1 

5 2 2 + 3 2 3 2 + 4' 


n 2 + (n +1) 2 5 4 


1 l_Q_ 
~ ' _ 20 


Vi du 11. Chung minh rang vdi mgi so nguyen duong n > 3, ta co: 



1 1 

—I- 

l 3 2 3 


,65 
' 54 


Loi giai 

Bat P = —— H—H—+ ... H—, thuc hien lam troi moi phan so a ve trai bang each lam giam mau, ta 
1 2 3 n 


k 3 k 3 -k k (k-l)(k + l) (k-l)k (k + l)k’ 
Cho k = 4, 5, n,taco: 


i 1 + 1 + 1 vr 1 

_ i v r 1 

- 1 V + 

1 1 

1 1’ 2’ 3 : ‘ j ! 3.4 

4.5 J [4.5 

5.6 J 

^n-l^n n^n + lj 


108 3.4 n(n + l) 108 3.4 27 

Do do ta diroc P < — hay bat dang thuc duoc chung minh. 
54 


Vi du 12. Chung minh rang vdi moi so nguyen duong n, ta co: 

;l 4 7 10 3n - 2 3n + l 

3 6 9 12 3n ’ 3n + 3 * 


3>/n + l 


Phan tich va loi giai 

Goi ve trai cua bat dang thuc la P, ta can lam troi P thanh Q vdi dieu kien la Q phai de thu gon 
hon, dieu nay co nghTa la Q phai co cac tir va mau giong nhau. Be y rang cac phan so co tu, mau hon kem 
nhau hai don vi, nen ta nghT den bat dang thuc 
n n -1 
n + 2 


-<S>n 2 <n 2 +n-2<^>n>2. 


Dat P = 


1 4 7 10 3n - 2 3n +1 


3 6 9 12 
1 4 7 10 


3n 3n + 3 


luc nay ta co 


3n - 3 3n 


P 3 6 9 12 3n ’ 3n + 3 < 3 ’ 6 ’ 7 ’ 10 3n - 2 ’ 3n + 1 ^ 

Nhan thay Q khong the thu gon dupe het nen rat kho de co danh gia tiep theo. De y tiep ta thay 
cac tu cua bieu thuc Q va cac mau cua bieu thuc P la 3, 6, 9, ... va cac mau cua bieu thuc Q va cac tir 

cua bieu thuc P la 4, 7, 10,... do do thi tich PQ co the thu gon dupe. Chu y la P 2 < PQ, do do ta co the 
trinh bay loi giai nhu sau: 


ft 

4 

7 _ 

10 

3n - 2 

3n +i¥ 1 _ 

4 . 7 . 

10 

3n - 2 

3n +1^| 


6 ’ 

9 ’ 

12 

3n 

3n + 3 J ^ 3 ’ 

6 9 

12” 

3n 

3n + 3 J 

<fi 

3 

6 

9 

3n - 3 

•—¥- 

4 7 

10 

3n-2 

3n + l^| 

u 

6 

’ 7 

10’ 

3n - 2 

3n + lJ^3 

6 9 

12 ’ 

3n 

' 3n + 3 J 

1 

1 

3 

4 . 6 . 

7 3n 

-3 3n - 2 

3n 

3n +1 

1 

< 3 

3 

4’ 

6 7 

9 3n 

-2 ’ 3n 

3n + 1 3n + 3 3 

(3n + 3) " 






Tir day suy ra P <— . . Vay bat dang thuc dugc chung minh. 

_ 3yn + 1 _ 

Vi du 13. Chung minh rang vbi moi so nguuyen duong n > 2 ta co 

1 5 11 n 2 + n -1 i 

- + + + ... + —p -r < 2 

2! 3! 4! (n + l)! 

Phan tich: D6 y ta bien ddi dugc s6 hang tdng quat cua cac s6 hang tren nhu sau: 


k 2 +k-l _ k(k + l) i 1 

(k +1)! ~~ (k +1)! (k-l)! (k +1)!’ 

Bay gib ta lam troi bit ding there tren blng each cho k = 2, 


Vk > 2, k e N 
3, n. 


Ta co: 


k 2 + k - 1 

(k + 1)! 


k(k + l) _i_ 

(k +1)! (k-l)! 


Loi giai 

, 1 . , Vk > 2, k e N 
(k + l)! 


Cho k nhan dugc gia tri 2, 3 n roi cong lai ta dugc: 

1 5 n 2 + n -1 _ 1 1_1 1_1 1 _ 1 

2! + 3! + "' + (n + l)! _ 2! + l! 3! + 2! 4! + + ( n -1)! (n + l)! 

_ 1 1 1 1 1 _ 2 1 1 

2! + 1! + 2! n! (n + l)! n! (n + l)! 


Vay bat dang thuc dugc chung minh. 

Vi du 14. Chung minh bat dang thuc sau vdi mpi n > 2, n e N 

11 11 

2V + 3V + '" + n ( n + 1 ) 2 < 8 

Phan tich va lol giai 


De nhan ra cac phan so co dang tong quat la --, cho nen trude khi danh gia ta can bien 

k(k + l) 

1 k+l-k 1 1 

doi -- =-^ = —,- y- 2 Quan sat chieu bat dang thuc ta nhan thay de danh 

k(k + l)“ k(k + l) k ( k + 1) (k +1) 

gia lam troi thi ta co hai each 

- Thay phan so---bdi so nho hon. 

(k + i) 

- Thay phan so ——^—- bdi so ldn hon. 

k(k + l) 

Trong hai each tren du thuc hien theo each nao thi ket qua thu dugc cang don gian cang tot va co the 
lien tiep dugc. 





Theo bat dang thuc Cauchy ta co: 


k(k + l) 


_1 

¥ + 


k + l) 


vdi each danh gia nay ta thu 


1 ^ 1 

1 1 

1 1 

1 

1 

k(k + l) 2 2 

k 2+ (k + l) 2 

( k+ i)‘“ 2 

k 2 

( k+ 4j 


dugc ket qua 


Ro rang vdi ket qua do ta co the khu dugc lien tiep. Bay gid kiem tra xem vdi danh gia nhu vay ta 
co chung minh dugc bai toan khong? 

Cho k = 2, 3, n roi cong lai ta dugc: 


1 1 
2.3 2 3.4 2 


JL_JL 

¥ 3^ + 3^ ¥ 


1 1 
2 ! “(„ + lV 


Bay la ket qua dung, ta co the trinh bay lai ldi giai nhu sau: 


, x + y 
2 

k + l-k 


Sir dung bat dang thuc xy < ^ ^ J , Vx; y e R , ta co Vk >2 thi: 


k(k + l) 2 k(k + l) 2 k(k + l) (k + l)' 


1 

< — 
2 

Cho k = 2, 3, ..., n rdi cong lai ta dugc: 


1 1 

1 

_ 1 

1 

1 

k 2 + ( k + l) 2 

( k+ i ) 2 

~~2 

k 2 

( k+1 ) ! J 


1 1 

2.3 2 3.4 2 


1 

I-- 

n(n +1) 


Jl_J+ JL_JL 

¥ 3^ + 3^ ¥ 


1 1 
n ' fn + lV 


Vay bat dang thuc dugc chung minh. 


Vi du 15. Chung minh rang vdi n la so nguyen duong, ta luon co: 

1 + ^= + ^= + .... + -^ > 2(x/n + 1 -1) 
V 2 V 3 Vn 


Phan tich va 151 giai 

Be chung minh bat dang thuc co chua can thuc d mau thi dieu dau tien la tim each true can thuc 

1 Vk , 

mau, trong bai toan nay khi true can thuc d mau true tiep thi ta thu duoc ket qua —= =-, de y thay 

Vk k 

trong can la cac so tu nhien lien tiep nen ta can viet dugc Vk ve dang Vk + 1 - Vk hoac Vk - Vk -1, 
tuy nhien cac phan so con phu thuoc vao k d mau nen khong the khu lien tiep dugc, do do each lam nay 
khong dem lai ket qua. Cung thuc hien theo y tuong nay, nhung ta can tim each co dinh mau so, do do ta 
can bien doi chut it trude khi true can thuc. 




Be y ta thay 2>/k < Vk + 1 + Vk , do do ta lam troi dugc -^1$ —j= — ^ t den day ta mdi 

V k vk + vk + 1 

true can thuc thi thu dugc ket qua —j= —= 2(Vk +1 - Vk]. Luc nay chi can cho 
Vk+Vk + 1 * ' 

k = 1, 2, 3, n la co the khu dugc cac can thuc d giua va ket qua thu dugc la 2 (Vn +1 — l) chinh 
la ve phai cua bat dang thuc. Bay gib ta trinh bay lai lbi giai nhu sau: 

12 2 ( I - I —\ 

Ta co: — j= - — 1= > —j= - , = 2 vk + 1 - Vk , Vk la sb nguyen duong. 

Vk 2Vk Vk+Vk + 1 ' ' 

Cho k = 1, 2, 3, n taco: 


1 > 2^2 - lj 



Cong tung ve cac bat dang thuc tren ta dugc 



Phan ti'ch va 151 giai 


Be y each viet cac so hang cua tong tren co dang- j=, ta can lam troi sao cho co the khu 

(k + l)Vk 

dugc lien tiep. Nhan nhay b mau co chua k va k +1 nen ta can viet 1 thanh 
1 = k + 1 - k = (Vk + 1 - Vk j(VkTl + Vk), quan sat chieu cua bat dang thuc ta lam troi dugc 

(Vk + 1 - \[kj (Vk + 1 - Vk ) < 2Vk + 1 (Vk + 1 - Vk), den day ta co ket qua la: 

| 2Vk7l(Vk^l-Vk) 2(VkTl-Vk) 2 2 

(k + l)Vk (k + l)Vk Vk + l.Vk Vk yfk + l 

Bay gib ta co the trinh bay lbi giai nhu sau: 

Ta co: 

i k + i-k 

(k +1) Vk (k + l)Vk (k + l)Vk 

2Vk + l(Vk + l - Vk) 2(Vk + l - Vk) 2 2 

(^k + lj Vk Vk + l.Vk Vk Vk +1 




Cho k = 1, 2, 3, n roi cong ve vbi ve ta co: 

11 1 f 2 2 ) t f 2 2 \ f 2 2 

2 + 3^ + '" + (n + l)W iVT^J + {S~S) + '" + 

= 2-- / JL=<2 

Vn +1 

Vay bat dang thuc dupe chung minh. 

Nhan xet: Bai toan tong quat la vai moi so nguyen duong n ta luon co: 

11 1 _ 2 

- + —= + ... + ---— 1 = < 2 - - 

2 3V2 (n + ljVn Vn + 1 

Ta co the dac biet hoa bang each 

- Chon n de n +1 la mot so chlnh phuong, chang han vai n = 99 ta co bai toan: 

, . . s 1 X 1 9 

Chung minh rang: — H- ^ +... H- i= < — 

2 3 a/2 100V99 5 

- Chon gia tri n la nam thi, chang han vai n = 2009 ta co bat dang thuc: 

: + —+ —+ | 1 o 2 88 

2 3^2 4 V 3 ’ 2010V2009 V2010 45 


Vi du 17. Vbi so tu nhien n > 3. 


Dnt S - ^ 1 

1 

”3(1 + ^) 5 (^ + Vi) " 

Chung minh rang: S n < ^ 

(2n + l) | Vn + V n + lj 


Phan tich: De y ta bien doi dugc so hang tong quat cua cac so hang tren nhu sau: 

1 Vk^l-Vk sfk + 1-sfk 1 1 


(2k + l)(Vk7l + Vkj 2k+ 1 2^k(k + l) 2slk 2sfk + l 

Bay gib ta lam troi bat dang thuc tren bang each cho k = 1, 2, 3, ..., n . 

Loi giai 

Vi (2k + l) = 4k 2 + 4k +1 > 4k 2 + 4k nen 2k + 1 > 2^k(k + l) . 

Do do ta dupe: 

1 Vk +1 - Vk Vk +1 - Vk 1 1 


(2k +1) |Vk+T + Vk j 2k+ 1 2^k(k + l) 2sfk 2^k + l 

Cho k = 1, 2, 3, ..., n roi cong ve vbi ve ta co 

s < ! _ ! + ! _ ! + ! _ ! + + ! _ 1 

n 2 VI 2V2 2V2 2V3 2V3 2V4 ’’’ 2\/n 2sjn +1 

_ 1 1 1 

2 2-v/n + 1 < 2 

Vay bat dang thuc dupe chung minh. 

Nhan xet: Bai toan tong quat la vai moi so nguyen duong n ta luon co: 




1 l 1 l + _1_ c 1 1 

3^1 + ^) 5^ + Va) (2n + l)(7n+7n + l) 2 2>/n + l 

Ta co the dac biet hoa bang each 

- Chon nde n +1 la mot so chlnh phuang, chang han vai n = 99 ta co bai torn: 

Chung minh rang: 

1 1 1 1 _ 1 _ 9 

3(l + V2) 5(72 + 73) 199(799 +7100) 2 2 ' 10 20 

- Chon gia tri n la nam thi, chang han vai n = 2001 ta co bat dang thuc: 

1 + 1 ++ 1 1 .1 < 2001 

3(l + 72) 5(72 +73) 4003(72001 +72002) 2 272002 2003 

Day la de thi tuyen sinh lap 10 chuyen Lam San Thanh Hoa nam 2001 - 2002 
Hoac n = 2007 ta co bat dang thuc: 

i + 1 ++ 1 1 _ _ 1 2007 

3(l + 72) 5(72 +73) 4015(72007 +72008) 2 272008 2009 

Day la de thi tuyen sinh lap 10 chuyen Ninh Binh nam 2007 - 2008 
Vi du 18. Chung minh rang: 

43 1 | 1 | _1_ < 44 

44 27l+l72 372+273 ’’’ 201672015 +201572016 45 

Phan rich: Be y ta bien doi dugc so hang tong quat cua cac so hang tren nhu sau: 

l (k +1) 7k - k7k +1 (k + lj 7k - k7k +1 \ \ 

(k + l)7k + k7k + l (k + l) 2 k-k 2 (k + l) k(k + l) 7k 7k+ 1 

Bay gib ta lam troi bit ding thuc tren blng each cho k = 1, 2, 3, n . 


Loi giai 


* Sn 27l + lS + 3sl2 + 273 + + (n + l) 7n + Wn + 1 

Be y rang vbi k > 1, ta co: 

X (k + l)7k-kTkTl (k + l)7k-k7k + l l l 

(k + l)7k +k7k + l (k + l) 2 k-k 2 (k + l) k (k + l) 7k 7k+ 1 

Cho k = 1, 2, 3, ..., n roi cong ve vbi ve ta co: 


Bo do ta dupe 


J._L + J_L + , 1 ! ! 

7l 72 72 73 ' 7n 7n + l 7n + l 


= 1- . . Nhu vay, ta phai chung minh: 

72016 




— < 1 - -=L= < — <=> 44 < V2016 < 45 <=> 1936 < 2016 < 2025. 
44 V2016 45 

Bat dang thuc cuoi cung dung nen co dieu phai chung minh. 

Nhan xet: Thuc chat day la bai todn tinh tong: 



Phan ti'ch va 151 giai 


Nhan thay so hang tong quat duoc viet dude dang -- , - 1 =. Quan sat chieu bat 

(k + l)Vk + l + Wk 

dang thuc can chung minh ta thay can phai chung minh duoc bat dang thuc kieu 
(k + l) Vk +1 + kVk > A vdi dieu kien bieu thuc A phai chua k va k + 1 dong thdi phai phan tich 

duoc thanh tich, do do bidu thuc A co thd la kVk +1 + (k +1) Vk. Bay gid ta cln chung minh 
(k + l) Vk + 1 + kVk > kVk + 1 + (k +1) Vk . B6 don gian hon ta co thd dat x = k; y = k + 1 rdi 

chung minh x^fy + y Vx < xVx + yyjy , bit ding thuc nay duoc chung minh blng phep bidn ddi tuong 
duong. Ben day ta thu duoc bat dang thuc: 

1 | _ l _ 1 | _1_ 

2 V 2 + 1 V 1 (n + l) Vn + 1 + nVn 2 V 1 + lW (n + l)Vn +nVn + 1 

Bay gid ta cln chung minh duoc : 

1 | 1 | + _ 1 _ 1 

2 V 1 + 1 V 2 3 V 2 + 2 V 3 (n +1) Vn + nVn + 1 Vn + 1 

Ro rang day la ket qua cua bai toan trong vi du tren. Ta co the trinh bay ldi giai nhu sau: 

Bo de: Vdi moi so thuc duong x, y ta co: x-Jy + y Vx < xVx + y-Jy 
Chung minh: Su dung phuong phap bien doi tuong duong, ta duoc: 

xjy + yVx < xVx + y^Jy <=> xVx + y^Jy - x^Jy - y Vx > 0 
x(Vx - Vy) + y(Vy - Vx) > 0 (x-y)^Vx->/yj ^ 0 
^Vx+ 7y)(Vx-^/y) ^0 

Vay bo de duoc chung minh. 

Ap dung bo de ta co: 






Vi th6 ta dirge: 

1 i 1 

2^2+lVl 3\f3 + 2sj2 (n + l) Vn + 1 + nsjn 

1 1 + + _1_ 

2 VI + 1 V 2 3-^2 + 2 V 3 (n + l)Vn +nVn + l 

Ma theo ket qua ciia vi du tren thi 

11 _ 1_ _ 1 1 

2VI + W2 3V2+2V3 (n + l) Vn + nVn + 1 Vn +1 

Vay bai to an duoorc chung minh. 

Nhan xet: Quan sat ki hai vi du 14 va 15 ta nhan thay, de chung minh duac bat dang thuc trong vi du 15 
thi ta chi can chung minh duac: 


2 V 2 + 1 VI (n +1) yin +1 + nyfn 2 VI + 1 V 2 (n + 1) Vn + n^Jn +1 

Dieu nay tuang duemg vdi chung minh (n + lj \Jn + 1 + nyfn > nsjn + 1 + (n + 1 )Vn. 

Tuy nhien trong tinh huong khong co vi du 14 thi bat dang thuc trong vi du 15 thuc su la kho, de 
tim ra duac danh gia {n + 1 j -Jn + 1 + n\fn > nsjn +1 + {n + l) sfn can phaiphan tich that ki moi 
quan he giua cac con so trong bai toan. 


Vi du 20. Chung minh bat dang thuc sau dung moi n e N : 


1+~^=++...+—L < 2V2 

2 V 2 3 V 3 nVn 


Loi giai 


Bo de: Vdi moi x, y > 0, ta co (x 2 + y 2 j -y/x 2 + y 2 > \]2xy (x + y) 

Chung minh: sir dung phuong phap bien doi tuong duong ta duac 

(x 2 + y 2 )V^7>^(x + y) 

<=> (x 2 + y 2 - 2xy) ^x 2 + y 2 + xy ^x 2 + y 2 - yfe (x + y )] > 0 

l x 2 r~ -- 4(x 2 +y 2 )-2(x + y) 2 

x-y Vx +y +xy V , ’ -^->0 

1 ^ 2^7 + ^(x + y) 


>(x-y)^ 


x + y + xy 


2(x-yy 


2^ 


fy 2 +^(x + y) 
Do x, y > 0 nen bat dang thuc cuoi cimg dung, bo de duac chung minh. 

Ap dung bo de vdi x = Jk + y = Jk - ^ , ta duac: 





Cho k = 1, 2, n rdi cong vi vdi vi ta dupe: 



Vay bat dang thuc dupe chung minh. 

Vi du 21. Cho n la mot so nguyen duong. Chung minh rang: 

-n-y/n + 1 < 1 + V 2 + V 3 + ... + -y/n < — (n + l)-y/n 
3 3 V ' 

Loi giai 


Ta se chung minh: 


^ j^k-y/k + 1 — (k — lj -y/k J < -y/k < ^^k + l) -y/k - k-y/k -1J, Vk > 1 
That vay, bat dang thuc ben trai tuong duong vdi 

2kv/k + l - 2 (k -1) Vk < 3y/k <=> 2kyfk + l < (2k + l) Vk 

<=> 2^k(k + l) < 2k +1 <=> 4k 2 + 4k < (2k + l) 2 <=> 0 < 1 

Bit ding thuc ben phai tuong duong vdi 

3y/k < 2 (k + l) Vk - 2kVk^l <=> 2kVk^l < (2k -1) Vk 

<=> 2^k(k-l) < 2k -1 <=> 4k 2 - 4k < (2k -1) 2 <=> 0 < 1 

Ca hai danh gia cuoi cung de dung, do do bat dang thuc (*) dupe chung minh. 

Bay gid ta ap dung bat dang thuc tren cho k = 1, 2, n, khi do ta dupe: 




|(Vi-o)<VI<|(2VI-^) 

|( 3 vi-2vr) 

|(3VI-2^)<^<|(4^-3^) 



Cong cac bat dang there nay lai ve theo ve, ta thu ngay dupe ket qua can chung minh. 

Vi du 22. Chung minh rang vdi moi so nguyen n > 5 , ta co: 2 n > n 2 

Phan tich: Vdi bat dang thuc dang nhu bai toan nay ta thudng dung phuong phap quy nap toan hoc de 
chung minh. Do do ta thuc hien theo trinh tu cac budc quy nap, van de la khi thuc hien quy nap ta su 
dung gia thiet quy nap nhu the nao ma thoi. Trong bai toan nay ta co gia thiet quy nap la 2 k > k 2 va can 
phai chung minh 2 k+1 > (k +1) . De y la k > 5 nen ta dupe 

2k 2 = (k + l) + k(k - 5) + 3k -1 > (k + l) . Do do d6 hoan tdt chung minh ta cin chi ra dupe 

2 k+1 > 2k 2 , day la ket qua dung theo gia thiet quy nap. Den day ta trinh bay ldi giai nhu sau: 

Loi giai 

+ Vdi n = 5 , bat dang thuc trd thanh: T > 5 2 <=> 32 > 25 (dung) 

Suy ra bat dang thuc dung vdi n = 5 

+ Gia su bit ding thuc dung d6n n = k|keN. k > 5 j, tuc la ta dupe 2 k > k 2 
+ Ta can chung minh bat dang thuc dung vdi n = k +1, hay 2 k+1 > (k + lj 
That vay, theo gia thiet quy nap, ta co: 2 k+1 = 2.2 k > 2k 2 (lj 

Vi k > 5 nen 2k 2 = k 2 + 2k + 1 + k 2 - 2k - 1 = (k + l) 2 + k(k - 5) + 3k - 1 > (k + l)' 

Suy ra ta dupe2k 2 > (k + l) (^2^ 

Tir (1) va (2) ta co bat dang thuc dung vdi n = k + 1, nen theo nguyen ly quy nap thi bat dang thuc dupe 
chung minh. 

Vi du 23. Cho x > -1 la mot so thuc cho trade. Chung minh rang vdi moi so nguyen duong n, ta luon co: 
(l + x)" > 1 + nx 

Phan tich: Ta su dung phung phap quy nap de chung minh bai toan nay. 0 day gia thiet quy nap la 
(^1 + > 1 + kx va ta cln chung minh (l + x) > 1 + (k + l)x. Nhan thly tu gia thiSt quy nap ta 

co (l + x) = (l + x) (l + x) > (l + x) (l + kx), ta cln chi ra dupe (l + x) (l + kx) > 1 + (k +1) x, 

nhung day ro rang la mot ket qua dung. Do do ta trinh bay lai ldi giai nhu sau: 

Loi giai 

+ Vdi n = 1, bit ding thuc trd thanh 1 + x > 1 + x (dung). 





Suy ra bat dang thuc dung vdi n = 1. 

+ Gia sir bit ding thuc dung d6n n = k|keN, k > lj, tuc la ta dugc (l + x ) ^ 1 + kx 

+ Ta cin chung minh bit ding thuc dung vdi n = k + 1, hay (l + x) > 1 + (k + l) x 
That vay, vix>-l=>x + l>0 nen theo gia thiet quy nap, ta co 

(l + x) k+1 =(l + x) k (l + x) >(l + x)(l + kx) 

Ma (l + x) (l + kx) = 1 + (k +1 ) x + kx 2 > 1 + (k + 1 ) x nen 

(l + x) k+1 > (l + x) (l + kx) > 1 + (k +1)x 

Hay bat dang thuc dung vdi n = k +1, nen theo nguyen ly quy nap suy ra bat dang thuc dugc chung 
minh. 


Vi du 24. Chung minh vdi mgi so thuc a, b thoa man a + b > 0, ta co: 

a 11 + b n ^ f a + b^l 


chung minh dugc bat dang thuc 


Phan tich: Ta chung minh bat dang thuc tren bang phuong phap quy nap, tuy nhien de chung minh dugc 

1 + b k+1 ^ f a + b^j 

a k + b k a + b < a k+1 + b k+ 

2 2 _ 2 


- j , ta can chu 


Loi giai 

+ Vdi n = 1, bat dang thuc hien nhien dung. 

+ Gia sir bat dang thuc dung den n = k|keN, k > l), tuc la ta co: & ^ 

+ b k+1 . { a + b 


+ Ta chung minh bat dang thuc dung vdi n = k + 1, hay - 
That vay, vi a + b > 0, nen theo gia thiet quy nap ta co: 


\ + b^j 

fa + bY 

a + b a k + b k 

a + b 

l 2 J 

= l 2 J 

2 “ 2 

2 


Bat dang thuc dung vdi n = k + 1 neu ta chung minh dugc 

a k + b k a + b < a k+1 + b k+1 u\ 

2 2 _ 2 ' ' 

Ma (*) tuong duong vdi 

(a k + b k ) (a + b) < 2 (a k+1 + b k+1 ) a k+1 + b k+1 - a k b - b k a > 0 
o(a-b)(a k -b k )>0 (**) 

Vi vai tro cua a, b nhu nhau nen ta co the gia sir a > b, khi do a - b > 0 (l) 

Mat khac, tira + b>0=>a>-b nen a > |b| > 0 => a k > |b| > b k => a k - b k > 0 ( 2 ) 

Tir (1) va (2) suy ra bat dang thuc (**) luon dung. 

Vay theo nguyen ly quy nap suy ra bat dang thuc dugc chung minh. 


Vi du 25. Chung minh rang vdi mgi so nguyen duong n ta co: 




1 3 5 2n -1 1 

2 4 6 2n < V3n + 1 


Phan ti'ch: Bat dang thiic tren co the chiing minh dugc theo each lam troi nhu vl du 12. Tuy nhien a day 
ta cluing minh bang phuong phap quy nap. 

1 


... , ,.1 3 5 2k -1 

Theo bai toan ta co gia thiet quy nap la- 


nhu vay de hoan thanh bai toan ta can chi ra dugc 
Bay la bat dang thiic dung co the chung minh bang phep bien doi tuong 


2 4 6 2k V3k + 1 

1 3 5 2k-1 2k+ 1 1 

2 4 6 2k 2k+ 2 ^ + 4 

1 2k +1 1 

V3k + 1 2k + 2 V3k + 4 

duong. 

Loi giai 

+ Ki hieu bat dang thiic da cho la (*), voi n = 1, bat dang thuc tro thanh 
— < , I <=>-<- (dung) 

2 JETl 2 2 V 


va can chiing minh dugc 


Bat dang thiic dung voi n = 1. 

+ Gia sir (*) dung d 6 n n = k|keN, k > 1 j, tiic la ta dugc 

+ Ta can chiing minh (*) dung voi n = k +1, hay 

1 3 5 2k -1 2k + 1 


1 3 5 2k-1 1 

2 4 6 2k V3k + 1 


2 4 6 2k 2k + 2 ^ 3 k + 4 


Theo gia thiet quy nap, ta co 


1 3 5 2k -1 2k +1 


2 4 6 2k 2k+ 2 ^ 3 ^ + 1 2k+ 2 

Bat dang thiic (*) dung voi n = k + 1 khi 

1 1 (2k + lW3k + 4 < (2k + 2W3k + l 

V3k + 1 2k + 2 ^3k + 4 1 ' 1 ' 

<^> ^ 2 k + l) (3k + 4) < ( 2 k + 2 ) (3k + l) <=> k > 0 (dung) 

Do do (*) dung voi n = k + 1, nen theo nguyen ly quy nap bat dang thiic dung voi mgi so nguyen duong 


Vi du 26. Chiing minh rang voi mgi so nguyen duong n, ta co 

111 1 

- 1 - 1 -h ... H-> 1 

n + 1 n + 2 n + 3 n + 2n + l 

Lol giai 

+ Voi n = 1 bat dang thiic co dang: —-— 1 — - 1 --— > 1 <=> — > 1 (dung) 

1 + 1 1 + 2 1 + 3 12 

Nen bat dang thiic dung voi n = 1 

+ Gia sir bat dang thiic dung den n = k ^k e N. k > lj, tiic la 

o 111 1 

S, —- 1 - 1 -h ... H-> 1 

k + 1 k + 2 k + 3 3k +1 
+ Ta phai chiing minh bat dang thiic dung voi n = k +1, hay 






S _ 1 I 1 I 1 

k+1 _ k+2 + k+3 + k+4 
That vay, theo gia thiet quy nap ta co 

S =S I 1 I 1 I 1 1 

k+1 _ k 3k + 2 3k + 3 3k + 4 k + 1 


3(k + l)(3k + 2)(3k + 4) 

Hay S k+1 > S k > 1. Do do bat dang thuc dung vdi n = k +1, nen theo nguyen ly quy nap ta co bat dang 
thuc dung vdi moi so nguyen duong n. 

| Vi du 27. Tim tkt ca cac sd nguyen duong n thoa man bit ding thuc: 3 n > 2 n + 7n 

Loi giai 

Thu true tiep vdi n = 1, 2, 3, 4 ta thSy n = 4 thi bit ding thuc dung. 

Ta se chung minh moi gia tri can tim cua n la n > 4, n e N. Tuc la chung minh bat dang thuc 

sau dung vdi moi n > 4, n e N: 3 n > 2 n + 7n 


+ Vdi n = 4 thi bat dang thuc trd thanh co dang 3 4 > 2 4 + 7.4 <=> 81 > 44 (dung) 

Nen bat dang thuc dung vdi n = 4 

+ Gia sir bit ding thuc dung din n = k ^k e N, k > 4 j tuc la: 3 k > 2 k + 7k 
+ Ta phai chung minh bat dang thuc dung vdi n = k + 1, hay 3 k+1 > 2 k+1 + 7 (k + 1) 

That vay, theo gia thiet quy nap, ta co 3 k+1 = 3.3 k >3 ^2 k + 7 j 
Nhung vdi moi k > 4 thi 

3 (2 k + 7k) = 2 k+1 + 2 k + 21k = 2 k+1 + 7 (k +1) + 2 k + 7 (2k -1) > 2 k+1 + 7 (k +1) 

Suy ra bat dang thuc dung vdi n = k + 1, nen theo nguyen ly quy nap ta co bat dang thuc dung. Vay bai 
toan duoc hoan thanh. 

Vi du 28. Cho n so thuc duong x 1? x 2 , ..., x n co tich bang 1. Chung minh rang: 

X x +x 2 + ... + x n > n 

Loi giai 

+ Vdi n = 1, thi x x = 1 > 1 (dung) nen bat dang thuc dung vdi n = 1. 

+ Gia sir bat dang thuc dung den n = k |keN, k>l|, tuc la vdi moi x 1? x 2 , x k >0 thoa man 
x r x 2 ...x k = 1 thi x x + x 2 +... + x fc > k 

+ Ta phai chung minh bat dang thuc dung vdi n = k +1, nghTa la vdi moi 
x 1? x 2 , ..., x k , x k+1 > 0 thoa man x 1 .x 2 ...x k .x k+1 = 1 thi 

x k + x 2 + ... + x k + x k+1 > k + 1 

Do x 1 .x 2 ...x k .x k+1 = 1 va vai trd cac bidn sd nhu nhau nen co thd coi 

x k ^ 1 ^ x k+ i => (! - x k) i 1 ~ x k + i) ^ 0 ha 7 x k + x k + i 1 1 + x k x k + i (!) 

Dat x' k = x k x k+1 thd thi x v x 2 , ..., x' k la k sd duong thoa man x r x 2 ...x' k = 1, do vay theo gia thidt 

quy nap taco: x 1 + x 2 + ... + x' k > k ^ 2 ) 




Tir (1) va (2), ta suy rax 1 +x 2 + ... + x t + x k+1 > + x 2 + ... + x' k j + 1 > k + 1 

^ x 1 +x 2 + ... + x k + x k+1 >(x 1 +x 2 +x k ) + l>k + l 

Bieu nay chung to bat dang thuc cung dung vdi n = k + 1 , theo nguyen ly quy nap ta co bat dang 
thuc dung vdi moi so nguyen duong n . 

Vi du 29. Chung minh ring vdi moi sd tu nhien n > 2 ta co: n 11 > (n + l) 

Loi giai 

+ Ydi n = 2, thi bit ding thuc co dang: 2 2 > ^2 + l) <=> 4 > 3 (dung), 

Nen bat dang thuc dung vdi n = 2 

+Gia su bat dang thuc dung den n = k |keN, k > 2j, tuc la k 2 > (k + l) 

+ Ta phai chung minh bat dang thuc dung vdi n = k + 1, hay (k + lj > (k + 21 
Su dung gia thiet quy nap ta dupe: k k (k + lj >^k + l^ (k + l) 

Vi (k + l ) 2 = k 2 + 2k + 1 > k 2 + 2k nen (k +1)""' (k + l ) k+1 = (k + l) 2k > (k 2 + 2k)' 

Do do ta dupe 

k k (k + l ) k+1 > (k 2 + 2 k) k => k k (k + l ) k+1 > k k (k + 2 ) k ^ (k + l ) k+1 > (k + 2 ) k 
Vay bat dang thuc dung vdi n = k +1 nen theo nguyen ly quy nap ta co bat dang thuc dung vdi moi sd 
nguyen duong n > 2 . 

Vi du 30. Chung minh rang vdi moi n > 1, n e N, ta co 

11 17 

-1-h ... H-< - 

n + 1 n + 2 2 n 10 

Phan tich tim loi giai 

Khac vdi bai toan trude, d bai nay cac ban se gap “mot chut rac roi” d bude chuyen quy nap, tuc la 
d day ta gap trudng hop “gia su bat dang thuc dung vdi k nhung khong chung minh dupe se dung cho k + 
1 ”, that vay neu bat dang thuc dung cho n = k, tuc ta co : 


S l = —— + -— 

k k +1 k +2 

Khi do neu su dung gia thiet quy nap nay cho n = k + 1, ta se co 


1 7 

H-< — 

2 k 10 


s k+1 


1 1 
k + 2 + k + 3 


1 1 1 
2 k + 1 + 2 k + 2 k + 1 
1 7_ 

2 (k + l)( 2 k + l) 10 


1 

2 (k + l)( 2 k + l) 


Nhung- 1—7 -, ,-. > — nen ta chang thu duoc dieu gi d day! 

10 2 (k + l)( 2 k + l) 10 

Nhu vay, ta nen lam gi de vupt qua chudng ngai nay? 





Neu de nguyen dang nhu ban dau thi kho ma giai quyet thanh cong bai to an bang quy nap, do do 
ta can bien doi bat dang thuc da cho mot chut, d day ta chon mot bieu thuc trung gian kieu 

— - —, m > 0 thich hop sao cho bit dang thuc sau dung: 

10 n 


11 17m 

- 1 - h ... H -<- 

n + 1 n + 2 2 n 10 n 

So m nay phai thoa man hai dieu kien sau: 

+ Bubc chuyen quy nap tu k sang k + 1 co the thuc hien duoc. 

+ Bat dang thuc tren dung vdi mot “gia tri dau” cua n (luu y “gia tri dau” b day co the khac vbi 
gia tri dau cua bat dang thuc cho b de bai). Bay se la khbi diem phep quy nap cua ta . 

1 7 m 1 


Xet dieu kien dau tien ta co: S, , = S, + 


Do do m phai thoa man 


2(k + l)(2k + l) 10 n 2(k + l)(2k + l) 


n 2 (k + l)( 2 k + l) k + 1 2 (k + l)( 2 k + l) [k k + 1 

<=> —7 -r -7 - v < , m —r <^> 2m (2k + l) > k -e> (4m - l)k + 2m > 0 

2 (k + l)( 2 k + l) k(k + l) V ’ V ’ 

Bat dang thuc cuoi cung nay dung vbi moi k khi va chi khi 4m - l>0<=>m> 

4 

Xet dieu kien thu hai: 

+ Ybi n = 1 bat dang thuc trb thanh: 

17 1 1 

— <-m <=> m < — (khong duoc vi m > —) 

2 10 5 4 

+ Vbi n = 2 bit dang thuc trb thanh: 

1 1 7 m 7 4 . V 

- 1 -<-<=> m < — (khong duoc vi m > —) 

2 + 12 + 2 10 2 30 4 

+ Vbi n = 3 bat dang thuc trb thanh: 

1 1 1 7 m 1 ,, „ , , 1 

- 1 - 1 -<-<^>m< — (khong duoc vi m > —) 

3 + 13 + 23 + 3 10 3 4 4 

+ Vbi n = 4 bat dang thuc trb thanh: 

11117m 11 

-+-+-+-<-<=> m < — 

4 + 1 4 + 2 4 + 3 4 + 4 10 4 42 

Bat dang thuc nay dung vbi m > —. Nhu vay ta se chon m = — va diem xuat phat quy nap la n = 4, ta di 
4 ' ' 4 

den lbi giai cho ca bai toan nhu sau 

Lol giai 

Kiem tra true tiep ta thay bat dang thuc da cho dung vbi n = 1, 2, 3 
Xet trubng hop n > 4. khi do ta se chung minh bit dang thuc manh hon 
11 17 1 

- 1 -h ... H-<- 

n + 1 n + 2 2n 10 4n 

+ Vbi n = 4 bat dang thuc trb thanh 



—— + —— + —— + —— < — - — ^ — < — <=> 1066 < 1071 (dung) 
4 + 1 4 + 2 4 + 3 4 + 4 10 4.4 840 80 

Nen bat dang thuc dung vdi n = 4. 

+ Gia svr bat dang thuc dung vdi n = k e N, k > 4 j, tuc la 

c 1 1 17 1 

S —-1-b ... H-<- 

k k +1 k + 2 2k 10 4k 
+ Ta phai chung minh bat dang thuc dung vdi n = k + 1, hay 

o 11 17 1 

k+1 k + 2 k + 3 2k + 2 10 4(k + l) 


Svr dung gia thiet quy nap ta dugc 

0 1 1 

S —-1-b 

k+1 k + 2 k + 3 

n 1 


1 _ 1 | 1 | 1 
2k + 2 _ k k + l + 2k + 2 + 2k + 2 
7 1 1 

<- 


k 2(k + l)(2k + l) 10 4k 2(k + l)(2k + l) 

Do vay chi can chung minh 

_^L 1 1 2 1 1 

4k 2(k + l)(2k + l) 4(k + l) (k + l)(2k + l) k k + 1 

2 _ 1 

(k + l)( 2 k + l) k(k + l) 

Danh gia cuoi cung hien nhien dung. Vay bat dang thuc dung vdi n = k + 1, nen theo nguyen ly quy nap 
ta co bat dang thuc dung vdi moi n > 4 . 

Bai toan dupe chung minh xong. 


-<^>2k + l>2k<=>l>0 


Vi du 31: Chung minh bat dang thuc sau dung vdi moi neN 

11 1 79 


1 + - 


3 


48 


Lol giai 

Kiem tra true tiep, ta de thay bat dang thuc dung vdi n = 1, 2, 3, 4. 

Xet trudng hgp n > 5, khi do ta se chung minh bit ding thuc manh hon 

, 1 1 1 79 2 ^ _ T 

1h -1-1-... H-<-, Vn>5,neN 

2 3 n 2 48 2n +1 

+ Vdi n = 5 bat dang thuc trd thanh 

i 1 1 1 1 79 2 205 1 79 2 inn x 

1 + — + — + — + — <-<»-+ — <-<» 99 < 100 (dung) 

2 2 3 4 5 48 2.5 + 1 144 25 48 11 

Nen bit ding thuc dung vdi n = 5 

+ Gia svr bat dang thuc dung vdi n = k^k>5, keNj, tuc la 

, 1 1 79 2 

1 H-h ... H-<- 

2 2 k 2 48 2k +1 

+ Ta se chung minh bat dang thuc dung vdi n = k + 1, hay 

1 1 1 79 2 

1 - 7 + ... H-— H-— <- 

2 k 2 (n,il 2 48 2k+ 3 


k + 1 





Sir dung gia thiet quy nap ta dugc 



Do do ta chi cln chung minh 


JL 1 79 2 1 

k ' (k + l ) 2 48 2k + 1 (k + l ) 2 


<=> 


2 

" 2 k + 1 H 


( k+ i ) 2 


(k + l)’ (2k + l)(2k + 3) 


1 2 2 
^ (k + l ) 2 < 2k + 1 2k + 3 
(2k + l)(2k + 3)<4(k + l ) 2 


<=> 4k 2 + 8 k + 3 < 4k 2 + 8 k + 4 <=> 0 < 1 
Banh gia cuoi cung hien nhien dung. 

Vay bat dang thuc dung vdi n = k +1, nen theo nguyen ly quy nap ta co bat dang thuc dung vdi moi 


n > 5. 


Vay bai toan dupe chung minh xong. 

Vi du 32: Cho cac s 6 thuc duong a t ; a 2 ; a n thoa man dilu kien a r a 2 ...a n = x . Chung minh ring: 

a 3 + a 3 + a 3 +... + a 3 < x 3 + n -1 

Loi giai 

+ Vdi n = 1 ta co a 3 = k 3 la mot dang thuc dung. 


+ Gia sir bat dang thuc dung vdi n = k|keN * j, tire la ta co 


a 3 + a 3 + a 3 +... + a 3 < x 3 + k - 1 = a 3 .a 3 .a 3 ...a 3 + k -1 
+ Ta can chung minh bat dang thuc dung vdi n = k + 1, tuc la 

a 3 + a 3 + a 3 +... + a 3 +1 < x 3 + k = a 3 .a 3 .a 3 ...a 3 .a 3 +1 + k 
That vay theo gia thiet quy nap ta dupe 

a 3 + a 3 + a 3 +... + a 3 +1 < (a 3 .a 3 .a 3 ...a 3 ) + a 3 +1 + k -1 

Ta cln chung minh 

(a 3 .a 3 ...a 3 j + a 3 +1 + k -1 < a 3 .a 3 ....a 3 .a 3 +1 + k 
<=> (a r a 2 ....a k ) + a 3 +1 < 1 + (a 1 .a 2 ...a k .a k+ J <=> |ja k+1 ) -lj|^(a 1 .a 2 .a 3 ...a k ) — 1 J > 0 

Ro rang bat dang thuc cuoi cung luon dung. Theo nguyen li quy nap ta suy ra bat dang thuc dupe 
chung minh. 

Vi du 33: Cho cac sd thuc a x ; a 2 ; ...; a n >1. Chung minh ring: 

1 + 1 + + 1 > n 
1 + a x 1 + a 2 1 + a n 1 + ^a 1 .a 2 ...a n 


Loi giai 





+ Vbi n = 1 bit ding there trb thanh->- (dung) 

1 + a 1 l + a 1 

+ Gia ser bat dang thvrc dung vbi n = k (k e N , terc la 



+ Ta can chung minh bat dang there dung vbi n = k +1, tuc la 



Theo gia thiet quy nap ta dugc 

11 1 1 ^ k 1 

-1-1- • • • H-1--, writ's- 

l + a x 1 + a 2 l + a k -*- + a k+i l + l/a.a...a k l + a t 

Nhu vay ta can chung minh dugc 



Ro rang bat dang there cuoi cung luon dung. Theo nguyen li quy nap ta suy ra bat dang there dugc 
chung minh. 


Vi du 33: Cho x la sb thuc duong bit ki. Chung minh ring vbi i 

x "( x ” 1+1 Lf x +il 

la so nguyen duong ta luon co: 

2n+l 

x n +1 1 

2 J 



Loi giai 

+ Vbi n = 1 bit ding there trb thanh 



Nhu vay bat dang there tren dung vbi n = 1 
+ Gia ser bit ding there dung vbi n = k (k e N , tuc la ta co 



+ Ta can chung minh bat dang there dung vbi n = k + 1, tuc la 



Theo gia thiet quy nap ta dugc 
Ta can chung minh 



(x + I)' .x k . (x k+1 + l ) 2 - 4 (x k + l) ,x k+1 . (x k+2 + l) > 0 
<=> (x - 1) 2 (x k+1 - 1) 2 > 0 







Ro rang bat dang thuc cuoi cung luon dung. Theo nguyen H quy nap ta suy ra bat dang thvrc dugc chung 
minh. 




Chu de 5 

MOT SO KY THUAT SI DUNG BAT DANG I I1L C CAUCHY 


A. Kien there can nhd 

1. Gibi thieu bat dang there Cauchy(Cosi) 

Bat dang there co ten goi chinh xac la bat dang there giera trung binh cong va trung binh nhan. 0 
nhieu nude tren the gidi, ngerdi ta goi bat dang there nay theo kieu viet tat la bat dang there AM - GM 
(AM la vilt tit cua Arithmetic mean va GM la vilt tit cua Geometric mean) 

O nude ta, bat dang thuc AM - GM dupe goi theo ten cua nha Toan hoc ngudi Phap Augustin - 
Louis Cauchy (1789 - 1857), terc la bat dang thuc Cauchy. That ra day la mot each goi ten khong chinh 
xac vi Cauchy khong phai la ngudi de xuat ra bat dang thuc nay ma chi la ngudi dua ra mot phep chung 
minh dac sac cho no. Tuy nhien, de cho phu hop vdi chuong trinh sach giao khoa, trong tai lieu nay 
chung ta cung se goi no la Bat dang thuc Cauchy(Cosi). 

Bay la mot bat dang thuc co dien noi tieng va quen thuoc doi vdi phan ldn hoc sinh nude ta. No 
ung dung rat nhieu trong cac bai Toan ve bat dang thuc va cere tri. Trong pham vi chuong trinh Toan 
THCS, chung ta quan tarn den cac trudng hop rieng cua bat dang thuc Cauchy. 

2. Cac dang bieu dien cua bat dang thuc Cauchy 
a. Dang tong quat 

+ Cho xi, X 2 , X3 ,..., xn la cac so there khong am ta co: 

x +x +... + X I - 

Dang 1: p/x .x ...x 

n v 

Dang 2: x l + x 2 + ... + x n > n.^x 1 .x 2 ...x n 


Dang 3: 


Dau dang thuc xay ra khi va chi khi = x 2 = .. 

+ Cho xi, X 2 , X3 ,..., x n la cac so there duong ta co: 

, 11 1 - 2 
Dangl: -1-K..H->- 


X. + X„ + ...X 


Dang 2: ^x x + x 2 + •••X n ^ — + — + 

l X l X 2 

Dau dang thuc xay ra khi va chi khi x x 



> n 2 

' = X n 


b . Mot so dang dac biet 


n 

n = 2 

n = 3 

Dieu kien 

x, y > 0 

x, y, z > 0 

Dangl 


x+ l +z >-^ 

Dang 2 

f X + y T>xy 

( A 3 

x + y + z 


^ x y z 

V 6 J 





4 

+ x 2 + y 2 + z 2 > xy + yz + zx 


+ 3(x 2 + y 2 + z 2 ) > (x + y + z) >3(xy + yz + zx) 

+ x 2 y 2 + y 2 z 2 + z 2 y 2 > xyz (x + y + z) 

+ 3(x 4 + y 4 + z 4 ) > (xy + yz + zx) > 3xyz(x + y + z) 

B. Mot so ky thuat sir dung bat dang thuc Cauchy 

1. Ky thuat chon diem roi trong danh gia tir trung binh cong sang trung binh nhan 

Danh gia tur trung binh cong sang trung binh nhan thuc chat danh gia bat dang thiic Cauchy theo 

chieu tir phia trai sang phia phai. Trong chuoi danh gia, cai ta hay quen do la can phai dupe bao toan dau 
dang thiic xay ra ma ta hay goi la bao toan “Diem roi”. Mot thuc te cho thay viec xac dinh diem roi cho 
mot bat dang thiic quyet dinh den hon mia thanh cong cho cong viec tim lbi giai. Y tudng chinh ciia chon 
diem roi chinh la viec xac dinh duoc dau dang thiic xay ra khi nao de co the sir dung nhung danh gia hop 
ly. Trong qua trinh chiing minh cac bat dang thiic ta thudng gap sai lam la ap dung ngay bat dang thiic 
Cauchy ma quen mat dau dang thiic xay ra tai dau. Trudc khi tim hieu ve ki thuat danh gia tir trung binh 
cong sang trung binh nhan ta hay xet mot so vi du ve chon “Diem roi” dudi day ta se hieu hon van de 
dang duoc d 6 cap. 



Sai lam thutrng gap la: A = a + — > 2 Ja • — = 2 . Vay gia tri nho nhat ciia A la 2. 


Nguyen nhan sai lam: gia tri nho nhat ciia A la 2 <=>a = — <^>a = l, di6u nay khong xly ra vi theo 

a 

gia thiet thi a > 2. 

Phan tlch: Quan sat bat dang thiic tren ta nhan thay gia tri ciia a cang tang thi A cang tang, do do ta du 
doan A dat gia tri nho nhat khi a = 2. Khi do ta noi A dat gia tri nho nhat tai “Diem rui a = 2 ”. Ta 

khong the ap dung bat dang thiic Cauchy cho hai soava — vi khong thoa man dau dang thiic xay ra. Vi 






vay ta phai tach a hoac — de khi ap dung bat dang thuc Cauchy thi thoa man dau dang thuc xay ra. Gia 


su ta sir dung bat dang thuc Cauchy cho cap so —, — sao cho tai “Diem roi a = 2 ” thi — = —, ta co 


a = 2 => < k a => — = — =>k = 4 

hi k 2 

la 2 

Khi do ta duoc A = a + — = — + — + — va ta co loi giai nhu tren. 
a 4 4 a 

Loi giai dung: Ap dung bat dang thuc Cauchy ta duoc 

. 1 a 1 3a ^ _ [a 1 3a ^ , 3.2 5 

a 4 a 4 V4a4 42 


Dang thuc xay ra khi va chi khi a = 2. Vay gia tri nho nhat cua A la —. 


Chu y: Ngoai each chon cap so I . I taco the chon cac cac cap so sau: ka , — hoac a, — hoac 
[ha [a { a 


Bai toan 2. Cho so thuc a > 2. Tim gia tri nho nhat cua bieu thuc: A = a ■ 


So 1 do diem roi: a = 2 = 


Sai lam thirtrng gap la: 


a _ 1 

k“^2 = l_ 

1 = 1 k 4 
a 2 4 


8 a 2 8 V 8 a 2 8 


’ V2a + 8 > V 2.2 


Nguyen nhan sai lam: Mac du gia tri nho nhat cua A bang — la dap so dung nhung each giai tren mac 

4 

sai lam trong danh gia mau so: a > 2 => J— > . —— la sai. 

V 2a V 2.2 

. a a 1 6 a I a a F 6 a ^ 3 6.2 9 

Loi giai dung: A = - + - + — + — > 3 J - - + — >- +-= - 

88 a 2 8 \ 88 a 8 4 8 4 


Dang thuc xay ra khi va chi khi a = 2. Vay gia tri nho nhat cua A la —. 

4 

I Bai toan 3. Cho hai so thuc duong a, b thoa man a + b < 1. Tim gia tri nho nhat cua bieu thuc: 


A = ab 





Phan ti'ch: Du doan dlu ding thuc xiy ra tai a = b = —. Theo bit ding thuc Cauchy ta co 

ab < [ a + ^ I < —. Khi do ta co diem roi nhu sau: 

2 4 


> —= 4=>k = — 
4k 16 


Ap dung bat dang thuc Cauchy ta co 


Do do ta duoc A = 16ab + —— 15ab > 2, |16ab. —— 15ab > 8 -15. — = — 
ab \ ab 4 4 

1 , 17 

Dang thuc xay ra khi va chi khi a = b = —. Vay gia tri nho nhat cua A la — 
_ 2 _ 4 

Bai toan 4. Cho so thuc a > 6 . Tim gia tri nho nhat cua bieu thuc A = a 2 + — 


Phan ti'ch: Ta co A = a 2 + — = a 2 + — + — 

cl <i cl 

De thay a cang tang thi A cang tang. Ta du doan A dat gia tri nho nhat khi a = 6 . Ta co so do diem roi: 


9 = 9 k 2 
[a 6 

Loi giai 

. a 2 9 9 23a 2 ^ 0 I a 2 9 9 23a 2 ^ 9 23.36 on 

Taco A = — + - + - +-> 3? -+-> - +-= 39 

24 a a 24 V24 a a 24 2 24 

Dang thuc xay ra khi va chi khi a = 6 . Vay gia tri nho nhat cua A la 39 _ 

Bai toan 5. Cho 3 s 6 thuc duong a, b, c thoa a + 2b + 3c > 20. Tim gia tri nho nhit cua bi 6 u thuc: 

a u 3 9 4 

A — a + b + cH- 1 - 1 — 

a 2 b c 

Phan tich: Du doan gia tri nho nhat cua A dat duoc khi a + 2b + 3c = 20 va tai diem roi 
a = 2, b = 3, c = 4. 


k a=> ^ = d - 
3 3 k 2 


b_ = 9^ 

m 2 b A = 1 - 

9 _ 3 m2 

2b~2 


b = 3 => 





4 


Ap dung bat dang thuc Cauchy ta co 

A r3a + 3Vrb +A \rc + 0 + a + b + 3c 
l 4 aj [2 2bJ [4 c J 4 2 4 

> 2 J— • — + 2.1— • — + 2, + a + 2b + 3c >3 + 3 + 2 + 5 = 

V 4 a v 2 2b V 4 c 4 

Dang thuc xay ra khi va chi khi a = 2, b = 3, c = 4. Vay gia tri nho nhat cua A la 13. 

I Bai toan 6. Cho a, b, c la so thuc ducmg thoa man ab > 12; be > 8 . Chung minh r4ng: 


^a + b + + 2 


ab be ca J abc 12 


Phan ti'ch: Du doan gia tri nho nhat cua A dat dugc khi ab = 12; be = 8 ,tai diem roi 
a = 3;b = 4;c = 2. Khi do ta dugc ta ap dung bat dang thuc Cauchy cho tung nhom sau: 


^ a _ b 

• 2 1 

a c 2^j ^ b c 2 ^ 

a c b 

8 ^ 

v 18’24 

ab J 

v 9 ’ 6 ’ ca y ’ v 16 ’ 8 ’ bc y ’ 

v 9’ 6 ’ 12’ 

abc y 


Ap dung bat dang thuc Cauchy ta co 
a b ! 


a + J i + ± i3 J±±.± = i 

18 24 ab V18 24 ab 2 


® + ' + T> 3 >.£. 

9 6 ca V 9 6 

k + £ + A> 3? 

16 8 be V 

a c b 8 
— i-1-1- 

9 6 12 abc 


a c _ 2 _ _ ^ 

9 6 ca 

.*JEH 

: U 6 8 be 


a c b 8 _ 4 
V 9^ 6 12 abc ~~ 3^ 


18 24 

13b 13c >r 

48 24 

Cong theo ve cac bat dang thuc tren ta dugc 


13e> 13b 13 o> 2 

24 V 48 24 


^a + b + c j + 21 - 


, 13 

13 


L — ■ 


•12 = 

V18 

24 



13 

8 = 

V 48 

24 ’ 



- > 

121 


v ' ^ab be ca J abc 12 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = 3;b = 4;c = 2. 

Bai toan 7. Cho a, b la cac so thuc duong tuy y. Tim gia tri nho nhat cua bieu thuc : 

A _ a + b + Vab 

_ Vab a + b _ 

Phan tich: Do A la bieu thuc doi xung vdi a va b nen ta du doan gia tri nho nhat cua A dat tai a = b. 
Khi do ta co so d 6 di 6 m roi: 






Ap dung bat dang there Cauchy ta dugc 

. f a + b Vab 3 


a + b A/ab 
kVab a + b 2 

= -=>k 

= 4 

Vab 1 

k 

2 


t a + b 2 

Loi giai 

; ( a+ b ) l a+ b 

Vab + 

3.2Vab 

4Vab 

V 4Vab 

a + b 

4-Vab 


Dang thuc xay ra khi va chi khi a = b. Vay gia tri nho nhat cua A la —. 

Bai toan 8. Cho a, b, c la cac so thuc ducmg tuy y. Tim gia tri nho nhat cua bieu thuc: 

. a b c b+cc+aa+b 

A =-+-+-+-+-+- 

b+c c+a a+b a b c 

Phan ti'ch: Do A la bieu thuc doi xung vdi a, b, c nen ta du doan gia tri nho nhat cua A dat tai 
a = b = c. Khi do ta co so d 6 di 6 m roi: 


b+c_c+a_a+b_2 2 k 

{ ka kb kc k 

Loi giai 


c 

b + c + c + a + a + bj + 3|b + c^ 

c + a 

a + b | 

Tb + 

4a 4b 4c J 4^ a 

b + 


,j[b 

C + a +2 C a + b + 3|b^ 

h C + C 

a a b | 

V c + 

a 4b \a + b 4c 4^a 

a b 

b c c J 


«i + i + i + ®.( 2+2+2 )= 3+ ®i# 

b 2 2) 4 ' I 2 2 

Dang thuc xay ra khi va chi khi a = b = c. Vay gia tri nho nhat cua A la ^ 

Bai toan 9. Cho a, b la cac so thuc duong thoa man a + b < 1. Tim gia tri nho nhat cua bieu thuc: 
a 1 1 

A —-1- 

a 2 + b 2 2ab _ 

Phan tich: Do A la bieu thuc doi xung vdi a, b nen ta du doan gia tri nho nhat cua A dat tai 

a = b = —. Khi do ta co so dd di6m roi: 

2 


=>2k = 2=>k = l 


Ap dung bat dang thuc Cauchy ta co 


Loi giai 






4 


Dang thuc xay ra khi va chi khi 


Vay gia tri nho nhat cua A la 4, _ 

Bai toan 10. Cho a, b la cac so thvrc duong thoa man a + b < 1. 

* 1 1 


n gia tri nho nhat cua bieu thvrc: 


Phan ti'ch: Dvr doan gia tri nho nhat cua A dat tai a = b = —. Khi do ta co so do diem roi: 

a = b = — =>- 1 -- = 1 = — =^> k = 3 

2 1 + a 2 + b 2 2kab 3 

Loi giai 

Ap dung bat dang thvrc Cauchy ta co 


(1 + a 2 + b 2 1 6 ab 3ab 


Dang thuc xay ra khi va chi khi < a = b 

a + b = 1 


<=> a = b = — 
2 


Vay gia tri nho nhat cua A la —. 

Binh luan: Qua cac bai toan tren ta thay, khi giai cac bai toan chitng minh bat dang thuc thi cac danh 
gia trung gian phai duac bao toan dau dang thuc. Cho nen viec xac dinh dung vi tri diem rod xay ra se 
tranh cho ta sit dung cac danh gia trung gian sai lam. 

Trong danh gia tir trung binh cong sang trung binh nhan, viec xac dinh diem rod dung se chi cho ta 
each chon cac danh gia hap li trong chuoi cac danh gia ma ta can phai sit dung. Bay gia ta di tim hieu ki 
thuat danh gia tir trung binh cong sang trung binh nhan thong qua mot so vi du sau. 

Vi du 1.1: Cho cac so thuc a, b, c bat ki. Chung minh rang: 

(a 2 + b 2 )(b 2 + c 2 )(c 2 +a 2 ) > 8a 2 b 2 c 2 

Phan ti'ch: Trade hit ta dvr doan ding thuc xly ra tai a = b = c. Trong bit ding thuc tren thi v 6 trai co 
cac dai luong a 2 +b 2 ; b 2 +c 2 ; c 2 + a 2 va ve phai chvra dai luong 8a 2 b 2 c 2 . De y ta nhan thay 

8a 2 b 2 c 2 = 2ab.2bc.2ca, do do rat tvr nhien ta nghT den cac danh gia tvr trung binh cong sang trung binh 
nhan a 2 + b 2 > 2ab; b 2 + c 2 > 2bc; c 2 + a 2 > 2ca . 


Loi giai 





Sir dung bat dang thuc Cauchy dang x 2 + y 2 > 2^x 2 y 2 = 2 |xy|, ta co: 
a 2 + b 2 > 2 |ab| > 0 
b 2 + c 2 > 2 |bc| > 0 
c 2 + a 2 > 2 |ca| > 0 
Nhan ve theo ve cua ba bat dang thuc tren ta duac: 

(a 2 + b 2 )(b 2 +c 2 )(c 2 + a 2 } > 8 |a 2 b 2 c H j|| H = 8a 2 b 2 c 2 

Bat dang thuc dugc chung minh. Dau dang thuc xay ra khi va chi khi a = b = c. 

Nhan xet: 

- Chi duac nhan cac ve cua bat dang thuc cung chieu (ket qua duac bat dang thuc ciing chieu) 
khi va chi khi cac ve cung khong dm. 

-Dey rang ta sir dung each danh gia x 2 + y 2 > 2 yjx 2 y 2 = 2 \xy\ khi chua xac dinh duac x, y dm 
hay duomg. 

- Noi chung ta it gap bai toan sit dung ngay bat dang thuc Cauchy nhu bai toan noi tren ma phai 

qua mot vai phep bien doi den tinh hudng thick hap roi mai sir dung bat dang thuc Cauchy. _ 

Vi du 1.2: Cho a, b la cac so thuc duong khong am tuy y. Chung minh rang: 

{4&+sjbj >64ab(a + b) 

Phan tich: Trade het ta dvr doan dang thuc xay ra tai a = b. Trong bat dang thuc tren, ve trai co dai 
luong |Va + Vb j = ^a + b + 2>/ab j va v6 phai co dai luong 64ab ^a + b^ . B6 y ta nhan thly khi 
a = b thi a + b = 2>/ab va (a + bj = 4ab, do do rat tu nhien ta nghi den cac danh gia tCr trang binh 

cong sang trang binh nhan cho hai so a + b va 2-y/ab . 

Loi giai 

Ap dung bat dang thuc Cauchy dang x 2 + y 2 > 2y]x 2 y 2 = 2xy, ta dupe: 

|Va+Vbj =|a + b + 2Vabj > |^2^2^a + b^Vab j =64ab(a + b^ 

Bat dang thuc dupe chung minh. Dau dang thuc xay ra khi va chi khi a = b. _ 

Vi du 1.3: Cho a, b la cac sd thuc duong thoa man a + b < 1. Chung minh ring: 

. 1 . + — + 4ab > 7 

_ a + b ab _ 

Phan tich: Do bieu thuc ve trai co tinh doi xung vdi a, b nen ta du doan dau dang thuc xay ra tai 

a = b = —. Khi do ta co a 2 + b 2 = 2ab va 4ab = —. Be y dai luong a 2 + b 2 nam d mau nen ta can 
2 4ab 

tim each them vao 2ab de tao thanh (^a + bj , do do rat tu nhien ta nghi den danh gia 

114 4 1 

; -- H-> —----=-- > 4. Nhu vay luc nay ben ve trai con lai-1- 4ab, den 

a + b 2ab a + b + 2ab 2ab 

day ta sir dung each ghep hai dai luong nghich dao 4ab H—— > 2. Nhu vay luc nay ta thay ve trai con 

lab 

lai -V— va ta can chi ra duoc ^ > 1. Dieu nay khong the lam kho ta duoc vi de nhan ra duoc 

4ab ’ 4ab 

4ab < (a + b) < 1. Den day ta trinh bay lai ldi giai nhu sau 




Ta viet lai bieu thuc ve trai thanh 

1 1 . , 1 1 f. , 1 

a +b ab a +b 2ab ^ 4ab 

Ap dung bat dang thuc Cauchy cho hai so khong am ta co cac danh gia sau: 

11.4 4 


a 2 + b 2 2 ab a 2 + b 2 + 2 ab L + 


4ab H-> 2; 4ab < (a + b) < 1 =>-> 1 

4ab 1 ' 4ab 

Cong theo vi cac bit ding thuc tren ta duoc 

i i r, i v i . 4 „ [— r~ 


f i 4 ] 

4 

f 

4ab + —— h—- 


- + 2M 

^ 4ab J 4e 

l b (a + b 

) 2 v 


a 2 + b 2 ab 

Bat dang thuc duoc chung minh. Dau dang thuc xay ra khi va chi khi a = b = —. 

Ta tiep tuc van dung danh gia tu trung binh cong sang trung binh nhan cho cac vi du sau day. 

a 2 +2 

Vi du 1.4: Cho so thuc a bat ki. Chung minh rang: . > 2 


Phan ti'ch: Ta viet lai bat dang thuc can chung minh la a +2 > 2\a +1. Be y ta nhan thay 
a 2 + 2 = a 2 +1 + 1 ; 2 >/a 2 +1 = 2 >/a 2 + 1.1 , do do ta su dung danh gia tu trung binh cong sang trung 
binh nhan de chung minh bat dang thuc. 

,. x. , i z -a a 2 + 2 a 2 +1 + 1 l ~2 7 1 ^ 

Ngoai ra, Be y ta cung co the viet , -ivs? — , = V a +1 , den day ghep 

va +1 va +1 Va +1 

cap nghich dao d 6 chung minh bit ding thuc. 

Loi giai 

Ap dung bat dang thuc Cauchy dang x + y > 2ijxiy , ta co 

a 2 + 2 = a 2 +1 + 1 > 2 v/a 2 + 1.1 = 2 v/a 2 +1 

a 2 + 2 

Hay , > 2. Bat dang thuc duoc chung minh. 


Bang thuc xay ra khi va chi khi a^+l = l<=>a = 0. 

Ta cung co the trinh bay lbi giai nhu sau: Bien doi ve trai va ap dung bat dang thuc Cosi cho hai so ta co 

a 2 + 2 a 2 + 1 + 1 I 2 7 1 . 

= . = Va 2 +1 + . > 2 

V a 2 +l V a 2 +l v a 2 +l 

Bat dang thuc duoc chung minh. Bau dang thuc xay ra khi va chi khi 

Va 2 +1 + . 1 -; <h a 2 +l = loa = 0 
V a 2 +l 

| Vi du 1.5: Cho a, b la cac s 6 thuc duong thoa man diiu kien a > b. Chung minh ring: 



Phan tich: Quan sat bat dang thuc ta nhan thay ve phai khong chua bien, nen khi ap dung ap dung bat 
dang there Cauchy cho ve trai ta can phai khir het cac bien, nhu vay ta can phai co cac dai luong 
a - b; b, ngoai ra chieu bat dang thuc gpi y cho ta sir dung danh gia tir trung binh cong sang trung binh 


nhan. Be y la a = b + a - bkhi do ta ap dung danh gia cho 3 so duong a - b; b; 


Loi giai 

Ap dung bat dang thuc Cauchy cho ba so duong ta dupe 


i —7 -r = b + a - b + 

b(a-b) b 


> 3.Jb.(a-b). . 1 . = 

(a-b) ]j V ’ b(a-b) 


Bat dang thuc dupe chung minh. Dau dang thuc xay ra khi va chi khi 

J._ Ja = 2 

' b(a-b) ^{b = l 


a - b = b = - 


' > b c 3 

Vi du 1.6: Cho cac so thuc duong a, b, c. Chung minh rang:- 1 - 1 -> — 

b + c c + a a + b 2 


Phan tich: Bay la bat dang thuc Neibizt da dupe chung minh bang phep bien doi tuong duong. Tuy nhien 
o day ta thir dung bat dang thuc Cauchy de chung minh xem sao. 

+ Huong 1: Be y dang thuc xay ra khi a = b = c nen khi do co ——— = —-— = ——— = —. Sir dung 

b + c c + a a + b 2 

bat dang thuc Cauchy cho hai so ———; ^ + C khi do ta dupe —-— + ^ + ° > 1, ap dung tuong tu ta 
b + c 4a b + c 4a 

dupe bat dang thuc: 


b+c c+a a+b 
Nhu vay ta can chung minh dupe 


b+c + c+a + a+b 
4a 4b 4c 


b+c c+a a+b^3 b+c c+a a+b _ 

-+-+-< - o-+-+-<6. 

4a 4b 4c 2 a b c 

Banh gia cuoi cimg la mot danh gia sai. Bo do ta khong the thuc hien chung minh theo hubng thu nhat 
dupe. 

+ Hubng 2: Be y la —-— +1 = a + ^ + c ? khi do ap dung tuong tu duoc bat dang thuc 
b+c b+c 

a + b + c a + b + c a + b + c 9 , _/ \f 1 1 1 ] . ~ ,, 

- 1 - 1 -> — hay 2 a + b + c- 1 - 1 -> 9. Be dang chi 

b + c c + a a + b 2 v ; lb + c c + a a + bJ 


ra dupe 


va chu y ta lai thay 


b + c c + a a + b ^|(a + b)(b + c)(c + a) 

2(a + b + c) = (a + b) + (b + cj + (c + a^ > 3.^a + b)(b + c^c + a) . B 6 n day ta co lbi giai nhu 


Bat dang thuc can chung minh tuong duong vbi 


Loi giai 





Ap dung bat dang there Cauchy ta dugc 


- (a + b) + (b + c) + (c + a) > 3..y (a + b)(b + c)(c + a) 


^(a + b)(b + c)(c + a) 


Nhan theo ve hai bat dang thuc tren ta d 


b+c c+a a+b 


Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c _ 

Vi du 1.7: Cho a, b, c la cac so thuc khong am. Chung minh rang : 

^1 + a)(l + b)(l + c) > 1 + \/abc 

Phan ti'ch: Du doan dang thuc xay ra khi va chi khi a = b = c, de don gian hoa bat dang thuc ta co the 

luy thua bac 3 hai ve, khi do ta dugc (l + a)(l+ b) (l + c) > |l + \l abc: j hay 

(l + a) (l + b) (l + c) > 1 + 3.^/abc + 3.-\/a 2 b 2 c 2 + abc. Quan sat bit dSng thuc ta chu y d 6 n dSng thuc 

(l + a) (l + b) (l + c) = 1 + (a + b + c) + (ab + be + ca) + abc. 

Nhu vay bat dang thuc se dugc chung minh neu ta chi ra dugc a + b + c > 3.Vabc va 

ab + be + ca > 3.Va 2 b 2 c 2 , ro rang hai danh gia tren dung theo bat dang thuc Cauchy. 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi (l + a)(l+ b) (l + c) > (l + V abc j 


- abc. Quan sat bat dang thuc ta chu y den dang thuc 


Hay (a + b + c) + (ab + be + ca) > 3.Vabc + 3.Va 2 b 2 c 2 

Ap dung bat dang thuc Cauchy ta co 

a + b + c > 3.Vabc va ab + be + ca > 3.-\/a 2 b 2 c 2 
Cong theo ve hai bat dang thuc tren ta dugc dieu phai chung minh. 

Vay bat dang thuc dugc chung minh xong. Bang thuc xay ra khi va chi khi 
Vi du 1.8: Cho a, b, c, d la cac so thuc duong. Chung minh rang: 

(a + b) (a + b + c) (a + b + c + d) 
abed 


Phan tich: Bdt dang thuc dugc vidt lai thanh (a + b) (a + b + c) (a + b + c + d) > 64abcd. Dd thly 

dang thuc khong xay ra tai a = b = c = d, do do de du doan dugc dau dang thuc xay ra tai dau ta can 
quan sat that ky vai trd cac bien trong bat dang thuc. Nhan thay trong bat dang thuc a vab, a + bva c, 
a + b + c va d co vai trd nhu nhau, do do ta du doan dang thuc xay ra khi 
a = b;a + b = c;a + b + c = d hay 4a = 4b = 2c = d, kiem tra lai ta thay ket qua dung vay. Nhu 

vay khi ap dung bat dang thuc Cauchy ta can chu y bao toan dau dang thuc. Trubc het ta co cac danh gia 
nhu sau: 


b > 2Vab; ; 


'(a + b)c; (a + b + c + d) >4(a + b + c)d 


a + 



Nhan theo ve cac bat dang thuc ta dugc 

(a + b) (a + b + c)(a + b + c + d) > 16Vab.^(a + b)c. (a + b + c) d 
Tiep tuc ap dung cac danh gia nhu tren ta dugc 

Vab.^a + b)c.(a + b + c) d > Vab.-\/2cVab.2^a + b)c.d 

> Vab.-\^cVab.2-\^cVab.d = 4abcd 


D6n day ta thu dugc (a + b) (a + b + c) (a + b + c + d) > 64abcd chinh la bit ding thuc cin 
chung minh. 

Ngoai ra, de dan gian han ta co the thuc hien cac danh gia nhu 

(a + b) >4ab;(a + b + c) > 4c (a + b); (a + b + c + d) >4^a + b + c)d 
Den day ta nhan theo ve va thu ggn thi dugc 

(a + b)(a + b + c)(a + b + c + d) > 64abcd 
Bay gib ta trinh bay lai loi giai nhu sau 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 

(a + b)(a + b + c)(& + b + c + d) > 64abcd 

Su dung lien tiep bat dang thuc Cauchy dang (x + y) > 4xy, ta co 
(a + b + c + d) >4d(a + b + c)>0 
(a + b + c) > 4c (a + b) > 0; (a + b) > 4ab > 0 
Nhan ba bat dang thuc tren lai theo ve, ta suy ra 

(a + b) (a + b + c) (a + b + c + d) > 64abcd(a + b)(a + b + c) 

Hay (a + b)(a + b + c)(a + b + c + d) > 64abcd 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi d = 2c = 4b = 4a > 0 
Ngoai ra, ta cung co the trinh bay lbi giai nhu sau: 

Ap dung bat dang thuc Cauchy ta co 

a + b > 2^/ab; a + b + c > 2^(a + b)c; (a + b + c + d) > 4 (a + b + c) d 
Nhan theo ve cac bat dang thuc ta duac 

(a + b) (a + b + c)(a + b + c + d) > 16Vab.^a + b)c. (a + b + c) d 
Tiep tuc dp dung cac danh gia nhu tren ta duac 


Vab.^a + b)c. (a + b + c) d > Vab.VscVab.2^a + b) c.d 

> Vab.V2cVab.2V2cVab.d = 4abcd 

Den day ta thu duac (a + b)(a + b + c) (a + b + c + d) > 64abcd 
Hay bat dang thuc duac chung minh. 


Vi du 1.9: Cho a, b, c la cac so thuc duong. Chung minh rang: 

111 


3 + b 3 + abc b 3 + c 3 + abc c 3 + a 3 + abc abc 




Phan tich: Bit ding there tren da dupe chung minh bing each danh gia miu, d do ta chung minh bit ding 
there phu a 3 + b 3 > ab (a + b) bang phep bien doi tuong duong. Trong vi du nay ta se chung minh bat 
dang there phu tren bang danh gia ter trung binh cong sang trung binh nhan. 

Ta viet lai bat dang there phu tren thanh a 3 + b 3 > a 2 b + ab 2 , khi do ta co cac danh gia la 
a 3 + a 3 + b 3 > 3a 2 b; a 3 + b 3 + b 3 > 3ab 2 . Bin day cong theo vi ta thu dupe bit ding thuc tren. Bin 
day ta trinh bay lbi giai nhir sau 

Loi giai 

Ap dung bat dang thuc Cauchy ta co 

a 3 + a 3 + b 3 > 3a 2 b; a 3 + b 3 + b 3 > 3ab 2 


Cong theo vi hai bit ding thuc tren ta dupe a 3 + b 3 > a 2 b + ab 2 
Suy ra a 3 + b 3 + abc> ab (a + b + c) 

11c 

Ter do ta dupe —---< —-r- =--r- 

a +b +abc ab(a + b + c] abc(a + b + c] 

Chung minh tuong tu ta co 


b 3 +c 3 +abc bc(a + b + c) abc(a + b + c) 


c 3 +a 3 +abc ac(a + b + c) abc(a + b + c) 


Cong theo ve cac bat dangtherc tren ta dupe 

1 1 11 

—----1---1-^ - 

a 3 + b 3 + abc b 3 + c 3 + abc c 3 + a 3 + abc abc 
Nhan xet: Khi di tim Ida giai cho bat dang thuc tren, cai lam kho ta chinh la phai phat hien ra bat dang 

thuc phu a 3 +b 3 > ab (a + b ). Trong qua trinh do doi hoi ta phai co su phan tich ki cang va co nhung 

dinh hu&ng ro rang, con trinh bay chung minh bat dang thuc thi each nao cung dupe mien la cang gon 
cang tot. 

Vi du 1.10: Cho a, b, c la cac si thuc duong. Chung minh ring: 

2a | 2b | 2c < 1 | 1 | 1 
a 6 + b 4 b 6 + c 4 c 6 + a 4 a 4 b 4 c 4 

Phan tich: Vi vai tro cac bien nhir nhau trong bat dang thuc nen ta dupe du doan dang thuc xay ra tai 
2a 1 

a = b = c, khi do ta dupe —--- = — <^> 2a = a 2 + 1, do do dang thuc se xay ra tai a = b = c = 1. 

a + a a 

Quan sat bat dang thuc ta nhan thay ve trai cua bat dang thuc pherc tap hon nen ta chon danh gia ben ve 
trai trude. Ter chiiu bit ding thuc ta cin phai thay cac miu bdi cac dai lupng be hon, terc la ta cin co danh 
gia a 6 + b 4 > ?, cho nen mot each tu nhien ta nghT den bat dang thuc Cauchy, khi do ta co 
a 6 + b 4 > 2a 3 b 2 , danh gia nay van dupe bao toan dau dang thuc. Luc nay ta dupe 

2a 2a 1 , ,, ... 

-- < ——7 = — va ap dung tuong tu thi ta se thu dupe 

a + a 2a b' a b 


Za ZC 1 I . , „ , , r r 

— : -1—;-1-< o H—— H——. Viec chung minh se hoan tat neu ta chi ra duoc 

a 6 + b 4 b 6 + c 4 c 6 + a 4 a 2 b 2 b 2 c 2 c 2 a 2 




nhung day la mot danh gia dung theo bat dang thiic Cauchy. Do do 


1 

a 2 b 2 


1 

b 2 c 2 


1 1 111 
—— + —— + —— < — + —■ 
a b be c a a b 
bai toan duoc chiing minh. 

Loi giai 

Ap dung bat dang thiic Cauchy cho cac mau so ta duoc 

2a + 2b + 2c < 2a + 2b + 2c 

a 6 + b 4 b 6 + c 4 c 6 + a 4 2a 3 b 2 2b 3 c 2 2c 3 a : 

Ta can chiing minh duoc ^ H—— H—— < — + — + — 

a 2 b 2 b 2 c 2 c 2 a 2 a 4 b 4 c 4 

That vay, cung theo bat dang thiic Cauchy ta co 

112 112 1 

— + — &-; — + — >-;—+ 

a 4 b 4 a 2 b 2 b 4 c 4 b 2 c 2 c 4 

Cong theo ve ba bat dang thiic tren ta thu duoc ^ H—-—I—-— < — + — + 

a 2 b 2 b 2 c 2 c 2 a 2 a 4 b 4 c 4 
Vay bat dang thiic duoc chiing minh. Bang thiic xay ra khi va chi khi a = b = c = 1 
Vi du 1 . 11 : Cho a, b, c la cac s6 there duong. Chiing minh rSng: 


1 

c 2 a 2 


2 

c 2 a 2 


a 1 
2^ + be 


Phan ti'ch: Vi vai tro cac bien nhir nhau trong bat dang thiic nen ta duoc du doan dang thiic xay ra tai 


a = b = c, khi do ta duoc a ^ a = 1 , do do dang thiic se xay ra tai a = b = c = 1 . Ta 

viet lai bat dang thiic can chiing minh thanh 

a 2 + b 2 + c 2 a 2 + b 2 + c 2 ^ 9 

-1-> — 

2 abc 2 

B6 y d6n dmh gia a 2 + b 2 + c 2 > ab + be + ca khi do ta duoc 

a 2 + b 2 + e 2 a 2 + b 2 + e 2 a 2 + b 2 + c 2 1 1 1 

-+-+—+- 

2 abc 


abc 


Ta can chiing minh duoc — 4 


3 b 2 13 c 2 1 ^ 3 - , 

: —;-1— > —;-h — > —. Chu y den a = b = c = l,taco 

2 2 b 2 2 c 2 


113 

I-1-> —, do vay den day bai toan duoc chiing minh. 

2a 2a 2 


Bat dang thiic can chiing minh tuong duong vbi 

a 2 + b 2 


Loi giai 


a 2 + b 2 + c 2 


> - 
2 


Mat khac ta co 

Do do ta duoc 1 - 

Ta can chiing minh duoc 


abc 


abc 
2 + b 2 + c 2 
2 


2 abc 

ab + be + ca 1 1 1 

-= - + — + - 

abc abc 

- b 2 + c 2 ^ a 2 + b 2 + c 2 1 1 

->- + - + — -\ 

2 a b 
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abc 


a 2 1 a 2 1 13 

That vay, ap dung bat dang thiic Cauchy taco-1— =-1-1-> — 

' 2 a 2 2a 2a 2 



' , . b 2 1 3 c 2 1 3 

Ap dung tuong tu ta duoc-1— > —;-b — > —. 

2 b 2 2 c 2 

_ , a, lA , , , „ . a 2 +b 2 +c 2 1 1 1 9 

Cong theo ve ba bat dang thuc tren ta auac-1-1-— 

r ' 2 a b c 2 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. _ 

Vi du 1.12: Cho a, b, c la cac s6 thuc ducmg thoa man didu kien abc = 1. Chung minh ring: 

V a 3 + b 3 + 1 Vb 3 + c 3 + 1 Vc 3 " 

- + - + - 

ab be 


ti> 3 A 


Phan tich: Trudc het ta dvr doan dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta co cac y 
tudng tiep can nhu sau: 

+ Huong thu nhat: Chu y den chieu bat dang thuc ta lien tudng den danh gia tuong tu nhu trong vi du 1.9 
la a 3 + b 3 + 1 = a 3 + b 3 + abc > ab(a + b + c), khi do ta duoc bit ding thuc la 

Va 3 + b 3 +1 Jab(a + b + c) Va + b + c , , A ,, 

-> —-=- j= - va ap dung hoan toan tuong tu ta duoc bat dang thuc 

ab ab V ab 

Va 3 + b 3 +1 Vb 3 + c 3 + 1 VC 3 + a 3 +1 ^ / : f 1 1 1 1 , , , . . 

-+-+-> Va + b + c. —j= + —j= + —j= . Phep chung minh se 

ab be ca ^Vab Vbc Vca ) 

hoan tat neu ta chi ra duoc Va + b + c. —!= + + j— > 3\[3 . Tuy nhien bat dang thuc do la 

Vvab vbc yea J 

dung nhd hai danh gia sau: 

Va + b + c > Vs^abc = S va ~^= + ~^= + -Lj; 3 ? . ~^=. ~^= = 3 

Vab Vbc Vca \Vab Vbc Vca 

+ Huong thu hai: Ap dung trvr tiep bat dang thuc Cauchy ta co a 3 + b 3 + 1 > 3Va 3 b 3 = 3ab nen ta 

Va 3 + b 3 +1 V 3 , a .j . , 

duoc-> .— , ap dung tuong tu ta duoc bat dang thuc 

ab Vab 

Va 3 + b 3 +1 Vb 3 + c 3 +1 Vc 3 + a 3 +1 ^ /rf t 1 1 

-+-+-> V3 —^ + —^ + — r = 

ab be ca ^V ab Vbc Vca. 

Phep chung minh se hoan tat neu ta chi ra duoc j— + j— + j— > 3, tuy nhien danh gia nay 

Vab Vbc Vca 

da duoc khang dinh trong hudng thu nhat. Bay gid ta trinh bay lai ldi giai nhu sau 

Loi giai 

Cach 1: De dang chung minh duoc a 3 + b 3 > ab (a + b), khi do ta co 

Va 3 + b 3 +1 > \j a b(a + b + cj _ Va + b + c 
ab ab Vab 

Ap dung tuong tu ta duoc 

Va 3 + b 3 +1 Vb 3 + c 3 +1 Vc 3 + a 3 +1 * / r f 1 1 1 

-+-+-> Va + b + c. —j= +A / — + —j= 

ab be ca ^Vab Vbc Vca 

Mat khac, ap dung bat dang thuc Cauchy ta co 

Va + b + c > y]3yja.be = V3 va ,— + ,— + ,— > sj --- — 3 = = 3 

Vab Vbc Vca \Vab Vbc Vca 




Nhan theo vi hai bit ding thuc tren ta dugc Va + b + c. ,— + ,— + ,— > 3-\/3 

v Vab Vbc Vca y 


Va 3 + b :i +1 \/b 3 + c 3 +1 Vc 3 + a 


— > 3V3 


Suy ra 

ab be ca 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 
Cach 2: Ap dung bit ding thuc Cauchy cho ba s6 ducmg ta dugc 

a 3 + b 3 +1 > 3^aV = 3ab 

Suy ra + ^ ? ap dung tuong tu ta duac bat dang thuc 

ab V ab 

V a 3 + b 3 +1 V b 3 + c 3 +1 Vc 3 + a 3 +1 ^ r( 1 1 1 

-+-+-> V3 -;= + —j= + -p= 

a b be ca l. vab Vbc Vea. 

Mat khac cung theo bat dang thuc Cauchy ta lai co 3— H—H—> 3 J , = 

Vab Vbc Vea vva 2 b 2 c 2 


f 1 V b 3 + c 3 +1 


1 > 3V3 


ab be 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 


Vi du 1.13: Cho a, b, c la cac so thuc bat ki. Chung minh rang: 

1 (a + b) (b + c) (c + a) (l - ab) (l - be) (l - ca) 

8 (l + a 2 ) 2 (l + b 2 )"(l + c 2 )" 

Phan ti'ch: Vbi bat dang thuc tren viec du doan dau dang thuc xay ra hoi kho. Be de quan sat hon ta co 
the viet lai bat dang thuc nhu sau: 


|(a + b)(b + c) (c + a) (l - ab) (l - be) (l - ca)| 


< — 
8 


(1 + a 2 ) (1 + b 2 ) (1 + c 2 ) 

Hay ta can chung minh 

8 |(a + b)(b + c) (c + a) (l - ab) (l - be) (l - ca)| < (l + a 2 ) (l + b 2 ) (l + c 2 ) 

Quan sat that ki bat dang thuc tren ta thay can phai chung minh dugc 

(l + a 2 ) (l + b 2 ) > 21a + b) (l - ab)| 

Vbi bat dang thuc tren, ta su dung phep bien doi tuong duong hoac bat dang thuc Cauchy. Q day 
ta su dung bat dang thuc Cauchy, chu y ben ve phai cua bat dang thuc co chua dai lugng 

2 |(a + b) (l - ab)|, nhu vay ta cin biin dbi vi trai thanh (a + b) + (l - ab) . B6 kiim tra nhan dinh 

tren ta chi can nhan tung hai bieu thuc roi so sanh la dugc va rat may la nhan dinh tren la dung. Bay gib ta 
trinh bay lai lbi giai nhu sau 

Loi giai 

Bat dang thuc can chung minh dugc viet lai nhu sau: 

|a + b) (b + c) (c + a) (l - ab) (l - be) (l - ca)| ^ 

(l + a 2 ) 2 (l + b 2 )"(l + c 2 )' 8 

Hay ta can chung minh 

8 |(a + b) (b + c) (c + a) (l - ab) (l - be) (l - ca)| < (l + a 2 ) (l + b 2 ) (l + c 2 ) 

Ap dung bat dang thuc Cauchy ta co 



(l + a 2 ) (l + b 2 ) = 1 + a 2 + b 2 + a 2 b 2 = (a + b) 2 + (l - ab) 2 > 2 |(a + b) (l - ab| 
Ap dung tucmg tu 

(l + b 2 )(l + c 2 ) > 2|(b + c)(l — bc)|; (l + c 2 )(l + a 2 ) > 2 |(c + a)(l - ca)| 
Nhan theo ve cac bat dang thuc tren ta dirge 

8 |(a + b)(b + c) (c + a)(l - ab) (l - be) (l - ca)| < (l + a 2 )’ ( 1 + b ’)’( 1 + c ’)' 
Vay bat dang thuc dugc chung minh. 


Vi du 1 . 14 : Cho a, b, c la cac so thuc duong thoa man dieu kien a + b + c = 3 . Chung minh rang: 
(a +l) (l + b) (l + b) (l + c) (l + c) (l + a) 

1 + c 1 + a 1 + b 


- > 24 


Phan ti'ch: Dau tien ta du doan dang thuc xay ra tai a = b = c = 1 . Quan sat bat dang thuc thi y tucmg 
dau tien do la su dung bat dang thuc Bunhiacopxki dang phan thuc, tuc la ta can phai chung minh dugc 


|^(l + a) (l + b) + (l + b)(l + c) + (l + c) (l + a) J 


a + b + c +3 

Tuy nhien bat dang thuc tren khong dung, muon kiem tra ta chi can chgn mot mot bo so, chang han 

a = 2 ;b = c = ^ de thu thi thay bat dang thuc tren khong dung. Do do danh theo bat dang thuc 

Bunhiacopxki khong thuc hien dugc. Trong tinh huong nay ta nghT den danh gia bang bat dang thuc 

Cauchy. 

Trade het ta thu danh gia true tiep bang bat dang thuc Cauchy xem sao, ta co 
(l + a) (l + b) [ (l + b) (l + c) ^ (l + c) (l + a) ^ ^ j (a +1) (l + b) (l + c) 

1 + c 2 1 + a 2 l + b 2 v (l + a 2 )(l + b 2 )(l + c 2 ) 

Bat dang thuc se dugc chung minh neu ta chi ra dugc 

(a +1) (l + b) (l + c) > 8 3 (l+ a )(l + b )(l + c ) 

Tuy nhien danh gia tren lai khong dung. 

Nhu vay de danh gia dugc theo bat dang thuc Cauchy hay Bunhiacopxki ta can bien doi cac bieu 
thuc trade. Quan sat bat dang thuc ta nhan thay can bien doi (l + a) (l + b) thanh dai lugng co chua 
(l + a 2 ); (l + b 2 ) va ta co the bien doi nhu sau: 

(l + a)(l + b) = (ab + l + a + b) > 4 (ab + l)(a + b) = 4 a (l + b 2 ) + 4 b (l + a 2 ) 

(l + a) (l + b) 1 + a 2 l + b 2 

Den day ta duoc --—-— > 4 b.-- + 4 a.--, ap dung tuong tu ta thu duoc 

1+c 1+c 1+c 


( 1 + b ) (\+°) llh i + c; 
1 + a 1 + a 


f 4 c. 


1 + b 2 


1 + a 2 


(1 + c) (1 + a) i + c 2 , 

--—- — > 4 a.-+ 4 c. - 

1 + b 2 1 + b 2 1 + b 2 


1 + a 

De y ta thay trong cac danh gia tren xuat hien cac cap nghich dao nen ta ghep chung lai 

..1 + a 2 ,, 1 + c* , . 1 + b" . 1 + c 2 . 1 + b 2 . 1 + a 2 

4 b.-+ 4 b.-- > 8b; 4 a.-+ 4 a.-> 8a; 4 c.-+ 4 c.-> 8c 

1 + c 2 1 + a 2 1 + c 2 1 + b 2 1 + a 2 1 + b 2 

Chu y den gia thiet a + b + c = 3 taco dugc dieu can chung minh va luc nay ta trinh bay lai ldi 
giai nhu sau 

Ldi giai 

Ap dung bat dang Cauchy ta co 

(l + a) (l + b) = (ab +1 + a + b) => 4 (ab + 1 ) (a + b) = 4 a (l + b ) + 4 b (l + a ) 




(l + a ) (l + b) 1 + a . l + b 

Suy ra -—-— > 4 b.-+ 4 a.- 

1 + c 1 + c 1 + c 

Ap dung tucmg tu ta thu dugc 

(l + b ) 2 (l + c) 2 i + c 2 i + b 2 (l + c) 2 (l + a)' 1 + c 2 ^ l + a 2 

4 - LA - >— > 4 b.-+ 4 c.-> 4 a .-_ + 4 c.-- 

l + a l + a l + a' l + b' l + b 2 l + b 

Khi do ta dugc bat dang there 

^1 + a) ^1 + b) ^1 + b) ^1 + cj (l + ^1 + a) 

1+c l+a l+b 

^ l + a 2 , l + b 2 .1 + c 2 , l + b 2 , 1 + c 2 , l + a 2 

> 4 b.-^ + 4 a.-- + b.-7 + 4 c.-- + 4 a.-- + 4 c.-7 

1 + c 1 + c l + a l + a l + b l + b' 

Mat khac cung theo bat dang thuc Cauchy ta co 

,v l + a 2 1 + c 2 n . , l + b 2 , 1 + c 2 , l + b 2 , l + a 2 0 

4 b.-h 4 b.-- > 8b; 4 a.- v 4 a.-> 8a; 4 c.-h 4 c.-- > 8c 

1+c l+a 1+c l+b l+a l+b 

Suy ra 

..l + a .1 + c . l + b . 1 + c . l + b . l + a / . \ 

4 b.-+ 4 b.-+ 4 a.-+ 4 a.-+ 4 c.-- + 4 c.-> 8 a + b + c = 24 Do do 

1 + c 2 l + a 2 1 + c 2 l + b 2 l + a 2 l + b 2 v ’ 


1+c l+a l+b 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1 . 


Vi du 1 . 15 : Cho a, b, c la cac so thuc duong thoa man-1-1-= 2 . 

a+1 b+1 c+1 


Chung minh rang: 


ab + be + ca > 12 


Ap dung bat dang thuc Cauchy gia thiet ta co 


Loi giai 


a _l b+i c _ 1 + 1 > 2 

a + 1 b + 1 c + 1 b + 1 c + 1 ^b + l)(c + l) 


Tuong tu ta co 


Khi do ta dugc 


b + 1 ^(c + l)(a + l) C + 1 y(a + l)(b + l) 


a +1) (b + 1) (c + l)^(a + l)(b + l) 


' 4 V( a + l)(b + l) 


4 J(b + l)(c + l) 4 J(c + l)(a + l) 

Ap dung tuong tu ta dugc be > —--; ca > —-- 

a+1 b+1 

Cong theo ve cac bat dang thuc tren ta dugc 


ab + be + ca > 


4 V( a + 1 )( b + 1 ) 4 V( b + 1 )( c + 1 ) 4 -J( c + 1 )( a + 1 ) 


c+1 a+1 b+1 

Mat khac theo bat dang thuc Cauchy ta lai co 

>/(a + l)( b + l) | >/( b + l)(c + l) | yj( c + l)(a + l) ^ 

c+1 a+1 b+1 

Suy ra ab + be + ca > 12 . Vay bit ding thuc dugc chung minh. 

Bang thuc xay ra khi va chi khi a = b = c = 2. _ 

| Vi du 1 . 16 : Cho a, b, c la cac s6 thuc duong bit ki. Chung minh ring: 



8(a 2 +b 2 +c 2 ) 27 (a + b)(b + c)(c + a) 

ab + be + ca (a + b + c) 3 


Dang thuc xay ra tai a = b = c, khi do 


Loi giai 

8(a 2 + b 2 +c 2 ) 27 (a + b)(b + c)(c + a) 


hb + c) 


Do do ta ap dung true tiep bat dang thuc Cauchy cho ba so duong 


8(a 2 +b 2 +c 2 ) 27 (a + b)(b + c)(c + a) 18 (a 2 + b 2 + c 2 ). 27 (a + b)(b + c)(c + a) 

ab + bc + ca (a + b + c) 3 ]j (ab + be + ca)(a + b + c) 3 

chung minh duoc 

27 (a 2 + b 2 + c 2 ) (a + b) (b + c) (c + a) > 8 (ab + be + ca) (a + b + c) 

D§ thiy (a + b) (b + c) (c + a) = (a + b + c) (ab + be + ca) - abc 
Ma theo bit dang thuc Cauchy ta co a + b + c > 3 \/abc; ab + be + ca > 3 ^/a 2 b 2 c 2 
(a + b + c) (cb + be + ca) 


Suy ra 


- > abc 


Do do ta duoc (a + b) (b + c) (c + a) > — (a + b + c) (cb + be + ca) 

Suy ra 27 (a 2 + b 2 + c 2 )(a + b)(b + c)(c + a) > 24 (a 2 + b 2 + c 2 )(a + b + c)(cb + be + ca) 
Phep chung minh se hoan tat neu ta chi ra duoc 

24 (a 2 + b 2 + c 2 ) (a + b + c) (ab + be + ca) > 8 (ab + be + ca) (a + b + c) 

Hay 3 (a 2 + b 2 + c 2 ) > (a + b + c) 

R 5 rang danh gia cuoi cung la mot danh gia dung. Vay bat dang thuc duoc chung minh. _ 


Vi du 1 . 17 : Cho a, b, c la cac so there duong thoa man 

Va + b 2 + y/b 2 + c 2 + Vc 2 + a 2 


= 3V2 


Chung minh rang: 


a 2 + b 2 + c 2 > 3 
b+c c+a a+b 2 


Loi giai 

Dat x = Va 2 + b 2 ; y = yj b 2 + c 2 ; z = Vc 2 + a 2 , khi do ta duoc x; y; z > 0 va tu gia thiet ta duoc 
x + y + z = 3 V2 

Tir do ta co x 2 + y 2 + z 2 =2 (a 2 + b 2 + c 2 ). Do do ta duoc 


2 x-y+z x+y-z 2 -x+y+z 

2 ’ ~~ 2 ’ C ~~ 2 


b 2 = 

Ap dung bat dang thuc Cauchy ta co (b + c) < 2 (b 2 + c 2 ) = 2 y' 

a 2 x 2 - y 2 + z 2 


Do do ta duoc 


Hoan toan tuong tu ta co 


b + c 2yV2 
x 2 + y 2 - z 2 c 2 -x 2 + y 2 + z 2 


c + a ’a + b 2xV2 




Suy ra 


x +y +z y ,x +y 


2 yy /2 ^2 2 zy /2 ^2 2x^2 ^2 

- I 2 2 2 \f 1 1 1^ x + y + z 

l~(x + y +z )[^ x + y + z J ^ 

-I -pfi. 1 i\ 3& 

6 (x+y+z) bv;rvr 

L( x+y + z u x+y+z) f£ + I + iV3^- 3 ^ 


Vay bat dang thuc duoc chung minli. Bang thuc xay ra khi va chi khi a, = b = c = 1 . 
Vi du 1 . 18 : Cho a, b, c la cac so thuc duong thoa man abc = 1 . Chung minh rang: 

a 4 (b 2 +c 2 ) b 4 (c 2 +a 2 ) c 4 (a 2 +b 2 ) 

_ b 3 + 2c 3 _ c 3 + 2a 3 _ a 3 + 2b 3 _ 

Loi giai 

Ap dung bat dang thuc Cauchy va ket hop vdi gia thiet ta co 

a 4 (b 2 + c 2 ) = a 2 (a 2 b 2 + c 2 a 2 ) > a 2 .2VaAbV = 2a 3 
Hoan toan tuong tu ta duoc b 4 (c 2 + a 2 ) > 2 b 3 ; c 4 (a 2 + b 2 j > 2 c 3 
Khi do ta duoc 

a 4 (b 2 + c 2 ) b 4 (c 2 + a 2 ) c 4 (a 2 +b 2 ) 2 a 3 2b 3 


b 3 + 2c 3 c 3 + 2a 3 a 3 + 2b 3 

T X , , . ,, 2 a 3 2 b 3 2 c 3 

Ta can chung minh duoc —-- H—--- H—--- 

’ b + 2c c + 2a a + 2b 

That vay, dat x = b 3 + 2 c 3 ; y = c 3 + 2 a 3 ; z = a 3 + 2 b 3 


2a 3 2b 3 

) 3 + 2c 3 + c 3 + 2a 


, . *, , . 3 x — 2y + 4z , y - 2z + 4x , z - 2x + 4y 

Khi do ta duoc b 3 =---; c 3 = 2 -; a 3 =-- 

' 9 9 9 

Bat dang thuc can chung minh trd thanh 

2^z-2x + 4yj 2(x-2y + 4z) 2(y-2z + 4x) 

9x 9y 9z 


Hay ta can chung minh — f — + — + — 1 + 4 f 

9 |_v x y Z J l 

Ap dung bat dang thuc Cauchy vdi 3 so duong ta c 


x y z \x y z ’x y z \x y z 
Khi do ta duac ! fAi t A 6 1>2 

9|_vx y z ) l x y 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1 
| Vi du 1 . 19 : Cho a, b, c la cac so thuc duong. Chung minh rang: 





ab + be + ca (a + b + c) 


b b 2 + c 2 


Loi giai 

Goi ve trai cua bat dang thuc tren la P, khi do ta co 

_ ab + be + ca / . ^2 (a + b + c) 

P = —---- + a + b + c A - ' 

° ' ° ° V ) ohf. 


a 2 + b 2 + c“ 
ab + be + ca 


a + b + c 
ab + be + ca 


+ (a 2 + b 2 + c 2 + 2ab + 2bc + 2ca) --- 

+ c v ’ abc 

+ (a 2 + b 2 + c 2 ) + —j + 2 (ab + be + ca) ^ 


a 2 + b 2 + c- 

Ap dung bat dang thuc Cauchy ta dupe 

111 9 

- 1 - 1 ->- 

ab be ca ab + be + ca 

Be y la a 2 + b 2 + c 2 > ab + cb + ca. Khi do ta dupe 


1 1 1 

— + — + — 
ab be ca 


(ab + be + ca 


a 2 + b 2 + c 2 v ’ ab + be + ca 

_ f ab + be + ca a 2 + b 2 + c 2 ^ 8 (a + b + c ) 


a 2 + b 2 + c 2 ab + be + ca J ab + be + ca 
>2 + 8 + 18 = 28 

Vay bat dang thuc dupe chung minh. Bang thuc xay ra khi va chi khi a = b = c _ 

Vi du 1 . 20 : Cho a, b, c la cac so thuc duong thoa man 2— + — | + c-^- + -^-| = 6. 

l^b aj ^b a J 

AcU 8 

Chung minh rang: 


a( 2 b + c) b( 2 a + c) c(a + b) 3 


Tu gia thiet 


Loi giai 


_ a b | a b 

2 - + - + c —+ — 
, b a J lb a 2 


Ap dung bat dang thuc Cachy ta co 


>0< ±±V<2 


c(a + b)(a 2 -ab + b 2 ) 2(a 2 +b 2 ) 

a 2 b 2 ab 

c(a + b)(a 2 - ab + b 2 ) 2(a 2 +b 2 ) c(a + b) 

a 2 b 2 ab ab 


Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dupe 

be | ac (be)" | (ac) 2 

a(2b + c) b(2a + c) abc(2b + c) abc(2a + c) 

(be + ac) [c (a + b)J 


2abc(a + b + c) 2abc (a + b + c) 

, . (ab + bc + ca) 

Va abc (a + b + c) = ab.be + bc.ca + ab.ca < -- — 


3 




be ac 3 c(a + b) 3 


a(2b + c) b(2a + c 


2 ab + be + ca 2 


Goi P la ve trai cua bat dang thuc 

c(a + b) 3t 2 4 

Dat t = —--- =^> P >-7 + — (vdi 0 < t < 2 ). Ta co 

ab 2 (l +1) 1 

3 t 2 4 f 3 t 2 4 8 ] 8 - 7 t 3 -8t 2 + 32 t + 24 


2(l + t) 2 t ^ 2(l + t) 2 t 3 J 3 6t(l + t) 2 

_ (t- 2 )(- 7 t 2 - 22 t- 12 ) g > 8 

6t(l +1) 2 3 3 

Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = 


8 

3 


2. Ky thuat chon diem roi trong danh gia tir trung binh nhan sang trung binh cong. 

Danh gia tu trung binh nhan sang trung binh cong chinh la danh gia bat dang thuc Cauchy theo 
chieu tu phia phai sang phia trai. Trong chuoi danh gia do ta cung can phai bao toan dau dang thuc xay ra. 



Cach chung minh tren hoan toan sai. Vay nguyen nhan sai lam a day la gi? 

Nguyen nhan sai lam: Dlu ding thuc xly ra khi va chi khi a + b = b + c = c + a = 1 
=>a + b + c = 2 . Dieu nay trai vbi gia thiet. 

Phan tich tim loi giai: De tim lbi giai cho bat dang thuc tren, ta can tra lbi cac cau hoi sau 
Dang thuc xay ra tai dau? 

- Ap dung bat dang thuc Cauchy cho may so, do la nhung so nao? 

Do vai tro cua a, b, c trong cac bieu thuc la nhu nhau nen ta du doan diem roi cua bat dang thuc se 


-,tudotaco a + b = b + c = 


l- a = —. Vi bat dang thuc chua cac can bac hai nen de 
3 


^ 9 , Z 

pha can ta su dung bat dang thuc Cauchy cho hai so la a va —,.... Den day ta co lbi giai dung nhu sau: 


Loi giai 


Ap dung bat dang thuc Cauchy dang ^Jxy < X ^ ^ cho hai so khong am ta co: 




Va + b = ^ 

fj(a + b).f<J 

Vb^ = ^| 

IJ444 

\lc + a = ^ 

!J( c+a )-l-J 


, 2 
b + c + — 
_3 


f V b + c 4 


4 


2 (a + b + cj + 3. - 




Bat dang there dugc chung minh. Dau dang thuc xay ra khi va chi khi a = b = c = —. 

Vi du 2 . 2 : Cho a, b, c la cac s6 thuc duong thoa man di6n kien a + b + c = 1 . Chung minh ring: 
\l a + b + yjb + c + yj c 4 - a < yfl8 


Sai lam thud'ng gap 


^b = 3/(a + b).l.l< a+D 3 +i + i 

^ = 3/(b + c).l.l< b + C 3 +1 + 1 

^TI = ^(c + a).l.l< C + a + 1 + 1 

,r - of - ,/- 2(a + b + c) + 6 g j — 

Va + b 4- Vb + c + yjc + a <=-= — > "\/l8 

3 3 

Cach chung minh tren hoan toan sai. Vay nguyen nhan sai lam a day la gi? 

Nguyen nhan sai lam: Dau dang thuc xay ra khi va chi khi a + b = b + c = c + a = l 
=> a + b + c: = 2. Dieu nay trai vdi gia thiet. 

Phan tich tim loi giai: De tim lbi giai cho bat dang thuc tren, ta can tra lbi cac cau hoi sau 
Dang thuc xay ra tai dau? 

- Ap dung bat dang thuc Cauchy cho may so, do la nhung so? 

Do vai tro cua a, b, c trong cac bieu thuc la nhu nhau nen ta du doan diem roi cua bat dang thuc se 


la a = b = c = —, tir do ta co a + b = b + c = c + a 
3 


. Vi bat dang thuc chua cac can bac ba nen de 


2 2 

pha can ta sir dung bat dang thuc Cauchy cho ba so la a, — va Den day ta co lbi giai dung nhu sau: 

Loi giai 

Ap dung bat dang thuc Cauchy dang ^/xyz < X + ^ + Z cho cac sb thuc duong ta dugc 





Phan ti'ch: Do vai tro cua cac bien a, b, c trong cac bieu thuc la nhu nhau nen ta du doan diem roi cua bat 
dang thuc se la a = b = c = 1 , tir do ta co a + 2 b = b + 2 c = c + 2 a = 3 va 3 a = 3 b = 3 c = 3 . Vi 
bat dang thuc chua cac can bac ba nen de pha can ta sir dung bat dang thuc Cauchy cho ba so la 3 a, 
b + 2 c va 3 ,... Den day ta co ldi giai nhu sau: 

Loi giai 

Ap dung bat dang thuc Cauchy dang ^/xyz < X + ^ + Z cho cac so thuc duong ta duoc 


^ 3 a.(b + 2 c ).3 < 3 3 a + b + 2 c + 3 
„fl" CT 1 r \ _ . „fl" 3 b + c + 2 a + 3 


3 /c(a + 2 b)=^-. 3 / 3 c.(a + 2 b). 3 <- 


1 9 3 c + a + 2 b + 3 
U 3 


Suyra (b + 2 c) + ^b(c + 2 a) + ^c(a + 2 b) < 6 ^ + ^ ' + 9 = 3^3 

Bat dang thuc duoc chung minh. Dau dang thuc xay ra khi va chi khi a = b = c = 1 . 


Vi du 2 . 4 : Cho a, b, c la cac s6 thuc duong thoa man —l-b — = 4 . Chung minh ring: 

a b c 


|_2 a + b + c a + 2b + c a + b + 2c _[ 

4 11, , , 

Phan tich: Quan sat bat dang thuc ta nghT den danh gia -< —l—. Dau tien ta du doan dau dang 

x + y x y 






--- < - — 

2a + b + c 41 2a b + 


—!<-[— + -(- + -11 = Ap dung tuong t 

+ c J 4 [2a 4 [b c JJ 16 [a b c J 


= 1 . Den day ta trinh bay lai loi giai nhu sau 


1 1 1 1111 

-1-1-< — —I 1— 

2a + b + c a + 2b + c a + b + 2c 4 ^a b c 

Loi giai 

, , 4 11 

Ap dung bat dang thuc Cauchy dang-< —l— cho hai so duong. Ta co: 

x + y x y 

1 a(r + na[T + i(i + bl.T^ + i + il 

2a + b + c 4 [2a b + cj 4 [2a 4[b cJJ 16 [a b cJ 

1 1 f 1 2 lj 1 1 f 1 1 2 

-— — —i i— ?-— — —i-i— 

a + 2b + c 16 ^a b cj a + b + 2c 16 ^a b c 

Cong theo ve cac bat dang thuc tren ta duoc 
1 1 


Tuong tu ta co 


2 a + b + c a + 2 b + c a + b + 2 c 4 [ a b c 
Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = - 


Vi du 2 . 5 : Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

' ■ M 


>2 


Phan tich: Trong chii de thu hai ta da chung minh bat dang thuc tren bang phuong phap svr dung tinh 
chat cua ti so, nhung d do dieu kien cua bai toan cho a, b, c la cac canh cua mot tarn giac. Vdi bai toan 
nay ta khong chung minh duoc nhu vay ma phai su dung cac danh gia khac. Quan sat bat dang thuc ta 
thay can phai khu cac can bac hai ben ve trai. 

- Cach thu nhat la binh phuong hai ve, tuy nhien luc do ben ve trai van con chua can bac hai, do do 
ta khong nen su dung each nay. 

- Cach thu hai la su dung bat dang thuc Cauchy dang -Jxy < » 4 e y den chieu cua bat dang 

thuc nen ta su dung bat dang thuc Cauchy cho cac mau so. Tu do mot each tu nhien ta nghT den phep bien 

va vi khong can quan tarn den dau dang thuc xay ra nen ta co danh gia 




^a(b + c) a + b + c 
chung minh 


Den day chi can ap dung tuong tu cho hai can thuc con lai la bai toan duoc 


Vi a la so thuc duong nen ta co 


Loi giai 

I a _ a 
’ b + c ^a[b + cj 

Ap dung bat dang thuc Cauchy dang yfxy < - ta duoc 


8- ^ 2 8 

yja [b + c) a + b + 





Chung minh tuong tu ta dugc . 


2 b 


2 c 


>2 


Vc + a a+b+c Va + b a+b+c 
Cong theo ve cac bat dang there tren ta dugc 

I a | lb | ' 

Vb + c Vc+a Va+b 
Dang thuc xay ra khi va chi khi a = b = c = 0, dieu nay trai vdi gia thiet a, b, c la cac so thuc duong. 
Do vay dang thuc khong xay ra. 

I b ' 


Tuc la ta dugc 


Vb+c Vc+a Va+b 


- >2 


Vay bai toan dugc chung minh. 


Vi du 2.6: Cho a, b, c la cac so thuc khong am thoa man a + b + c = 3 . Chung minh rang: 

a+b b+c c+a 


yj a 2 + b 2 + 6c yj b 2 + c 2 + 6a Vc 2 + a 2 + 6b 


Phan tich: D 6 y din gia thiSt a + b + c = 3, ta thu dugc c = 3 - (a + b) , khi do ta 

a 2 + b 2 + 6 c = a 2 + b 2 + 6 (3 - a - b) = (3 - a ) 2 + (3 - b ) 2 
Lai cung tu gia thiet tren tacoa + b = 3 — c. Khi do 


a + b 


3 - c 


(3-c 


Va 2 +b 2 + 6 c ^( 3 -a ) 2 + ( 3 -b ) 2 ^(3 - a)'+ (3 - b)' 

Den day de don gian hoa ta dat x = (3 - a) > 0 ; y = (3 - b) > 0 ; z = (3 - c) > 0 , luc nay bit 
dang thuc can chung minh dugc viet lai la I——- 1 -. ——- 1 - I—-— > 2 , day chinh la bat dang thuc 

Vy +z Vz+x v x +y 

b vi du tren. 

Tir gia thiet a + b + c = 3,taco 

a 2 + b 2 + 6 c = a 2 + b 2 + 6 (3 - a - b) = (3 - a) + (3 - b) 

Do a, b, c la cac so thuc duong nen tua + b + c = 3 ta suy ra 0 < a, b, c < 3. 

a + b 


Loi giai 


Do do ta dugc - 


3-c 


y/a 2 + b 2 + 6 c ^3 _ a ) 2 + (3 _ b ) 2 ]j (3 - a)' + (3 - b)' 
Ap dung tuong tu ta dugc bat dang thuc 


(3-c 


(3-) ( 3 - b ) , ( 3 -b : 2 

^(3-b) 2 +(3-c) 2 ^(3-c) 2 +(3-a)' ^(3-a)' +(3-b) 2 

Dat x = (3 - a) > 0; y = (3 - b^ > 0; z = (3 - c) > 0, luc nay bat dang thuc can chung 


minh duoc viet lai la-1- J-1- - : 

Vy+z Vz+x V x+ y 
Den day ta chung minh tuong tu nhu vi du tren. 


| Vi du 2.7: Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 





Phan ti'ch: Trade het ta dvr doan dau dang thuc xay ra tai a = b = c. Quan sat bat dang thuc ta nghi den 


sir dung bat dang thuc ^Jxy < ~~ ■> tuy nhien neu su dung ngay thi ta chi danh gia cho cac tvr so dugc, 

nhu vay dudi mau van con chua can thuc. Cho nen de svr dung dugc bat dang thuc do ta can phai khvr 
dugc cac can d dubi mau trade, tuy nhien viec nay khong thuc hien dugc. Chu y den chieu bat dang thuc 
ta thay, chi can doi dugc chieu bat dang thuc thi ta co the svr dung bat dang thuc tren co cac can thuc d 
mau va viec khvr cac can d tvr so cung don gian hon. Tvr su phan tich do ta co the lam nhu sau 


c + 2\4ib a + 2 >/bc b + 2 >/ca 

2 Vab 2^Jbc 2 ^/ca 

<=>!-/=+1- m +1 - }=- 3-2 = 1 

c + 2Vab a + 2vbc b + 2Vca 

<» C + a + k 

c + 2Vab a + 2>/bc b + 2-s/ca 

, , I x + y c c 

Luc nay ap dung bat dang thuc yxy <- ta dugc -,—• t -, thuc hien tuong 

2 c + 2Vab a + b + c 

tu ta dugc bat dang thuc can phai chvmg minh. 


Bat dang thuc can chvmg minh tuong duong vdi 


c + 2 \/ab a + 2 >/bc b + 2 >/ca 
2 -\/ab 2^fbc 


c + 2 Vab a + 2\fbc b + 2y[c& 


Ap dung bat dang thuc -yxy : 


c + 2 Vab a + b + c a + 2\fbc a + b + c b + 2 \/ca a + b + c 
Cong theo ve cac bat dang thuc tren ta dugc 

c | a | b > ^ 
c + 2 Vab a + 2 >/bc b + 2 Vca 

Vay bat dang thuc dugc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c. 

Nhan xet: Khi danh gia mot bat dang thuc bang bat dang thuc Cauchy neu bi nguac chieu thi ta co the 

doi chieu bat dang thuc bang each nhan hai ve vdi -1 roi cong them hang so de ca hai ve deu duong. Ki 


thuat su dung bat dang thuc Cauchy nhu tren edn dugc goi la ki thuat Cauchy ngugc dau, van de nay se 
dugc ban cu the horn trong chu de “Ki thuat Cauchy ngugc dau ” 


Vi du 2.8: Cho a, b, c la cac sd thuc khong am thoa man ab + be + ca 

> 0. Chung minh rang: 

la(b + c) b(c + a) j c(a + b) 


i — 2 -- + v — \ - - + J — 2 - - 

>2 

va+bc Vb+ca Vc+ab 






Phan ti'ch: Dau tien ta thu vbi a = b = c thay rang dau dang thuc khong xay ra, nen ta du doan no xay 
ra tai mot bien bang 0, dieu nay cang co co so khi bai toan cho a, b, c khong am. Cho c nhan gia tri 0 va 
a = b thi dau dang thuc xay ra. Nhu vay ta chon duoc diem roi cua bat dang thuc la a = b; c = 0 va 

cac hoan vi. Cung tu dieu kien ab + be + ca > 0 ta thay trong ba so co nhieu nhat mot so bang 0. Do do 
khi danh gia bat dang thuc ta can chu y den bao toan dau bang. 

Quan sat bat dang thuc ta nhan thay a 2 + be + a (b + c) = (a + b) (a + c), nhu vay neu dudi mau 

co tich ^a 2 + be j(ab + ac) thi theo chieu bat dang thuc can phai chung minh ta co ngay danh gia 


^a 2 + bc:)(ab H 


ac < - 


, a + ab + be + ca 


, nhung de co duoc dieu nay ta phai nhan ca tu va mau cua 

moi phan so trong can vdi tu so. Tuy nhien vi cho cac bien a, b, c khong am nen viec nhan them khong 
the thuc hien duoc. Trong tinh huong nay chu y den diem roi va nhan xet trong a, b, c co nhieu nhat mot 
s 6 blng 0 ta co thi chia trucmg hop dl danh gia bit ding thuc. 

- Truong hop trong ba so a, b, c co mot so bang 0 va ta gia su la c, khi do bat dang thuc trd thanh 




> 2 , bat dang thuc nay hien nhien dung. 


- Trucmg hop ca ba so a, b, c deu ducmg, luc nay thi viec nhan them khong bi anh anh huong gi den cac 
danh gia ca. Ben day ta co danh gia nhu sau 


"(b 4 


a(b 4 


2 a (b -4 


2a (b 4 


a + be 


t- bcj(ab 4 


a 2 + ab + be + ca 


f b)(a 


Ap dung tuong tu ta duoc 
Luc nay ta duoc bat dang thuc 


b(c4aj 2b(c + a) jc(a + b) 2c(a + b) 
b 2 + ca (a + b)(b + c)’ V c 2 4-ab (b + c)(c + a) 


la(b + c) 

|b(c + a) + 

1 c(a + b) 

a 2 + be V 

b 2 + ca \ 

c 2 + ab 


Bien doi tucmg ducmg bat dang thuc tren ta thu duoc - 


: (a, + b)(a + c) + (a + b)(b + c) + (b + c)(c + a) Ph4P 

chung minh se hoan tat neu ta chi ra duoc 

a(b + c) b(c + a) c(a + b) 

(a + b)(a + c) (a4b)(b4c) (b4c)(c4a) 

(a + b) (b + c) (c + a) 4- 4abc 
I- b)(b 4- c)(c + a) 

Danh gia cuoi cung hien nhien dung, ta trinh bay lai lbi giai nhu sau 

Loi giai 

Vi cac so a, b, c khong am va ab + be + ca > 0 nen trong ba sd a, b, c co nhilu nhit mot sd bing 
0. Ta xet cac trucmg hop sau 

- Trucmg hop trong ba so a, b, c co mot so bang khong, khi do khong mat tinh tong quat ta gia su c = 0, 
luc nay bat dang thuc can chung minh trd thanh 

(Va - Vb) 2 

^-^=^-> 0 

Vab 

- Trucmg hop ca ba sd a, b, c dlu ducmg, khi do ta co 
a(b + c) 


la lb v 

V b V a 


.(b. 


2a (b 4 


f bcj(ab 4 


a + ab + be + ca 


2 a (b + 
a + b)(a 



Ap dung tuang tu ta dugc 


b(c + a) 2b(c + a) c(a + b) 2c(a + b 


Vb 2 +ca (a + b)(b + c) V c 2 + ab (b + c)(c + a) 

Luc nay ta dugc bat dang thuc 

|a|b + cj |b|c + aj I c(a + b) 2 a(b + c) 2 b(c + a) 2 c(a + b) 

\a 2 +bc \b 2 +ca \c 2 +ab (a + b)(a + c) (a + b)(b + c) (b + c)(c + a) 

a(b + c] b(c + a] c(a + b] 

Ta can chung minh dugc —-—r + —-—- + —-—r > 1 

(a + bj(a + cj (a + bj(b + c) (b + cj(c + aj 

Bien doi tucmg duang va thu ggn ta dugc 1 + - 4abc - > i 

(a + bWb + cj(c + aj 

Bat dang thuc cuoi cung luon dung do 4abc > Ova ding thuc khong xiy ra trong truong hgp nay. Vay 
bai toan dugc chung minh xong. 

Nhan xet: Trong chung minh bat dang thuc viec chia truong hop de chung minh gay ra nhieu kho khan. 
Do do neu tim dupe mot each giai ma khong can phai quan tarn den viec xet cac truong hop thi se tot hom 
nhieu. Voi bai toan tren ta thu tim loi giai khac ma khong phai chia truong hop xem sao? 

Cung xuatphat tit nhan xet nhu tren nhung ma khi tich ^ a 2 + bc^(ab + acj nam 6 tren tit thi 
khong anh huong gi ca. Do do ta co danh gia nhu sau 


I -bc)(ab + ac) < - 


Jla + bc)[ab + ac) 


Den day ta nhan ca hai ve voi 


alb + cj alb + < 

I ,-- > 0 thi ta dupe . -— 

V a + be (a + fej(a 


Hay J —^-- > y - va cong viec con lai hoan toan nhu tren. 

v a +bc (a + bjla + c) 

Vi du 2.9: Cho a, b, c la cac so thuc duang thoa man a + b + c = 6 . Chung minh rang: 

a b c ^ _ 


|_ Vb 3 + 1 Vc 3 +1 Va 3 +1 _| 

Phan ti'ch: Bau tien ta du doan dang thuc xay ra tai a = b = c = 2, chu y den hang dang thuc 
b 3 + 1 = (b + l)^b 2 - b + lj va khi b = 2 thi b + 1 = b 2 - b + 1 = 3 do do ta co danh gia sau 


J(b + l)(b 2 -b4 


„ b +1 + b —b + 1 b +2 


-, tu day ta suy ra dugc 


s/b 3 +1 b 2 + 2 


, ap dung tuong tu ta dugc bat dang thuc 


2a 2b 2c 


Vb 3 +1 Vc 3 +1 Va 3 +1 b 2 + 2 c 2 + 2 a 2 +2 


2a 2b 2c 

Ta can phai chung minh duoc- 1 - 1 -> 2, den day ta danh gia tren tu so hay 

b 2 + 2 c 2 + 2 a 2 + 2 

dudi mau deu dugc bat dang thuc ngugc chieu. Do do mot each tu nhien ta nghT den tu tuong Cauchy 




nguoc dau, tuc la ta bien doi ——— = a-——, chu y den dang thuc xay ra tai a = b = c = 2 ta lai 

b + 2 b + 2 


ab 2 


2 ab 2 


___ 2 ab 2 _ a^ 2 t 7 _ a^ 2 .b.b a (2 + b + b) 

b 2 + 2 b 2 + b 2 + 4 3^b 4 .4 3 3 _ 9 

Ap dung tucmg tu ta dugc 

2 a 2 b 2 c 2 (a + b + c) 2 (ab + bc + ca) 

-+-+-> a + b + c--- - -^- - 

b 2 + 2 c 2 + 2 a 2 + 2 9 9 

(a + b + c) 

Ma theo mot danh gia quen thuoc ta co ab + be + ca < ---- — = 12 

, ,, , , 2 a 2 b 2 c 2.6 2.12 n ..^ x , 

Den luc nay ta co-1-1-> b-= 2 . Day chinh la dieu can phai 

b 2 + 2 c 2 + 2 a 2 +2 9 9 

chung minh. Ta trinh bay lai loi giai nhu sau. 

Loi giai 

Ap dung bat dang thuc Cauchy dang 2-*/xy < x + y ta dugc 

a a 2 a 2 a 


Vb 3 +1 ^(b + l)(b 2 - b + l) b + l + b 2 -b + l b 2 +2 

Ap dung tuong tu ta dugc bat dang thuc 

a + b + c > 2a + 2b + 2c 

Vb 3 +1 Vc 3 +1 Va 3 +1 b 2 + 2 c 2 + 2 a 2 + 2 

x , ,. , , . , . 2a 2b 2c ^ _ 

Ta can phai chung minh duoc —-1- —-1- —-> 2 

' b 2 +2 c 2 + 2 a 2 +2 

, 9 

That vay, ta co-= a-, ma cung theo bat dang thuc Cauchy ta duoc 

b 2 • 2 b 2 +2 

ab 2 _ 2ab 2 < 2ab 2 _ _ atfnxb < a (2 + b + b) 

b 2 + 2 b 2 + b 2 + 4 3"\/b 4 .4 3 3 9 

2 a a (2 +2b) 

Suy ra —-> a----. Chung minh tuong tu ta duoc 

b + 2 9 

2a 2b 2c 2(a + b + c) 2(ab + bc + ca) 

—-+ ^-+ —->a + b + c----- 

b + 2 c + 2 a + 2 9 9 

fet + b + c j 

Mat khac theo mot danh gia quen thuoc ta co ab + be + ca < --—- — = 12 

^ , 2a 2b 2c 2.6 2.12 n 

Do do ta duoc-1-1->6-= 2 . 

b 2 + 2 c 2 + 2 a 2 + 2 9 9 

Vay bat dang thuc dugc chung minh xong. Dang thuc xay ra khi va chi khi a = b = c = 2. 


Vi du 2.10: Cho a, b, c la cac so thuc duong thoa man a + b + c = 1 . Chung minh rang: 
be 


v a + bc vb + ca Vc + ab 2 



ii ti'ch: B 6 y la Va + be = (a + b + c) + be = ^a + b)(a + c) . Do do theo bit dang there 


Cauchy ta duoc. Do do - 


V a + be 


a 


-»)(. 


a + c 


2 l a + b a + c 


Lol giai 

Ser dung bat dang thuc Cauchy va ket hop gia thiet, ta co: 

be be be 


V a 


i- be ^a/a + b + c) + be ^a + b)/a + c) 


: be 

2 l a + b a + c 


ac ^ 1 

ac ac ^ 

ab ^ 1 

ab ab 

Vb + ac 2 

v b + a b + c j 

' Ve + ab 2 1 

^c + a c + bj 


Tuong ter ta duoc 


Cong ve theo ve cac bat dang thuc tren, ta duoc 


be ca 

• . =- H— . — - 

Va + bc Vb + ca 


ab <1 ab ab be be ca 

> c + ab 2^a + c b + c a + b a + c b + a b + c 

1 f ab + be ab + ac be + ca 


2 { a + c 


b+c a+b 


_ |( a+b+c ) - 1 


Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = —. 

Vi du 2.11: Cho a, b, c la cac s6 there duong thoa man dilu kien a + b + c = 3 . Chung minh ring: 

ab + be + ca < 3 
Ve 2 + 3 V a 2 + 3 V b 2 + 3 2 

Phan tich: D6 y la /a + b + c) >3/ab + bc + ca) nen ab + bc + ca<3, do do ta duoc 
c 2 + 3 > c 2 + ab + be + ca = (b + c) (c + a), suy ra ta duoc bit ding thuc sau 
ab ^ ab ab 


Ve 2 + 3 V7 + ab + be + ca ^c + a)(c + b) 


Cung theo bat dang thuc Cauchy ta lai co 


2 7 + a c + b 

Loi giai 


Ter bit ding thuc (a + b + c) >3 /ab + be + ca) vaa + b + c = 3. 

Suy ra ab + be + ca < 3. Nhu vay theo bat dang thuc Cauchy ta duoc 

ab < ab _ ab < 1 f ab + ab 

Ve 2 + 3 Ve 2 + ab + be + ca + a)/c + b) 2 ^c + a c + b 

_ . be 

Tuong tu ta duoc — 

Va 2 4 

Cong theo ve cac bat dang thuc tren ta duoc 

ab be ca <a+b+c_3 

a/ 773 + V773 + Vb 2 +3 ~ 2 ~ 2 

Bat dang thuc duoc chcmg minh. Dau dang thuc xay ra khi a = b = c = 1. 

| Vi du 2.12: Cho a, b, c la cac so there duong bat ki. Chung minh rang: 


be + be ^ 

ca ^ 1 

ca + ca 

v a + c a + b j 

’ Vb 2 +3 2l 

v b + a b + cj 





ab be ca ^ a + b + c 

- 1 - 1 -<- 

a + 3b + 2c b + 3c + 2a c + 3a + 2b 6 


Phan ti'ch: Dai lugng - 

9 111 

-<-+-+- 

x+y+z x y z 


va chieu bat dang thuc lam ta lien tuang den bat dang thuc dang 


, khi do ta dvrge 


1 


1 


1 


Suy ra ta co 


a + 3b + 2c a + c + b + c + 2b a + c b + c 2b 

9ab _ 9ab < ab + ab + a 

a + 3b + 2c a + c + b + c + 2b a + c b + c 2 


Ap dung tuang tu va chu y den tong 
Ap dung bat dang thuc Cauchy dang 


+ c + b + c + 2b 
ca + ab ca + be be + ab 


c + b 
9 


b + a 

Loi giai 


111 , 

; —l-h -, ta duoc 

x y z 


Tir do suy ra 


y + z 

9 _ 9 < 1 | 1 | 1 

a + 3b + 2c a + c + b + c + 2b a + c b + c 2b 

9ab _ 9ab < ab + ab + a 

a + 3b + 2c a + c + b + c + 2b a + c b + c 2 

9bc ^ be be b 9ca , ca ca 

-<- 1 - 1 —•-<- 1 - 

+ b b + 


Tuang tu ta chung minh duoc 


b + 3c + 2a b + a c + a 2 c + 3a + 2b 
Cong theo ve cac bat dang thuc tren ta co 

9ab 9bc 9ca ca + ab ca + be be + ab a + b + c 

-+-+-<-+-+-+- 

a + 3b + 2c b + 3c + 2a c + 3a + 2b c + b b + a c + a 2 

3 (a + b + cj 

2 

ab be ca ^ a + b + c 


Hay 

a + 3b + 2c b + 3c + 2a c + 3a + 2b 
Bat dang thuc duoc chung minh. Dau dang thuc xay ra khi va chi khi a = b = c. 


Vi du 2.13: Cho a, b la cac so thuc duong thoa man a, b > 1; a + b + 3 = ab. Chung minh rang: 

Va 2 -1 Vb 2 -1 1 1 + 8^2 

-+-+-<- 

a b a + b 6 

Phan tich va loi giai 

Trade het ta nhan thay vai tro nhu nhau trong bat dang thuc cua a, b va du doan duoc dau dang 

113 

thuc xay ra tai a = b = 3 . Tu gia thiet a + b + 3 = ab, ta suy ra —l-1-= 1. 

a b ab 

B6 don gian hoa ta dat x = —; y = —. Khi do gia thiSt trd thanh x + y + 3xy = 1 va bit ding 
a b 

thuc can chung minh duoc viet lai thanh 


x + y 


1 + 8 V2 


Chu y la cac dai lugng xy; x+y ; ^x + yj lien he vdi nhau bdi hang dang thuc quen thuoc. 
Do do ta se co bieu dien gia thiet cung nhu bat dang thuc qua mot dai lugng. 




3(x + y) 

Theo bit ding Cauchy ta dugc 1 = x + y + 3xy < x + y + ——— .Tu do suy ra 

t- y > —. Cung theo bat dang there quen thuoc Vm + Vn < ^2 (m + n) ta dupe 


7^7<^2[2-(^ + y)]< 2 


Va 

Luc nay ta dupe 

Vl-x 2 + Jl 


xy _ 1 - (x + y) _ 1 _ 1 

x + y 3 (x + y) 3 (x + y) 3 


r7 + ^,h[ 2 -(x= + /)] + ^l 

x + y V L V /J 3(x + y) 


1 1 < 
3 (x + y) 3 


1 1_ 1 + 8V2 

’ 3^ 3 _ 6 

3 


Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi x = y = — <=>a = b = 3. 


Vi du 2.14: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

(a + b) (a + b + 2c) \ 

(3a + 3b + 2c) 


- < — 
8 


i ti'ch: Ta viet lai bat dang thuc thanh (a + b) (a + b + 2c) < ^ (3a + 3b + 2c) . Cach phat bieu 


cua bat dang thuc lam ta lien tudng den bat dang thuc xy < - 

Lol giai 

That vay, ap dung bat dang thuc Cauchy ta co 

(a + b) (a + b + 2c) = — (2a + 2b) (a + b + 2c) 

1 1~(2a + 2b) + (a + b + 2c) 
“ 2 


= —(3a + 3b + 2c) 2 


Tu do ta dupe 


(a + b)(a + b + 2c) | 

(3a + 3b + 2c) 2 8 

Bang thuc xay ra khi va chi khi a + b = 2c. _ 


Vi du 2.15: Cho cac so thuc a > b > 0 . Chung minh rang: 2a H-- > 5 

(a-b)(2b + 3) 


Phan tich: Quan sat bat dang thuc ta thay co cac y tudng sau: 





+ Y tudng thu nhat la sir dung bat dang thuc Cauchy vdi danh gia tir trung binh cong sang trung 
binh nhan, d day de ta can khu dugc dai lugng (a - bj (2b + 3 j thi ta can phan tich dugc 

a = k(a - b) + m(2b + 3) + m(2b + 3) - 6m, dl dang timra dugc k = 2; m = ^. 

+ Y tudng thu hai la danh gia (a - b) (2b + 3j theo danh gia tu trung binh nhan sang trung binh 
cong, chu y den dau dang xay ra ta dugc 


(4a-4b)(2b + 3)(2b + 3)< 

Den day ta chi can chung minh dugc 2a + 


4a - 4b + 2b + 3 + 2b + 3 
3 

32 


4a + 6 
3 , 


(2a + 3) 3 


> 5 bang danh gia tu trung binh cong 


sang trung binh nhan la xong. 
Cach 1: Bieu thuc viet lai nhu sau 


27 

Loi giai 


t-> 0 i \ 2b + 3 2b + 3 

P = (2a - 2b j +-+-■+ 


- b)(2b + 3) 


Ap dung bat dang thuc Cauchy ta co 

to \ 2b + 3 2b + 3 
(2a - 2b) +-+- 

V > 9 9 


32 

-b)(2b + 3) 2 


>4 4 (2a-2b) 


Do do P > 5 . Dang thuc xay ra khi va chi khi 
2b + 3 32 


2a - 2b = 


2 (a - b)(2b + 3 

Cach 2: Ap dung bat dang thuc Cauchy ta dugc 

(4a,-4b)(2b + 3)(2b + 3)r^ 4a ' 4b + 2b + 3 + 2b + 3 
Tu do ta co 

P > 2a + - 


(a-b)(2b + 3) 2 


1 3 , 1 

hay a = —, b = -. 
2 2 


4a + 6 ' =^(2a + 3) 3 


32_ 

^( 2a + 3 ) 3 


2a + 3 2a + 3 2a + 3 
3 + 3 + 3 


(2a + 3) 3 


Cung theo bat dang thuc Cauchy ta dugc 

2a + 3 2a + 3 2a + 3 432 

3 3 3 (2a + 3) 3 

Do do P > 5 . Dang thuc xay ra khi va chi khi 
rtl 2b + 3 32 


(a-b)(2b + 3) 


1 3 , 1 

- hay a = —, b = -. 

2 2 





Vi du 2.16: Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 < abc. Chung minh rang: 


a 2 + be b 2 + ca c 2 + ab 2 


Phan ti'ch: Trade hit ta du doan dang thuc xiy ra tai a = b = c = 3. Bit dang thuc chua dai luong 

1 , 4 11 

—-, de y den chieu ta lien tudng den danh gia quen thuoc -< —I—, khi do ta co 

a + be x + y x y 


lfl a ^ , , . A 

+ — .Bey tiep ta co 
4 i^a be J 


duoc 


be b 2 + ca c 2 + ab 4 


lfl 1 1 ^ 

-< — — + —h — + 1 . Bai toan se duoc chung minh 
4^a b c 


Nhu vay ap dung tuong tu ta thu 

xong neu ta 


chi ra duoc — + — + — < 1. Chu y tiep den gia thiet ta duoc 
abc 

. a 2 + b 2 + c 2 ^ ab + be + ca 1 1 1 & 

1 >->-= —I-1- —. Ben day ta tnnh bay lai loi giai nhu sau 

abc abc abc 

Loi giai 

, 4 11 

Ap dung bat dang thuc quen thuoc dang-< — + —, ta duoc 

x + y x y 


Ket hop vbi gia thiet a 2 + b 2 + c 2 < abc ta duoc 


+ be 4 

a a 


a 2 bc y 


be abc a 2 + b 2 + c 


+ be 4 l a 2 be J 4 I a a 2 + b 2 + c‘ 


Ap dung tuong tu ta duoc 

a b c lflll. 

a“+bc b +ca c + ab 4^a b c 

V-A, 

abc 

That vay, Ap dung mot danh gia quen thuoc va ket hop vdi gia thiet, ta duoc 

^ ^ a 2 + b 2 + c 2 ^ ab + be + ca 1 1 1 

1 >->-= - + — + - 

abc abc abc 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 3 


Ta can chung minh 


Vi du 2.17: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a b a 3 V 2 

Vab + b 2 Vbc + c 2 Vca + a 2 2 


Phan tich: B§ dang du doan duoc ding thuc xiy ra tai a = b = c, khi do di y din danh gia 

t- 3b . . a 2yf2& , 

- khi do ta duoc , >-. Ap dung tuong tu thi 

2 V ab + b 2 a + 3b 


I -7-r 2b + (a + b) a + ? 

^2b. (a + b) < ^ = —-r 1 


V ab + b 2 Vbc + c 2 A 


2a yfe | 2bV2 | 2cS 

a + 3b b + 3c c + 3a 


nhu vay ta chi can chi ra duoc 




——- 1 --- 1 --— > —, day la mot bit ding thuc co thi chung minh bing bit ding thuc 

a + 3b b + 3c c + 3a 4 
Bunhiacopxki dang phan thuc. 

Loi giai 

Ap dung bat dang thuc Cauchy ta co 




a + 3b 
2 


Ap dung tuong tu ta dupe 

a ( 

Vab + b 2 

Ta can chung minh 


b a 2a^2 2b yfl 

I = H- , - ^-1- 

-ybc + c 2 vca + a 2 a + 3b b + 3c 

2a^2 2b yfe 2cV2 Syfe 

a + 3b b + 3c c + 3a 2 


2cV2 

c + 3a 


a + b + c > 3 
a + 3b b + 3c c + 3a 4 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 


Hay 


(a + b + c) 


a + 3b b + 3c c + 3a a 2 + b 2 + c 2 + 3ab + 3bc + 3ca 
Mat khac, tu mot danh gia quen thuoc ta co 

(a + b + c) >3(ab + bc + ca) 

Do do ta duoc 

a 2 + b 2 + c 2 + 3 (ab + be + ca) = a 2 + b 2 + c 2 + 2 (ab + be + ca) + (ab + be + ca) 
<(a + b + c) + —(a + b + c) = —(a + b + c) 


Tir do suy ra 


c ^ (a + b + c) 3 
__ 


a + 3b b + 3c c + 3a 4 / 

3 ^ 

Vay bat dang thuc dupe chung minh. Bang thuc xay ra khi va chi khi a = b = C. 


3 (a + b + c) 


Vi du 2.18: Cho a, b, c la cac so thuc duong thoa man 

1 1 1 3 

3a + 3b + 2c 3a + 2b + 3c 2a + 3b + 3c 2 


a+b b+c c+a 


= 6. Chung minh rang: 


Loi giai 

, , 4 11 

Ap dung bat dang thuc Cauchy dang-< — + — ta duoc 

x + y x y 


1 


1 


ill 

3a + 3b + 2c (2a + b + c) 

+ (a + 2b + c) 

4^2a + b + c a + 2b + cj 

< _ 

1 ( 

1 

<! 

V 2 i 1 i 1 Y 

4 

(a + b) + (c + a) 

(a + b) + (b + c^ 

4 

4 l^a + b b + c c + aj_ 


16 ^a + b b + c c + aj 
Hoan toan tuong tu ta dupe 




1 * 1 

( 2 | i | i ^ 


3a + 2b + 3c 16 

1 < 1 

a + c a + b b + c^i 
( 2 | i | i ^ 


2a + 3b + 3c 16 

Cong theo ve cac bat dang thuc tren ta duoc 
1,1 

^b + c a + b c + a ; 

__ 

4 + 1 L3 

3a + 3b + 2c 3a + 2b + 3c 2a + 3b + 3c 16 ^ a + b t 

Vay bat dang thuc duoc chiing minh. Dang thuc xay ra tai a = b = c = — 

4 

> + c c + a J 2 

Vi du 2.19: Cho a, b, c la cac s 6 thuc duong thoa man 13a + 5b + 12c = 9 

ab 3bc 6 ca ,. 

-+-+-< 1 

2 a + b 2 b + c 2 c + a 

. Chiing minh rang: 


Loi giai 

Bat dang thiic can chiing minh tuong duong vdi 


1 1 1 

- 1 - 1 - 

2 12 1 11 

- 1 - 1 -- 1 - 

b a 3c 3b 3a 6c 

* , 111 9 

Ap dung bat dang thuc dang —h — + — >-, Ta co 

x y z x+y+z 

h 1 1 _ i | i 1 1 > 9 


b a 

b b 

a 

2b + a 

2 1 

1 

1 

+ 1 > 9 

3c 3b 
1 1 

1 

3c 

1 

3b 6c + 3b 
+ : > 9 

3a 6c 

6a 

6a 

6c 12a + 6c 


Do do ta duoc 

i i i, ■ • i i i 

- 1 - 1 -- 1 - 1 - 

2 1 2^ 9 9 9 

b a 3c 3b 3a 6c 2b + a 6c + 3b 12a + 6c 

2b + a + 6c + 3b + 12a + 6c 13a + 5b + 12c 
9 ~~ 9 







Mat khac, cung theo bat dang thuc Cauchy ta dugc 

3 = ab + be + ca > 3>/a 2 b 2 c 2 <=> abc < 1. 

Do do ta dugc 

1 4 d A abc ^ 1 . abc ^ | 3 

abc (a + b)(b + c)(c + a) abc 2 abc 2 22 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = C = 1 _ 

Vi du 2.21: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

2-\/3a 6b 6c _ C 

■i ,rr +— - m%= + I — < 5V3 

J(a + b)(a + c) J(b + a)(b + c) j(c + a)(c + b) 


Bat dang thuc dugc viet lai la 
2a 


Loi giai 

2>/3b 2 a/3c 


yj( a + b)(a + c) yj(b + a)(b + c) yj{c + a)(c + b) 

Ap dung bat dang thuc Cauchy ta dugc 


^( a + b)(a + c) 

a+b a+c 

2y[3b 

< b 3b 

>/( b + a)(b + c) 

a+b b+c 

2V3c 

< c + 3c 


V( c + a)(c + b) 

Cong theo ve cac bat dang thuc tren ta dugc 
2a 2yfsb 


2V3c 


.^(a + b)(a + c) .^(b + a)(b + c) ^(c + a)(c + b) 

^ a a b 3b c 3c 


a + b a + c a + b b + c a + c b + c 


Do dang thuc khong xay ra nen ta dugc 
2a 


2y/3b 


2>/3c 


^a + b)(a + c) ^b + a)(b + c) ^c + a)(c + b) 
Vay bat dang thuc dugc chung minh. 


<5 


Vi du 2.22: Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang: 

ab be ca < 3 
1 - c 2 1 - a 2 1 - b 2 8 


Lol giai 

Tir gia thiet a + b + c = ltaco 

1 - c 2 = (a + b + c) - c 2 = a 2 + b 2 + 2 (ab + be + ca) > 2 (ab + be) + 2 (ab + ca) 
4 11 

Mat khac ap dung bat dang thuc Cauchy dang-< — 1 — ta duoc 

x + y x y 


(ab + be) + 2 (ab + ca ) 4^2(ab + bc) 2(ab + ca 


2 





Do do ta co 
Ap dung tuong tu 


ab . 1 f ab ab 

-< —- 1 - 

1 - c 2 8 l ab + be ab + ca 


be < 11 

r be | be ^ 

i. 

( \ 
ca i ca 

1 - a 2 “ 8l 

^bc + ca ab + bc^i 

1 / 

00 

^ca + ab bc + ca y 


Cong theo ve cac bat dang thuc tren ta dirge 
ab be ca 
1 - c 2 17 a 2 1 - b 2 

ab ab 


ab + be ab + ca be + ca ab + be ca + ab be + ca ) 8 

Vay bat dang thuc dirge chung minh. Bang thuc xay ra khi va chi khi a = b = c 


Vi du 2.23: Cho cac so thuc duong a, b, c thoa man dieu kien a + b + c = . Cung minh rang: 

4 


1 


1 


1 


,> 3 


\ a + 3b v b + 3c v c + 3a 

Loi giai 

Ap dung bat dang thuc Cauchy ta dugc 

a + 3b + 2 


Do do ta dugc 
Ap dung tuong tu ta dugc 


\Ja + 3b = ^(a + 3b).l.l <- 
3 

Va + 3 b a + 3b + 2 


V b + 3c b + 3c + 2 q c + 3 a c + 3a + 2 

Cong theo vi cac bit ding thuc tren ta dugc 

1 1 1^3 3 3 


Va + 3b Vb + 3c Ve + 3a a + 3b + 2 b + 3c + 2 c + 3a + 2 
Mat khac theo bat dang thuc Bunhiacopxki ta dugc 

3 3 3 3.9 


a + 3b + 2 b + 3c + 2 c + 3a + 2 4^a + b + cj + 6 


= 3 


Do do ta dugc 


v a + 3b -yb + 3c V c + 3a 


Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = —. 

4 


3. Ky thuat ghep cap trong bat dang thuc Cauchy 

Trong nhieu bai toan ma bieu thuc b hai ve tuong doi phuc tap, viec chung minh true tiep trb nen 
kho khan thi ta co the sir dung ky thuat “Ghep cap” de bai toan trb nen don gian. 

O cac bai toan bat dang thuc, thong thubng chung ta hay gap phai hai dang toan sau: 

- Dang 1: Chung minh X + Y + Z>A + B + C. 

Y tubng 1: N 6 u ta chung minh dugc X + Y > 2\JXY > 2 A. 

Sau do tuong tu hoa d 6 chi ra Y + Z > 2B; Z + X > 2C (Nhb tinh chit dbi xung cua bai toan). 
Cong ba bat dang thuc tren lai theo ve roi rut ggn cho 2, ta co: 






Y tiro’ng 2: Neu ta chung minh dupe X + A > 2\/xA > 2B 

Sau do tuong tu hoa di chi ra Y + Z > 2C; Z + X > 2A (Nho tinh chit ddi xung cua bai toan). 

Cong ba bat dang there tren lai theo ve roi rut gon cho 2, ta co ngay dieu phai chung minh. 

- Dang 2: Chung minh XYZ > ABC vdi X, Y, Z >0 

Y tuong: N6u ta chung minh dupe XY > A 2 . 

Sau do tuong tu hoa de chi ra YZ > B 2 ; ZX > C 2 (nho tinh chat ddi xung cua bai toan). Sau do 
nhan ba bit ding thuc tren vd theo vd rdi lly can bac hai, ta co 

XYZ > Va 2 B 2 C 2 = lABCl > ABC. 


Chu y mot so each ghep doi xung: 



Be y rang hai bieu thuc — va — la doi xung vdi b (tuc vai tro cua a va c nhu nhau). Do do su 
c a 

dung ky thuat ghep cap ta se thu chung minh — + — > 2b. 

c a 

Loi giai 

- , , . . , , ^ , ab be ^ _ lab be 

Ap dung bat dang thuc Cauchy ta co-1-> 2 J-= 2b 

c a V c a 

^ , ca ab^„ be ac.„ 

Tuong tu ta co-1-> 2a; — + — > 2c 

be a b 

^ A , k • , , „ 4 ab be ca ^ , 

Cong ve voi ve cua 3 bat dang thuc tren ta dupe-1-1-> a + b + c 

'cab 

Bat dang thuc dupe chung minh. Bang thuc xay ra khi va chi khi a = b = c. 

Vi du 3.2: Cho a, b, c la cac sd thuc duong. Chung minh ring: 

abc > (b + c - a)(c + a - b) (a + b - c) 

Phan tich: Ndu (b + c - a)(c + a - b)(a + b - c) < 0 thi bit ding thuc hidn nhien dung. Ta xet 
trudng hop (b + c - a)(c + a - b)(a + b - c) > 0. 

De y rang bat dang thuc nay co dang XYZ > ABC, vi vay su dung ky thuat ghep doi xung, ta 


chi cin chung minh b 2 > (a + b - e) (b + e - a). 

Loi giai 





Bat dang thuc co tinh doi xung giua cac bien, do do khong mat tinh tong quat ta gia sir a > b > c, Khi 
do a + b- c>0vaa + c- b>0. 

+ Neu b + c - a < 0, bat dang thuc hien nhien dung. 

+ N6u b + c - a > 0. Khi nay ta co b + c - a; c + a - b; a + b - c la cac s6 duong. 


Su’ dung bit ding thuc Cosi dang (x + y) > 4xy, suy ra 

r(a + b-c) + (b + c-a)l 

(a + b - c) (b + c - a) < ----— = b 

|7b + c-a) + (c + a-b)] 

(b + c - a)(c + a - b) < —-^ = c 2 

/ w . Uc + a-b) + (a + b-c)] 

(c + a - b)(a + b - c) < —-^ = a 2 

Nhan theo ve cac bat dang thuc tren ta dupe dieu can chung minh. 

Bai toan duoc giai quyet xong. Dau bang xay ra khi va chi khi a = b = c. 

Nhan xet: Khi chua xac dinh duac cac so khong dm ma dp dung ngay bat dang thuc Cauchy thi se dan 
den sai lam. Trong tinh huong do ta co the chia nho thanh cac truang hap rieng de chung minh bai toan. 

I Vi du 3.3: Cho a, b, c la cac s6 thuc duong. Chung minh ring: 


Phan tich: Be y la — + — > 2A 

b 2 c 2 V 


= 2 — , ap dung tuong tu va cong theo ve cac bat dang thuc 


Ap dung bat dang thuc Cauchy ta co — 


Tuong tu ta duoc 


Cong theo ve cac bat dang thuc tren ta duoc 

J a 2 b 2 c 2 ^ 


b c a 
a b c 


b c a 
a b c, 


a b c 2 b c a 

Hay 7J + — + —- ~ + u + - 

b c a a b c 

Bai toan dupe giai quyet xong. Dau bang xay ra khi va chi khi a = b = c. _ 

Vi du 3.4: Cho a, b, c la cac s6 thuc duong thoa man abc = 1 . Chung minh ring: 

b + c c + a a + b^ r IT F „ 

—,— +— I ——i- 1 ~ ■ Jtf- Va + v b + ve + 3 

_ Va Vb V c _ 

Phan tich: Be y la theo bat dang thuc Cauchy ta c6 ^ + C > = 2. |^ C va cung theo bat dang thuc 

Va Va V a 


Loi giai 




r , , , , b + c 2vbc _ [be 

Ap dung bat dang thuc Cauchy ta co —= 2J— 


c + a lca a + b lab 


Cong theo ve cac bat dang thuc tren ta dugc 

b + c c + a a + b _ be ca ab 


Cung theo bat dang thuc Cauchy ta lai co * 


a Alb VVa Alb 


Ap dung tuong tu ta dugc 1 


Cong theo ve cac bat dang thuc tren ta dugc 




yfa + Vb + Vc) 


^ TT T 

Ta can chung minh dugc 2 (Va + Vb + Vc) > Va + Vb + Vc + 3 < 


I- Vb + Vc > 3 


Danh gia cuoi cung la mot danh gia dung theo bat dang thuc Cauchy va gia thiet abc = 1 

Bai toan dugc giai quyet xong. Dau bang xay ra khi va chi khi a = b = c = 1. _ 

Vi du 3.5: Cho a, b, c la do dai ba canh cua mot tarn giac va p la nua chu vi. Chung minh rang: 

(p-a)(p-b)(p-c) < ^-abc 

Phan tich: Tir gia thiet ta nhan dugc (p - a); (p - b); (p - c) la cac so duong va chu den 
p-a + p- b = c.Dodota nghT d6n danh gia ^/(p - a) (p - b) < ——~~—— = ^ • Nhu vay ta co 


the chung minh bat dang thuc nhu sau: 

Loi giai 

Ap dung bat dang thuc Cauchy ta co 

(p - a)(p - b)(p - c) = ^(p - a)(p - b)^(p - b)(p - c)^(p - c)(p - a) 

^(p-a) + (p-b) (p-b) + (p-c) (p-c) + (p-a) 

“222 
2p-(a + b) 2p-(b + c) 2p-(c + a) \ 

<------------ = -abc 

2 2 2 8 

Bai toan dugc giai quyet xong. Dau bang xay ra khi va chi khi a = b = c = 1. _ 

Vi du 3.6: Cho a, b, c la do dai ba canh cua mot tarn giac va p la nua chu vi. Chung minh rang: 

1 1 1 1 l] 

-+-+-> 2 —l-t- — 

p-a p-b p-c la b cJ 


Ap dung bat dang thuc Cauchy ta co 





11 

r 1 , 1 ^ 

1 1 | 

' 1 , 1 ' 

1 

r 1 + 1 ) 

2 

^p-a P - by 

' 2 

^p-b p-cj 

' 2 

(p-c p - a y 


v(p - a )( P ~ b) ^/(p-b)(p-c) ^(p-c)(p-a) 

1 1 1 


(p - a) + (p - b) (p - b) + (p - c) (p - c) + (p - a) 
2 2 2 


> 2 | — + — + — 

la b c 


Vay bat dang thuc dirge chung minh. Bang thuc xay ra khi va chi khi a = b = c 


Vi du 3.7: Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 1. Chung minh rang: 

10a 2 + 10b 2 + c 2 > 4 


Ap dung bat dang thuc Cauchy ta co: 


Loi giai 


8a 2 + — > % 
2 


8b 2 


! fa 2 

c 2 

2 


c 2 

~2 


2a 2 + 2b 2 > 2>fea 2 .2b 2 = 4ab 

Cong theo vd ba bit ding thuc tren ta co 10a 2 + 10b 2 + c 2 > 4 (ab + be + ca) = 4.1 = 4 
fab + be + ca = 1 f , 


Dang thuc xay ra khi va chi khi 


8a^ = 8b = - 
2a 2 = 2b 2 


a = b = - 

H : 


Nhan xei: Day la mot Ida giai ngan gon nhung co ve hai thieu tu nhien. Chung ta se thac mac tai sao lai 
tach duac 10 = 8 + 2 . Neu tach each khac, chang han 10 = 6 + 4 lieu co giai duac khong? Tat nhien moi 
each tach khac deu khong dan den ket qua, va tach 10 = 8 + 2 cung khong phai la su may man. Bay gio ta 
se tim li do viec tach 10 = 8 + 2 o bai toan tren. 

Tit bat dang thuc can chung minh ta thay vai tro cua a, b nhu nhau nen ta can chia deu c ra thanh 
hai ph&n va cung lay ra ka, kb de ghep cap vai ^. Tuc la vai 0 < k <10. Ap dung bat dang thuc 
Cauchy ta co: 

ka 2 + — > 2 . ka 2 .— = 4%kat 
2 V 2 



(l0-k)a 2 +(l0-k)b 2 > 2^(l0 - k)a 2 (lO -k)b 2 = (20 - 2k)ab 
Cong theo ve 3 bat dang thuc tren, ta co: 

10 a 2 +106 2 +c 2 >s/2k[ac + be) + (20 - 2k) ab 
Luc nay ta can bang he so de lam xuat hien gia thiet, tuc la: 



4%k = 20 - 2k 2k = 400 - 80A; + 4 k 2 2 k 2 - 41 k + 200 = 0 = 

Ta chon gid tri k = 8. Khi do ta co loi gicii bai toan nhu tren. 


k = — > 10 

2 


Vi du 3.8: Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 5. Chung minh rang: 
_ 3a 2 + 3b 2 + c 2 > 10 _ 

Loi giai 

Ap dung bat dang thuc Cauchy ta co: 



2b 2 + —>2. 2b 2 .— = 2bc 

2 V 2 

a 2 + b 2 > 2>/a 2 .b 2 = 2ab 
Cong theo v6 ba bit ding thuc tren ta co: 

3a 2 + 3b 2 + c 2 > 2 (ab + be + ca) = 2.5 = 10 
Dang thuc xay ra khi va chi khi a = b = l;c = 2 


Vi du 3.9: Cho a, b, c la cac so thuc duong thoa manab >12, be > 8. Chung minh rang: 
a + b ■+ 


ol 1 1 1 1 

l-c + 2 -+-+- 4 

^ ab be ca y 


8 121 
abc 12 


Phan tich: Trude het ta du doan duoc dang thuc ra tai a = 3, b = 4, c = 2, Khi do ta se tach cac dai 
hrong ben ve trai va ap dung bat dang thuc Cauchy, chu y la qua trinh ghep cap phai dam bao dau dang 
thuc xay ra. Vdi phan tich do ta thuc hien ghep cap nhu sau 

2 a bl2 b c^32 

ab 18 24 2 be 16 8 4 ca 9 6 

. , a , „ „ a 5b 7c 2 2 2 ^9,,., x , , , 

Cong cac ket qua tren ta duoc — +-1-1-1-1-> —, khi nay ta can phai chung 

6 48 24 ab be ca 4 

. , 4 5a 43b 17c 8 47 , ... . .. 

minh duoc-1-1-1-> —. De y la neu bay gio ta ghep cap bon dai luong tren thi se 

6 48 24 abc 6 

khong bao toan dau dang thuc. Cho nen ta se ghep cap de triet tieu dai luong ^ trude, do do ta co 

abc 

danh gia ^—h — + — + — . Cuoi cung bat dang thuc se duoc chung minh neu ta chi ra duoc chi ra 

abc 9 12 6 3 

13a 13b 13c 13 

duoc-1-1-> —. 

' 18 16 24 2 

Thuc hien ghep cap tuong tu nhu cac vi du tren ta co cac danh gia sau 
13a 13b ^ 13 13c 13b ^ 13 „ , Al . „ , 

-1-> —;-1-> —, cong theo ve hai danh gia do ta duoc dieu phai chung minh. 

18 24 3 24 48 6 


Ap dung bat dang thuc Cauchy ta co 


Loi giai 


_2_ _a_ _b_>l - _2_ _b c>3 - _2_ a c> 

ab 18 24 “ 2 ’ be 16 8 “ 4 ’ ca 9 6 “ 


abc 9 12 6 3 18 24 3 24 48 





Cong timg ve cac bat dang there tren ta duoc 
' 1 1 1 


a + b + c + 2 


8 

l^ab be ca J abc 
Bat dang there duoc chung minh. Bang there xay ra khi va chi khi a = 3, b = 4, c = 2 


1 3 , 4 13 13 121 

- + - + 1 + - + — + — =- 

2 4 3 3 6 12 


Vi du 3.10: Cho a, b, c la cac so thuc duong. Chung minh rang: 

1+ *Y 1+ bY 1+ sL + 2 ( a ti + c) 

b A C A a J V abc 


Phan tich: Trudc het ta viet lai bat dang thuc can chung minh thanh 

a b c b c a 2(a + b + c) 

—i-1-1-1— + — > —^— -- — 

b c a a b c A be 


Be y ben ve phai ta viet duoc thanh 


a + b + c 


a 


yj abc yj abc Abc Abc 


, Bo do ta nghT den bat 


dang thuc Cauchy vdi cac nhom 


a a a j f b b b j [ c c c 

b ’ c ’ a J A a ’ b ’ c J A a ’ b ’ c 

a b c b c a 3(a + b + c) 

Luc nay ta duoc —l-1-1-1-1-1- • Phep chung minh se hoan tat neu 

b c a a b c Abc 

3fa + b + c) 2 fa + b + c) a + b + c 

ta chi ra duoc - ,- —- >- ,- —- + 3 hay — ,- > 3. Ro rang danh gia cuoi cung luon 

Abc Abc Abc 

dung theo bat dang thuc Cauchy. 

Loi giai 

Bi6n d6i tuong duong bit ding thuc ta duoc 

, bV. 2(a + b + c) a b c b c a 2(a + b + c) 

b A C A a J Abc b c a a b c Abc 

Ser dung bat dang thuc Cauchy, ta duoc 

a a a ^ 3a bbb^3b c c c 3c 

-+-+-> - + - + — > - , - 

b c a Abc abc yjabc abc ^/ a be 


Cong theo ve cac bat dang thuc tren ta duoc 


a b c b c a 0 ^fa + b + c) 

+-+-+3> —— - —- 

b c a a b c Abc 


Mat khac, cung theo bat dang thuc Cauchy ta lai co 

a + b + c > 3Abc hay , a ' b A > 3 


Abc 


Suy ra 


Hay 


a b c b c a 0 3(a + b + c) 2(a + b + c) 

- + — + - + — + - + - + v , —Yp fs# /— 

b c a a b c Abc Abc 


a b c b c a ^ 
—+—+—+—+—+—> 
b c a a b c 


2 (a + b + 1 

Abc 


Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 

| Vi du 3.11: Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 1. Chung minh ring: 










a b c 3 r~— ^ 10 

—i-1-h yabc > - 

cab 9 a 2 + b 2 


Phan ti'ch: De dang du doan dugc dang there xay ra tai a = b = c = —. Theo mot danh gia quen thuoc ta 


Nhu vay ta chi can chung minh 


— + — + — + yjabc > —. De chung minh dugc bat dang thuc do thi ta can triet tieu dugc \Jabc , dieu 
cab 3 

nay co nghTa la ta can co mot danh gia kieu y/abc H — , ^ > 2^k, chu y den dang thuc xay ra ta chgn 


duoc k = —. Tuy nhien de lam xuat hien — ^— thi ta can chung minh duoc — + — + — > J— 
9 9^/abc cab 5/ a b, 


. , i a a c ^ 3va 3a 

De y rang —I-1— > ,— vlfr —j= 

c c b vbc l/ab 


ap dung ghep cap tuong tu ta dugc 


a b ca+b+c 1 


=■. Den day ta trinh bay lai lbi giai nhu sau 


Loi giai 

a c 3^/a 2 " 3a 


Theo bat dang thuc Cauchy ta co —l-1— i pf § 

c c b 3/bc 


Ap dung tuong tu ta dugc 


Cong ve theo ve ba bat dang thuc tren ta co - 


a a b abc b b c a bc 
, , „ , a b c a + b + c 1 


Do do ta dugc bit dang thuc — + — + — + \J abc > }-— + \J abc 
c a b \/abc 


Ta can chung minh 


1 3 l-— ^ 10 

,- + v abc > —7- 

Vabc 9 (a 2 + b 2 


, , 1 - 2 

That vay, theo bat dang thuc Cauchy ta dugc — ,- + Vabc > — 

9 v abc 3 


Ma a + b + c = 1, suy ra v abc < 


Mat khac, theo mot danh gia quen thuoc ta c 

10 


1 „ 8 8 
— nen — 1 = > — 
3 9^abc 3 


_8 _ > 2 8_10 

\/abc 3 3 3 


9 a +b +c 3(a + b 


10 _ 10 

- K 4- /A 2 “ 3 


Tir do ta dugc 




Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = - 


Vi du 3.12: Cho a, b, c la cac so thvrc khong am thoa man ab + be + ca > 0. Chung minh rang: 

I a 2 +1 | l b 2 +1 | l c 2 +1 ^ g 


Phan ti'ch: Quan sat bat dang thuc can chung minh ta de y den danh gia a 2 + 1 > 2a, khi do ta dugc bat 
dang thuc 

I a 2 +1 + lb 2 +1 + lc 2 +1 > I 2a + / 2b + / 2c 
Vb + c vc + a va + b Vb + c Vc + a Va + b 


Nhu vay ta can phai chung minh, 


2a 


2b 


2c 


., , ., , ., > 3 , day la mot bat dang thuc nhin 

Vb+c Vc+a Va+b 
hinh thuc thi dep nhung dang tiec no lai khong dung, ta co the kiem tra vdi a = b; c = 0. Nhu vay danh 
gia tren khong hieu qua. 

Be y ta thay ve phai la hang so 3, do do neu ta ap dung bat dang thuc Cauchy cho ba so ve trai thi 
I f a 2 +l)(b 2 +l)(c 2 +l) 

khi do ta duoc -A- vt -Ar-A va nhu vay ta chi can chi ra dai luong dubi dau can lbn 

' ^ (b + c)(c + a)(a + b) ' 

hom hoac bang 1 la dugc. Bieu nay co nghTa la ta can chung minh dugc 

(a 2 +1 j(b 2 +1) (c 2 +1 j > (b + c) (c + a)(a + b) 

Chu y den tinh doi xung trong bat dang thuc tren ta nghT den danh gia 
(a 2 + l)(b 2 +l) > (a + b) 2 

Day la mot danh gia dung theo bat dang thuc Cauchy hoac Bunhiacopxki. 

Loi giai 

Ap dung bat dang thuc Cauchy ta dugc 


la 2 +1 lb 2 +1 


b + c Vc + a Va + b ^ (b + c)(c + a)(a + b) 

(a 2 + l)(b 2 + l)(c 2 + l) 

minh dugc V ,-\\- , > 1 

(b + cjlc + aj(a + bj 

(a 2 +1 j(b 2 + lj(c 2 +1j > (b + c j (c + a j (a + b j 


|(a 2 +l)(b 2 +l)(c 2 +l) 


(a 2 + l) (b 2 +1) (c 2 + l) 

Nhu vay ta can chung minh dugc V ,-- , > 1 

(b + cj(c + aj(a + bj 


Hay 

That vay, ta co 

(a 2 + lj(b 2 +1j > (a + b) 2 a 2 b 2 + a 2 + b 2 +1 > a 2 + b 2 + 2ab «> a 2 b 2 + 1 > 2ab 

Danh gia cuoi cung la mot danh gia dung theo bat dang thuc Cauchy 

Ap dung tuog tu ta dugc (b 2 + lj (c 2 + 1 j > (b + c j ; (a 2 + lj (c 2 + lj > (a + c j 
Nhan theo ve ba bat dang thuc tren ta dugc 

(a 2 +1 j(b 2 + lj (c 2 +1j > (b + c j (c + a) (a + b j 

Vay bai toan dugc chung minh xong. Dang thuc xay ra khi va chi khi a = b = c = 1. 

I Vi du 3.13: Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 3 . Chung minh ring: 




c + ab 


a + be 

Loi giai 


b + ca 


Ap dung bat dang thuc Cauchy ta dugc 

I a + b I b + c i Ic + a 
V c + ab 

Ta can chung minh 


V a + be V b + ca 

(a + b)(b + c)(< 


f b)(b + c)(c 


b)(a + bc)(b 4 
> 1 


b)(a + bc)(b 

Hay (a + b) (b + c) (c + a) > (c + ab)(a + be)(b + ca) 

That vay, ap dung bat dang thuc Cauchy ta dugc 

( a + l) i (b + l) 2 (o + l) 1 <[ a + b 3 +C + 3 J=64 

Va 4(c + ab)(a + be) < (c + ab + a + be) = (b + l)(a + c) 

Tuang tu ta dugc 

64(c + ab) (a + bc) (b + ca) <(a + l) (b + l) (c + l) (a + b) (b + c) (c + a) 
<64 (a + b) (b + c) (c + a) 

Hay (a + b) (b + c) (c + a) > (a + ab) (a + be) (b + ca) 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi a = b = c = 1. 


Vi du 3.14: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 


I a + 2b | 

I b 2 + 2c 2 ( 1 

1 a 2 + ab + be \ 

b 2 + be + ca V 


c 2 + 2a 2 
2 + ca + ab 


> 3 


Ap dung bat dang thuc Cauchy ta dugc 


Loi giai 


1 a 2 + 2b 2 

1 b 2+ 2c 2 1 

1 a 2 + ab + be V 

b 2 + be + ca V 


c +2a 
c 2 + ca + ab 


w 


(a 2 + 2b 2 ) (b 2 + 2c 2 ) (c 2 + 2a 2 ) 
a 2 + ab + bc)(b 2 + be + ca)(c 2 + ca + ab 


Ta can chung minh 


(a 2 + 2b 2 ) (b 2 + 2c 2 ) (c 2 + 2a 2 ) 

(a 2 + ab + be) (b 2 + be + ca) (c 2 + ca + ab) 

Hay (a 2 + 2b 2 )(b 2 +2c 2 )(c 2 +2a 2 ) > (a 2 + ab + bc)(b 2 + be + ca)(c 2 + ca + ab) 
That vay, ap dung bat dang thuc Bunhiacopxki ta dugc 

(a 2 + 2b 2 )(b 2 + 2c 2 ) = (a 2 +b 2 +b 2 )(b 2 +c 2 +c 2 ) > (b 2 +bc + ac) 

(b 2 + 2c 2 )(c 2 + 2a 2 ) = (b 2 +c 2 + c 2 )(c 2 + a 2 +a 2 ) > (c 2 +ca + ab) 2 

(c + 2a )(a + 2b ) = (c +a +a)(a +b + b ) > (a + ab + be) 

Nhan theo ve cac bat dang thuc tren ta dugc bat dang thuc can chung minh 





Vay bat dang there dugc chung minh. Dang there xay ra khi a = b = C. 

Vi du 3.15: Cho a, b, c la cac s6 thvrc duong tuy y. Chung minh ring: 

(a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 )(a + b + c) > 8(a 2 b 2 +b 2 c 2 + c 2 a 2 ) 

Loi giai 

Bat x = a 2 ; y = b 2 ; z = c 2 . Khi do bat dang thuc can chung minh trb thanh 


hy)(y + z)(z + x)|V^ + 7y + Vz) >8(xy + yz-t 


Ap dung bat dang thuc Cauchy ta dugc x + y > 2-Jxy <=> 2^jxiy > — 


x + y 


Ap dung tuong tu dugc 2-y/xy + 2-^yz + 2\fzx > ^ Xy + ^ Z + ^ ZX 

x+y y+z z+x 

4xy + 4yz + 4zx 
x+y y+z z+x 

Nhu vay ta dugc 


Do do ta dugc 


V / v 'x+y y+z z+x 


l-y)(y + z)(z + x) + yfy + Vz j 

> (x + y) (y + z) (z + x) T(x + y + z) + —— + + - 4Z ^ 

v v v '|_ v ' x + y y + z z + x 


Ta can chung minh 


Hay 


(x + y)(y + z)(z + x)^(x + y + z) + -^- + ^^ + ^-j > 8(xy + yz + zx) 2 

j - 8 (xy + yz + zxj > 0 


y)(y+ z )( z 


z + x Ix + y+ zl 


^ 4xy + 4yz + 4zx 
x+y y+z z+x 


Hayxy(x-y) + yz(y-z) + zx(z —x) > 0, bat dang thuc cuoi cung dung. 

Vay bat dang thuc ban dau dugc chung minh. Dau dang thuc xay ra tai a = b = c. _ 

Vi du 3.16: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

(l + a 3 ) (l + b 3 ) (l + c 3 j > (l + ab 2 j (l + be 2 j (l + ca 2 j 

Phan tich: Quan sat dai lugng (l + a 3 j (l + b 3 j (l + c 3 j ta lien tuong den bat dang thuc da dugc chung 

minh (l + x 3 j (l + y 3 j (l + z 3 j > (l + xyzj , tuy nhien d<§ y cac dai lugng ben v6 phai thi ta ap dung 
bat dang thuc tren kieu nhu 

(l + a 3 )(l + b 3 )(l + b 3 ) > (l + ab 2 ) 3 . 

Loi giai 

Trubc het ta chung minh bat dang thuc sau: Vbi mgi so thuc duong x, y, z ta co 
(l + x 3 )(l + y 3 )(l + z 3 } > (l + xyz) 3 
That vay, bat dang thuc tuong duong vbi 

1 + x 3 + y 3 + z 3 + x 3 y 3 + y 3 z 3 + z 3 x 3 + x 3 y 3 z 3 > 1 + 3xyz + 3x 2 y 2 z 2 + x 3 y 3 z 3 
Hay x 3 + y 3 + z 3 + x 3 y 3 + y 3 z 3 + z 3 x 3 > 3xyz + 3x 2 y 2 z 2 

Ap dung bat dang thuc Cauchy ta dugc 




x 3 + y 3 + z 3 > 3xyz; x 3 y 3 + y 3 z 3 + z 3 x 3 > 3x 2 y 2 z 2 

Cong theo v6 cac bit ding thvrc tren ta dugc 

x 3 + y 3 + z 3 + x 3 y 3 + y 3 z 3 + z 3 x 3 > 3xyz + 3x 2 y 2 z 2 
Vay bat dang thuc tren dugc chung minh. Ap dung bat dang thuc tren ta dugc 

^1 + a 3 j ^1 + b 3 j ^1 + b 3 j > (l + ab j 
(l + b 3 )(l + c 3 )(l + c 3 ) >(l + bc 2 ) 3 
(l + c 3 )(l + a 3 )(l + a 3 )>(l + ca 2 ) 3 
Nhan timg ve cua ba bat dang thuc tren ta dugc 

(l + a 3 )(l + b 3 )(l + c 3 ) > (l + ab 2 )(l + bc 2 )(l + ca 2 ) 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. _ 

Vi du 3.17: Cho a, b, c la do dai ba canh cua mot tam giac. Chung minh ring: 

_ (a + b-c) 3 +(b + c-a) 3 +(c + a-b) 3 > a 3 + b 3 + c 3 _ 

Phan tich: D6 y ta thiy (a + b - c j + (b + c - a j = 2b, nhu vay nlu ta chung minh dugc danh gia 


(a + b - c) + (b + c - a) > k ^a + b - c) + (b + c - a)J 

Chu y den dang thuc xay ra tai a = b = c ta chgn dugc k = 
quy ve chung minh bo de: 


thi bai toan co co hoi dugc chung minh. 
— . De ap dung cho cac trudng hgp khac ta 


3 3 \ J I 

Vbi mgi x; y > 0 ta co x + y > -— ^ 7 . 

Day la mot bat dang thuc dung va dugc chung minh bang phep bien doi tuong duong dong thbi 
sir dung bat dang thuc Cauchy. 


Loi giai 


Bo de: Vdi moi x, y > 0, ta co x 3 + y 3 > --— 

' ,y y 4 

Chung minh: Do x 3 + y 3 = ^x + y) (x 2 - xy + y 2 j nen b6 d6 tren tuong duong vbi 


x 2 - xy + y 2 > 

( x + y) 

Sir dung bat dang thuc Cauchy hai so dang xy < --—, ta duoc 

4 

x 2 -xy + y 2 = (x + y) 2 - 3xy > (x + y)“ - 3 • ^ ^ 
B6 d6 dugc chung minh. 

De y rang a, b, c la ba canh cua tam giac thi hien nhien ta co: 

a + b- c>0, b + c- a>0, c + a- b>0 



4 


Ap dung bo de, ta co: 



3 3 |"(a + b - c) + (b + c - a)"| 

(a + b-c) + (b + c - a) 

(b+c - a) » +(c+a - b) sK b+c - a ) + 4 ( c+a - b )T 

-b)b(a + b-c) 3 J( C + a ~ b ) + ( a + b - C )] 3 


= 2 b 3 


= 2a 3 


^c + a - t 

Cong ba bat dang thuc tren lai ve theo ta duoc 

(a + b-c)’+(b+ c-a) 3 +(c + a-b) S > a s +b s +c 3 
Vay bat dang thuc du'gc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c. 


Vi du 3.18: Cho cac so thuc a, b, c > 2 thoa man — + — + — = 1 . Chung minh rang : 

a b c 


(a - 2 ) (b - 2 ) (c - 2 ) < 1 


Loi giai 

Bat a = x + 2, b = y + 2, c = z + 2 vdi x, y, z > 0. Ta co: 

Khi do gia thiet duoc viet lai thanh ——-1---1--— = 1 va bat dang thuc can chung minh 

x+2y+2z+2 

duoc viSt lai thanh xyz < 1. 

Bien doi gia thiet ap dung bat dang thuc Cauchy ta duoc 

—— = 1---— = [-- - J—1 + {- - — 

z + 2 x + 2 y + 2 12 x + 2J 12 y + 2 


Tuong tu ta duoc - 


1 


" 2 (x + 2 ) 2 (y + 2 ) y(x + 2 )(y + 2 ) 

1 


yz 


y + 2 y (z + 2 ) (x + 2) 5 x + 2 (y + 2 ) (z + 2 ) 
Nhan ba bat dang thuc tren theo ve, ta duoc 

1 v xyz 


xyz < 1 


(x + 2 )(y + 2 )(z + 2 ) (x + 2 )(y + 2 )(z + 2 
Bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 3 


Vi du 3.19: Cho a, b, c cac so thuc duong bat ki. Chung minh rang : 

1 1 1^111 

- 1 - 1 -+- 1 - 1 - 

a + 2b + c b + 2c + a c + 2a + b a + 3b b + 3c c + 3a 


- , , 114 

Phan tich: Bat dang thuc lam ta lien tuong den danh gia quen thuoc —I— >-. Be y la 

x y x + y 

(a + 3b) + (b + 2c + a) = 2 (a + 2b + c) nen rat tu nhien ta nghT den danh gia 
11^4 2 


a + 3b b + 2c + a ^a + 3b) + ^b + 2c + a) a + 2b + c 

Loi giai 


114 

Ap dung bat dang thuc Cauchy dang —l— >-ta co 

x y x + y 





2_>_4_ = _2 


a + 3b b + 2c + a 

(a + 3b) + (b + 2c + a) 

a + 2b + c 

1 + 1 >. 

4 

2 

b + 3c c + 2a + b 

(b + 3c) + ^c + 2a + b) 1 

b + 2c + a 

1 + 1 >. 

4 

2 

c + 3a a + 2b + c 

(c + 3a) + (a + 2b + c) < 

2 + 2a + b 


Cong ve vdi ve cac bat dang thiic tren va rut gon ta dupe 

1 | 1 | 1 < 1 | 1 | 1 
a + 2b + c b + 2c + a c + 2a + b a + 3b b + 3c c + 3a 

{ a + 3b = b + 2c + a 
b + 3c = c + 2a + b <=> a = b = c 
c + 3a = a + 2b + c 


4. Ky thuat them hot 

Neu a cac ky thuat tren, ta dupe ren luyen thoi quen dinh hudng dua vao be ngoai ciia mot bai toan. 
Thi tir day ta bat dau gap nhung ldp bat dang thiic phong phu hon - nhung bat dang thiic ma lbi giai cho 
chiing luon doi hoi mot tarn nhin bao quat cung nhu su dot pha y tubng. Ky thuat them bbt la mot minh 
chiing ro rang nhat cho loi tu duy sir dung nhung “yeu to ben ngoai” trong viec giai quyet van de. 

Ngay tir day chiing ta se bat dau lam quen vbi ky thuat nay vdi nhung vi du ma each danh gia no 
tuong doi da dang. 



Phan ti'ch: Bat dang thiic tren da dupe chiing minh bang phep bien doi tuong duong va cung co the 
chiing minh bang each sir dung bat dang thiic Bunhiacopxki dang phan thiic. Tuy nhien bay gib ta se ap 
dung ngay bat dang thiic Cauchy de chiing minh bai toan. De dang nhan ra khong the sir dung true tiep 
bat dang thiic Cauchy cung khong the sir dung kT thuat ghep doi xiing de giai quyet bai toan. Ta du doan 


dang thiic xay ra tai r 


. Ben ve trai xuat hien cac dai lupng 


va ben ve phai co dai 


lupng a + b + c, chii y den dau dang thiic xay ra ta nghT den sir dung bat dang thiic Cauchy cho cac cap 


—, b ; —, c ; —, a 


De sir dung bat dang thiic Cauchy cho cac cap tren, trade het ta can phai them vao ve trai mot tong 
a + b + c rbi mbi ti6n hanh ghep theo cap. 

Loi giai 

Ap dung bat dang thiic Cauchy cho cac so duong ta co 

a 2 b 2 r 2 

— + b > 2a; — + c > 2b; — + a > 2c 
b c a 

Cong theo ve ba bat dang thiic tren ta dupe 

a . b c 0 0 a b" c . 

b c a b c a 

Bai toan dupe chiing minh xong. Dau dang thiic xay ra khi va chi khi a = b = c _ 

| Vi du 4.2: Cho a, b, c la cac sb thuc duong. Chiing minh r^ng: 




a 2 + b 2 + c 2 > a + b + c 
b+c a+c b+a 2 

Phan ti'ch: Ap dung y tudng nhu tren, tuy nhien a day ta can triet tieu b + c a dudi mau nen ta them cho 

—— mot so ^ + C va chu y den dau dang thuc xay ra tai a = b = c nen ta tim duoc k = 4. Do do ta 
b + c k 

co ldi giai nhu sau. 

Ldi giai 

Ap dung bat dang thuc Cauchy cho cac so duong ta co 

a 2 b + c: b 2 c + a^ T c 2 a + b ^ 

-+-> a;-+-> b;-+-> c 

b+c 4 c+a 4 a+b 4 

Cong theo ve cac bat dang thuc tren ta duoc 

a 2 b + c b 2 c + a c 2 a + b 

-+-+-+-+-+-> a + b + c 

b+c 4 c+a 4 a+b 4 

a 2 + b 2 + c 2 > a + b + c 
b+c c+a a+b 2 
Bai toan duoc chung minh xong. Dau dang thuc xay ra khi va chi khi a = b = c 


Suy ra 


Vi du 4.3: Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh rang: 

a 3 b 3 c 3 3 

-1-1-> — 

(l + b)(l + c) (l + c)(l + a) (l + a)(l + b) 4 


Phan tich: Quan sat bat dang thuc ta nhan thay co the chung minh duoc bai toan theo y tudng nhu tren, 
nhung ta can tra ldi duoc cac cau hoi dat ra la 

- Ap dung bat dang thuc Cauchy cho may so? 

- Cac dai luong duoc them vao co dang nhu the nao? 


De y den dai luong 


A + b)(i4 


- ta thay nen ap dung bat dang thuc cho ba so, khi do dai luong 


them vao can triet tieu duoc tich [b + 1 ) (c +1 j d dudi mau, do do ta nghT den cac dai luong kieu 
^ + ^ ; C + ^ vdi k la mot so duong nao do. Chu y den dau dang thuc xay ra tai a = b = c = 1, khi do 


(l + b)(l4 


b + 1 c +1 „ . , , „ „ , , , 

--=-se cho ta k = 4 . Vi vay ta co chung minh sau 

k k 


Ap dung bat dang thuc Cauchy ta co: 

a 3 1 + b 1 + c _ 

(l + b)(l + c) 8 8 

Ap dung tuong tu ta duoc 
b 3 

(l + c)(l + a) + H + 

Cong theo vd cac bit ding thuc ta duoc 

a 3 b 3 


Loi giai 


1 a3 


1 + b 

1 + c 

V( 1+b )( 

1 + cj 

8 

8 

c 3 


1 + a 

1 + b 

fi +a )( 

1 + b) 

i + ~ 8 ~ 

+ 8 


> —c 
4 


(l + b)(l + c) (l + c)(l + a) (l + a)(l + b) 4 


-fa + b + c) + ^ > ^(a 


+ b + c 





tt a 3 b 3 c 3 .« 1 / . \ 3 

Hay 7 - 77 - 7 + 7 - 77 - 7 + 7 - 77 - 7 > - a + b + c- 

(l + b)(l + c) (l + c)(l + a) (l + a)(l + b) 2' ' 4 

Ap dung bat dang thuc Cauchy ket hap vdi gia thiet abc = 1, ta lai co 


-(a + b + e) 


3 . 3 3 rr~ 

- — > — v abc - 


(l + b)(l + c) (l + c)(l + a) (l + a)(l + b) ~~ 4 

Bai toan dugc chung minh xong. Dau dang thuc xay ra khi va chi khi a = b = c = 1. _ 

Vi du 4.4: Cho a, b, c la cac s6 thuc duang thoa man abc = 1. Chung minh ring: 

a 3 | b 3 | c 3 ^ 1 
b(c + 2) c(a + 2) a(b + 2) 

Phan tich: D§ dang du doan dugc ding thuc xiy ra tai a = b = c = 1, khi do ta chu y ddn danh gia s 

a 3 b c + 2 , , , 

—-r H-1-> a va ap dung tuong tu. 

b(c + 2) 3 9 

Loi giai 

Ap dung bat dang thuc Cauchy cho ba so duang ta dugc 


c a b + 2 _ 
7-V "I-1-- 

(b + 2) 3 9 


Cong theo ve cac bat dang thuc tren ta dugc 


b c + 2 c a + 2 


b(c + 2) c(a + 2) a b + 2) 


Mat khac theo bat dang thuc Cauchy ta co a + b + c > 3>/abc = 3 . Do do 
a 3 b 3 c 3 > 5.3 2 _ ^ 

b(o + 2) + c(a + 2) + a(b + 2)yT'I = 

Bat dang thuc dugc chung minh. Dau dang thuc xay ra khi va chi khi a = b = c = 1. _ 

Vi du 4.5: Cho a, b, c do dai ba canh cua mot tarn giac thoa man a + b + c = 3. Chung minh rang: 

(a + b-c) (c + a-b) (b + c-a) 

3c 3b 3a 

Phan tich: D§ dang du doan dugc ding thuc xly ra tai a = b = c = 1, khi do ta chu y ddn danh gia sau 
(a + b-c) c i (a + b-c) c \ 

- -— + — + — > 3\ - ---> a + b - c va ap dung tuong tu. 

3c 3 3 V 3c 33 

Loi giai 

Ap dung bat dang thuc Cauchy cho ba so duang ta dugc 




a, + b 


(b + c-a) a i 


Cong theo ve ba bat dang thuc tren ta dugc 

(a + b-c) (c + a-b) (b + c-a) a + b + c , , 

--—+ --—+ -- — > a + b + c- 1 = 1 

3c 3b 3a 3 

Vay bai toan dugc chung minh xong. _ 

Vi du 4.6: Cho a, b, c la cac so thuc duong. Chung minh rang 

b 2 c c 2 a a 2 b 1 1 ^| 

a 3 (b + c) b 3 (c + a) c 3 (a + b) _ 2 [a b cj 

Phan tich: De dang du doan dugc dang thuc xay ra tai a = b = c, khi do ta chu y den danh gia 


be + ^ + c + l >3 be b + c 1_3 
a 3 (b + c) 4bc 2b \a 3 (b + c) 4bc 2b 2a 


va ap dung tuong tu. 


Ap dung bat dang thuc Cauchy cho ba so duong 


b + c + J_ > 3 b e b + c J_ _ 

4be 2b _ ]j a 3 (b + c) 4bc 2b 2a 

3 b + c 1 _ 3_3_ 1_ 

2a 4bc 2b 2a 4b 4c 


b 3 (c + a) 2b 4c 4a c 3 (a + b) 2c 4a 4b 
Cong theo ve ba bat dang thuc tren ta dugc 

b!s_ + + A3-3_lYl +i+ lWl + l + lt 

a (b + c) b (c + a) c (a + b) ^2 4 4j^a b c J 2^a b cj 

Bat dang thuc dugc chung minh. Dau dang thuc xay ra khi a = b = c. 

Vi du 4.7: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 3 b 3 c 2 b 

_ b(c + a) c (a + b) b + c 2 _ 

Phan ti'ch: Bit ding thuc cin chung minh co hinh thuc khac so vbi cac vi du tren, tuy nhien ding thuc 

van xay ra tai a = b = c. Be y hai dai lugng dau ta su dung each them - bbt nhu cac vi du tren thi dugc 


2 4 4 a b 


a 3 bc + a 3 b 3 ca + b 3. 

—j -r + — +-> - a; —7 -r- + - +-> - b 

b(c + a) 2 4 2 c(a + b) 2 4 2 


b(c + a) c(a + b) 
c 2 3b 3c . 

-h cl H-: 

b + c 4 4 

thuc Cauchy. 


b , c b + c 

- — hay-1- 

2 b + c 4 


va ta can phai chung minh dugc 


> c, danh gia cuoi cung luon dung theo bat dang 






Loi giai 

Ap dung bat dang thuc Cauchy cho cac so duong ta dugc 

a 3 b c + a 3 b 3 c a + b 3 . c 2 b + c ^ 
b(c + a) 2 4 2 c (a + b) 2 4 2 b + c 4 

Cong theo vd cac bit ding thuc tren ta dugc 


b(c + a) c(a + b) b + c 2 2 


b(c + a) c(a + b) b + c 2 
Bat dang thuc dugc chung minh. Dau dang thuc xay ra khi a = b = c. 


Vi du 4.8: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

— + — + — > Va 2 - ab + b 2 + >/b 2_ 


■ Vc 2 - c 


Phan ti'ch: Du doan dang thuc xay ra tai a = b = c, quan sat bat dang thuc ta nhan thay ben trai co dai 


lugng — va ve phai lai chua Va 2 - ab + b 2 , do do de sir dung bat dang thuc Cauchy dang 
b 

x + y > 2-y/xy ta can lam xuat hien dai lugng a 2 - ab + b 2 , do do ta de y den phep bien doi 

ci a . . a ab + b 1 . r ^ ^ 

— =-a + b + a- b =-1- a - b, luc nay chu y den dau dang thuc xay ra ta co danh 

b b b 


a 2 - ab + b 2 

3 

— + — + — + a + b + c> 2>/a 2 - ab + b 2 + 2\lb 2 - be + c 2 + 2yfc 2 


gia a - + ^ + b > 2-\/a 2 - ab + b 2 . Ap dung hoan toan tuong tu ta dugc 

b 


b c a 

Phep chung minh se hoan tat neu ta chi ra dugc mot trong hai kha nang sau 

_fa 2 b 2 c 2 a 2 b 2 c 2 , 

V b c aj b c a 

Va 2 - ab + b 2 + Vb 2 - be + c 2 + Vc 2 - ca + a 2 > a + b + c 

De y ta nhan thay — + — + — >a + b + c do do kha nang thu nhat luon dung. Nhu vay bai toan duoc 
b c a 

chung minh. 

^ , a 2 a 2 . . a 2 - ab + b 2 , 

Taco — =-a + b + a- b =-h a - b, tuong tu ta duoc 

b b b 


Loi giai 


a b c a - ab + b b - be + c c - ca + a 


b c a b c a 

Theo bat dang thuc Cauchy ta dugc 

a 2 - ab + b 2 , _ 4 HZ : T7 

-+ b>2Va -ab + b 

b 

b 2 - be + c 2 0 : ~ 

-h c > 2Vb - be + c 


x > 2\lc 2 -c 




Suy ra 


- + — + — + a + b + c> 2Va 2 - ab + b 2 + 2%/b 2 - be + c 2 + 2\[c? - ca + a 2 


Ta can chung minh duac 21 — + — + — > — + — + — | + a + b + c 
b c a b c 


Hay 


-1-1-> a + b + c 

b c a 


Bat dang there cuoi cung chinh la bat dang thuc trong vi du 1. 

Vay bai toan dirge chung minh xong. 

Nhan xet: Tie nhieng vi du tren ta da thay duac sue hieu qua cua ky thuat them - bat trong chung minh bat 
dang thiec. Tuy nhien khong phai vai bat dang thiec nao cung co the lam duac theo each nhu tren, ma doi 
khi ta can phai thuc hien viec bien doi tuong bat dang thiec truac roi mod thuc hien them bat. Duai day la 
mot so vi du nhu vay. 


Vi du 4.9: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a + b + c > a + b + c 

_ b + c c + a a + b a + b b + c a + c _ 

Phan tich: Nhan thay ta chua the su dung bat dang thuc Cauchy de danh gia ngay bat dang thuc tren, do 
a-b b-c c-a 


do ta can bien doi bat dang thuc thanh : 


- > 0, den day ta cung chua the ap dung 
b+cc+aa+b 

duac bat dang thuc Cauchy. Bay gib ta can tim each loai di cac dau tru mbi co the ap dung duac, de y den 

——— + 1 = C + a luc nay ta co the ap dung duac bat dang thuc Cauchy. 

b+c b+c 

Ldi giai 

Bat dang thuc can chung minh co the viet lai thanh 

a-b + b-c + c-a 
b+c c+a a+b 

- , 4 a-b 1 c + a b-c 1 a + b c-a 1 b + c 

Be y rang -+ 1 =-, -+ 1 =-, -+ 1 =- 

b+c b+c c+a c+a a+b a+b 

Vay sau khi them bbt nhu vay, ta da quy bai toan ve chung minh. 

a + b + c + a + b + c > ^ 
c+a b+c a+b 

Mat khac bat dang thuc nay hien nhien dung vi 
a+b c+a b+c 


->0 


£3 a + b c + a b + c = 3 
c+a b+c a+b Vc+a b+c a+b 
Phep chung minh hoan tat. Dau dang thuc xay ra khi va chi khi a = b = c. 


Vi du 4.10: Cho a, b, c la cac sb duong thoa man a + b + c = 3 . Chung minh ring : 

Va + Vb + Vc > ab + be + ca 


Ldi giai 

Sir dung ky thuat them bdt ta co bat dang thuc tuong duong vdi 

21Va + Vb + Vc j > 2 (ab + be + ca) 

<=> (a 2 + b 2 + c 2 j + 2 ^Va + Vb + Vc j > (a 2 + b 2 + c 2 j + 2 (ab + be + ca) 
<^> (a 2 + b 2 +c 2 )+ 2 ^Va + Vb + Vc j > (a + b + c) >9 
Vay ta can chung minh: a 2 + b 2 + c 2 + 2 1 Va + Vb + Vc j > 9 

|a 2 + Va + Va j + |b 2 + Vb + Vb j + |c 2 + Vc + Vc j > 9 


Hay la 






Bieu nay hien nhien dung vi theo bat dang thuc Cauchy bo ba so ta co 

a 2 + Va + Va > 3>/a 2 .Va.Va = 3a 
b 2 + Vb + Vb > 3>/b 2 .Vb.Vb = 3b 
c 2 + Vc + Vc > 3yjc 2 .\[c.\[c = 3c 

Bai toan dupe giai quyet. Bat dang thuc xay ra khi va chi khi a = b = c = 1 


Vi du 4.11: Cho a, b, c la cac so duong thoa man a + b + c > 3. Chung minh rang : 

a 2 b 2 c 2 > 3 

i-Vbc b + Vca c + Vab 2 


Phan ti'ch: Dau dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc thi dieu dau tien la su dung 
bat dang thuc Bunhiacopxki dang phan thuc. Tuy nhien ta xem co the su dung bat dang thuc Cauchy 
duoc khong? Nhan tMy duoi cac mlu co chua can bac hai va ta tim each khu can trade. 

Chu y den chieu bat dang thuc ta co danh gia 2Vbc < b + c, khi do ta duoc 

8< 2cl 


a + yfbc 2a + b + c 


, hoan toan tuong tu ta duoc bat dang thuc 


2a 2 2b 2 


2c 2 


Ta can chi ra duoc 


+ Vbc b + >/ca c + Tab 2a + b + c 2b + c + a 2c + a + b 
2a 2 2b 2 2c 2 ^ 3 

2a + b + c 2b + c + a 2c + a + b 2 


Be y den danh gia 


2a 


2a + b + c 


2a + b + c 
2a : 


> a, ap dung tuong tu ta duoc bat dang thuc 


2b 2 2c 2 ^ a + b + c ^ 3 

- + - + - > - > — 

2a + b + c 2b + c + a 2c + a + b 2 2 


Ben day bai toan duoc chung minh xong. 

Loi giai 

Ap dung bat dang thuc Cauchy ta duoc 2Vbc < b + c suy ra- 

a 

Ap dung tuong tu ta duoc bat dang thuc 

a 2 b 2 c 2 ^ 2a 2 


2a 2 


- Vbc 2a + b + c 
2b 2 2c 2 


i + Vbc b + Vca c + Vab 2a + b + c 2b + c + a 2c + a + b 


Ta can chung minh duoc 


2a + b + c 2b + c + a 2c + a + b 2 
Ap dung bat dang thuc Cauchy ta lai co 


> —, that vay 


2a 2 


2a + b + c ^ 


- > a; - 


2b 2 


2a + b + c 8 2b + c + a 

Cong theo ve cac bat dang thuc tren ta duoc 
2a 2 2b 2 


2c > a + b + c > 3 
2a + b + c 2b + c + a 2c + a + b 2 2 


Vay bat dang thuc duoc chung minh xong. 


Vi du 4.12: Cho a, b, c la cac so duong thoa man a + b + c > 3. Chung minh rang : 

a 3 | b 3 | c 3 ^ 3 

+ Vbc b + Vca c + Vab 2 


Loi giai 




Ap dung bat dang thuc Cauchy ta duac 2>/bc < b + c suylife— ,— >-—-. 

a + V be 2 a + b + c 


Ap dung tuang tu ta dugc bat dang thuc 

_ 3 i 3 

a b 


a + Vbc b + >/ca c + Vab 2a + b + c 2b + c + a 2c + a + b 
2a 3 2b 3 2c 3 3 

Ta can chung minh duac- 1 - 1 -> —, that vay 

2a + b + c 2b + c + a 2c + a + b 2 


Ap dung bat dang thuc Cauchy ta lai co 


2 a 3 a( 2 a + b + c) 


> a 

> b 2 

> c 2 


2 a + b + c 8 

2 b 3 b( 2 b + c + a) 

2 b + c + a 8 

2 C 3 c( 2 c + a + b) 

2 c + a + b 8 

Cong theo ve cac bat dang thuc tren ta dugc 
2 a 3 2 b 3 

- 1 - 1 - 1 - 

2a + b + c 2b + c + a 2c + a + b 4 

2 C 3 3 (a 2 + b 2 + c 2 ) - (ab + be + ca) 


Hay 


2 a 3 


2 b 3 


2a + b + c 2b + c + a 2c + a + b 4 

3 (a 2 +b 2 + c 2 ) - (ab + be + ca) 3 


> — 

4 2 

A „2 , 1 2 , „2 . o , , 2 , 1 2 , 2 . 


Chung minh se hoan tat neu ta chi ra dugc 

That vay, tu gia thiet ta co a 2 + b 2 + c 2 > 3 va a 2 + b 2 + c 2 > ab + be + ca 

3(a 2 + b 2 + c 2 ) - (ab + be + ca) 2(a 2 +b 2 +c 2 ) 3 

Dodosuyra K - - - 

4 4 

Vay bat dang thuc dugc chung minh xong. 


- > — 
2 


Vi du 4.13: Cho a, b, c la cac so duong thoa man a + b + c = 3 . Chung minh rang : 

a(a- 2 b + c) b(b- 2 c + a) c(c- 2 a + b) 


-> 0 


Phan tich: De ap dung bat dang thuc Cauchy ta can phai bien doi bat dang thuc tren sao cho ve phai la 
mot so khac khong, dieu nay lam ta nghT den cong vao hai ve cua bat dang thuc vdi mot so duong nao 
do? 


De y ta thay 


, a (a - 2b + c) _ a (3 - 3b) _ 3 a _ 3 


-, khi do de lam mat dau tu ta cong them 3 


3a - 3ab 3a + 3 

thi duac- 1 - 3 =-, thuc hien tuang tu 

ab +1 ab +1 


dugc bat dang thuc 


a +1 b +1 c +1 


ab +1 be +1 ca +1 

a + 1 b + 1 c + 1 


> 3. Den day ta ap dung bat dang thuc Cauchy thi dugc 


>3 


(a + l)(b + l)(c + 1 ) 


ab + 1 be + 1 ca + 1 |(ab + l)(bc + l)(ca + 1 ) 
Phep chung minh se hoan tat neu ta chi ra dugc 

(a + 1 ) (b + 1 ) (c + 1 ) > (ab + 1 ) (be + 1 ) (ca + 1 ) 




B6n day ta bi6n d6i tuang duang d6i tuang duang thi dugc 

(a +l)(b +l) (c +l) > (ab +l) (be +l) (ca +l) 

<=> abc +a+b+c+l> a 2 b 2 c 2 + abc(a + b + c) +1 
<=> abc (l - abc) + a + b + c(l- abc) > 0 

Bat dang thuc cuoi cung luon dung do abc < 1. Ben day ta trinh bay lai lai giai nhu sau 

Loi giai 


Be y ta thay 


, a(a-2b + c) _ a(3-3b) _ 3a - 3a b 


ap dung tuang tu ta dugc bat dang thuc can 


, , . , 3a - 3ab 3b - 3bc 3c - 3ca ^ _ 

chung minh la-1-1-> 0 


- .i ,, „ . 3a-3ab 3b-3bc 3c-3ca 

Bat dang thuc tren tuong duang vai — —I- 3 H— ---1- 3 H--—h 3 > 9 


Hay 


ab +1 be +1 

a +1 b + 1 c + 1 


ab +1 be +1 ca + 1 
Ap dung bat dang thuc Cauchy ta dugc 


a +1 + b + 1 + c + 1 >3 J (a + l)(b + l)(c +1) 
ab +1 be +1 ca +1 


y (ab +1) (be +1) (ca +1) 

Phep chung minh se hoan tat neu ta chi ra dugc 

(a +1) (b +1) (c +1) > (ab +1) (be +1) (ca +1) 

Ben day ta bien doi tuang duang doi tuang duang thi dugc 

(a +1) (b +1) (c +1) > (ab +1) (be +1) (ca +1) 

<=> abc + a + b + c + l> a 2 b 2 c 2 + abc (a + b + c) +1 
<=> abc (l - abc) + (a + b + c) (l - abc) > 0 

Theo bat dang thuc Cauchy taco 3 = a + b + c> 3\/ abc suy ra abc < 1 
Bo vay bat dang thuc cuoi cung luon dung. Vay bai toan dugc chung minh xong. 

Nhan xet: Thong qua cac vi du tren ta nhan thay ducrc hieu qua cua Id thuat them - bat trong bat dang 
thuc Cauchy 

Bat dang thuc Cauchy co the giup ta loai bo cac rao can nhu cac can thuc, cac luy thua bac 


- Ki thuat them - bat co the giup ta doi xung hoa bat dang thuc cung nhu cac danh gia hap li trong 
qua trinh tim lai giai. 

- Chu y den diem rai giup ta bao toan dau dang thuc trong chuoi danh gia. 

Sau day la mot so vi du khac 


Vi du 4.14: Cho a, b, c la cac so duang thoa man ab + be + ca = 2abc. Chung minh rang : 


1 


1 


1 


a (2a -l) b(2b-l) c(2c-l)' 


> - 
2 


Loi giai 

Tir gia thiet ab + be + ca = 2abc suy ra — + — + — = 2. 

abc 

Bat x = —; y = —; z = —, khi do ta co x + y + z = 2. 
abc 





Bat dang thuc dugc viet lai la 




Hay 


(2-x) (2-yj (2-z 

i y 3 


[y + z ) (z + xj i x + y 
Ap dung bat dang thuc Cauchy ta dugc 


*_ >1 

2 


X 

i y+ z i y+ z \' 

(y + z)' 

! 8 8 

y s 

z + x z + x > ; 

(z + x)' 

r+ 8 + 8 

z s 

, x + y , x + y ^ 


( x + y) 

Cong theo ve cac bat dang thuc tren ta dugc 


Hay 


8 8 4 

x" y” z 3 x + y + z 3 (x + y + z) 

2 24 

x 3 y 3 z 3 x + y + z _ 1 


y+z z + x x+y 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = —. 


Vi du 4.15: Cho a, b, c la cac so thuc khong am trong do khong co hai so nao co tong bang 0. Chung 
minh rang : 


- > 4 


|b 2 -bc + c 2 

1 c 2 -ca + a 2 I 

1 a 2 + be V 

b 2 + ca V 


c + ab 


a 2 + b 2 + c 2 


Phan tich: Bat dang thuc co dau dang thuc xay ra tai a = b; c = 0 va cac hoan vi cua no, nhu vay ket 
hgp vbi gia thiet ta co the xet hai trudng hgp. Tuy nhien de y bieu thuc trong can ta nhan thay 
a 2 + be + b 2 - be + c 2 = a 2 + b 2 + c 2 va de y den chieu cua bat dang thuc ta co danh gia 


2^a 2 + bc)(b 2 - be + c 2 j < a 2 + b 2 + c 2 . Khi do ta dugc 

b 2 -bc + c 2 b 2 -bc + c 2 ^ 2(b 2 -bc + c 2 ) 

a + ^ c ^a 2 + be) (b 2 - be + c 2 ) a +b +c 

Den day ap dung tuong tu ta dugc 


lb 2 - be + c 2 

1 c 2 - ca + a 2 ^ 

1 a 2 -ab + b 2 

1 a 2 + be )l 

b 2 + ca V 

c 2 + ab 


2^b 2 -bc + c 2 j 2^c 2 -ca + a 2 j 2^a 2 -ab + b 2 j 2(ab + bc + ca) 

a 2 + b 2 + c 2 a 2 + b 2 + c 2 a 2 + b 2 + c 2 a 2 + b 2 + c 2 

Day chinh la bat dang thuc can chung minh. 


Ap dung bat dang thuc Cauchy ta dugc 


Loi giai 




Khi do ta suy ra 


b 2 - be + c‘ 


2yj(a 2 + be) (b 2 - be + c 2 ) < a 2 + b 2 + c 2 

2^b 2 - be + c 2 ) 


b 2 - be + c 2 


■# > - 


a +bc ^(a 2 +bc)(b 2 -bc + c 2 ) a + b + c 
Ap dung tuong tu ta dugc 


lb 2 - be + c 2 | 

1 c 2 -ca + a 2 

la 2 - ab + b 2 

\ a 2 + be 

vb 2 - 

V b 2 + ca 1 

bc + c 2 ) 2(c 2 - 

V c 2 + ab 
-ca + a 2 ) 2(i 

a 2 + b 2 + c 2 a 2 + b 2 + c 2 a 

b 2 - be + c 2 I 

c 2 - ca + a 2 1 

a 2 - ab + b 2 ( 

a 2 + be V 

b 2 + ca V 

c 2 + ab 


a 2 + b 2 + c 2 


Hay 

Vay bat dang thuc dugc chung minh. 

Dang thuc xay ra khi va chi khi a = b; c = 0 va cac hoan vi. 


Vi du 4.16: Cho a, b, c la cac so thuc duong tuy y . Chung minh rang : 


2V3 


1 


1 


1 


Ja(a + 2b) ^b(b + 2c) yj c ( c + 2a) 


< 1 | 1 | 1 | 3 | 3 | 3 

a b c 2a + b 2b + c 2c + a 


Phan tich va loi giai 

Trubc het ta du doan dau dang thuc xay ra tai a = b = c. Quan sat bat dang thuc va chu y den dau dang 
thuc xay ra ta co danh gia 

2V3 


yj a (a + 2b) 

Khi do tuong tu ta dugc bat dang thuc 

2V3 


J a (a + 2b) ^b(b + 2c) J c(c + 2a) 


3 < 1 3 

a a + 2b a a + 2b 


111 3 3 3 , 

< —I-1-1-1-1-Nhu vay 

a b c a + 2b b + 2c c + 2a 


phep chung minh se hoan tat neu ta chi ra dugc 

3 | 3 | 3 ^ 3 | 3 | 3 

a + 2b b + 2c c + 2a 2a + b 2b + c 2c + a 
Ro rang bat dang thuc tren khong the chung minh dugc, dieu nay cho thay each danh gia nhu tren 
khong dem lai hieu qua va ta can phai tim each khac. 

Be y la trong phep danh gia tren ta triet tieu dugc dai lugng — + — + — nhung khong dem lai hieu 

a b c 


qua. Vay ta thu danh gia lam triet tieu-1-1-thi se co ket qua nhu the nao? Be lam 

a + 2b b + 2c c + 2a 

dugc nhu vay ta can lam xuat hien cac 2a + b; 2 b + c; 2 c + a trong cac can va su xuat hien do chi co 
the dugc giai quyet bang ki thuat them - bbt. Khi do chu y den dau dang thuc xay ra ta dugc 
2V3 2 1 3 " 2a + b < 3 ^ 2a + b 

yja (a + 2b) y2a + b a (a + 2b) 2a + b a (a + 2b) 

Hoan toan tuong tu ta dugc bat dang thuc 




3 


|^a(a + 2b) ^b(b + 2c) ^jc (c + 2a) 
< 2a + b + 2b + c 
a(a + 2b) b(b + 2c 
Phep chiing minh se hoan tat neu ta chi ra dugc 


2b + c 2c + a 3 3 

(b + 2c) c(c + 2a) 2a+ b 2b + 


a(a + 2b) b b + 2c) 


t- 2a) a b c 


Quan sat bat dang thiic ta nghi den each ghep doi xung. Nhung ghep nhu the nao day va neu 
khong chiing minh dugc bat dang thiic tren thi chuoi danh gia tren hoan torn vo tac dung. Sau mot thbi 
gian may mo cuoi cung cung phat hien ra 

2a + b 2 1 


Danh gia nay tuong duong vbi (a + 2b) > 3b (^2a + b j la mot danh gia dung. 

_ Thuc hien hoan toan tuong tu ta dugc dieu can phai chiing minh. _ 

Vi du 4.17: Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chiing minh rang: 

2 (ab + be + ca) + — + — + — >9 


Phan tich va loi giai 

Trubc het ta du doan dang thiic xay ra tai a = b = c = 1. Khi do de thay theo bat dang thiic 
Cauchy ta co 

, , 111,1,1 1 _ 

3-b + be + Cci H-1-1-— ab H- \~ be h -h ca h-^ 3 

ab be ca ab be ca 

Nhu vay ta can chiing minh ab + be + ca > 3 nua la xong. Tuy nhien vbi a + b + c = 3 thi bat 
dang thiic ab + be + ca > 3 lai khong dung. Nhu vay each danh gia nhu tren khong hieu qua. Ta can 
tim each khac. 

Trong bat dang thiic co dai lugng 2 (ab + be + ca) va gia thiet thi co a + b + c = 3, giua chiing 


c 2 + 2 (ab + be + ca) = (a + b -+ 


Dieu nay ggi y cho ta them vao hai ve ciia bat dang thiic dai lugng a 2 + b 2 + c 2 , khi do bat dang 
thiic cin chiing minh trb thanh 

(a + b + c) H-1-1->9 + a +b +c 

v ; ab be ca 

Hay — + — + — > a 2 + b 2 + c 2 

ab be ca 

Ket hgp vbi gia thiet a + b + c = 3 thi bat dang thuc tren dugc viet la 

> a 2 + b 2 + c 2 <» 3 > abc(a 2 + b 2 + c 2 ) 
abc V > 

Theo mot danh gia quen thuoc thi abc (a + b + c) < ^ (ab + be + ca) 


,i . , , . (ab + be + ca J a 

c 2 ) = - abc (a + b + c) (a 2 + b 2 + c 2 ) < --—— 




Ma theo bat dang thuc Cauchy ta co 

(ab + be + ca) (a 2 + b 2 + c 2 ) = (ab + be + ca)(ab + be + ca^a 2 + b 2 + c 2 ) 


(a + b + c) 


(a + b + c) 


Suy ra ta dugc abc ^a 2 + b 2 + c 2 j < 3. Vay bai toan dugc chung minh xong. 


Vi du 4.18: Cho a, b, c, d la cac so thuc duong tuy y. Chung minh rang: 

a-d d-b b-c 


b+d c+b a+c a+d 


->0 


Phan tich va 151 giai 

Be dang du doan dugc dang thuc xay ra tai a = b = c = d. Quan sat bat dang thuc ta nhan thay 

chua the xac dinh dugc cac phan so da khong am hay chua va ve phai luc nay la 0 nen viec sir dung bat 

dang thuc Cauchy la khong the dugc. Bay gio ta can thay doi cac tir so de dam bao cac phan so khong am 
va ve phai cung la mot hang so duong. Yeu cau nay ggi y cho ta su dung ki thuat them - bdt 

^ . a-d . a + b,. 

Be y ta thay-1-1 =-, hoan toan tuong tu ta dugc 

b+d b+d 

a-d A [d-b . | [b-c .] [c-a .. . 

b+d J [c+b J Ic + a J Id + a 


- > 4 


^ a + b + d + c + b + a + c + 
d + b c + b c + a d-t 
Lai thay cac phan so khong cung mau nhung co cac cap cung tir, do do ta viet dugc bat dang thuc 


( a + b )|77 


1 


'( c + d )[b7 


1 


, , , , , 11 4 

Bat dang thuc tren lam ta lien tuong den bat dang thuc Cauchy dang —I— >- 

x y x + y 

4 (a + b) 
i + b + c + d 

i , i V 4 ( c+d ) 

b+c a+dj a+b+c+d 
Cong hai bat dang thuc tren theo ve ta co ngay dieu phai chung minh. _ 


J -i A 

l-b) -+- ; 

7 ^d + b c + a y 


Hoan toan tuong tu ta cung co (c + d 


Vi du 4.19: Cho a, b, c la cac so thuc duong. Chung minh rang: 


b(b + 


) + d^) + d^)‘ 5 (a+b+c) 


Phan tich: Be y den danh gia - 


b(b + c) 2 
Ap dung bat dang thuc Cauchy ta co: 


b ■ b ±JL>3J— 

4 \lb(b + 


b b + c _ 3 
2 4 ~ 2 a 


Loi giai 


b(b + c) 2 


1 a 3 b 

b + c 

y b(b + c)' 2 

4 


Hoan toan tuong tu ta co 





b 3 cc + a 3. c 3 aa + b 3 
c(c + a) 2 4 2 a(a + b) 2 4 2 

Cong ve vbi ve cua cac bat dang thuc tren, ta dugc: 

—t-. H—t-. H—t -.. + a + b + c > — (a + b + c) 

b(b + c) c(c + a) a(a + b) 2' 

a 3 b 3 c 3 1 / . \ 

<=> -7-r H-7 r H-7-r > — ( a + b + C I 

b(b + c) c(c + a) a(a + b) 2' ' 

Vay bat dang thuc dirge, chung minh. DSng thuc xay ra khi vet chi khi a = b =*■ c _ 


Vi du 4.20: Cho a, b, c la cac so thuc duong. Chung minh rang: 


(b + 2c) 2 (c + 2a) 2 (a + 2b) 2 9 


Phan tich: Be y den danh gia 


(b + 2c) 

Ap dung bat dang thuc Cauchy ta co: 


b + 2c b + 2c ^ n a b + 2c b + 2c a 

-+-> 3,--.-= - 

27 27 + 27 27 3 


V( b + C ) 

Loi giai 


a 3 

b + 2c 

b + 2c 

>3. 

i 

a 3 

b + 2c b + 2c 

(b + 2c) 2 

' 27 

' 27 

J(b + c) 2 

CN 

b- 

CN 

Hoan toan tuong tu ta co 






b 3 

c + 2a 

c + 2a 

b 

c 3 

a + 2b a + 2b 

(c + 2a) 2 

27 + 

27 


a + 2b) 

' 27 ' 27 


Cong ve vbi ve cua cac bat dang thuc tren, ta dugc: 

a 3 b 3 


a + b + c a+b+c 


(b + 2c) 2 (c + 2a) 2 (a + 2b) 2 9 3 

a 3 | b 3 | c 3 ^ 2(a + b + c) 

(b + 2c) 2 (c + 2a) 2 (a + 2b) 2 ~~ 9 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c 


Vi du 4.21: Cho cac so duong a, b, c thoa man ab + be + ca = 1 . Chung minh rang: 

a 3 + b 3 + c 3 > 4= 
v3 


Phan tich: B6 y d4n danh gia a 3 + b 3 H—j - > 3-sja 3 .b 3 . = abV3 

3v3 \ 3v3 


Ap dung bat dang thuc Cauchy ta co 


Loi giai 


t- b 3 + —> abV3; b 3 + c 3 + —> bcV3; c 3 + a 3 + —^ > caV3 

3V3 3V3 3V3 


Cong ve vbi ve cua cac bat dang thuc tren, ta dugc: 



2 [a 3 + b 3 + c 3 \+}? ! > V3 (ab + be + ca j = \[3 

V3 

=»2(a> + b* + c*)^=»a* + b* + C -^ 

Vay bat dang thuc dugc chung minh. Bau dang thuc xay ra khi va chi khi 


a = b = \-r 
v3 

, 1 

— c — 1 

f ° a “ b “ C “V3 

c = a = 

V 3 

ab + be + ca = 1 

Vi du 4.22: Cho cac sb duong a, 

b, c thoa man 4 (a + b + c) = 3abc. Chung minh ring: 


1 1 13 


a 3 b 3 c 3 _ 8 


Phan ti'ch: Bien doi gia thiet ta dugc - 


1 3 

— = —. Chu y den danh gia 
ca 4 


a 3 + b 3 + 8 _ \ a 3 ' b 3 " 8 _ 2 ab 

Loi giai 


Tu gia thiet ta co 4 (a + b + c j = 3abc <=> - 
Ap dung bat dang thuc Cauchy ta co 

a 3 + b 3 

Hoan toan tuong tu ta dugc 


- > 3d—. — .- ■ 
8 Ha 3 b 3 8 


3 

2 ab 


1 1 > 3J^_^ 1 > 3 JL 

b 3 c 3 8 ~~ 2 ’ be ’ c 3 a 3 8 ~~ 2 ’ ca 
Cong theo ve cac bat dang thuc tren ta dugc 

J1 1 1^ 3 3 f 1 1 1> 9 1 1 13 

^a b c J 8 2^ab be ca J 8 a b c 8 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi 

fl _ 1 _ 1 _ 1 

|l ^1 ° 1 ^ 2<^a = b = c = 2 
[ab be ca 4 


5. Ky thuat Cauchy ngirgc dau. 

Trong qua trinh tim lbi giai cho mot bai toan bat dang thuc, mot sai lam thudng gap do la sau mot 
loat cac danh gia ta thu dugc mot bat dang thuc ngugc chieu. Bieu nay lam khong it ngubi cam thay nan 
long. Luc nay neu ta binh tmh suy nghi mot chut thi thay vbi danh gia ngugc chieu bang each nao do ta 
them vao trubc mot dau am thi lap tuc danh gia do se cung chieu. Su dung y tuong tuong tu nhu ky thuat 
them bdt, tham chi co phan kheo leo hon, ky thuat Cauchy ngugc dau da chung to su dot pha don gian 
nhung dem lai hieu qua bat ngb den ngac nhien khi giai quyet lop bat dang thuc hoan vi chat va kho. 
Chung ta se bat dau lam quen vbi mot so vi du sau 




Vi du 5.1: Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 3 . Chung minh ring: 

1 1 1 3 

a +1 b“ +1 c+1 2 

Phan ti'ch: Quan sat bit ding thuc khong It ban se danh gia a 2 + 1 > 2a, ap dung tuong tu khi do ta 
dugc bat dang thuc 

1 1 1 < 1 
a 2 +1 b 2 +1 c 2 +1 _ 2a 2b 2c 

Tuy nhien bat dang thuc thu dugc lai bi ngugc chieu. Den day chung ta se bi lung tung trong each 
giai. Ta van phai danh gia mau nhung neu co the them dugc dau am trude danh gia do thi tot biet may. 
Bieu ta mong muon se duoc giai quyet bang phep bien doi sau day 

; i. * .] 

a +1 a +1 2a 2 

Ben day thi ta co the danh gia mau ma khong sg bi ngugc chieu nua 

Loi giai 

Ap dung bat dang thuc Cacuchy ta dugc 

a 2 +1 a 2 +1 2a 2 

Hoan toan tuong tu ta co: —-— > 1 - —; —-— > 1 - — 
b 2 + 1 2 c 2 +1 2 

Cong theo ve theo ve cac bat dang thuc tren ta dugc: 

1 1 1 


> 3- 


a 2 +1 b 2 +1 c 2 +1 2 2 

Bai toan dugc giai quyet xong. Bang thuc xay ra khi va chi khi a = b = c = 1. _ 

Vi du 5.2: Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 

111 ^3 

1 + ab 1 + be 1 + ca 2 


Phan tich: Neu ap dung bat dang thuc Cauchy true tiep ta thu dugc 

1 1 1 '1 1 1^3 

- 1 - 1 -— —i — ' : % r J — i— 

1 ' 1 + be 1 + ca 2Vab 2Vbc 2Vca 2 

Do do ta se ap dung bat dang Cauchy theo y tuong nhu tren 

Loi giai 

Ap dung bat dang thuc Cauchy ta co 

1 


_ 1 __ab_ > ^ ab _ ^ Vab 
1 + ab 1 + ab 2>/ab 2 


1 + be 2 1 + ca 2 


^/ca 


Tuong tu ta co 
Cong theo ve theo ve cac bat dang thuc tren ta dugc 

> 3 - -fVab + Vb^ + >/ca) 
1 + abl + bcl + ca 2V / 

p— I —\ lfa + b b + c c + a^l 
>+ C+Ca /2 2 + 2 + 2 


Be y la 


-(Vab H 
2 V 


, 1 [a + b b + c 
S 2 2 1 2 2 

1 | 1 | 1 ^3 

1 + ab 1 + be 1 + ca 2 


a + b + c _ 3 
2 ~2 


Do do ta dugc 

Bai toan dugc giai quyet xong. Dang thuc xay ra khi va chi khi a + b + c = 1 





Nhan xet: Ky thuat Cauchy nguac dau co the hieu la ta lay nghich dao hai ve cua mot danh gia theo bat 
dang thuc Cauchy sau do nhan hai ve voi -1. Khi do bat dang thuc ban dau se khong bi doi chieu. Du&i 
day la mot so vl du tucmg tut. 


Vi du 5.3 : Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 


Ap dung bat dang thuc Cauchy ta co 


b 2 + 1 c 2 + 1 a 2 + 1 2 

Loi giai 


Tuong ter ta co 


a ab ab _ ab 

b 2 + i - a_ b 2 + i _a- ^ -a- T 
b > ^ be c > ^ ca 
, e 2 + 1 _ 2 ’ a 2 +1 _ 2 

Cong theo ve theo ve cac bat dang thuc tren ta dupe: 

a b d . ab + be + ca 

—--+ —-+ —-> a + b + c- 

b 2 +l c 2 +l d 2 +l 2 

Mat khac theo mot danh gia quen thuoc ab + be + ca < ^ (a + b + c j =3 

^ . a b c^„33 

Do do ta duoc —-+ —-+ —->3- 

1) • I c +1 a +1 2 2 

Bai toan dupe giai quyet xong. Bang thuc xay ra khi va chi khi a = b = c = 1 
Vi du 5.4: Cho a, b, c la cac s6 thuc duong tuy y. Chung minh ring: 

a 3 b 3 c 3 a + b + c 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 " 2 


Ap dung bat dang thuc Cauchy ta co 


Loi giai 


a 3 ab ^ ab b 

—--- = a —--- > a-= a- 

a + b a + b 2ab 2 

Tuong tuta co ^ 2 ~ b ~A’ 2 ° 2 ~ C ~A 

b 2 + c 2 2 c 2 + a 2 2 
Cong ve theo ve cac bat dang thuc tren ta dupe 

a 3 b 3 c 3 ^ . a + b + c a + b + c 

—-- + —-- + —-- > a + b + c-=- 

a + b b + c c + a 2 2 

Bai toan dupe giai quyet. Bang thuc xay ra khi va chi khi a = b = c 


Vi du 5.5: Cho a, b, c la cac so there duong thoa man a + b + c = 3 . Chung minh rang: 

a + 1 c + 1 

b 2 +1 c 2 +1 a 2 +1 


Loi giai 


Ap dung bat dang thuc Cauchy ta co 

fei (a + l)b 2 (a + l)b 2 a b + b 

— = a +1 - -—-—-— > a +1 - ---— = a +1- 


b 2 +l 
b + 1 . 


b 2 +l 


2b 

ca + a 


_ ^^.^^.^bc + cc + l^ 

Tuong tu ta co: —-> b + 1-; —-> c + 1 - 

c 2 +l 2 a 2 +1 2 

Cong theo ve cac bat dang thuc tren ta duoc 





cl + 1 

b 2 +1 H 


c 2 +1 a 2 +1 


->a+b+c+3 


a + b + c + ab + be + ca 


a + b + c + g ab + bc + ca 
2 + 2 


(a + b + c) 


Ma theo mot danh gia quen thuoc ta co ab + be + ca < 

^ . * a +1 b + 1 c + 1 

Do vay ta dupe-1-1— -> 3 

b 2 +1 c 2 +1 a 2 +1 
Bai toan dupe giai quyet xong. Bang there xay ra khi va chi khi a = b = c = 1. 


Vi du 5.6: Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 


be+1 ca+1 


i 2 b + l 


>3 

2 


Ap dung bat dang thuc Cauchy ta co 


be +1 


Suy ra ta co 


ab 2 c ^ ab 2 c 

= a- —-- a - r 

be + 1 2b Vc 

It 


Loi giai 

ab-s/c 


b^a (ac) ^ b(a 


„ - > a - — ab + abc) 

be +1 4 v ’ 

Hoan toan tuong tu ta co 

——— > b--(bc + abc); —- 1 -— > c- —(ca + abc) 

Cong theo v6 cac bit dang thuc tren ta dupe 


a 


be + 1 c a +1 ab + 1 
Mat khac ta co theo mot danh gia quen thuoc ta dupe 


>3- 


ab + be + ca 3abc 


Va 

Do do ta dupe 


(a + b + c) 3 ^ ab + bc + ca 

3 = 4-> ab + be + ca <=> - >- 

3 4 4 

3 = a + b + c> 3>/abc o- - > 

4 4 


a b c 3 3 , 

—-1- — -1— -1-1— >3 hay 

be + 1 c a +1 ab + 14 4 


a b c > 3 

b 2 c + 1 c 2 a +1 a 2 b + 1 2 


Bai toan dupe giai quyet xong. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Vi du 5.7: Cho a, b, c la cac s6 thuc duong thoa man ab + be + ac = 3 . Chung minh ring: 
a b 


2b 3 4 +1 2c 3 +1 2a 3 + 1 ' 


>1 


Ap dung bat dang thuc Cauchy ta co 


Loi giai 


Tuong tu ta co 


a _ 2ab 3 ab 3 _ 2ab 

2b 3 + 1 _ a b 3 + b 3 + 1 “ a 3b 2 _ a 3 
b > k 2bc c > ^ 2ca 
2c 3 + 1 “ 3 ’ 2a 3 +1 “ C 3 


Cong theo ve cac bat dang thuc tren ta dupe 




a h r 2 (ab + be + ca) 

+ —^ + ^^>a + b + c--^--=a+b+c-2 

2b 3 +1 2c 3 +1 2a 3 +1 3 

Mat khac ta lai co 

(a + b + c) I t c 

A - — > ab + be + ca => a + b + c > y3 (ab + be + caj =3 

^ a b c 

Do do ta duoc —--1---1---> 1 

2b 3 +1 2c 3 +1 2a 3 +1 

Bai toan dugc giai quyet xong. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Vi du 5.8: Cho a, b, c la cac so there duong thoa man a + b + c = 3 . Chung minh rang: 

a 2 b 2 


a + 2b b + 2c c + 2a 


->1 


Ap dung bat dang thuc Cauchy ta co 


Loi giai 


Tuong tu ta co 


a 2 2ab 2 ^ 2ab 2 2 

-„ = a---- > a- ,-C fea — •?/( ab) 

a + 2b a + b + b 3>/ab 4 3 ' 


—^ T >b--^/(bc) / 
b + 2c 2 3^ > c + 2a 


> c--^/(ca) 


Cong theo ve cac bat dang thuc tren ta dugc 

a 2 b 2 c 2 . , 2 

-- H-- H-- > a + b + c — 

a + 2b b + 2c c + 2a 3 


[l/H 2 + \|( bc ) 2 ♦i/M 2 ] 


Mat khac taco ^/(ab 


TT , . * a, \2 ^ b + be + c 

Hoan toan tuong tu ta dugc -c/I be j < 




3 V v / 3 

Cong theo v6 cac bit ding thuc tren ta dugc 

^ ab) + ^be) + ^ca) <-(a + b + c) + -(ab + be + ca) 


3 v 
1 

h — . 

3 

| <-.3 = 2 
3 


A(a + b + c) + i. ( a + b + C > + 

3 v / a 3 3 3 3 


Suy ra ta co 

Do do ta duoc —-—- + —-—- + —-—- 
a + 2b \ b + 2c 2 c + 2a 
Bai toan dugc giai quyet xong. Dang thuc xay ra khi va chi khi a = b = c = 1. 


Vi du 5.9: Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 

a 2 b 2 c 2 

-r H- ~ H-r ^ 1 

a + 2b 3 b + 2c 3 c + 2a 3 


Ap dung bat dang thuc Cauchy ta co 


Loi giai 




2ab 3 


2ab 3 


> = a-^-b-s/a^ 

a + b 3 + b 3 3yab 6 3 


a + 2b' 

Tuong tu ta co —-— > b - - cVb 2 ; —-— > c - - a-x/c 2 

b + 2c 3 3 c + 2a 3 3 

Cong theo ve cac bat dang thuc tren ta dirge 

b 2 c 2 , 2 

, . -r +--> a + b + c— 

a + 2b 3 b + 2c 3 c + 2a 3 3 


———-4——— 4--—- > a + b + c--(bx/a 2 4-c^/b 2 Tax/c 2 ) 

a 4-2b 3 b + 2c 3 c + 2a 3 3\ / 


Mat khac cung theo bat dang thuc Cauchy ta co 


, 2bc 4- c 3 / 2 " 

^-; avc 5 

3 

Cong theo ve cac bat dang thuc tren ta duoc 


Tuong tu ta co cv 


f a + a +1^ 


2ab + b 

1 3 ; 
, 2ca + a 

3 

1 l 3 J 

3 


, 3 rr 3/77 3 f 7 . a + b + c 2/. . \ a+b+c 2(a4-b4-c) 

bva +cVb +aVc <-+ - ab + bc + ca <-+ —- — = c 

4 4 v ' 3 3 3 


3 3 

b‘ 


a 4- 2b b 4- 2c c 4- 2a 
Bai toan d ugc giai quyet xong. Bang thuc xay ra khi va chi khi a •= b ~ c s 1. 


Vi du 5.10: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 3 b 3 c 3 a + b + c 

-b-1--- ^ - 

a 2 4- ab 4- b 2 b 2 4- be 4- c 2 c 2 4- ca 4- a 2 3 


Ap dung bat dang thuc Cauchy ta co 


Loi giai 


a 2 4- ab 4- b 2 

b 3 


a 2 b 4- ab 2 ^ ab(a + b) _ a 4- b _ 2a - b 


a 2 4- ab 4- b 2 
> 2b - c c' 
3 


3ab 

> 2c - a 
3 


Tuong tu taco 

b" + be + c 3 c“ 4- ca 4- a^ 

Cong theo v6 cac bit ding thuc tren ta duoc 

a 3 b 3 c 3 a + b 4 

-9- V ~^ -9-T ^ -9-9~ — - 

a 4- ab 4- b b 4 be 4 c c + ca 4- a 3 

Bai toan duoc giai quyet xong. Bang thuc xay ra khi va chi khi a = b = c. 


Vi du 5.11: Cho a, b, c, d la cac so thuc duong thoa man a4-b4-c4-d = 4. 

b c d ^ _ 


Chung minh rang: 


1 4- b 2 1 4- c 2 1 + d 2 1 4- a 2 


Ap dung bat dang thuc Cauchy ta co 


Loi giai 


a(l + b 2 j-ab 2 
1 + b 2 _ 1 + b 2 


ab 2 ^ ab 

= a-> a- 

1 + b 2 2 


Ap dung tuong tu ta duoc 


b > k be c >c cd d >c da 
i + c 2 “ i + d 2 ~ C ~Y 1 1 + a 2 ~ C ~Y 


Ap dung tuong tu ta duoc 





ab + be + cd + da 


1 + b 2 1 + c 2 1 + d 2 1 + a 2 

Mat khac cung theo bat dang thuc Cauchy ta co 


ab + be + cd + da _ (a + c)(b + d) (a + b + c + d) 


^ a b c d „ 

Do vay ta dugc-- H-- H-- H-- > 2 

1 + b 1 + c 1 + d 1 + a 
Bai toan dugc giai quyet xong. Bang thuc xay ra khi va chi khi a = b = c = d = l 


Vi du 5.12: Cho a, b, c, d la cac so thuc duong thoa man a + b + c + d = 4. Chung minh rang: 
1 1 1 1 


a + 1 b +1 


2 + 1 d 2 +1 


Lol giai 

Ap dung bat dang thuc Cauchy ta co 

l (a 2 +lj-a 2 . 


- >1 -= 1 -- 

+ 1 2a 2 


a +1 a +1 
Hoan toan tuong tu ta dugc 

—-— > 1 --- —-— > 1 -- - —-— > 1 - — 
b 2 + 1 2 c 2 + 1 2 d 2 + 1 2 

Cong theo v6 cac bit dang thuc tren ta dugc 

1 1 1 1 

-1-1-1-> 2 

a 2 +1 b +1 c 2 +l d +1 

Bai toan dugc giai quyet. Bang thuc xay ra khi va chi khi a = b = c = d = l 


Vi du 5.13: Cho a, b, c, d la cac so thuc duong thoa man a + b + c + d = 4 . Chung minh rang: 

a + ^ + C + ^>2 

_ 1 + b 2 c 1 + c 2 d 1 + d 2 a 1 + a 2 b _ 

Lol giai 

Ap dung bat dang thuc Cauchy ta co 

a _ a ^1 + b c j - ab c _ a b 2 c ab 2 c _ abVc 

1 + b 2 c 1 + b 2 c 1 + b 2 c 2bVc 2 

Hoan toan tuong tu ta dugc 

dVa 


b > ^ bcVd c > c c 

1 + c 2 d 2 1 + d 2 a 2 


d > ^ daVb 

1 + a 2 b 2 


Cong theo ve cac bat dang thuc tren ta dugc 

a b c d , | abyfc beyfd cdyfa, daVb 
- > 4 - 1 


1 + bc 1 + cd 1 + d a 1 + ab 2 2 * 

bVa.ac b(a + ac) 

Mat khac cung theo bat dang thuc Cauchy ta co- : — < — - - 

2 4 

Tuong tu ta dugc 

b-s/a.ac + cVb.lxl + dVc.ca + a-y/d.db < ab + be + cd + da + abc + bed + eda + dab 
2 “ 4 

, ab + bc + cd + da (a + c)(b + d) (a + c + b + df 

l\/l a fa _1_ — I ua 


4 




abc + bed + eda + dab _ bc(a + d) + da(b + c) 


(a + d)(b + c) +(b + c)(a + d) (a + b + c + d) 


Do do ta dugc -— H-— +-— H-— > 2 

1+bc 1 + cd 1+da 1+ab 

Bai toan dugc giai quyet xong. Dang there xay ra khi va chi khi a = b = c = d = l 


6. Ky thuat doi bien so 

Trong bat dang there, co mot quy luat chung, do la “Trong mot dang cu the, thi nhung bat dang 
there cang nhieu bien cang kho”. Dieu nay cung dong nghTa vdi viec khang dinh “Bai toan se trd nen don 
gian hon neu ta dua dugc mot bat dang thuc nhieu bien ve dang it bien hon” Ky thuat doi bien chinh la 
mot cong cu huu ich de thuc hien y tudng nay. _ 


Vi du 6.1: Cho a, b la hai so thuc khac 0. Chung minh rang: 

4aV + — + — > 3 

(a ! + b 2 ) 2 b! a2 

Phan tich: Nhin vao bat dang thuc can chung minh ta thay hai hang ter sau a ve trai co ve nhu tao ra dugc 
nghich dao cua hang ter ther nhat. Vi vay ta thu phan tich tong hai hang ter do de xem ket qua co nhu du 
doan hay khong. 


b 2 _ a 4 +b 4 +2aV -2aV _ +b 2 )' 


-2 


b 2 a 2 a 2 b 2 a 2 b 2 

Vdi ket qua nhu vay ta co the ser dung each dat an phu de dua bat dang thuc can chung minh ve bat 
dang thuc don gian hon. 

Ldi giai 

De y rang bat dang thuc can chung minh co the viet lai thanh 


4a 2 b 2 (a 2 + b 2 


(a 2 + b 2 ) 2 


a b 


>5 


(a 2 + b 2 ] 4 a 2 b 2 

Dat t = -- 7 ta co t > 4. Ter do suy ra - 


a 2 + b 2 


Bat dang thuc can chung minh trd thanh 

4 t t 

Bat dang thuc cuoi cung dung do t > 4 . Bai toan dugc giai quyet hoan toan. 
Dang thuc xay ra khi va chi khi a = +b _ 


Vi du 6.2: Cho cac sd thuc a, b, c > 2 thoa man — + — + — = 1 . Chung minh ring : 

abc 


(a - 2) (b - 2) (c - 2) < 1 


Phan tich: De triet tieu cac dau tru trong bat dang thuc can chung minh ta co the doi bien 

x = a-2; y = b-2; z = c- 2, khi do gia thiet trd thanh —-- 1 --- 1 --— = 1 va ta can chung 

x + 2 y + 2 z + 2 

minh xyz < 1. Day la mot bat dang thuc co the chung minh bang each ghep cap doi xung. Tuy nhien 
trong ldi giai dudi day ta chung minh bai toan bang ky thuat doi bien. 





Loi giai 

Bat x = a-2; y = b-2; z = c- 2 vdi x, y, z la cac so thuc duong. Bai toan quy ve chung minh 

xyz < 1 vdi x, y, z > 0 thoa man 

1 1 1 , x y z 

- 1 - 1 -= 1 - 1 - 1 -= 1 

x + 2 y + 2 z + 2 x + 2 y + 2 z + 2 


Ben day ta dat tiep m =-; n =-; p =-<=>m + n + p = l 

' x+2 y+2 z+2 


x x m 


2m 
n + p 


Tuong tu ta duoc 


_ 2n _ 2p 
p + m ’ m + n 
Do do bat dang thuc can chung minh trd thanh 

-—-- < 1 <» (m + n)(n + p)(p + m) > 8mnp 

n + p p + m m + n v /v /v / 

Su dung bat dang thuc Cauchy, ta co 

(m + n)(n + p)(p + m) > 2^^mn.2^jnp.2^Jpm = 8mnp 

Bai toan duoc giai quyet xong. Dang thuc xay ra khi va chi khi 

m = n = p<=>a = b = c = lox = y = z = 3 
Vi du 6.3: Cho a, b, c la cac so duong thoa man abc = 1. Chung minh rang: 

2a +1 2b +1 2c +1 


y z x 


thuc duong. 


Loi giai 


Dat a = —;b = —;c = — vdi x, y, z la cac so thuc duong. Bat dang thuc can chung minh trd 
y z x 


2 —hi 2 — + 1 2 —l-l 


2x + y 2y + z 2z + x 


Ap dung bat dang thuc Cosi ta co 

y _ y(2z + y) y(2z + y) _ y(2z + y) 

2x + y (2x + y)(2z + y)“[j 2x + y ) + ( 2z + y )J (x + y + z) 2 


7 z(2x + z) -y- x(2y + x) 

Tuongtutacd —^ 

2x + y (x + y + z) 2z + x (x + y + z) 

Cong ba bat dang thuc nay lai ve theo ve, ta duoc: 




y z x y(2z + y) + z(2x + z) + x(2y + x) 

2x + y 2y + z 2z + x “ (x + y + z)* 

2 (xy + yz + zx) + x 2 + y 2 + z 2 
(x + y + z) 

Chung minh hoan tat. Bang thuc xay ra khi va chi khi a = b = c = 1. 


Vi du 6.4: Cho a, b, c la cac so thuc thoa man abc = 1. chung minh rang: 

---+---+--- <1 

a+b+1 b+c+1 c+a+1 


Phan tich: Ta nhan thay su tuong tu cua bat dang thuc tren vbi bat dang thuc 

- T —^+ -+ ^^-- 1 

a+b+1 b+c+1 c+a+1 

Do do y tucmg dau tien do ta dat x 3 = a; y 3 = b; z 3 = c, khi nay ta van duoc xyz = 1 va khi do 
ta viet lai duoc bat dang thuc can chung minh 

111 


< t 


x+y +1 y +z +1 z +x +1 
Ngoai ra tu gia thiet abc = 1, ta co th6 sir dung cac phep dbi nhu sau 

x T y z x 2 T y 2 z 2 yz , zx xy 

a = — ;b = — ;c = —, a = —; b = —; c = —;a = ^— ;b = — ;c = —- 

y z x yz zx xy x y z 

Lol giai 

Dat x 3 = a; y 3 = b; z 3 = c, khi do ta duoc xyz = 1. 

Bat dang thuc can chung minh trb thanh 

111 


x 3 + y 3 + 1 y 3 + z 3 +1 z 3 +x 3 +l 

Ap dung bat dang thuc Cauchy ta duoc 

x 3 + y 3 = (x + y) (x 2 + y 2 - xy) > xy (x + y) 

__ 1 _ < _ 1 _=_ 2 _ 

x 3 + y 3 +1 xy (x + y) + xyz x + y + z 

Chung minh tuong tu ta duoc 

1 1 1 ^ z 


-<1 


Khi do ta duoc 


x+y+1 y+z+1 z+x+1 x+y+z x+y+z x+y+z 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. _ 


Vi du 6.5: Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

1 1 1^3 


a(b + l) b(c + l) c(a + l) >/abc (l +-vabc 


Phan tich: Quan sat bat dang thuc ta thay ve phai chua can bac ba. Do do dieu dau tien ta nghi den la lam 
mat cac can bac ba nay va ta co hai y tucmg doi bien de lam mat can bac ba la 

- Dat x = c/a. y = c/b, z = <[c . Khi do bit ding thuc cin chung minh trb thanh 


1 


1 


1 


x 3 ^y 3 + 1 j y 3 ^z 3 +1 j z 3 ^x 3 + 1 j xyz (xyz + l) 

- Dat abc = k 3 . Khi do bat dang thuc can chung minh trb thanh 




1 1 1 3 

a(b + l) b(c + l) c(a + l) k(l-t-k) 

Ta thir chiing minh bai toan voi cac each d6i bi6n tren nhu sau 

Lol giai 

Dat x = \f&. y = yfb, z = sfc . Khi do bat dang thiic can cluing minh trb thanh 


x 3 y 3 +l) y 3 z 3 +l) z 3 x 3 +l) xyz(xyz + l] 


M = 3 + (l + x 3 y 3 z 3 ) —A -r + —-r + —^-y 

1 yX 3 (y 3 +1) y (z +l) z 3 (x 3 + l) 


x 3 ^y 3 + l) y 3 (z 3 + lj z 3 (x 3 + l) x 3 + 1 y 3 + 1 z 3 + 1 

i + x 3 i + y 3 i + z 3 y 3 ( x3 + 1 ) z3 (y 3 + 1 ) x3 ( z3 

x 3 (y 3 +l) y 3 (z 3 +l) z 3 (x 3 +l) ( 1 + y 3 ) ( 1 + z;3 ) + 

Theo bat dang thiic Caucy ta dugc 

1 + x 3 i + y 3 1 + z 3 > 3 

xyz 

> 3xyz 


( yI + l) 

1 y 3 (z 3 + ij 

1 z 3 (x 3 +1) 

(x 3 +l) 

1 z 3 (y 3 +1] 

1 X 1 (z 3 + l) 


-+ , v . 1 

-+ ' 


Tir do suy ra M > 3xyz 4-=> (l + x 3 y 3 z 3 ) P > 3xyz 4-3 

xyz ' ' xyz 

Mat khac ta lai co 

•(^ 1 ) = S(jy,P -^ + 1 ) =3^-3 + J- 

xyz (xyz 4-1) v ’ xyz xyz 

Do do ta dugc 


(l + x 3 yV)p>(l + x 3 yV)- A -y 

v v ' xyz Ixyz 4-11 


<=> P > - 


xyz (xyz 4-1) 


Chiing minh hoan tat. Dang thiic xay ra khi va chi khi a = b = c 
Nhan xet: Ta cung co the chung minh bai toan tren theo each sau 
Vai each dat abc = k 3 , khi do ton tai cac so thuc duang x, y, z sao cho 

ky . kz kx 
a = —]b = —;c = — 
xyz 

Khi do bat dang thuc can chung minh tuang duang vai 

1 1 1 


ky 

'fe + l 3 

- + f N 

| kzl kx . 

1 + kxfk l + 1 \ 

X 

,y j 

1 y v z j 

1 * U J 


3 

' k(k + l) 


Hay 


y + kz z + kx x + ky k 4-1 
Ap dung bat dang thuc Bunhiacopxki ta duac 




y + kz z + kx x + ky x[y + kz ) y[z + kx) z[x + ky ) 

(x + y + z ) 

x [y + kz) + y [z + kx ) + z[x + ky) 

[x + y + z) 2 3 

[k + 1 ) (#?/ + yz + zx) k +1 

Fay bat dang thuc duac chung minh. Dau dang thuc xdy rakhi a = b = c. 


Vi du 6 . 6 : Cho a, b, c la cac so thuc duang thoa man a + b + c = abc . Chung minh rang: 

b c a ^ 3 


aVb 2 +1 bVc 2 +1 cVa 2 +1 2 


Phan tich: Ta viet lai gia thiet thanh — + — + — = 1, dieu nay goi y cho ta cac dat bien phu 
ab be ca 

x = — ;y = —;z = —. Khi do gia thiet cua bai toan trb thanh xy + yz + zx = 1. 
abc' 


Bat dang thuc can chung minh trb thanh - 


- > —. Chu y den 


yjy 2 +1 V z 2 + 1 Vx 2 + 1 2 

xy + yz + zx = 1 ta viet duoc \/x 2 +1 = -\jx 2 + xy + yz + zx = ^j[x + y)(x + z) khi do ta suy ra 
bat dang thuc can chung minh la 

x + y + z >3 

y /(y + x)(y + z) ^/[z + x)(z + y) ^(x + y)(x + z) 2 

Ben day ta sir dung danh gia Cauchy de giai quyet bai toan. 

Lol giai 

Tir gia thiet a + b + c = abc suy ra — + — + — = 1. 

ab be ca 

Bat x = —; y = —; z = —, Khi do gia thiSt cua bai toan trb thanh xy + yz + zx = 1. 
abc 


Bat dang thuc can chung minh trb thanh 


->3 

2 


Vy 2 + 1 

B§ thiy Vx 2 + 1 = \]x 2 + xy + yz + zx = ^j[x + y)(x + z) 

Tuong tu ta duoc \jy 2 + 1 = yj[y + z)(y + x); Vz 2 +1 = yj[z + x)(z + y) 
Ap dung bat dang thuc Cauchy ta duoc 

x ^y^ z _ x y 


f 1 Vz 2 +1 V x 2 + 1 


fly +x j(y +z j vl z+x ii z+y / vi x+y )l x+z ) 

2 x 2 y 2 z 


x + 2 y + z x + y + 2 z 2 x + y + z 

2x 2y 2z 3 

- 1 - 1 -> — 

x + 2 y + z x + y + 2 z 2 x + y + z 2 

That vay, ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 


Ta can chung minh 






2x 2y 2z 2x 2 2y 2 2z 2 

-1---1-=-1---1- 

x + 2y + z x + y + 2z 2x + y + z x(x + 2y + z) y(x + y + 2z) z(2x + y + z) 

^ 2(x + y + z) 2 ^ 2(x + y + z) 2 _ 3 

(x + y + z) +xy + yz + zx , 2 (x + y + z) 2 

V ' (x + y + z) +^--- 

Nhu vay bat dang thu'c ban dau dugc chung minh. Dau dang thu'c xay ra tai a = b = c = yfH . 

Vi du 6.7: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a + b + 3c a + 3b + c 3a + b + c >15 
3a + 3b + 2c 3a + 2b + 3c 2a + 3b + 3c 8 
Phan tich: B6 don gian hoa cac dai lugng v6 trai ta co th6 dat 

_ 3y + 3z - 5x 

fx = 2a + 3b + 3c 8 

^y = 3a + 2b + 3c=>^b =-— 

I 8 

z = 3a + 3b + 2c 3x + 3y - 5z 

8 

Khi do ta viet lai bat dang thuc can chung minh thanh 

7/x + y + y + z + z + xl _ 27 > 15 
8 ^ z x y J 8 8 

Ben day ta ap dung bat dang thuc Cauchy de danh gia tiep. 

Loi giai 

Bat x = 2a + 3b + 3c; y = 3a + 2b + 3c; z = 3a + 3b + 2c , khi do ta dugc 


a _ 3y + 3z - 5x _ ^ _ 3z + 3x - 5y _ ^ _ 3x + 3y - 5z 

a_ 8 ’ 7 8 ,c_ 8 

Khi do bat dang thuc can chung minh dugc viet lai thanh 

7fx + y y + z z + x^j 27 >15 
8 z x y J 8 8 

Theo bat dang thuc Cauchy ta chung minh dugc 



Loi giai 

{ x = a + b + c 3a = y- x 
y = b + c + 4a => < 15b = z - x 
z = c + a + 16b 15c = 21x-5y-z 

Khi do bat dang thuc can chung minh dugc viet lai thanh 




- 6 x + 5y + z 20x - 5y 16x - z 16 

---+-- +-> — 

15x 15y 15z 15 

y 3x z 16x 16 4 28 


3x 4y 15x 15z 15 

Ap dung bat dang there Cauchy ta co 

y 4x 4 z 16x 8 

— + — > - ; -+-> — 

3x 3y 3 15x 15z 15 


- . Dang thuc xay ra khi va chi khi 


\y_ = 4x 

I 3x 3y < 
z 16x 


Bai toan dugc chung minh xong. _ 

Vi du 6.9: Cho a, b, c la cac s 6 thuc ducmg tuy y. Chung minh ring: 

/ 3 3 3 \f 1 1 1^| 3fa + b b + c c + a^| 

' '^a 3 b 3 c 3 J 2^ c a b J 

Phan tich: Quan sat bat dang thuc ta chua thay co dau hieu dat bien phu, do do ta can phai bien doi bat 
dang thuc trade. O day ta chon bien doi ve trai trade 

/ , ,\( 1 1 O „ a 3 + b 3 b 3 +c 3 c 3 + a 3 


a + b x f a + b 


Quan sat bieu thuc sau khi bien doi ta thay can phai danh gia 


nghia la ta can chung minh dugc a 3 + b 3 > k ^a + bj , chu y den dau dang thuc xay ra ta tim dugc 

1 o o 1 / \3 , 

k = — . Nhu vay ta di chung minh a +b > — (a + b) , day la mot danh gia dung va co the chung 
4 4 v ’ 

minh bang each su dung bat dang thuc Cauchy. 

. a + b b + c c + a , . .. , , x 


Den day ta co the dat x = - 


va bat dang thuc can chung minh 


x 3 + y 3 + z 3 3(x + y + z) 

dugc viet lai thanh 3 4---> —^--- -. Chu y luc nay dang thuc xay ra tai 

x = y = z = 2 va ta su dung bit ding thuc Cauchy di chung minh bai toan tren. 

Loi giai 

Bat dang thuc dugc viet lai la 

„ a 3 +b 3 b 3 +c 3 c 3 + a 3 ^3fa + b b + c c + a^l 


Ap dung bat dang thuc Cauchy ta dugc 

4 fa 3 + b 3 ) = a 3 + b 3 + 3 fa 3 + b 3 ) = a 3 + b 3 + 3 (a + b) fa 2 + b 2 - ab) 


Suy ra 




Ap dung tucmg tu ta co bat dang thuc 

a 3 + b 3 b 3 + c 3 c 3 + a 3 (a + b) 3 (b + c) 3 (c + a) 3 
-+ -+- > --—-h -- — + ~ - — 

c 3 a 3 b 3 4c 3 4a 3 4b 3 

Ta can chung minh 

(a + b) 3 (b + c) 3 (c + af 3 f a + b b + c c + a 


4c 3 4a 3 4b 3 2y c a 

_ a + b b + c c + a,, , , , , , „ 

Dat x =-; y =-; z =-, bat dang thuc tra thanh 

c a b 

< x 3 +y 3 +z 3 > 3(x + y + z) 

4 _ 2 

Hay 12 + x 3 + y 3 + z 3 > 6 (x + y + z) 

Ap dung bat dang thuc Cauchy ta dugc 

x 3 + 8 + 8 > 12 x; y 3 + 8 + 8 > 12 y; z 3 + 8 + 8 Si 12 z 

Suy ra 

x 3 + y 3 + z 3 + 48 > 12 (x + y + z) = 6 (x + y + z) + 6 (x + y + z) 

> 6 (x + y + z) + 36 

Hay 12 + x 3 + y 3 + z 3 > 6 (x + y + z) 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = C. _ 


Vi du 6.10: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a b c 1 3|a + b b + c c + a 

—+ —+ - >- - + - + - 

bcaJ 2 lc a b 


Phan ti'ch: Cung tuong tu nhu vi du tren ta can bien doi bat dang thuc trade khi dua ra each doi bien. 
Trong vi du nay ta chgn cac bien doi ve phai 

a+b b+c c+a a b b c c a 

-+-+-= — + — + — + — + — + — 

c a b ccaabb 

Luc nay de y ta thay ca hai ve xuat hien cac dai lugng lai de y ta nhan thay rang 

b c a 

aabbbccca^^, , , . ^ a b c ,,. ,, 

— = — ; — = — ; — = —. —. Do do ta co the dat x = —;y = —; z = —, khi do ta duoc xyz = 1 

cbcacabab ’ b c a 

va bat dang thuc can chung minh dugc viet lai thanh 

3 (xy + yz + zx + x + y + z) 

2 

Den day ta co ldi giai sau 

Loi giai 

_ a b c 

Dat x = —; y = —; z = — suy raxyz = 1. 
b c a 

Bat dang thuc can chung minh dugc viet lai thanh 

f \2 3 (xy + yz + zx + x + y + z) 

(x + y + z) Z 

Ap dung bit ding thuc Cauchy ta dugc x + y + z > 3-^/xyz = 3 


x+y+z =- 




Nen (x + y + z) >3(x + y + z) 

Ta cung co (x + y + z) > 3(xy + yz + zx) 

Do do ta duoc 2 (x + y + z) >3(xy + yz + zx) + 3(x + y + z) 

, y 2 3 (xy + yz + zx + x + y + z) 

Hay (x + y + zj =-^---- 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 


Vi du 6.11: Cho a, b, c la cac so thuc duong thoa man c = 8 ab. Chung minh rang: 

1 c c .. 1 


4a + 2b + 3 4bc + 3c + 2 2ac + 3c + 4 2 


Phan tich: Quan sat bat dang thuc ta nhan thay su khac biet cua gia thiet cung nhu bat dang thuc can 
chung minh so vdi cac vi du b tren. Tu bat dang thuc can chung minh ta thay vai trd cua a, b nhu nhau. 
Do do ta du doan dau dang thuc xay ra tai a = b. Mat khac ta thay tir cua bieu thuc thu hai va thu ba co 

bien c, do do neu ta viet lai hai bieu thuc do nhu bieu thuc thu nhat thi dubi mau xuat hien dai luong —, 

c 

do do rat tu nhien ta nghT dang thuc xay ra tai a = b = —, khi nay ta viet lai gia thiet la 8 ab — = 1. Den 

c c 

2 

day ta thay duoc each dat la x = 2 a; y = 2 b; z = — va bat dang thuc duoc viet lai thanh 

c 

1 1 1 1 

-1-1-^ — 

2x + y + 3 2y + z + 3 2z + x + 3 2 

Tuy nhien tu hinh thuc cua bat dang thuc ta thay tuong tu bat dang thuc quen thuoc 


2x 2 + y 2 + 3 2y 2 + z 2 + 3 2z 2 + x 2 + 3 2 

2 

Do do ta cho each dat x 2 = 2a; y 2 = 2b; z 2 = — d 6 dua bai toan v 6 dang quen thuoc. 

c 

Loi giai 

2 

Dat x 2 = 2a; y 2 = 2b; z 2 = —. Khi do tu gia thiet ta duoc xyz = 1. 
c 

Bat dang thuc can chung minh duoc viet lai thanh 

1 1 11 


P = - 


2x 2 + y 2 + 3 2y 2 + z 2 + 3 2z 2 + x 2 + 3 2 

Ap dung bat dang thuc Cauchy ta co 

2x 2 +y 2 +3 = x 2 +y 2 +x 2 +l + 2>2 ^xy + x + l) 

Do do ta duoc 
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P< 


2 ^xy + x + lj 2 ^yz + y + l^ 2 ^zx + z + lj 


Ta chung minh 


- = 1 theo cac each sau 


xy + x + 1 yz + y + 1 zx + z + 1 

Cach 1: Do xyz = 1, nen ton tai cac so duong x, y, zdex = —;y = —;z = — 

n p m 


Khi do ta co 



1 


1 


1 


p n m p n m 

np + pm + mn 
mn + np + pm mn + np + pm mn + np + pm 


Cach 2: Do xyz = 1, nen ta dirge 


yz + y + 1 zx + z + 1 xy - 


fz yz + y +1 xyz + yz + y 

k" y 


yz + y + l yz + y + 1 yz + y + 1 

Suy ra P < — . Vay bat dang thiic dirge cluing minh xong. 

Dang thiic xay rakhi va chi khi x = y = z = 1 hay a = b = ^; c = 2 . 

Vi du 6.13: Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 2abc. Chiing minh rang: 

1 1 1 ^ 1 

a( 2 a-l) b( 2 b-l) c( 2 c-l) ^ 

3 

Phan ti'ch: De dang du doan dugc dang thiic xay ra tai a = b = c = —. Gia thiet cua bai toan dugc viet 

lai thanh — + — + — = 2, khi do d6 don gian hoa gia thiSt ta co th6 d6i bi6n x = —; y = —; z = -,khi 
a b c a b c 

nay gia thiet mbi la x + y + z = 2 voi 0 < x, y, z < 2. Cung tCr each dat tren ta suy ra dugc 

a = —;b = —;c = —, thay vao bat dang thiic can chiing minh thi duoc 
xyz 


(2-x)> (2 y) 2 (2 -z) ! 


Den day ta co the chiing minh bat dang thiic bang each them bat hoac sir dung bat dang thiic 
Bunhiacopxki dang phan thiic. 

Loi giai 

Tir giathiSt ab + be + ca = 2abc suy ra — + — + - - 2. 

a b c 


, khi do ta co x + y + z = 2 . 


Bat dang thiic dugc viet lai la 


(2 x) 2-y 2- 


Ap dung bat dang thiic Cauchy ta dugc 






(y + z)' 

r+ 8 + 8 

y s 

Z + X Z + X 

(z + x ) 

r 8 8 

z s 

x + y x + y > 




(x + y ) 2 8 8 4 

Cong theo ve cac bat dang thuc tren ta dugc 

x 3 y 3 z 3 x + y + z 3(x + y + z) 


Hay 


(y + z) (z + x) (x + y) 

X 3 , y 3 _ 


24 

^ x + y + z _ 1 
4 ~ 2 


(y + z ) (z + xj (x + y 

Vay bat dang there dugc chung minh. Dang there xay ra khi va chi khi a = b = c = 


Nhan xet: Ngoai each sit dung bat dang thuc Cauchy thi ta ciing co the dp dung bat dang thuc 
Bunhiacopxki dang phan thuc 


Vi du 6.14: Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 3abc. 

b 2 c 2 


Chung minh rang: 


ca 2 + 2c 2 ab 2 + 2a 2 be 2 + 2b 2 


Lol giai 

Ter gia thiSt ab + be + ca = 3abc ta dugc — + — + — = 3 . 

a b c 

Bat x = —; y = —; z = —. Khi do ta duoc x + y + z = 3. 
a b c 


Bat dang thuc can chung minh trb thanh 

Ap dung bat dang thuc Cauchy ta dugc 

x 2 x 2 + 2xy 2 - 2xy 2 
~ x + 2y 2 


x + 2y 2 y + 2z 2 z + 2x 2 


2xy 2 


x + 2y 

Ap dung tuong tu ta dugc 




z + 2x 2 


- > z- 


2^7 

2^7 


_2^y 

3 


y + 2z 2 3 

Cong theo ve cac bat dang thuc tren ta dugc 

x 2 y 2 z 2 ^ / \ 2 /„/ 2 2 ,rrr 

x + 2y 2 y + 2z 2 z + 2x 2 1 ' 3 V ^ 

Mat khac theo bat dang thuc Cauchy ta lai co 


3 CTT < xy + xy + 1 = 2 xy+ 1 
y 3 3 

, yz + yz + 1 2yz + 1 

= 3 _ 3 

, zx + zx + 1 2zx + 1 


3 


3 





Do do ta dugc - + - H-- >3-— = 1. 

x + 2y y + 2z z + 2x 3 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. _ 

| Vi du 6.15: Cho a, b, c, d la cac s6 thuc duong thoa man + —J= + -i- = 2 . Chung minh ring: 

V a v b V c 


\l & + 3b Vb + 3c Vc + 3a 


Phan ti'ch: Trade hit ta don gian hoa gia thilt blng each dat x = Va ; y = Vb; z = Vc , khi nay gia 

thiet duoc viet lai thanh — + — + — = 2 va bat dang thuc can chung minh trb thanh 
x y z 


Vx 2 + 3y 2 ^ + 3z 2 V z2 + 3y 2 


Chu y den gia thiet — + — + — = 2 ta viet lai bat dang thuc can chung minh la 
x y z 


yjx 2 + 3y 2 -^/y 2 + 3z 2 <Jz 2 + 3y 2 ^x y 

B 6 y theo bit ding thuc Cauchy ta co x 2 + 3y 2 = x 2 + y 2 + y 2 + y 2 > 4-y/x 2 y 6 , nhu vay ta dugc 


V x2 + 3y 2 2^-y/x“y l 

Den day ap dung tuong tu ta dugc 

Ldi giai 

Dat x = Va; y = Vb; z = Vc . Khi do ta duoc — + — + — = 2 

x y z 

Bat dang thuc can chung minh trd thanh 

1 1 


f 

1 

> 

1 

<i[ 

'i + i + A 

= If 


V>/ X V 

■ + 3F, 

8 l 

y yJ 

8 l 

AyJ 


-^/x 2 + 3y 2 Vy 2 + ^z 2 ■sjz 2 + 3y 2 

Ap dung bat dang thuc Cauchy ta dugc 

x 2 + 3y 2 = x 2 + y 2 + y 2 + y 2 > 

Ap dung mot bat dang thuc Cauchy khac ta dugc 

1 1 1 


t-3y 


< - 1 
2^y.h‘ HAv 


1 A i i 2^| 1 f 1 

sv x y yJ 8 l x 


Tuong tu ta co 


Vy 2 + 3z 2 8 U Z J yjz 2 + 3y 5 

Cong theo ve cac bat dang thuc tren ta co 


8 l z x 



11 1 1 


-y/x 2 + 3y 2 -^/y 2 + 3z 2 yjz 2 + 3y 2 ^fx y z 

9 

Vay bat dang thuc duoc chung minh. Dang there xay ra khi va chi khi a = b = c = — 

4 

Nhan xet: Ta co the sit dung bat dang thuc Bunhiacopxki de chung minh bat dang thuc 
+ 3 y 1 y) 


\[x 2 + 3 y‘ 

Ap dung bat dang thuc Bunhiacopxki ta duac 

4 (x 2 + 3 y 2 j = (l +1 +1 +1) [x 2 + y 2 + y 2 + y 2 j > (x + 3 y^j 
Do do ta duac 


7^417 y'2( y 1 + :l;/ J j ^(:r» :!,/)' 


8 ^ 2 : 


x + 3y 8^x y 


Vi du 6.17: Cho a, b, c la cac so thuc duong. Chung minh rang: 

Vab Vbc Vca 


c + 2Vab a + 2>/bc b + 2Vca 


, Vab 

Phan tich: Be y la-= 

c + 2Vab 


1 , a . b c 

-, do do ta dat x = ,— = / _ T *|'Z = ,— . 

vbc vca vab 


Vab 


Ldi giai 

V6 trai bit ding thuc cin chung minh dupe viit lai thanh 

Vab + Vbc + Vca _ 1 + l l - 1 

c + 2 Vab a + 2Vbc b + 2Vca ^ _i_ 2 ^ _i_ 2 ^ _|_ 2 

Vab Vca Vbc 

a . b c 

Bat x = ,— ; b = —; z = ,— , suy ra xyz = 1. 

Vbc Vca Vab 

Bieu thuc P duoc viet lai thanh —--1---1--— < 1. 

x+2 y+2 z+2 

That vay, bat dang thuc can chung minh tuong duong vdi 

(x + 2^y + 2) + (y + 2^z + 2 ) + (z + 2^x + 2 ) < (x + 2^y + 2^z + 2 ) 
Trien khai va thu gon ta duoc xy + yz + xz > 3 
Banh gia cuoi cung dung theo bat dang thuc Cauchy va xyz = 1. 

Do do bat dang thuc tren duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 
Nhan xet: Ta co the chung minh bai toan tren theo each khac nhu sau 
Bieu thuc ve trai duac viet lai la 


if 2 4ab | 2\[bc | 2V^V ^_lf 


^yc + 2yfab a + 2yfbc 6 + 2VcaJ ^ V c + 24ab a+2y[bc b + 2\[ca 

,, c a b 

Dat M = -+- -j= 

c + 2\lab a+2Abc b + 2^lca 
Ap dung bat dang thuc Cauchy ta co 

2\[ab < a + b; 24bc <b + c; 2 Vca < c + a 




Do do ta co 


*, c a b ^ c a b 

M — - J^=: 4 - 1= H--1-1-— 1 

c + 2y/ab a + 2y/bc b + 2yjca a + b + c a + b + c a + b + c 

4ab \fbc 4ca 

Suy ra - j= +-, . 4 - / — < 1 

c + 2ylab a + 2sjbc b + 2y/ca 

Do do bat dang thuc tren duac chung minh. Dang thuc xay ra khi va chi khi a = b = c. _ 

Vi du 6.18: Cho a, b, c la cac sd thuc duong khong am thoa man a + b + c = 3 . Chung minh ring: 

aVa + bVb + cVc - Vabc < 3 a/3 

Loi giai 

Dat x = Va; y = Vb; z = Vc . Tir gia thiet ta dugc x 2 + y 2 + z 2 = 3 . 

Khi nay bat dang thuc trd thanh P = x 3 + y 3 + z 3 — xyz < 3-V3 
Khong mlt tinh tdng quat ta gia su x > y > z. Khi do ta co 
z 2 < xy; x 2 + y 2 = 3 - z 2 < 3 
Do do ta co x 3 + y 3 + z ^z 2 - xyj < x 3 + y 3 

Mat khac theo bat dang thuc Cauchy ta co 

/ 3 3\ 2 / \*t 2 2 \ / 2 2\ [ 3 ( x2+ y 2 ) 3 ] 

x 3 +z 3 ) = (x + y) x 2 -xy + y 2 ) x 2 -xy + y 2 ) < M— - '—\<27 


Suy ra x 3 + y 3 < 3\3 nen ta dugc P < 3\I3 . Dang thuc xay ra khi va chi khi 

x = V3; y = z = Ova cac hoan vi <^> a = 3; b = c = 0 va cac hoan vi 
Bat dang thuc dugc chung minh. 

Dang thuc xay ra khi va chi khi a = 3;b = c = 0va cac hoan vi. 

Nhan xet: Qua cac vi du tren ta nhan thay, doi bien co mot vai trd to lan trong chung minh bat dang 
thuc, doi bien co the lam mot bat dang thuc tra nen dan gian, doi bien co the dua mot bat dang thuc hoan 
vi ve bat dang thuc doi xung. Chung ta cung tham khao them mot so vi du khac sau day de thay duac su 


Vi du 6.19: Cho a, b, c la cac so thuc duong tuy 

y. Chung minh rang: 



>2 

a + b 


Dat a = x ; b = y 


Loi giai 

= z 3 , do do x, y, z > 0. Khi do bit dang thuc cdn chung minh trd thanh 


Trade het ta chung minh bat dang thuc sau 3|—-- > — -- 

V y 3 + z 3 V y+ z 

That vay, bat dang thuc tren tuong duong vdi 

[ Q X , 1 >[ 0 X 1 <^(y 2 +z 2 ) > (y 3 + z 3 ) <=> 3y 2 z 2 (y 2 +z 2 ) > 2y 3 z 3 


Danh gia cuoi cung dung theo bat dang thuc Cauchy. 
Ap dung tuong tu ta dugc 





z_+ 3 _> x + y" 

y° + z° V z J + x 3 y x 3 + y 3 y y 2 + z 2 y z + x 2 |x' + y^ 


Ta can chung minh I—^-—- + J—^—- + I—^—- > 2 
V y + z Vz + x \x + y 
Ap dung bat dang there Cauchy ta dugc 

y 2 


y +z ]/z +x ]jx + y ^ x 2 (y 2 + z 2 ) ^y 2 (z 2 +x 2 ) Jz 2 (x 2 + y 2 ) 


2y 2 


Vay bit dang thuc ban dlu dugc chung minh. 


Vi du 6.20: Cho a, b, c la cac s6 thuc ducmg thoa man abc = 1 . Chung minh ring: 

a -1 + ijfb -1 + -]fc -1 + -] < 1 


Loi giai 

Do abc = 1 nen ta co the dat a = —;b = —;c = — vdi x, y, z la cac so thuc duong. 
y z x 

Bat dang thuc can chung minh dugc viet lai la 

U yA z Z A X 

Hay xyz > (x + y-z)(y + z-x)(z + x-y) 

Do x, y, z co vai tro nhu nhau, khong mat tinh tong quat ta gia su x > y > z > 0 
Nhu vay x + y- z>0; x + z- y>0. Nhu vay ta xet cac trudng hgp 
- Neu y + z - x < 0 thi bat dang thuc tren hien nhien dung. 

-Neuy + z- x>0,ap dung bat dang thuc Cauchy cho hai so duong ta co 


-y + z)(y-z + x)<jQ |y-z + x )(^ X + y)% ^(z-x + y)(x - y + z) < z 
Nhan theo ve cac bat dang thuc tren ta dugc dieu phai chung minh. 


Vi du 6.21: Cho a, b, c la cac so thuc duong thoa man abc = a + b + c + 2. Chung minh ring: 

yfa, + yfb + yfc < — Vabc 
2 


Loi giai 

Bien doi gia thiet abc = a + b + c + 2 ta dugc 

(a +1) (b +l) (c +1) = (a +l) (b +l) + (b +1) (c +1) + (c +l) (a +1) 

1 1 1 

<=>-+-+-= 1 

a +1 b +1 c + a 
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Dat x =-; y =-; z =-suy rax + y + z = l 

a+1 b+1 c+a 

, „ 1 — x y + z . 1-y z + x 1 — z x + y 

Tu tren suy ra a =-=-; b =-=-; c =-=- 

xx y y z z 

Va bat dang thuc dugc viet lai thanh 

I y + z I z + x 


jZA - ( x+y )( y+z )( z 

V z 2 y xyz 






Loi giai 


Ter gia thiet suy ra —I-1-1-2 =- 

a b c abc 

Bat a = ——; b = ———; c = — 2 —, vdix, y, z > 0; x + y + z = 1. 
y+z z+x x + y 

Khi do bat dang thiic can chiing minh tro thanh 

y + z z + x x + y , ( x y z 

x y z ^y+z z+x x+y 

Ap dung bat dang there Cauchy ta dugc 

xx 4x y y 4y z z 4z 

—+ — >-; — + — > — — ; + > - 

y z y+z x z z+x x y x+y 


Cong theo ve ba bat dang there tren ta dugc 



Loi giai 

Khong mat tinh tong quat ta co the chgn a + b + c + d = l 
Khi do bat dang thiic can chung minh tuong duong vdi 



Ap dung bat dang thiic Cauchy cho hai so duong ta co 







Cong ve theo ve bon bat dang thuc ta duoc: 

rz + pi + rz + iXi: 2 

V1 - a VI -b Vl-c Vl-c 

I a 1 b 1 c I d 

0 day dau dang thuc khong xay ra nen J-+ J-h J-h J- > 2 

\l-a \l-b \l-c Vl-c 
Bit ding thuc duoc chung minh hoan toan. 

Khi dua lbi giai tren cho bai toan tren, chic hin ban doc se thic mic la tai sao lai co thi chon duoc 
a + b + c + d = l va niu chon a + b + c + d = k bit ki thi bai toan co giai duoc khong? Va ngoai 
each chon diiu kien nhu tren co thi chon theo each khac (ching han nhu abed = 1) duoc khong? Cau tra 
lbi la hoan toan duoc, thuc chat viec chon nay bat nguon tu viec doi bien. Sau day la each doi bien dan 
den ket qua a + b + c + d = l.Ta thuc hien bien doi mot hang tir ben ve trai nhu sau: 


a _ a + b + c + d _ _ a + b + c + d _ 

Vb+c+d tb+c+d t b + c d 

la+b+c+d la+b+c+d a+b+c+d a+b+c+d 
Tbi day ta doi bien nhu sau: 

a b c , d 

x =-; y =-; z =-; t =- 

a+b+c+d a+b+c+d a+b+c+d a+b+c+d 


Thay vao bieu thuc tren ta duoc: * I- = . I-vax + y + z + t = l 

' Vb+c+d V y+z+t 


Ap dung cho ve trai cua bat dang thuc can chung minh ta duoc 


1 x + 1 

1 y + , 

1 z + 1 

1 t 

V y + z +1 V 

Z + t + X V 

t + x + y \ 

x + y + z 


Vax + y + z + t = l 

Nhu vay sau phep doi bien ta co mot bat dang thuc mbi co hinh thuc hoan toan giong nhu bat 
dang thuc can chung minh va duoc bo sung them dieu kien gia thiet cho cac bien lax + y + z + t = l. 



Loi giai 

Bay la mot bat dang thuc don gian duoc chung minh bang phep bien doi tuong duong ket hop vbi 
bat dang thuc Cauchy. Ta thu chung minh bang phuong phap doi bien xem sao 
Bat dang thuc tuong duong vbi 

8 (a + b + c) (ab + be + ca ) < 9(a + b)(b + c)(c + a) 

Chia ca hai ve cho ^abc^ ta duoc 

8 (a + b + c j (ab + be + ca ) ^ 9 (a + b)(b + c)(c + a) 


abc abc 



<9 




Bat x = i -- ; y = i -- ; z = —xyz = 1 

V abc v abc yabc 
Thay vao bat dang there tren ta duoc 

8 (x + y + z)(xy + yz + zx) < 9(x + y)(y+ z)(z + x) 

Nhu vay sau phep doi bien ta co mot bat dang thuc mod co hinh thuc hoan toan giong nhu bat dang 
thuc can cluing minh va duoc bo sung them dieu kien cho bien la xyz = 1. Bay gib ta chung minh bat 
dang thuc tren vbi dieu kien cua bien la xyz = 1 .That vay: 

8 (x + y + z)(xy + yz + zx) < 9(x + y)(y+ z)(z + x) 

<=>8^3 + x 2 y + y 2 z + z 2 x + xy 2 + yz 2 + zx 2 j < 9 ^2 + x 2 y + y 2 z + z 2 x + xy 2 + yz 2 + zx 2 j 


y z x z x y 

De thay rang theo bat dang thuc Cauchy thi bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc duoc chung minh hoan toan. _ 


Vi du 6.25: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a(b + c) b(c + a) c(a + b) 6 

(b + c) +a 2 (c + a) + b 2 (a + b) +c 2 ^ 


b ) 


Ldi giai 

Khong mat tinh tong quat ta co the chon a + b + c = 1 

a(l-a) b(l-b) c(l-c) 


1 - 2a + 2a 2 1 - 2b + 2b 2 1 - 2c + 2c 2 5 

Theo bat dang thuc Cauchy ta co 

, . (a + l) (l-a)(a + 3) 

Suyra 1 - 2a + 2a 2 = 1 - 2a (l - a j > 1 - v ^' 

a(l-a) 4a (1-a) a ( q 

Do do ta duoc --- — < t-^ 7 —-—r = 4.-= 41- 

1 — 2a + 2a ^1 —aj^a + 3j a + 3 ^ a + 3 

Hoan toan tuong tu ta duoc 

a(t-a) | b(l-b) | c(l-c) 

1 - 2a + 2a 2 1 - 2b + 2b 2 1 - 2c + 2c 2 ' 


Ti-— 1 




\ 3 T 

^ ci + 3 J 

i+ l 

l b + 3; 

r! 

l c + 3 J 


3-- 


a+b+c+9j 5 

Vay bai toan duoc chung minh xong. Dau dang thuc xay ra khi va chi khi a = b = c 
Vi du 6.26: Cho cac sb duong a, b, c thoa man abc = 1. Chung minh ring: 

1 1 1 ^ 3 

a 2 (b + c) + b 2 (c + a) + c 2 (a + b) "" 2 


L61 giai 

Bat x = —; y = —; z = — khi do ta thu duoc xyz = 1. 
abc 






Ta co 


1 , i y + z y- 


Bat dang there can chung minh dugc viet lai thanh 


y + z z+x x+y 2 ly + z 


U + z z + x x + y J 2 

Banh gia cuoi cung dung theo bat dang thuc Cauchy 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1 
Vi du 6.27: Cho a, b, c la do dai ba canh cua mot tam giac. Chung minh ring: 

(2a + 2b-c) 3 (2b + 2c-a) 3 (2c + 2a-b) 3 g, 2 2 

a + b + 4c b + c + 4a c + a + 4b 2^ 

Loi giai 

Bat x = 2a + 2b - c; y = 2b + 2c - a; z = 2c + 2a - b 

Vi a, b, c la do dai ba canh cua mot tam giac nen x; y; z la cac so duong. 

Bat dang thuc can chung minh dugc viet lai thanh 

x 3 y 3 x 3 x 2 + y 2 + z 2 
-+ ^— +->--- 

y+z z+x x+y 2 

Ap dung bat dang thuc Cauchy ta co 


-+ — -- > x ; —— + — 1 -- > y ; -^ 

y + z 4 y + z 4 x + y 

Cong theo vl cac bit ding thuc tren ta dugc 


x y x xy + yz + zx 2 2 2 

-+ — +-+ —— -> x 2 + y 2 + z 2 

y+z z+x x+y 2 

x 3 y 3 x 3 2 2 2 xy + yz + zx 

-+ —— +-> x 2 + y 2 + z 2 - —— - 

y+zz+xx+y 2 


Ap dung bat dang thuc x + y + z > xy + yz + zx ta dugc 


y+z z+x x+y 


Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 



Chu de 6 

MOT SO KY THUAT SU* DUNG BAT DANG I IIL C BUNHIACOPXKI 


A. Kien there can nhd 

1. Gioi thieu bat dang there Bunhiacopxki 

Bat dang there Bunhiacopxki co ten goi chinh xac la bat dang there Cauchy - Bunhiacopxki - 
Schwarz, day la mot bat dang there do ba nha toan hoc doe lap phat hien va de xuat, no co nhieu cmg dung 
trong cac linh verc toan hoc. 0 nude ta, de cho phu hop vdi chuong trinh sach giao khoa, trong tai lieu nay 
chung ta cung se goi no la bat dang there Bunhiacopxki, goi theo ten nha Toan hoc ngudi Nga 
Bunhiacopxki. 

Bay la mot bat dang thuc co dien noi tieng va quen thuoc doi vdi phan ldn hoc sinh nude ta. No 
cmg dung rat nhieu trong cac bai toan ve bat dang thuc va cere tri. Trong pham vi chuong trinh Toan 
THCS, chung ta cung chi quan tarn den cac trudng hop rieng cua bat dang thuc Bunhiacopxki. 

2. Cac dang bieu dien cua bat dang there Bunhiacopxki 
a. Dang tong quat 

+ Chohaiday sotuyy a x ; a 2 ; a 3 ; ...; a n va b x ; b 2 ; b 3 ; ...; b n . Khi do ta co: 

Dang 1: ^a 2 + a 2 + ... + a 2 )(b 2 + b 2 +... + b 2 ) > (a 1 b 1 + a 2 b 2 +... + a n b n ) 

Dang 2: ^a 2 + a 2 +... + a 2 )(b 2 + b 2 +... + b 2 ) > |a 1 b 1 + a 2 b 2 +... + a n b n | 

- Dau dang thuc xay ra d dang 1 va dang 2 la: — = — = = — [L 

bj b 2 b n 

Dang 3: ^^a 2 + a 2 + ... + a 2 )^b 2 + b 2 + ... + b 2 ) 2: ajb 3 + a 2 b 2 + ... + a n b n 


^ 9 cL ct« 8; 

- Dau dang thuc xay ra d dang 3 la: — = — = > 0 

b l b 2 b n 

Dang 4: Cho hai day sd tuy y a^ a 2 ; ...; a n va x x ; x 2 ; ...; x n vdi x 3 ; x 2 ; ...; x n > 0 


- Dau dang thuc xay ra d dang 4 la: 


^ = ^ = ... = ^>0 


Trong cac dang tren thi bat dang thuc dang 1, dang 2, dang 3 goi la cac bat dang thuc 
Bunhiacopxki dang co ban va bat dang thuc dang 4 con dupe goi la bat dang thuc Bunhiacopxki dang 
phan thuc. 

b. Mot so dang dac biet 


n = 2 

n = 3 

(a 2 + b 2 )(x 2 + y 2 ) > (ax + by) 

(a 2 + b 2 + c 2 ) (x 2 + y 2 + z 2 ) > (ay + by + cz) 




^(a 2 +b 2 )(x 2 + y 2 ) > ax + by 

^|(a 2 + b 2 + c 2 ) (x 2 + y 2 + z 2 j > ay + by + cz 

^(a 2 +b 2 )(x 2 + y 2 ) > ax + by 

yj( a 2 + b 2 + c 2 j (x 2 + y 2 + z 2 j > ay + by + cz 

a, + b ! > ( a + b ) 1 

a 2 | b 2 | c 2 ^ ( a + b + c ) 

x y x + y 

x y z x+y+z 

(x, y > o) 

(x, y > o) 

* . , x ... a b 

Dang thu-c xay ra khi = 

x y 

* . , x ... a b c 

Dang thuc xay ra khi = = 

x y z 


B. Mot so ky thuat sir dung bat dang thuc Bunhiacopxki 
1. Ky thuat chon diem roi 


Cung tuong tu nhu bat dang thuc Cauchy, khi sir dung bat dang thuc Bunhiacopxki de cluing 
minh bat dang thuc ta can phai bao toan duoc dau dang thuc xay ra, dieu nay co nghTa la ta can phai xac 
dinh duoc diem roi cua bai toan khi ap dung bat dang thuc Bunhiacopxki. Be ro hon ta tim hieu mot so vi 
du sau 


Vi du 1.1: Cho a la so thuc duong thoa man man a > 2. Tim gia tri nho nhat cua bieu thuc: 

A 2 1 

A = a + — 


t- Sai lam thutrng gap: 


Sai llm2: A = -(l + l)fa 2 + >-fa + -1 >-.4 = 2 


Do do gia tri nho nhat cua A la 2 . 

+ Nguyen nhan sai lam: Be co gia tri nho nhat la 2 thi dau dang thuc xay ra tai 
a = — <=> a = 1 trai vdi gia thiet a > 2 


+ Phan tich tim 16'i giai: Xet bat dang thuc 


h b 2 )( x 


•" y 2 ) - + by) vdi dau dang thuc xay ra 



x 


—. Gia su vdi cac so a\P ta co 

y 


A = a + - 


.fa 2 + ^l.(a 2 + p 2 ) > 1 {aa + — 

+ P { a 1 ' a + B { a 


a + p 

Ta can chon hai so a\ [3 sao cho gia tri nho nhit cua A dat duoc tai a = 2 . Tu do ta co so dd dilm roi: 


- = — \fi = l 

[a pa 1 

t- Loi giai dung: Ap dung bit ding thuc Bunhiacopxki ta co 






1 


,(4 2 +l) > — 4a + - 
J ' / 171 a 


la 1 15a 1 L 15 17 

-+- + - > - 1 + - = - 

5 4 a 4 17 2 4 


Vay gia tri nho nhat cua A la —. Dang there xay ra khi va chi khi a = 2 . 

4 

Vi du 1.2: Cho a, b, la cac s6 thuc duong thoa man a + b = 4 . Tim gia tri nho nhlt cua bilu thuc: 

_ 

+ Sai lam thurrng gap: 

A = + j h2 + b 2 -J 2 + J 2=2 ^ 2 

Do do gia tri nho nhat cua A la 2\fl. 

+ Nguyen nhan sai lam: De co gia tri nho nhat la 2^2 thi dau dang thuc xay ra tai 

,11 U 1 

a = b = — = — <=>a = b = l 
a b 

Khi do a + b = 2 trai vdi gia thiSt a + b = 4 

+ Phan tich tim loi giai: Xet bit ding thuc + b 2 j^x 2 + y 2 j > ax + by vdi dlu ding thuc xly ra 

3; l) ? 

tai — = — > 0. Khi do vdi y tudng chuyen doi mot bieu thuc trong can thanh mot bieu thuc ngoai can. 

x y 

Gia su vdi cac so a\ /? ta co 


. [a’+p 


Jb‘ + 4 = * 


Do A la bieu thuc doi xung vdi a, b, c nen ta du doan gia tri nho nhat cua A dat duoc tai 
a = b = 2. Tir do ta co so dd dilm roi: 


[a J3b 

t- Loi giai dung: Ap dung bit ding thuc Bunhiacopxki ta co 


f + a 2 = ^7 


[V c 2 “ VTF'V 


, b 2 +4.4 2 +l 2 4b + 




■ 

fl iY| 

4 (a + b) 4 



,114 , , 

Be y ta thay —l— >-, do do ap dung bat dang thuc Cauchy va gia thiet ta duoc 

a b a + b 

^ 1 \ A ( ,\ 4 1 1 [a + b 4 15 (a + b) 

Vl7 L 1 a + bj VlT |_ 4 a + b 4 


Dau dang thuc xay ra o | 4 a <=> a = b = 2 

1=1 

1 4 b 

Vay gia tri nho nhat cua A la \fl7. Bang thuc xay ra khi a = b = 2. 

Vi du 1.3: Cho a, b, c la cac so thuc duong thoa a + b + c > 6. Tim gia tri nho nhat cua bieu thuc: 

* / 2 . 4~ i 2 . 4~ I 2 . 4~ 


A= r + ¥ + f + 7 


t- Sai lam thirdng gap: 


A =r7 + f + 7 + r + ^H + f7H M ^ 

Bo do gia tri nho nhat cua A la 3 sf2 . 

+ Nguyen nhan sai lam: Be co gia tri nho nhat la 3^2 thi dau dang thuc xay ra tai 

, 111 , 
a = b = c = — = — = -<=>a = b = c = l 
a b c 

Khi doa + b + c = 3 khong thoa man gia thiSt a + b + c > 6 

+ Phan ti'ch tim 161 giai: Xet bat dang thuc J( a 2 + b 2 )(x 2 + y 2 ) > ax + by vdi dau dang thuc xay ra 


ci b ? 

tai — = — > 0. Khi do vdi y tudng chuyen doi mot bieu thuc trong can thanh mot bieu thuc ngoai can. 

x y 

Gia su vdi cac so or, J3 ta co 



Bo A la bieu thuc doi xung vdi a, b, c nen ta du doan gia tri nho nhat cua A dat duoc tai 
a = b = c = 2. Tu do ta co so do diem roi: 




a _ 1 

a pb 

b t a , , 4 \a = 4 

a pc p 1 [P = l 

c 1 


[a ytfa 

t- Loi giai flung: Ap dung bat dang thuc Bunhiacopxki ta co 


i^^' I aZ v)' (42+li) a A7[ 4a ^) 


1 

a 2 Vl7 % 


?H 4 >+l 2 ) 4 K 


Khi do ta dugc A > J— 4(a + b + c) + j— + ^ + — 


,-111 9 

Be y ta thay —I-h — >- 

a b c a+b+c 


a b cj 

, do do ap dung bat dang thuc Cauchy va gia thiet ta dugc 


A (o _L V\ r> ^ i 

i 

a + b + c 

9 | 15| 

(a + b + cj 

4:1 d T U T b 1 T 

v ’ a+b+c 

= 7i7 

4 + 

a + b + c 

4 


i [h. 6 + 2 .i] 

^L 4 2 J 


3a/i7 

2 


Dau dang thuc xay ra <=> 


a _ 1 
4 “ b 

b 1 . 

— = -oa = b = c = 2 
4 c 
e _ 1 
4 a 


Vay gia tri nho nhat cua A la • khi a = b = c = 2 


Vi du 1.4: Cho cac so thuc duong a, b,c thoa a + b + c > 6. Tim gia tri nho nhit cua bi6u thuc: 


1 2 1 

--h a b H- 

b+c V c+a 


1 

a + b 


Phan tich: Chuyen doi mot bieu thuc trong can thanh mot bieu thuc ngoai can. Gia su vdi cac so a; p ta 
co: 




1 _ 1 
b+c v« 2 + ft 1 

I. . 1 


r t f 



{<* +P) 


c + a 


> A > 


^ 2 + p- 

- -J— W>, 

a + b y\a 2 +p 2 

1 


Va + b 


\Ja 2 + fi 2 [ 


1 | 1 | 1 
Va + b Vb + c Vc + a 


Do A la bieu thuc doi xung vdi a, b, c nen ta du doan gia tri nhd nhat cua A dat tai 
a = b = c = 2 

Do do ta co so do diem roi 

1 


a=b=c=2= 


a /?b 

b 1 a 4 

— = — => — = ab = be = ca = — => 
a pc p 1 

c_ _ J_ 
a Pa, 

Loi giai 


« = 4 

P = 1 


b + c Tl7 


— 1 — = -jL.J a 2 + - 1 — 1(4 2 +1 2 ) > -^L( 4a + -=L= 


M 


'b 2 + —— > ~^=\ 4b + -=L= 
c + a VI7 v V c + a 


a + b Vd^+l 2 
Cong theo ve cac bat dang thuc tren ta duoc 
1 


4c + - 


A > 




4(a + b + c) + , 1 + , 1 +-^= 

Wa + b Vb + c Vc + 


Ap dung bat dang thuc Cauchy va Bunhiacopxki ta duoc 


1 ( 

A > —== 4^a + b + c) + 
V17 V 


Va + b + Va + b + Vc + a 




4^a + b + c) + 


V(5 (a + b + c) 


1 

: viv 


31/ , x 1/ . \ 9 9 

— a + b + c+-a + b + c + —, -- + —-- 

8 V ' 8 V ’ 2\fft (a + b + c) 2V6(a + b + c) 

3^17 


— .6 + 3 3 j-(a + b + c). 9 —-. — 1 =— 

8 ^8 V ' 2^6 (a + b + c) 


+ b + c) 



Vay gia tri nho nhat cua A la ■ Bang thuc xay ra khi va chi khi a = b = c = 2 

Vi du 1.5: Cho cac so there duong a, b,c thoa a + b + c + \/2abc: > 10. Tim gia tri nho nhat cua bieu 
thuc 


8 9b c a 


8 9c 2 a b 

- 1 - 1 - 

b 2 2 4 


8 9a 2 be 

H- 1 - 

c 2 2 4 


Phan ti'ch: Do bieu thuc A la bieu thuc doi xung vdi a, b, c nen ta du doan gia tri nho nhat cua A dat tai 
a = b = c = 2. Do do ta co so do diem roi 


a _ 1 

a pb 

b 1 ex i i 4 « = 4 

— = — => — = ab = bc = ca = — =>i „ 

a pc p 1 [^ = 1 

c _ 1 

a Pa 


Loi giai 


Ap dung bat dang thuc Bunhiacopxki ta duoc 


V2 + 18 + 4 J— + — + ^ < - + 9b + c 
V a 2 2 4 a 

V2 +18 + 4. < - + 9b + c 
V b 2 2 4 b 

V2 +18 + 4. < - + 9b + c; 
Vc 2 2 4 a 


Do do ta duoc A > - 


: —j= ^—i- — H—+ 9 ^a + b + + ^ab + be + ca^ j 

Hay V24.A > ^ j + 9 (a + b + c) + (ab + be + ca) 


Ap dung bat dang thuc Cauchy ta duoc 


V24.A > ^—h aj + + bj + ^—i- c^j + (2a + bc^ + (2b + acj + (2c + ab^ + 6 (a + b + c j 

> 2J—.a + 2J—.b + 2J—.c + 2>/2abc + +2^abc + +2>/2abc + 6 (a + b + c) Suy ra 


>12 + 6a + b + c + 


ta duoc A > ~^= = 6^6 

V24 


V2abcj> 7 


Vay gia tri nho nhat cua A la gVg . Dang thuc xay ra khi va chi khi a = b = c = 2. _ 

| Vi du 1.6: Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 2. Tim gia tri nho nhdt cua bi6u thuc: 




T a + a ’ + f b + ¥ + T 


Phan ti'ch: Trong vi du nay ta xet bieu thuc dai dien A = ^4a" H — — . Mot each tu nhien ta tim each khu 
can cua bieu thuc. Neu ap dung bat dang thuc Bunhiacopxki mot each binh thudng: 


Bang thuc xay ra khi a = —j=, khi do neu ap dung tuong tu thi khong thoa man gia thiet cua toan. 

V 2 


Du doan dang thuc xay ra tai a = b = c = —. Khi do ta can chon mot bo so cr, fJ de co danh gia 


4a 2 +4 \(a 2 +p 2 )>- 


a.aHl 

»J V« ! +/? 2 


Dau dang thuc xay ra tai — = /?a vdi a = —. Tu do de dang chon duoc a = 8; (3 = 9 


Ap dung bat dang thuc Bunhiacopxki: 

f 2+9 1 1 

4a 2 +4 

L a j 

1 > 16a + - => J4a 2 + 4 ^ -4= 16a + - 
1 a V a 2 V145 v a J 

} 82+9 1\ 

4b 2 +4 

l b k 

j > 16b + - => .Lb 2 +~L> -4=fl6b + - 

) b V b 2 VHsl bj 


H) 

> 16c + - => .4c 2 + -*-> -pM 16c + - 
c V c 2 V145 v c J 


Tir do ta duoc 

..if. 


A > ^—- 16(a + b + cj + 9| 


1 . 1 . I k 1 


a + b + c 2 


tri nho nhat cua A bang . Dang thuc xay ra khi va chi khi a = b = c = 4 


1 1 





Phan tich: Xet bieu thuc A = , ja 2 + . Neu ap dung bat dang thuc Bunhiacopxki mot each true 

V a b 


tiep thi ta dugc 


1 11 11 


Khi do dau dang thuc khong xay ra tai 


a = b = c = —. Tu do ta chon cac so p, q, r de co danh gia nhu sau: 



Loi giai 


Ap dung bat dang thuc Bunhiacopxki: 



Phan ti'ch va loi giai 

Ap dung bat dang thuc Bunhiacopxki ta co 



Be su dung dugc gia thiet ta a 2 + 4b 2 + 9c 2 = 1 can chgn mot bo so m; n; p sao cho he sau thoa 


man 




| m 2 a 2 + n 2 b 2 + p 2 c 2 = x 2 + 4y 2 + 9z 2 
am _ bn _ cp 
1 ~ 1 ~ 1 
m n p 

Khi do ta co lbi giai nhu sau 

Ap dung bat dang thiic Bunhiacopxki ta co 


m = 1 
n = 2 
P = 3 


2 / \ 2 ( 1 1V 

P =(a + b + c) = a.+ 2b.- + 3c.— 

V 2 PJ 


* ^4 + 3^ l|a2+4b2+9c! 


_ Vl4 , -Jl4 

Do do ta duoc P <-hay gia tri nhd nhat cua P la- 


14 

36 


Dau dang there xay ra khi va chi khi 

fa 2 +4b 2 +9c 2 =1 1 1 1 

< <=>a = -;b = —; c = — 

a = 4b = 9c 7 28 63 


Vi du 1.9: Cho a, b, c la cac so there duong thoa man a + 2b + 3c = 14 . Tim gia tri nho nhat cua bieu 
there: P = a 2 + b 2 + c 2 

Phan ti'ch va loi giai 

Ap dung bat dang there Bunhiacopxki ta duoc 

^m 2 + n 2 + k 2 j^a 2 + b 2 + c 2 j > (ma + nb + kc) 

D6 ap dung gia thiSt a + 2b + 3c = 6 ta c4n chon mot bo s6 m; n; k thoa man he sau 


ma + nb + kc = a + 2b + 3c 
a _ b _ c 
m n k 

Khi do ta co lbi giai nhu sau 

Ap dung bat dang thuc Binhiacopxki ta duoc 


m = 1 
n = 2 
k = 3 


P = Yj-.( l + 2 2 + 3 2 j^a 2 + b 2 + c 2 j > - 


t- 2b + 3c ) 2 


14 


14 14 

Do do gia tri nho nhat cua P la 14. Ding thiic xiy ra khi va chi khi 
fa + 2b + 3c = 14 

ja_b_c =>a = l;b = 2;c = 3 
U _ 2 _ 3 


Vi du 1.10: Cho a, b, c la cac so there duong sao thoa man 4a + 9b + 16c = 49. Chiing minh rang: 

1 25 64 ^ An 

—I- — + — >49 
a b c 


Phan tich va loi giai 

Cach 1: Ap dung bat dang thiic Bunhiacopxki ta duoc 





(m 2 a + n 2 b + k 2 c) f — + — + — > (m + 5n + 8 k) 


Nhu vay ta can chon mot bo so m; n; k sao cho he sau thoa man 

fm 2 a + n 2 b + k 2 c = 4a + 9b + 16c = 49 

1 nb kc 

ma = — = — 
l 5 8 

Thu mot so trudng hop ta chon duoc m = 2; n = 5; k = 8 , khi do ta co loi giai nhu sau 
Ap dung bat dang thuc Bunhiacopxki ta duoc 


(4a + 9b + 16c) - 


>(2 + 3.5 + 4.8 ) 2 = 49 2 


Hay 


.Jl 25 64 | 2 1 25 64 

491 —h — + — >49 o - + — + — >49 
b c J a b c 


Bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi 

f 1 5 8 


\ 2a 3b 4c 
4a + 9b + 16c = 49 


> a = —; b = 
2 


; c = 2 


Cach 2: Quan sat bat dang thuc ta nhan thay co the su dung bat dang thuc Binhacopxki dang phan thuc. 
Tuy nhien chu y den gia thiet 4a + 9b + 16c = 49, ta can nhan them he so de khi ap dung duoi mau xuat 
hien 4a + 9b + 16c. Do do ta co th 6 chung minh bai toan tren nhu sau 
Ap dung bat dang thuc Bunhacopcki dang phan thuc ta duoc 

1 25 64 _ 4 225 1024 > (2 +15 + 32) _ 49 s 

a b c 4a 9b 16a 4a + 9b + 16c 49 

Dang thuc xay ra khi va chi khi 


- = 49 


J_ _ J3__ _8_ 

\ 2a 3b 4c = 
4a + 9b + 16c = 49 


• a = b = 
2 


c = 2 


Vi du 1.11: Cho a, b la cac so thuc duong thoa man a + b = 2. Tim gia tri nho nhat cua bieu thuc: 
1 4 


P = - 


2 + b 2 ab 


t- Sai lam thuong gap: Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

1 r+ ±=^ + ju 

2 ab a 2 + b 2 2 ab a 2 + b 2 + 2 ab + ^) 2 V ’ 


P = 


a + b 


1 x/8 

+ Nguyen nhan sai lam: Du doan diu ding thuc xly ra tai a = b khi do —-- ^-. Tuc la diu 

a + b 2 ab 

dang thuc cua bat dang thuc tren khong xay ra 




- Phan tich: Be ap dung bat dang thuc Bunhiacopxki dang phan thuc, ta chon mot so k sao cho 

1 ■ k ; > J 1+ , k)2 -(i. 


a 2 + b 2 2 ab a 2 + b 2 + 2 ab 


f k I va dam bao dau dang thuc xay ra, tuc la thoa man dieu kien 


1 k 

- =-vdi a = b, do do ta chon dupe k = 1 . 


a 2 + b 2 2 ab 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

4 1 .1.7. ( 1 + 1 ) 2 


P = - 


- > - 


2 + b 2 ab a 2 + b 2 2 ab 2 ab a 2 + b 2 + 2 ab 2 ab 2 ab 


Mat khac ta lai co 


ab < 


a + b ] 1 


2 ) 4 

Do do ta duoc P > 18 , hay gia tri nho nhat cua bieu thuc P la 18. Bang thuc xay ra khi va chi khi 
a = b = -. 


Vi du 1.12: Cho a, b, c la cac s 6 thuc duong thoa man a + b + c = 1. Chung minh ring: 

—- \ -- +- 9 -> 30 

a + b + c ab + ab + be 


Phan tich va loi giai 

Trudc het ta du doan dang thuc xay ra tai a = b = c = ^ . Khi sir dung bat dang thuc 
Bunhiacopxki dang phan thuc ta chu y cong cac mau de co the viet duoc thanh (a + b + c) . 

1 2 


Be y la neu danh gia 


thuc khong xay ra vi - 


a 2 + b 2 + c 2 2 |^ab + be + ca) + b + c ) 2 ' 

6 


khi do dang 


a 2 +b 2 +c 2 2^ab + bc + ca^ 

Nhu vay de co the ap dung duoc bat dang thuc Bunhiacopxki dang phan thuc ta lam nhu sau 

1 + k ' > ( 1 + k ) =(i + k] 2 

a 2 + b 2 + c 2 2 (ab + be + ca) ( a + b + c) 2 ' 

1 1/ 

de dang chon duoc gia tri 


Ta can chon k de dang thuc sau dung —---- = —- 

a 2 + b 2 + c 2 2 (ab + be 4 

k = 2 . B 6 n day ta co ldi giai nhu sau 

Ap dung bat dang thuc Bunhiacopxki ta duoc 

1 9 1 


2 + b 2 + c 2 ab + be + ca a 2 + b 2 + c 2 2 (ab + be + ca) ab + be + ca 

. ( 1+2 1 


(a + b + c) 


i 2 ab + be + ca ab + be + ca 




Bat dang thiic se dugc chiing minh neu ta chi ra dugc -> 21. Tuy nhien, de thay 

ab + be + ca 


- > ab + be + ca <=> ab + be - 


ab + be + ca 

Vay bat dang there dugc chiing minh. 

I Vi du 1.13: Cho a, b, c la cac s 6 thuc duong bit ki. Chiing minh ring: 


5a + (b + c) 5b“ + (c + a) 5c + (a + b) ^ 

Phan ti'ch va loi giai 

Du doan dang thiic xay ra tai a = b = c, Trade hit ta d 6 y d 6 n miu sd co th 6 phan tich dugc 
5a 2 + (b + c) = (a 2 + b 2 + c 2 ) + 2 (2a 2 + be). Quan sat bat dang thiic ta thay co the ap dung 
dugc bat dang thiic Bunhiacopxki. Khi vay ta can chgn cac so m; n de dugc bat dang thiic 


Hb 2 +c 2 +2 2 a 2 +bc a 2 + b 2 + c 2 2 2 a 2 +bc 


Dong thdi dang thiic —---- = -. dung vdi a = b = c. 

a + b + c 2 (2a 2 + be) 

D§ dang chgn dugc m = 1; n = 2 

Khi do ta co the giai dugc bai toan nhu sau: 

Theo bat dang thiic Bunhiacopxki dang phan thiic ta co 


('b + cf ^ (a 2 + b 2 + c 2 ) + 2 ( 2 a 2 + be) 9 ( v a 2 +b 2 +c 2 2 a 2 +bc 


Chiing minh tuong tu ta dugc 


b 2 < 1 b 2 | 2 b 2 

5 b 2 +(c + a) 9^a +b +c 2 b +; 


9 I a + b + c 2 c + ab 


5a +(b + c) 5b +(c + a) 5c +(a + b) 


If 2 a 2 2 b 2 2 c 2 

— — 1 "I-“-I- 7 , -1- 7 - 

91 2 a + be 2 b + ca 2 c + ab 


Do do ta co 





. , , . . „ l L 2 a 2 2 b 2 2 c" 

Ta can chcmg mmh duoc —14--- 1 --- 1 --— _ 

9 ^ 2a 2 + be 2b 2 + ca 2c 2 + ab ) 3 

Bit ding there do tuong duong vdi 


2 a + be 2 b" + ca 2 c + ab 
be ca ab ^ 

Hay —--+ —--+ —--> 1 

2 a + be 2 b + ca 2 c + ab 
Theo bat dang there Bunhiacopxki dang phan there thi 

be ca ab ( ab + bc + ca ) 2 

-2- 1 -2- 1 -2- — O -~- •) o-7-Y = 

2a + bc 2b + ca 2c + ab ab + be + ca + 2abc (a + b + c J 

Nhu vay danh gia cuoi cung la mot danh gia dung. 

Do do bat dang there ban dau dupe chung minh. Dau dang there xay ra tai a = b = c. 


Vi du 1.14: Cho a, b, c la cac s 6 there duong thoa man a 2 + b 2 + c 2 < abc. Chung minh ring: 

a b c I 

- 1 - 1 -^ — 

a 2 + bc b 2 + ca c 2 + ab 2 


Phan tich va loi giai 

Tuong ter nhu vi du tren ta chon duoc m = n = 1, khi do ap dung bat dang Bunhiacopxki dang 
phan thuc ta duoc 


a 2 + bc a 3 + abc a 3 + a 2 + 

Hoan toan tuong ter ta duoc 


2 1 a 2 a 2 _ 1 1 a 2 

t- b 2 + c 2 4 a 3 a 2 +b 2 +c 2 y 4 ^a a 2 + b 2 - 


a b c 1(111. 

—-+ —--+ —-< - - + - + - + 1 

a +bc b +ca c + ab 4^a b c 

i + i + W 

abc 


Ta can chung minh 

That vay, ap dung mot danh gia quen thuoc va ket hop vdi gia thiet, ta dupe 

a 2 + b 2 + c 2 ab + bc + ca 1 1 1 

- ->-= - + - + - 

abc abc abc 

Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = 3 


1 >- 


Vi du 1.15: Cho cac so there a, b thoa man 2a - b = 2. Chung minh rang: 

^ a + ^b +1^ + -Ja + ^b — 3^ > 2^5 


Phan tich: Gia sir dang thuc xay ra tai a = m; b = n; 2a - b = 2. Ter do ta manh dan dua vao cac so p, q 
de co danh gia nhu sau 

^+(b + l) ! = 1 + + ^L-i[pa + q(b + l)] 

Vp +q“ v L J Vp +q 

Va danh gia tren xiy ra diu bing tai a = m; b = n; 2a - b = 2, ta dupe — = —^— 

in n +1 

chon p = m, q = n + l. 


ter do ta co the 






Hoan toan tuong tu vai bieu thuc <Jx 2 + (y - 3) ta co the chon p = m, q = n- 3 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki: 

Ja 2 + (b + l) > . 1 -- .|^ma + (n + l) (b + 

Jm 2 + (n + I)' 


f ( b - 3 )‘ a I ] ^ -[ma + (n-3)( b ~3)] 

yjm 2 +(n-3) 


Tu do ta duoc 


^a 2 + (b +1^ + Ja 2 + 

(■>-*)' 


1 

ma + (n + l)(b + 1 

i 

m 2 + (n + l) 2 


m 

m 


Jm 2 +(n + l)“ 

y/m 2 + (n - 3) 2 

Ta can chon m 

n sao cho 



m 

m 


yjm 2 + (n + l) 

y/m 2 + (n - 3) 2 


2m - n = 0 



m + 2n + 2 

^ m + 2n - 6 

<=> - 

yjm 2 + (n + l) 

yjm 2 +(n-3) 2 


2m - n = 0 


Khi do ta duoc 

^a 2 + (b + l) 

+ -^a + ^b — 3^ 2 


*(»-*) 

n +1 


yjm 2 + (n + l) yjm 2 + (n - 3) 


yj m 2 + (n + l) yj m 2 + (n - 3) 


25 25 25 

, , , 2 2 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = — ; b = - — 


Vi du 1.16: Cho cac so thuc a, b tuy y. Chung minh rang: 

^(a + i) +(b-l) +yj 

( a_1 ) + ( b + 1 ) + yj 

f (a + 2) 2 + (b + 2) 2 > y/H + 2 V 2 


Phan ti'ch: Gia su dang thuc xay ra tai a = b = m. Tu do ta manh dan dua vao cac so p, q de co danh 
gia nhu sau 


^(a + l) 2 +(b-l) ~ ^ 2 +^ ^(P 2 + q2 )[(a + l) + ( b-1 )] 

> T =L=.[p( a + 1 ) + q(b- 1 )] 

Vp + q“ 




Ta can chon p, q sao cho dang there xay ra khi x = y = a nen-=-tur do ta co the chon 

m + 1 m -1 

p = m + l; q = m- l. 


Tuong ter vdi bieu there yj(a -lj + (b +1) ta co the chon p = m-l; q = m + 1 va vdi bieu 
there <J(a + 2j + (b + 2) ta co th6 chon p = q = 1. 


Ap dung bat dang there Bunhiacopxki: 

I 


Loi giai 


a + 1 + b-1 > 


- “ 


]/(m + if + (m -1)' 


.. + l) (a +1) + (m -1) (b - J 




-1) 2 + (m + l) 

rLi 

111 , 

l.(a + 2) + l.(t 

) + 2 

)] 

a — 1 j + (b + lj 

,2+ a 

J^a + 2^ + ^b + 2^ 

2m 

i 

(7 +bW 4 

[7(m= + l) + 

m 

1 ; 7 ( m2+i ) 


Ta can chon m sao cho 


2m 1 1 

, + —j= = 0 <^> m = — -j= 

'2(m 2 +l| v2 V 3 


Vdi gia tri vera tim cua m d tren ta duoc 

+1 j + ^b — 1^ + + ^b +1^ + •^a + 2j + ^b + 2^ > a/6 + 2V 2 

Vay bat dang thuc duoc cherng minh. Bang thuc xay ra khi va chi khi a = b = —\= 

7 3 

2. Ky thuat sir dung bat dang there Bunhiacopxki dang eff ban 

Bat dang thuc Bunhiacopxki dang co ban la nherng bat dang thuc danh gia ter dai luong 

(a^X + a 2 b 2 + ... + a n b n | v§ dai luqng ^a 2 + a 2 + ... + a 2 j^b 2 + b 2 + ... + b 2 j hoac nguoc lai. B 6 
ro hon ta xet mot so vi du sau 

Vi du 2.1: Cho a, b, c la cac sd there duong thoa man a + b + c = 1 . Chung minh ring: 

-+-+ 1 >9 
a b c 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta duoc 

- + - + - = (a + b + c)f- + - + -l>f>fc^ + Vb.-^ + V^.^l =9 
* b p V '\ a b o J I ^/a 7c I 


a + b + c 




Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c 


1 

3' 


Vi du 2.2: Cho a, b, c la cac s 6 thuc ducmg bit ky. Chung minh ring: 

a + b | I b+c 

a+b+c Va+b+c 

Phan tich: Quan sat bat dang thuc ta nhan thay co the dua dua dai luong dudi cac dau can d ve trai vao 
trong cung mot can thuc, chu y chieu bat dang thuc ta lien tudng den bat dang thuc Bunhiacopxki dang co 
ban. 


- < yfE 


Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta dugc 



Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c 
Vi du 2.3: Cho a, b, c la do dai ba canh cua tarn giac. Chung minh rang: 

Va + b-c + Vb + c-a + Vc + a-b < Va + Vb + Vc 

Phan tich: B<§ y la a + b - c + b + c - a = 2b . Bo do ta nghT din viec dua hai dai lugng dudi diu can 
vao trong cung mot dau can. Chu y den chieu cua bat dang thuc ta lien tudng den bat dang thuc 
Bunhiacopxki dang co ban 

Loi giai 

Ap dung bit ding thuc Bunhiacopxki co ban dang (x + y) <2^x 2 +y 2 j,ta dugc 


|Va + b- c + Vb + c- aj <2(a + b-c + b + c-a) = 4b 

Bo do ta dugc Va + b - c + Vb + c - a < 2Vb , tuong tu ta co 

Vb + c - a + Vc + a - b < 2>/c; Vc + a - b + Va + b - c < 2yfa 


Cong theo ve cac bat dang thuc tren ta dugc 

Va + b - c + Vb + c - a + Vc + a - b < Va + Vb + Vc 

Vay bat dang thuc dugc chung minh. Bau dang thuc xay ra tai a = b = c. 

Vi du 2.4: Cho a, b, c la cac sd thuc duong tuy y . Chung minh ring: 

, ^ „ f a 2 b 2 c 2 

a + b + c < 2-1-+- 

Ib+c c+a a+b 


Phan tich: B 6 y niu ta viit lai bit ding thuc cin chung minh thanh 







a + b + c > a+b+c 
b+c c+a a+b 2 

Bat dang thuc tren ggi y cho ta sir dung bat dang thuc Bunhiacopxki dang phan thuc. Tuy nhien b 
day ta thu ap dung bat dang thuc Bunhiacopxki dang co ban xem sao. 


Ta can danh gia dai luong a + b + c sao cho xuat hien-1-1-, do do ta viet 

b+c c+a a+b 


a + b + c thanh , V 

Vb + c 

Bunhiacopxki dang co ban. 


, den day ta ap dung bat dang thuc 


Ta co a + b + c = 


Ap dung bat dang thuc Bunhiacopxki ta duoc 


- I ii p vc + a + , ,v a ■ 
V c + a Va + b 


Vb + c) + (Vc + a) + (Va + b) 


a + b + c 
b+c c+a a+b, 


Bat dang thuc duoc chung minh.Bang thuc xay ra khi va chi khi a = b = c 
I Vi du 2.5: Cho a, b la cac s6 thuc duong thoa man a 2 + b 2 =1. Chung minh ring: 


f a + bVl + b ^ V 2 + ^ 


Phan tich: Chu y den gia thiet co dai luong a + b va trong bat dang thuc can chung minh cho dai 


luong avl + a + bV1 + b. Chu y den chieu cua bat dang thuc ta co danh gia theo bat dang thuc 


Bunhiacopxki la 


< Jla + b" 1(1 + a + 1 + bj. Ben day ta chi can danh gia 


Ap dung bat dang thuc Bunhiacopxki ta duoc 


hb + a +1 + b^ — Va + b + 2 


J2 a 2 +b 2 +2 = VV2+2 


Bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi 




a + b = 1 

a b , yfc 

fe| fc f* r --: ••<-> a = b = — 
Va+1 Vb+1 2 

1 _ 1 

a b 


Vi du 2.6: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

4 i 4 4 | a + 3b f b + 3<A f c + 3a ) 

a + b + c > 


Phan ti'ch: Quan sat bat dang thuc ta nhan thay neu danh gia tu ve trai sang ve phai cua bat dang thuc thi 
rat kho khan, do do ta tim each danh gia tu ve phai sang ve trai, tuc la ta can chung minh duoc bat dang 

thuc kieu f & + < ?. Du doan dau dang thuc xay ra khi va chi khi a = b = c nen ta viet duoc 

4 


a + 3b 

4 , 


a b b b 

- 1 - 1 - 1 - 

4 4 4 4 


, chu y den chieu cua bat dang thuc can chung minh ta co danh gia 


theo bat dang thuc Bunhiacopxki la 


a b b b | _[ 1 1 1 li /2 1 2 1 2 t 2 \ 

4 4 4 4 J ^16 16 16 16 A > 

Phep chung minh se hoan tat neu ta danh gia duoc ^a 2 + 3b 2 j ve a 4 + 3b 4 , tuy nhien danh gia 

nay hoan toan co the thuc hien duoc nhd bat dang thuc Bunhiacopxki. 

Ldi giai 

Ap dung bat dang thuc Binhiacopxki ta co 


a + 3b 

4 


Do do ta duoc 


b b b 


a + 3b 

4 y 


Hoan toan tuong tu ta duoc 


Cong theo ve cac bat dang thuc tren ta duoc 


: 4 4 

A 

[^16 16 16 

<i(a 2 

16* 

+ b 2 

+b ! +b ! f <k( 
' 16' 

a + 3b 



4 



b + 3c Y 

<a 

1 + 3c 4 fc + 3a^ 

—J 




^ < c 4 + 3a 4 

J 4 


fa + 3b^ 

fb + 3A 

f c + 3a ^ 

l 4 J 

A 4 J 

A 4 J 


Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c 




Vi du 2.7: Cho cac so thuc a; b; c e ^0; 1 j. Chung minh rang: 

Vabc + < 1 

Phan tich: Quan sat bat dang thuc ta thay trong can thuc thu nhat co chua nhan tir a va trong can thuc thu 
hai lai co chua nhan tir 1 - a, de y la a + l- a = l nen ta se sir dung bat dang thuc Bunhiacopxki de 
triet tieu di bien a 

|Vabc + ^l-a)(l-b)(l-c)j < |^a + (l - a)J|^bc + (l - b)(l - c)J 
= bc + (l-b)(l-c) 

Khi nay ta duoc Vabc + ,J(l - a) (l - b)(l - cj < ^Jbc + (l - b)(l - c) . Khong cin quan tarn din 

dau dang thuc xay ra nen ta co ^bc + (l - b)(l - c )< Vbc + ^1 - b)(l - c) . Den ta day ta lap lai 
danh gia nhu tren thi bai toan duoc hoan tit. 

Loi giai 

Ap dung bat dang thuc Binhiacopxki ta co 

|Vabc + ^(l-a)(l-b)(l-c)j < be + (l - b)(l - c) 

Do do ta duoc Vabc + ^(l-a)(l-b)(l-c) < ^bc + (l - b)(l - c) 

D§ dang chung minh duoc V x + y < Vx + \fy (x. y > 0 j. Ap dung vao bai toan ta duoc 

^bc + (l-b)(l-c) < Vbc + ^1 - b)(l -c) 

Lai theo bat dang thuc Bunhiacopxki ta co 

| Vbc + ^(l - b)(l - c) j <[b + (l-b)][c + (l-c)] = l 

Hay Vbc + ^1 - b)(l - c) < 1 

Vay ta co Vabc + ^1 - a)(l - b)(l - c) < 1 

Bit ding thuc duoc chung minh. 

Vi du 2.8: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

3 (a + b + c) 2 < (a 2 + 2j (b 2 + 2 ) (c 2 + 2j. 

Phan tich: Bit ding thuc tren co cac biin doc lap nhau, do do niu danh gia lam giam di s6 biin thi bai 
toan se don gian hon. Ta chu y den su xuat hien cua dai luong (a + b + c) a ve trai va a 2 + 2 a ve 
phai cua bat dang thuc can chung minh. Su xuat hien nay lam cho ta suy nghT den sir dung bat dang thuc 





Bunhiacopxki de danh gia dai luong (a + b + c) lam sao cho xuat hien dai luong a 2 + 2. Nhu vay ta 
se co danh gia sau 


(a + b + c) — 


Ta quy bai toan ve chung minh 3 


,i + ^fci 

V2 

(b + c ) 2 
1 + ^-' 


-2 

< (a 2 + 2 ) 


V 1 

l V 2 J _ 


< (b" + 2) (c + 21. Bat dang thuc nay chi co 


hai bien va co the chiing minh duoc bang phep bien doi tuong duong. 

Loi giai 


Ap dung bat dang thuc Bunhiacopxki dang (a 2 + b 2 ) (x 2 + y 2 ) > (ax + by) ta duoc 
(a + b + c) = 

lW 


V 2 


-|2 

< fa 2 +2) 

"i + fkt4 

V J 

l V2 J 


Bai toan dua ve chung minh 3 


<(b 2 + 2 )(c 2 + 2 ) 


\ / / \ 2 

Bien doi tuong duong bat dang thuc tren ta duoc - — 7 + ^bc -1 j >0 

Bat dang thuc cuoi cung nay hien nhien dung nen bat dang thuc da cho duoc chung minh. 

Bat dang thuc xay ra khi va chi khi 

fb = c 

2 u 

< a =-<=>a = b = c = l 

b + c 
be = 1 

Nhan xet: Bat dang thuc nay con duoc chung minh bang each sit dung bat dang thicc Bunhiacopxki ket 
hop voi nguyen ly Dirichlet nhu sau: 

Theo nguyen ly Dirichlet thi trong ba so a, b, c luon ton tai hai so cung khong Ion hom 1 hoac 
khong nhd hem 1. 

Khong mat tlnh tong quat ta gia sit hai so do la b va c, khi do ta dupe 

(b 2 -l)(c 2 -l) > 0. 

Ap dung bat dang thitc Bunhiacopxki ta dupe 

(u + b + c) = (u.l + 1.6 + l.c) < (g + 2)(l + 6 + c ) 

Bai toan quy ve chitng minh 3 (l + b 2 + c 2 ) < (& 2 + 2) (c 2 + 2) 

Bien doi tuong duong bat dang thitc tren ta thu dupe (fe 2 - l) (c 2 -1) > 0. 

Bat dang thitc cuoi cung dung theo gia sit tren. Vay bai toan dupe chitng minh. 



Vi du 2.9: Cho a, b, c la cac s6 thuc duong tuy y. Chung minh ring: 

(ab + bc + ca-l) < (a 2 + l)(b 2 + l)(c 2 +l) 

Phan tich: Tuong tu nhu tren, ta chu y den su xuat hien dai luong (ab + be + ca -l) a ve trai va 

a 2 +1 a ve phai cua bat dang thuc can cluing minh. Ta can danh gia dai luong (ab + be + ca - l) lam 

sao cho xuat hien dai luong a 2 +1. Be thuc hien duoc danh gia do ta de y den phep bien doi 

(ab + bc + ca-l) = |^a.(b + c) + l.(bc - l)J . 

Loi giai 

Ap dung bat dang thiic Bunhiacopxki ta duoc 

(ab + be + ca - l) = [a.(b + c) + (bc-l)J < (a 2 + l)|jb + c) + (bc-l)J 

Bai toan quy ve chiing minh (b + c) + (be -1) < (b 2 + l)(c 2 + l) 

Bay la mot dang thiic dung vi (b + c) + (be -l) = (b 2 + l) (c 2 + l) 

Vay bat dang thiic duoc chiing minh. Bang thuc xay ra khi va chi khi 

a (be -l) = b + c<=>a + b + c = abc 

Vi du 2.10: Cho a, b, c, d la cac s6 thuc thoa man (a 2 + l) (b 2 + l) (c 2 + 1) (d 2 + l) = 16. 

Chiing minh ring: -3 < ab + ac + ad + be + bd + cd - abed < 5 

Phan tich: Trade het ta viet lai bat dang thiic can chiing minh thanh 

(ab + ac + ad + be + bd + cd - abed -l) <16 
Quan sat gia thiet ta viet bat dang thiic can chiing minh duoc thanh 

(ab + ac + ad + be + bd + cd - abed -l) < (a 2 +l) (b 2 + l) (c 2 +l)(d 2 +l) 

Ben day ta lien tuong den bat dang thiic Bunhiacopxki vbi each ap dung nhu cac vi du tren. 

Loi giai 

Ta viet bat dang thiic can chiing minh lai nhu sau 

-4 < ab + ac + ad + be + bd + cd - abed -1 < 4 

Hay (ab + ac + ad + be + bd + cd - abed -l) <16 

Ap dung bat dang thiic Bunhiacopxki ta co 

(ab + ac + ad + be + bd + cd - abed -l) 

= |^a (b + c + d - bed) +1. (be + bd + cd + -l)J 
< (a 2 +1) |"(b + c + d - bed) + (be + bd + cd -1) 1 


Bai toan dua ve chiing minh 





(b + c + d-bcd) +(bc + bd + cd-l) < (b 2 + l)(c 2 + l)(d 2 +1) 
Day la mot bat dang thiic dung vi 


(b + c + d-bcd) + (be + bd + cd -1) = (b 2 + l)(c 2 + l)(d 2 + lj 



1 

1 1 

Vidu 2.11: Cho cr 

tc so thuc a, b, c > 1 thoa man — 

H-h — = 2. Chiing mmh rang: 


a 

b c 


Va -1 + Vb - 1 + 

Vc -1 < Va + b + c 


Phan tich: Su xudt hien dai luong Va - 1 + Vb - 1 + Vc - 1 cung vdi chieu cua bat dang thiic can 
cluing minh la co so de ta nghi den svr dung bat dang thiic Bunhiacopxki. Tuy nhien ta can danh gia lam 


sao de xuat hien . B6 y ta co Va -1 = x/a.Jl-va vdi su xult hien cua dai luong Va + b + c thi 

a V a 

nhan dinh tren cang co co so. 

Loi giai 

Ap dung bat dang thiic Bunhiacopxki ta co 




Phan tich: Cac dai luong trong bat dang thiic co dang phan thiic nen dieu dau tien ta nghi den la sir dung 
bat dang thiic Bunhiacopxki dang phan thiic, tuy nhien do bac d mau ldn hon tren tii nen viec danh gia se 
kho khan hon. Do do ta tinh den sir dung bat dang thiic Bunhiacopxki dang co ban, nhung de de danh gia 
hon ta viet bat dang thiic lai thanh 





Ben day ap dung bat dang thiic Bunhiacopxki ta duoc 





(a + b + cj 

(b + cj |c + aj (a 4 
Phep chung minh se hoan tat neu ta chi ra dirge 


b + c c + a a 




a + b + c >^<^> a + b + c >3 
b+c c+a a + bj 4 b+c c+a a+b 2 


Banh gia cuoi cung chinh la bat dang thuc Neibiz. 


Ap dung bat dang thuc Binhiacopxki ta co 


Loi giai 


(a + b + cj 


(b + cj (c + aj (a + bj 

= [(A) ! + (^) ! + (^) ! 


AT JAY 4 A 

b+c c+a a+c 


De dang chung minh dugc 
Do do ta co (a + b + c j 
Hay 


b+c c+a a+bJ 
a + b + c > 3 
b+c c+a a+b 2 

b c 


(b + cj (c + aj (a + bj 
b c ^ 9 


(b + cj (c + aj (a + bj 4(a + b + cj 
Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c 


Vi du 2.13: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a b c ^ 9 


b 2 (c + aj c 2 (a + bj a 2 (b + cj 2(ab + bc + caj 

Phan tich: Tuong tu nhu vi du tren ta viet lai dugc bat dang thuc can chung minh thanh 

b 


(ab + be + caj 


b 2 (c + a j c 2 (a + bj a 2 (b + c j 


> - 
2 


a(b + c) + b(c + a) + c(a + b) / \ c c 

Ta tMy ab + be + ca = — ---------- va a b + c . —,-, = — 

2 1 ' a 2 (b + c) a 

Ben day ta co the ap dung bat dang thuc Bunhiacopxki nhu lbi giai sau day 

Loi giai 

Bat dang thuc can chung minh dugc viet lai thanh 


(ab + be 4 


b (c + a) c (a + b) a (b + c) 


>5 

2 




Ap dung bat dang thuc Bunhiacopxki ta dugc 
[b (c + a) + c (a + b) + a (b + c)J 
2 


>1 

2 


b 2 (c + a) c 2 (a + b) a 2 (b + c) 

1 a lb c 

2 vb V c Va 


ab(c + a) |bc(a + b) |ca(b + c) 
b 2 (c + a) Vc 2 (a + b) Va 2 (b + c) 


Mat khac theo bat dang thuc Cauchy ta co 
Do do ta dugc (ab + bc + ca) 


| a + r* + c 
V b V c V a 


- >3. 
a 

b 


> - 
2 


b 2 (c + a) c 2 (a + b) a 2 (b + c)J 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c _ 

Vi du 2.14: Cho a, b, c la cac so thuc duong thoa man Va + Vb + Vc = 1 . Chung minh rang: 


ab 


a + b + 2c v b + c + 2ci 


be 


ca < 1 
c + a + 2b 2 


Phan tich: Chu y den gia thiet va chieu bat dang thuc ta co danh gia theo bat dang thuc Bunhiacopxki la 

4 (a + b + 2c) = (l +1 + 2) (a + b + 2c) > (Va + Vb + 2 a/c j . 

Loi giai 

Cach 1: Ap dung bat dang thuc Bunhiacopxki ta dugc 

4 (a + b + 2c) = (l +1 + 2) (a + b + 2c) > (Va + Vb + 

Ket hgp vdi bat dang thuc Cauchy ta dugc 


1 ab 2y/ab ^ 2y/ab Jj 1 

Vab | Vab 

1 a + b + 2c /4(a + b + 2c) Va+Vb+2Vc 2 

v Va + Vc Vb + VcJ 


Ap dung tuong tu ta co 


1 f Vbc Vbc 


V b + c + 2a 2^ Va + Vb Va + Vc 
Vca Vca 


\c + a + 2b 2^Va + Vb Vb + VcJ 

Cong theo ve cac bat dang thuc tren ta dugc 

fnaz + j—+&+£)=i 

V a + b + 2c vb + c + 2a V c + a + 2b 2 V / 2 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 
Cach 2: Bat x = Va; y = Vb; z = Vc . Tir gia thiet ta suy rax + y + z = l. 

Khi do bit ding thuc dugc vi6t lai thanh 

xy yz zx 


y/x 2 + y 2 + 2z 2 Vy 2 + z 2 + 2x 2 

Ap dung bat dang thuc Bunhiacopxki ta dugc 


h2y 2 


<1 

2 



Do do ta co 


4(x 2 + y 2 + 2z 2 j = (l + 1 + 2^(x 2 + y 2 + 2z 2 j > (x + y + 2z) 



Cong theo ve cac bat dang there tren ta duoc 



Phan ti'ch: Be y den danh gia theo bat dang there Bunhiacoxki la 


12a 2 + b 2 j(2a 2 +c 2 j = (a 2 +a 2 + b 2 )(a 2 +c 2 +a 2 j > (a 2 +ab + ac) = a 2 (a + b + c)“ 

Loi giai 

Theo bat dang there Bunhiacopxki ta duoc 

(2a 2 + b 2 )(2a 2 +c 2 j = (a 2 +a 2 +b 2 )(a 2 +c 2 +a 2 j > (a 2 +ab + acj = a 2 (a + b + c) 
a 3 a 

Do do - y 7-nr ---, cherng minh terong ter ta duoc 

(2a 2 + b 2 )(2a 2 +c 2 j ( a + b + c) 

_b 3 _ < b _c 3 _ < c 

(2b 2 +c 2 )(2b 2 +a 2 ) “ (a + b + c) 2 ’ (2c 2 + a 2 )(2c 2 + b 2 ) “ ( a + b + c) 2 
Cong theo ve cac bat dang thuc tren ta duoc 



Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta duoc 





a 3 b b 3 c 

1 + ab 2 1 + be 2 
a 3 b b 3 c 


1 + ab 1 + be 
a 3 b b 3 c 


c 3 a 

f 1+ ab 2 , 

1 + be 2 

1 + ca 2 J 

[ ab 

be 

c 3 a | 

[ c + ab 2 c 

| a + abc 2 

1 + ca 2 J 

^ abc 

abc 

c 3 a 

f abc + lY 

a + b + c) 

1 + ca 2 J 

[ abc J' 


abc 


> (a + b + c) 


a 3 b + b 3 c + c 3 a > abc(a + b + c) 

1 + ab 2 1 + be 2 1 + ca 2 1 + abc 

Vay bat dang thuc ban dau dirge chung minh. Dau dang thuc xay khi va chi khi a = b = c 


Vi du 2.17: Cho a, b, c la cac s6 thuc thoa man a 2 + b 2 + c 2 = 2 . Chung minh ring: 

|a 3 + b 3 + c 3 - abc| < 2^2 

Phan tich va loi giai 


Bat dang thuc can chung minh dugc viet lai thanh ^a 3 + b 3 + c 3 — abc j < 8. 

Quan sat gia thiet va chieu bat dang thuc can chung minh ta lien tubng den bat dang thuc 
Bunhiacopxki. Bat dang thuc khong xay ra dau dang thuc tai a = b = c ma lai xay ra tai 
a = b = 0; c = ±^2 . Do do ta co danh gia bat dang thuc tren theo hubng giam bien. Vi vai tro cua a, b, 


c nhu nhau nen ta gia sir c la so ldn nhat, khi do ta co danh gia 

a 2 + b 2 < a 2 + b 2 + c 2 = 1 
Ap dung bat dang thuc Bunhiacopxki ta dugc 

(a 3 + b 3 + c 3 - abc j = |^a 3 + b 3 + c(c 2 - abjj 
< |ja + b) + c 2 |(a^ 


D6n dly ta dat t = ab, do do ta co t 


a -ab + b j + (c -abj 

= (a 2 + b 2 + c 2 + 2abj^2c 4 + 2a 2 b 2 + 4- 4c 2 -4abj 
a 2 + b 2 a 2 + b 2 + c 2 


- = 1 


Khi do ta dugc 

|p+ b 3 + c 3 - abc|^ 4 (t +1) [t 2 - 2t + 2 + c 2 (c 2 - 2 )] < 4 (t +1) (t 2 - 2t + 2 ) 

Phep chung minh se hoan tit nlu ta chi ra dugc 4 (t +1) ^t 2 - 2t. + 2j < 8 
Hay (t + l)(t 2 -2t + 2) < 2 <=> t 2 (t -1) < 0 

Bat dang thuc cuoi cimg la mot bat dang thuc dung. 

Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = 0; c = +V 2 va cac hoan vi cua 


no. 


Vi du 2.18: Cho a, b, c la cac so thuc duong thoa man abc > 1 . Chung minh rang: 




a 4 + b 3 + c 2 b 4 + c 3 + a 2 c 4 + a 3 + b 2 


Phan ti'ch: Be y den danh gia (a 4 + b 3 + c 2 + b + c 2 j > ^a 2 + b 2 + c 2 j 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta dirge 

(a 4 + b 3 + c 2 )(l + b + c 2 ) > (a 2 +b 2 +c 2 ^ 

1 1 + b + c 2 ^ 1 + b + c 2 


Do do ta co 


a +b +c (a 4 + b 3 + c 2 j^l + b + c 2 j ^ a 2 +b 2 +c 2 j 

Ap dung tuong tu ta duoc bat dang thuc 

1 1 1 3 + a + b + c + a 2 +b 2 +c 2 


ci + b 3 + c b 4- c 3 + ct c + ct 3 + b 

3 + a + b + c + a 2 +b 2 +c 2 


(a 2 + b 2 + c 2 ) 


Ta can chung minh 


< 1 


(a 2 + b 2 + c 2 j 

Hay (a 2 +b 2 +c 2 j 2 > 3 + a + b + c + a 2 +b 2 +c 2 

That vay, ap dung bat dang thuc Cauchy ta co 

(a 2 + b 2 + c 2 ) 2 = (a 2 + b 2 + c 2 )(a 2 + b 2 + c 2 ) > 3^(a 2 + b 2 + c 2 ) = 3(a 2 + b 2 + c 2 ^ 

(a + b + c) / 

Ma a + b + c >--— > a + b + c; a + b + c > 3va b c > 3 

3 

Do do 3 (a 2 + b 2 + c 2 ) > a 2 + b 2 + c 2 + a + b + c + 3 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 


Vi du 2.19: Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 

a | b | c < ^ 
a 3 + b 2 + c b 3 + c 2 + a c 3 + a 2 + b 
Phan tich: Be y den danh gia theo bat dang thuc Bunhiacopxki sau 

(a 3 + b 2 + cj +1 + cj > (a + b + c) 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta duoc 


(a 3 + b 2 + cj f — +1 + cl > (a + b + c) 


Do do ta duoc 


a 

a 

fl 1 ^ 

l a ) 

a| 

r l > > 

— +1 + c 

v a ) 

1 ac + a +1 

a 3 + b 2 + c / 3 . - 

la +b‘ 

! +c)| 

j +1+c ) 

^cl + b + 

9 





Chung minh tuong tu ta dugc 


Do do ta co bat dang thu'< 


, ab + b + 1 c < cb + c + l 
9 ’ c 3 + a 2 + b “ 9 


, ab + bc + ca + a + b + c + 3 


a 3 + b 2 + c b 3 + c 2 + a c 3 + a 2 


^ x , , . , ab + be + ca + 6 ^ , , , 

Ta can chung mmh---< 1 hay ab + be + ca < 3 

That vay, theo mot danh gia quen thuoc ta co 


Vay bat dang thuc dupe chung minh. Dang there xay ra khi va chi khi a = b = c = 1. 

Vi du 2.20: Cho a, b, c la cac so thuc duong. Tim gia tri nho nhat cua bieu thuc: 

_ 3a 4b 5c 

P =-+-+- 

b+c c+a a+b 

Phan tich: Quan sat bieu thuc ta thay co the viet bieu thuc ve dang 


P + 12 = (a + b + c 


3 4 5 

b+c c+a a+b, 


Yeu cau cua bai toan cung voi each phat bieu cua bieu thuc lam ta lien tuong den bat dang thuc 
Bunhiapcopxki 

Loi giai 

Bien doi bieu thuc P ta dupe 


b+c c+a a+b 


Ap dung bat dang thuc Bunhiacopxki ta dupe 


^ + 2 + VT) 2 


NenP> ^V3+2 + V5) -12 

Vay gia tri nho nhat cua P la 7 + 2 + 75 j -12 . Dang thuc xay ra khi va cli 

b+c_c+a_a+b 

_ 73 2 7^ ' _ 

Vi du 2.21: Cho a, b, c la cac so thuc duong. Tim gia tri nho nhat cua bieu thuc: 

T 3 ( c ~ b ) | 4 (a-c) | 5(b-a) 

2b + a b + 2c c + 2a 


Bien doi bieu thuc ta co 





f 3(c-b) "1 f4(a-c) 

T +12 = —-- + 3 + —-- + 4 

2b + a b + 2c 


5^b - a 


c + 2a 

3(a + b + c) 4^a + b + c) 5^a + b + c) 

a + 2b b + 2c c + 2a 

_ 4 5 

^a + 2b b + 2c c + 2aj 
Ap dung bat dang there Bunhiacopxki ta dugc 


= (a + b + c) —--b - 

V / ». + 9b 1 


+ Z& 


3 | 4 | 5 

a + 2b b + 2c c + 2a 


^ ^a + 2b) + (b + 2c) + (c + 2a) J 

Do do ta dugc T > ^ 3 + 2 + \[b j -12 

Vay gia tri nhd nhat cua bieu thuc T la ^ |V3 + 2 + Vs j -12 
Dang thuc xay ra khi va chi khi 


>^{S + 2 + y/bj 


b+c_c+a_a+b 

V3 2 ^5 


Vi du 2.22: Cho a, b, c la do dai ba canh mot tam giac va x, y, z la cac so thuc. Chung minh rang: 

ax 2 by 2 


b+c-a c+a-b a+b-c 


> xy + yz + zx 


Phan tich: De y la 


ax 2 | x 2 _ (a + b + c)x 2 
b + c-a 2 2(b + c-a) 

va ap dung bat dang thuc Bunhiacopxki. 


, do do ta them vao hai ve cung mot dai lugng 


by 2 


b+c-a c+a-b a+b-c 


ax x 


Loi giai 

. Khi do ta co 


= i( a + b + c)^- 


by 2 


^b + c-a 2 J ^c + a-b 2 J ^a + b-c 2 

y 2 _z 2 


|b+c-a c+a-b a+b-c 

Ap dung bat dang thuc Bunhiacopxki ta dugc 

° ^ 

9 V 


+ AA^rA|-A( x + y + z ) 2 


Do do ta dugc 


Suy ra 


b+c-a c+a-b a+b-cj 2 V 
^ x 2 + y 2 + z 2 1 / \2 

T + — 9 -^ 9 ( x + y + z ) 


by 2 


b+c-a c+a-b a+b-c 


> xy + yz + zx 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi 


a = b = c 




Vi du 2.23: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

I 2a I 2b / 2c 


Va+b \b+c 


<3 


Phan tich va loi giai 

Quan sat bat dang thuc can chung minh thi suy nghT dau tien la khu can bac hai bang bat dang thuc 
Bunhiacopxki 


J— + J— 

Va+b Vb+c 

Phep chung minh se hoan tat neu ta chi ra dugc 

2a 2b 


2b 


2c 


2c < 3 — +-+- 

c+a v la + b b+c c+a 


2c 


< 3 


a+b b+c c+a 
Tuy nhien danh gia tren lai la mot danh gia nguoc chieu. 

Be y ta thay bat dang thuc tren la mot bat dang thuc hoan vi, co mot kinh nghiem khi chung minh 
bat dang thuc do la neu ta bien doi tu bat dang thuc hoan vi ve thanh bat dang thuc doi xung thi bai toan 
se trd nen don gian hon. Vdi kinh nghiem do ta thii' bien doi bat dang thuc ve dang doi xu'ng xem sao. 
Quan sat dai luong ve trai ta co the doi xung hoa nhu sau 


2a(a + c) 2b (a + b) 2c (b + c) 

a + b)(a + c) h(b + c)(b + a) V(c + a)(b + c) 
Ben day ta co the khu can bat dang thuc tren bang bat dang thuc Bunhiacopxki nhu sau 
2a(a + c) 1 2b (a + b) 1 2c (b + c) 

(a + b)(a + c) h(b + c)(b + a) \j(c + a)(b + c) 

2a 2b 


< (2a + 2b + 2c) 
oan tat n 
(2a + 2b + 2c) 


_ _ 2c 

a + b)(a + c) (b + c)(b + a) (c + a)(b + c^ 


Phep chung minh se hoan tat neu ta chi ra dugc 
2a 


a)(bt 


b)(a + c) (b + c)(b + a) 

Bien doi tuong duong bat dang thuc tren ta dugc 

8 (a + b + c) (ab + be + ca) < 9 (a + b)(b + c) (c + a) 
Tiep tuc bien doi tuong duong ta dugc 

(a + b) (b + c) (c + a) > 8abc 

Bay la mot bat dang thuc dung. 

Vay bai toan dugc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c. 
Vi du 2.24: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 


a 1 1 

1 b M 

1 2c ^3 

1 a + b + 2c V 

b + c + 2a V 

c + a + 2b 2 


Phan tich va 151 giai 


Ta doi xung hoa bat dang thuc tren thanh 






3 

2 


J a|a + 2b + c) I b(a + b + 2c) I c(b + c + 2a) 

(a + b + 2c) (a + 2b + c) \Mb + c + 2a) (a + b + 2c) V (c + a + 2b) (b + c + 2a) 

Goi ve trai cua bat dang thuc la A, ap dung bat dang thuc Bunhiacopxki ta dugc 
2 4 ^a 2 + b 2 + c 2 + 3ab + 3bc + 3ca) (a + b + c) 

(a + b + 2c) (b + c + 2a) (c + a + 2b) 

Phep chung minh se hoan tat neu ta chi ra dugc 

16 (a 2 + b 2 + c 2 + 3ab + 3bc + 3ca)(a + b + c)<9(a + b + 2c) (b + c + 2a) (c + a + 2b) 

Bien doi tucmg ducmg ta dugc 

2 (a 3 + b 3 + c 3 ) > ab (a + b) + be (b + c) + ca (c + a) 

Theo bat dang thuc Cauchy ta dugc a 3 + b 3 + c 3 > 3abc. Do do ta can chung minh dugc 
a 3 + b 3 + c 3 + 3abc > ab (a + b) + be (b + c) + ca (c + a) 

Bien doi tuong duong bat dang thuc tren ta dugc 

abc > (a + b - c) (b + c - a) (c + a - b) 

Day la mot danh gia dung quen thuoc. 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

3. Ky thuat su dung bat dang thuc Bunhiacopxki dang phan thuc 

Bat dang thuc Bunhiacopxki dang phan thuc la bat dang thuc co ung dung rang rai trong chung 
minh cac bai toan bat dang thuc. No giai quyet dugc mot lop cac bat dang thuc chua cac dai lugng co 
dang phan thuc. 

Vi du 3.1: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 2 + b 2 + c 2 > a + b + c 
b+c c+a a+b 2 

Phan tich: Quan sat cac dai lugng ben ve trai va chieu bat dang thuc, mot each tu nhien ta nghT den bat 
dang thuc Bunhiacopxki dang phan thuc 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


a 2 + b 2 + c 2 > (a + b + c) (a + b + c) _ a + b + c 

b + c c + a a + b (a + b) + (c + a) + (a + b) 2^a + b + c) 2 






Phan tich: Quan sat cac dai lugng ben vS trai va chiiu bit ding thuc, mot each tu nhien ta nghT din bit 
dang thuc Bunhiacopxki dang phan thuc 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

a 2 b 2 c 2 (a + b + c) 

- 1 - 1 ->--- - -= 1 

a 2 + 2bc b 2 + 2ca c 2 + 2ab a 2 + b 2 + c 2 + 2 (ab + be + ac) 

Bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c 

Nhan xet: Neu ta thay cac bien a, b, c tuang img boi — , - , - thi ta thu duoc bat dang thuc 

a b c 


be ca ca ^ . 

-y +-y +-> 1 

be + 2 a ca + 2b ca + 2b 

Dey ta lai thay ———- = 1- ——khi do ta duoc bat dang thuc 

be + 2 a 2 be + 2 a 2 

a 2 , b 2 , c 2 ^, 
be + 2a ca + 2 b 2 ca + 2 b 2 

Vi du 3.3: Cho a, b, c la cac s6 thuc duong tuy y. Chung minh ring: 

a b c 

-1-1-=> 1 

2b + c 2c + a 2a + b 

Phan tich: Quan sat ve trai cua bat dang thuc can chung minh ta cung co the nghT den viec van dung bat 
dang thuc Bunhiacopxki dang phan thuc. Nhung neu de nhu the ma ap dung thi khong duoc. Trubc het ta 
can tao ra cac bieu thuc co dang binh phuong b tu co 3 phan thuc b ve trai bang each nhan them vao tu va 
mau cac lugng thich hop. 


< ,a b c a 2 b 2 c 2 

Be y la-1-1-— —-r- H--r H--r . 

2b+ c 2c + a 2a+ b a(2b + cj b(2c + aj c(^2a + bj 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

a | b | c a 2 | b 2 | c 2 ^ (a + b + c) 

2b+ c 2c + a 2a+ b a(2b + c) b^2c + a) c^2a + b) 3^ab + bc + ca) 

Phep chung minh se hoan tit niu ta chi ra duoc (a + b + c) > 3 (ab + be + ca j 
Tuy nhien danh gia tren ta mot danh gia dung. 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi khi va chi khi a = b = c 
Vi du 3.4: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 3 b 3 c 3 > a 2 + b 2 + c 2 

a + 2b b + 2c c + 2a 3 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 





a 3 | b 3 | c 3 ^ (a 2 + b 2 + c 2 ) 2 


<i + 2b b + 2c c + 2a 

(a + b + c) 


Ta lai co a 2 + b 2 + c 2 > ^ (a + b + c) 



a 3 b 3 c 3 a 2 +t 

L)0 QO let QITQC 1 1 ^ 

2 +c 2 


a + 2 b b + 2 c c + 2 a 



Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c 


Vi du 3.5: Cho a, b, c la cac s6 thuc duong. Chung minh ring: 


a 4 + b 4 + c 4 > 

abc (a + b + c) 


1 + a 2 b 1 + b 2 c 1 + c 2 a 

1 + abc 


Phan tich: 0 bai toan nay tu so cua cac phan thuc da b dang luy thua bac chan n< 

;n ta co the nghT den 

viec van dung bat dang thuc Bunhiacopxki dang phan thuc 



a 4 b 4 c 4 > 

(a 2 + b 2 + c 2 ) 



1 + a 2 b 1 + b 2 c 1 + c 2 a 3 + a 2 b + b 2 c + c 2 a 


Phep chung minh se hoan tit n6u ta chi ra dugc 

(a 2 +b 2 +c 2 ) abc(a + b + c) 

3 + a 2 b + b 2 c + c 2 a 1 + abc 

Nhung thuc sir bat ngb khi each ap dung nhu the nay lai khong giup ta giai quyet dugc bai toan vi 
danh gia tren la mot danh gia khong dung. Nen buoc ta phai tim hubng giai quyet khac 

B6 y ta thly c (l + a 2 b) + a (l + b 2 c) + b (l + c 2 a) = (l + abc) (a + b + c). Khi do ta ap dung 

bat dang thuc Bunhiacopxki dang phan there nhu sau 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


a 4 b 2 c 2 a 4 c b 2 a c 2 b 


1 + a b 1 + b c 1 + c a 

c (l + a 2 b) 

a(l + b 2 c) b(l + c 2 a) 

> ( a ^ 

V + b 2 Va + ( 

VVbj ^a 2 Vc + b 2 Va + c 2 Vb j 

c(l + a 2 b) 

+ a(l + b 2 c) 

+ b(l + c 2 a) (l + abc) (a + b + c) 

Khi do ta can chung minh dugc 



a 2 Vc + b 2 Va + c 2 Vb > \[i 

ibe (a + b + 

\ a 2 b 2 c 2 . . 

c) <=> —j= + —j= + —,= > a + b + c 
Vab Vca Vbc 


Theo bat dang thuc Cauchy va Bunhiacopxki dang phan thuc ta dugc 


a 2 b 2 c 2 ^ a 2 b 2 c 2 ^ (a + b + c) 2 

b i— Si-1-1-Si- 

Vab Vca Vbc a + b b + c c + a a + b b + c c + a 

2 2 2 2 2 2 
Vay bai toan dugc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c 

Vi du 3.6: Cho a, b, c la cac so thuc duong. Chung minh rang: 




( b + c F , ( c + a ) i , ( a + b ) ! ^3 

b 2 +c 2 +a(b + c) c 2 +a 2 +b(c + a) a 2 +b 2 +c(a + b) 

Phan ti'ch: Bat dang thuc co tir la cac luy thira bac hai, tuy nhien ta khong the ap dung bat dang thuc 
Bunhiacopxki nhu cac vi du tren vi ta se thu dugc bat dang thuc ngugc chieu. Be y ta thay co the ap dung 
bat dang thuc Bunhiacopxki dang phan thuc kieu 

(b + c ) 2 b 2 c 2 

b 2 + c 2 +a(b + c) x y 

Ta can xac dinh dugc xvay sao cho tong cua chung la b 2 + c 2 + a (b + c) va dam bao dau dang 
thuc xay ra. Xet den vai tro doi xung cua b va c trong bieu thuc ta co the xac dinh dugc 
x = b 2 + ab; y = c 2 + ac, khi do ta dugc 

(b + c ) 2 b 2 c 2 be 

b 2 + c 2 + a (b + c) b 2 + ab c 2 + ca a + b c + a 

Ben day ta co the giai dugc bai to an tren. 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

(b + c) ; (b + cf ^ b 2 | c 2 b | c 

b 2 +c 2 +a(b + c) b(a + b) + c(c + a) b(a + b) c(c + a) a + b c + a 

Ap dung tuong tu ta dugc 

(c + a) c a (a + b) a b 

c 2 + a 2 +b(c + a) b + c a + b’a 2 +b 2 +c(a + b) c + a b + c 
Cong cac bat dang thuc tren ve theo ve ta dugc: 

( b + c ) 2 , ( c + a f , ( a + b ) ! <3 

b 2 +c 2 +a(b + c) c 2 +a 2 +b(c + a) a 2 +b 2 +c(a + b) 

Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c 

Vi du 3.7: Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 

1 1 1 1 

4a 2 + b 2 + c 2 + a 2 + 4b 2 + c 2 + a 2 + b 2 + 4c 2 “ 2 

Phan tich: Su xuat hien bieu thuc —-——-— va chieu cua bat dang thuc can chung minh lam ta lien 

4a 2 + b 2 + c 2 

tuong den bat dang thuc Bunhiacopxki dang phan thuc vbi each danh gia tuong tu nhu vi du tren. Nhu 

1 , (A + B + C) 2 

vay ta can viet —----- ve dang --—, ta can xac dinh dugc cac dai lugng 

4a +b+c x + y + z 

A + B + C;x + y + z vdi x + y + z = 4a 2 + b 2 + c 2 . B6 y d6n gia thiSt a + b + c = 3 khi do 
(a + b + c) = 9, do do ta co the dinh dugc A + B + C theo phep bien doi 





1 1 (a + b + c) 

— ---- = —.- -7— -—r —-j -y • Ben day ta co danh gia theo bat dang thuc 

4a + b + c 9 2a + (a + b j + (c + a j 

Bunhiacopxki dang phan thuc la 

(a + b + c ) 2 ^ 1 ( a 2 | b 2 | c 2 \ 

2a 2 + (a 2 + b 2 ) + (c 2 + a 2 ) 9^2a 2 a 2 +b 2 c 2 +a 2 J 

Ben day ta co the trinh bay lbi giai cho bai toan nhu sau 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta co 

1 _ 1 (a + b + c) 2 ^ 1 ( a 2 | b 2 | c 2 

4a 2 +b 2 +c 2 9 2a 2 + (a 2 + b 2 j + (c 2 + a 2 ) 9l v 2a 2 a 2 +b 2 c 2 +a 2 

Ap dung tuong tu ta duoc 

, A 

a + 4b + c 9 ^2b a + b b + c J 

, j ,a[4^-A + -^r1 

a + b + 4c 9 a" + c b+c J 

Cong cac bat dang thuc tren ve theo ve ta duoc 


1 1 1 / 1 

—o-9-y H—~--- — H— --- — — 

4a + b + c a + 4b + c a + b + 4c 2 
Bat dang thuc duoc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c = 1. 

Vi du 3.8: Cho a, b, c la cac s 6 thuc duong. Chung minh ring: 

b + c c + a a + bl 1 1 

—2 -I 2 -1 ^- — I-I 

a + be b + ca c + ab a b c 

Phan tich: Be y den bien doi va danh gia theo bat dang thuc Bunhiacopxki sau 


b + c (b + c)' _ (b + c ) 2 < b 2 c 2 

a 2 +bc (a 2 +bc)(b + c) c(a 2 + b 2 ) + b(c 2 + a 2 ) c(a 2 +b 2 ) b(c 2 +a 2 ) 


Loi giai 

Ap dung bat dang thuc Binhiacopxki dang phan thuc ta co 

b + c (b + c)' _ ( b + c ) 2 < b 2 c 2 

a 2 +bc (a 2 +bc)(b + c) c(a 2 + b 2 ) + b(c 2 + a 2 ) c(a 2 +b 2 ) b(c 2 +a 2 ) 


Ap dung tuong tu ta duoc , 

c + a < c 2 + a 2 a + b < a 2 + b 2 

b 2 +ca a(b 2 + c 2 ) c(a 2 + b 2 ) ’ c 2 + ab b(c 2 +a 2 ) a(b 2 +c 2 ) 


Cong theo ve cac bat dang thuc tren ta duoc 

b + c c + a a + bl 1 1 

—9-1 2 -1 2 - —-I-I 

a + be b + ca c + ab a b c 
Vay bai toan duoc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c. 


Nhan xet: Neu ta thay cac bien a, b, c tuong ung bai —, —, — thi ta thu duoc bat dang thuc 

a b c 




a 2 (b + c] b 2 (c + a] c 2 (a + b) 

— -/+ —- T- + —- r<a + b + c 

be + a ca + b ca + b 

a 2 (b + c\ bc(b + c\ 

De y ta lai thay —--= b + c ---, khi do ta duoc bat dang thuc 

be + a bc + a 


bc(b 


+ c) calc + a 


ab[a + b^j 


be + a 2 ca + b 2 ca + b 2 


>a + b + c 


Vi du 3.9: Cho a, b, c la cac so thuc duong. Chung minh rang: 


(2a + b)(2a + c) (2b + c)(2b + a) (2c + a)(2c + b) 3 


Phan tich: D 6 y ta co phep bi 6 n d 6 i (2a + b) (2a + c) = 2a (a + b + c) + 2a 2 + be khi do ta co danh 
gia theo bat dang thuc Bunhiacopxki sau 


2 a (a + b + c) + ( 2 a 2 + be) 9 


2 a (a + b + c) 2 a“ + be 


Lol giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 


(2a + b)(2a + c) 9 2a (a + b + c) + (2a 2 + be 
4a 2 a 2 


2 a (a + b + c) 2 a + be 


1 2 a 


Hoan torn tuong tu ta duoc 


( 2 b + c)(2b4 


9 [a + b + c 2a 2 + be 

b 2 


a + b + c 2 b 2 + c 
2c c 2 


a + b + c 2 c 2 + ab 


(2c + a) (2c + b) 9 [ 

Cong cac bat dang thuc tren ve theo ve ta duoc 

a 2 b 2 c 2 < 1 

(2a + b)(2a + c) (2b + c)(2b + a) (2c + a)(2c + b) “ 3 
Vay bai toan duoc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c. 

Vi du 3.10: Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 = 1. Chung minh rang: 

be ca ab 3 
a 2 +1 + b 2 +1 + c 2 +1 " 4 


Phan tich: Be y ta co phep bien doi a 2 +1 = 2a 2 + b 2 + c 2 va theo bat dang thuc Cauchy ta duoc 


ab < - 


. Khi do ta co danh gia theo bat dang thuc Bunhiacopxki sau 


(b+ 


a 2 +1 4 (2a 2 + b 2 + c 2 1 4la 2 +b 2 c 2 +a : 


4 






Ap dung tuang tu ta co loi giai nhu sau 

Loi giai 

Ap dung bat dang there Cauchy va bat dang there Bunhiacopki dang phan there ta dugc 


be ,_(t 

, + c) 

.4 

b 2 c 2 ^ 

a 2 +1 4 (2a 2 

+ b 2 + c 2 

) 4^a 2 +b 2 c 2 +a 2 J 

Hoan toan tuong tu ta dugc 

ca 1 1 c 2 

aI 1 

ab 


b 2 +l “ 4[b 2 +c 2 + 

a 2 +b 2 J 

’ c 2 +1 

“4[c 2 + a 2 b 2 +c 2 J 


Cong theo ve cac bat dang thuc ten ta dugc 


be + ca + ab < 3 
a 2 +1 b 2 +1 c 2 +1 4 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = . 

__ ' _ t _V3_ 

Vi du 3.11: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

3a + b + 3b + c + 3c + a 
Va 2 +2b 2 +c 2 Vb 2 + 2c 2 + a 2 Vc 2 +2a 2 +b 2 

Phan tich: Quan sat bat dang thuc ta nghT den danh gia cac mau bang bat dang thuc Cauchy. Tuy nhien d 
day ta phan tich xem co sir dung dugc bat dang thuc Bunhiacopxki de danh gia bat dang thuc hay khong? 
Bat dang thuc co chera can va neu ta lam mat dugc dau can thi tot qua. Chu y den chieu bat dang thuc ta 
co danh gia sau 


3a + b + 3b + c ^ 3c + a 

Va + 2b + c Vb + 2c + a Vc + 2a + b 

(3a+ b) (3b + c) (3c + a) 

a + 2 b + c b + 2 c + a c + 2 a + b 

V 

Nhu vay ta can chung minh dugc 

(3a + b) (3b + c) (3c + a) 

- -J— + -A- —L— + -A- L < 12 

a + 2 b + c b + 2 c + a c + 2 a + b 

Cac phan thuc a vd trai bit ding thuc tren co cac tir la cac binh phuong nen ta co thi ap dung bit 
dang thuc Bnhiacopxki dang phan thuc nhu cac vi du tren, 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta dugc 


3a + b 


3b + c 


3c + a 


Va 2 +2b 2 +c 2 Vb 2 +2c 2 +a 2 Vc 2 + 2a 2 + b1|j 

(3a + bj (3b + cj (3c + aj 


a 2 + 2b 2 + c 2 b 2 + 2c 2 + a 2 c 2 + 2a 2 + b' 


Mat khac cung theo bat dang thuc Bunhiacopxki dang phan thuc ta dugc 




9a" 


13a + b) 9a 3 b 2 9 a 3 

—2-2- 2 ~ —2-2-9~ ^ T — —X- o -y i 

a + 2 b + c a + b + c b a“ + b + c 
Ap dung tucmg tu ta dugc 

(3a+ b) (3b+ c) (3c + a) 

a + 2 b + c b + 2 c + a c + 2 a + b 

9a 2 9b 2 9c 2 


a+b+c b+c+a c+a+b 

., . 3a+ b 3b+ c 3c+ a 1 

Dodo ... - + , . <3.12 = 36 

V va 2 + 2b 2 + c 2 vb 2 + 2c 2 + a 2 V c 2 +2a 2 +b 2 J 


3a + b 


3b + c 


Va + 2 b + c v I > + 2 c + a ■\/c + 2 a + b 
Vay bat dang thvrc dugc chung minh. Dau dang thuc xay ra tai a = b = c. 


Vi du 3.12: Cho a, b, c la do dai ba canh cua tam giac. Chung minh rang: 

a b 


3a-b + c 3b-c + a 3c-a + b 


>1 


Phan ti'ch: Quan sat bat dang thuc can chung minh thi suy nghT dau tien la ap dung bat dang thuc 
Bunhiacopxki dang phan thuc 

a b c (a + b + c ) 2 

-1-1-> — t -y 

3a-b + c 3b-c + a 3c-a + b 3(a 2 +b 2 +c 2 ) 


(a + b + c) v \ 2 / o 9 

Ta can chung minh duoc —)--— v >l<^>(a + b + c) >3a+b+c), 

3 (a 2 + b 2 + c 2 ) V / V ) 


tuy nhien 


day lai la mot danh gia sai. Do do ta khong the ap dung true tiep dugc. 

Ta can phai bien doi bat dang thuc trade roi mdi nghT den ap dung. Chu y den gia thiet cho a, b, c 
la do dai ba canh cua mot tam giac. Nhu vay co the bat dang thuc se lien quan den cac dai lugng 
a + b-c;b + c-a;c + a- b, ta thu bien doi cac dai lugng xem co the tao ra cac dai lugng 

a + b-c; b + c-a; c + a- b khong 

D6 y la 4a = (3a - b + c) + (a + b - c) khi do ta dugc 

4a _ (3a-b + c) + (a + b-c) _ a + b-c 


3a-b + c 3a-b + c 3a-b + c 

Den day ta co the ap dung dugc bat dang thuc Bunhiacopxki dang phan thuc. 

Loi giai 

Bit ding thuc din chung minh tuong duong vdi 

4a 4b 4c 


3a-b + c 3b-c + a 3c-a + b 


- > 4 


Ta co bien doi sau 





4a _ (3a - b + c) + (a + b - c) _ ^ a + b - c 
3a-b + c 3a-b + c 3a-b + c 

Ap dung tuang tu ta dugc 

4b „ b + c- a 4c „ c + a- b 

-= 1 +-; -= 1 +- 

3b-c + a 3b-c + a 3c-a + b 3c-a + b 
Khi do bit ding thuc cin chung minh trd thanh 

a+b-c b+c-a c+a-b ^ 

3a-b + c 3b-c + a 3c-a + b 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

a+b-c b+c-a c+a-b 

- 1 - 1 - 

3a-b + c 3b-c + a 3c-a + b 

(a + b- c + b + c- a + c + a-b) 

(a + b - c)(3a -b + c) + (b + c- a)(3b - c + a) + (c + a- b)(3c - a + b) 
(a + b + c) 

a 2 + b 2 + c 2 + 2ab + 2bc + 2ca 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 

Nhan xet: Ta co the sit dung phep doi bien de chimg minh bat dang thuc 
a+b-c b+c-a c+a-b ^ . 

3 a-b + c 3 b-c + a 3 c-a + b 
Bat x = a + b - c; y = c + a- b] z = a + b - c 

Khi do ta dugc 2a = y + Z] 2b = z + X] 2c = x + y 
Khi do bat dang thuc can chimg minh tra thanh 

^- + ^ + ^>1 
2 z+x 2x+y 2y+z 

Ap dung bat dang thitc Bunhiacopxki dang phan thuc ta dugc 

X , V , z ^ (x + y + zf t 

2 z + x 2 x + y 2 y + z x 2 +y 2 +z 2 +2 (xy + yz + zx'j 

Vay bat dang thitc dugc chimg minh. Dang thuc xay ra khi va chi khi a = b = c. 

Vi du 3.13: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a b c ^a+b+c 

- 1 - 1 -^ - 

b 2 + be + c 2 c 2 + ca + a 2 a 2 + ab + b 2 ab + be + ca 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang cong mau ta dugc 




a b c 

—2- 2 ^ 2- ~2 ^ 2- 2 " 

b + be + c c + ca + a a + ab + b 

a 2 b 2 c 2 

—- 1 - 1 - 

ab 2 + abc + ac 2 be 2 + bca + a 2 b a 2 c + abc + b 2 c 

(a + b + c) 

a 2 b + ab 2 + a 2 c + ac 2 + b 2 c + be 2 + 3abc 

Ta can chiing minh 

(a + b + c) _ a + b + c 

a 2 b + ab 2 + a 2 c + ac 2 + b 2 c + be 2 + 3abc ab + be + ca 
Hay (a + b + c) (ab + be + ca) = a 2 b + ab 2 + a 2 c + ac 2 + b 2 c + be 2 + 3abc 
Dang there tren dung vbi moi a, b, c. Vay bat dang there tren dupe chiing minh 
Dang there xay ra khi va chi khi a = b = c. 

Vi du 3.14: Cho a, b, c la cac so there duong tuy y. Chiing minh rang: 

a b c > a+b+c 

a 2 + ab + b 2 + b 2 + be + c 2 + c 2 + ca + a 2 “ a 2 + b 2 + c 2 

Loi giai 

Ap dung bat dang thiic Bunhiacopxki dang cong mau ta dupe 

abc 

—9 - — ~^ 2 - ~2 ^ 2 - - 

a + ab + b b + be + c c + ca + a 

a 2 b 2 c 3 

a 3 + a 2 b + ab 2 b 3 + b 2 c + be 2 c 3 + c 2 a + a 2 c 

(a + b + c) 

a 3 + b 3 + c 3 + a 2 b + ab 2 + a 2 c + ac 2 + b 2 c + be 2 

Ta can chiing minh 

(a + b + c) 2 a + b + c 

a 3 + b 3 + c 3 + a 2 b + ab 2 + a 2 c + ac 2 + b 2 c + be 2 a 2 + b 2 + c 2 
Hay (a + b + c) (a 2 + b 2 + c 2 ) > a 3 + b 3 + c 3 + a 2 b + ab 2 + a 2 c + ac 2 + b 2 c + be 2 

Bat dang thiic tren dung vdi moi a, b, c. Vay bat dang thiic tren dupe chiing minh 
Dang thiic xay ra khi va chi khi a = b = c. 

Vi du 3.15: Cho a, b la cac so there duong tuy y . Chiing minh rang: 

l l | 32 (a 2 + b 2 ) 

a b a + b ( a + b ) 

Bai lam 

1 1 4 (a 2 + b 2 ) 4a 2 b 2 

a b“ a+b ab (a +b) a b (a + b ) 

Ap dung bat dang thiic Bunhiacopxki dang phan thiic ta duoc 





(a 2 + b 2 ) 4 a 2 b 2 (a 2 + b 2 + 2ab) (a + b) 

a 2 b 2 (a 2 + b 2 ) a 2 b 2 (a 2 + b 2 ) 2a 2 b 2 (a 2 + b 2 ) 2a 2 b 2 (a 2 + b 2 ) 

(a + b) 4 32 (a 2 + b 2 ) 

Ta can chiing minh - 7 — - r > — -- 

2a 2 b 2 (a 2 + b 2 ) ( a + b )‘ 

That vay, bat dang thiic tren tucmg duong vdi 

(a + b) > 64a 2 b 2 (a 2 + b 2 ) hay (a + b) > 8ab (a 2 + b 2 ) 

Trien khai va thu gon ta dupe (a - b) > 0. Bit ding there cu6i cung dung vdi moi s6 there a, b. 
Vay bat dang there dupe chiing minh. Bang there xay ra khi a = b. 

Vi du 3.16: Cho a, b, c la cac so there duong bat ki. Chiing minh rang: 


Va 2 + 8bc Vb 2 ^ + 8ca Vc 2 + 8ab 

Phan tich: Quan sat bat dang thiic ta thay co dau hieu sir dung bat dang there Bunhiacopxki dang phan 
thiic. Tuy nhien de ap dung dupe ta can viet cac ter so ve dang binh phuong. Khi do ta dupe 

a b c (a + b + c) 2 

—i _> — _ — 2 — / _ - 1 

V a 2 + 8bc V b 2 + 8ca Vc 2 + 8ab aVa 2 + 8bc + bVb 2 ^ + 8ca + c-v/c 2 + 8ab 
Phep chiing minh se hoan tat neu ta chi ra dupe 

( a+b+c ) 

aVa 2 + 8bc + bVb 2 + 8ca + cVe 2 + 8ab 

Bit ding thiic tren co mlu s6 chiia cac can bac hai nen ta nghT din danh gia dua cac dai lupng trong 
cac dau can ve cung trong mot dau can. Be den dai lupng tren ter so ta co danh gia theo bat dang thiic 
Bunhiacopxki nhu sau 

aVa 2 + 8bc + bVb 2 + 8ca + cVe 2 +8ab 

= -\/aVa 3 + 8abc + VbVb 3 " + 8abc + VeVe 3 + 8abc 
< yj(a + b + c) (a + b + c + 24abc) 

Ben day ta chi can chiing minh dupe (a + b + c) > a 3 + b 3 + c 3 + 24abc la bai toan dupe giai 
quyet xong. 

Loi giai 

Ap dung bat dang thiic Bunhiacopxki dang phan thiic ta dupe 

a | b | c > _ (a + b + c) _ 

V a 2 + 8bc V b 2 + 8ca Ve 2 + 8ab aVa 2 + 8bc + bVb 2 + 8ca + cVe 2 + 8ab 

Mat khac cung theo bat dang thiic Bunhiacopxki ta dupe 




aVa 2 + 8bc + bVb 2 + 8ca + cVc 2 + 8ab = >/aVa 3 +8abc + + 8abc + a/cVc 3 + 8abc 

< ^a + b + c) (a 3 + b 3 + c 3 + 24abc) 

Do do 

a b c (a + b + c) 2 

—7"I-;H-> — v 3 — 

Va 2 + 8bc Vb 2 + 8ca Vc 2 + 8ab ^(a + b + c) (a 3 + b 3 + c 3 + 24abc ) 

(a + b + c) 

~~ V a 3 + b 3 + c 3 + 24abc 

Ta can chung minh (a + b + c) > a 3 + b 3 + c 3 + 24abc, bat dang there nay tuong duong vdi 
(a + b) (b + c) (c + a) > 8abc. Day la bit ding there dung. 

Vay bat dang there duoc chung minh. Dau dang there xay ra khi a = b = c. 

Vi du 3.17: Cho a, b, c la do dai ba canh cua tam giac. Chung minh rang: 

a b c 3 

I = H 1 = H 1 = — — 

v a 2 + 3bc "v b 2 + 3ca v c 2 + 3ab ^ 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

a | b | c _ ( a + b + c ) _ 

V a 2 + 3bc Vb 2 + 3ca Vc 2 + 3ab aVa 2 + 3bc + bVb 2 + 3ca + cVc 2 + 3ab 
Mat khac cung theo bat dang thuc Bunhiacopxki ta duoc 

aVa 2 +3bc + bVb 2 + 3ca + cVc 2 + 3ab 

= VaVa 3 + 3abc + VbVt7 + 3abc + + 3abc 

< ^(a + b + c) (a 3 + b 3 + c 3 + 9abc) 

Do vay ta duoc 

a | b | c _ (a + b + c) _ 

Va 2 + 3bc Vb 2 + 3ca Vc 2 + 3ab ^(a + b + c) (a 3 + b 3 + c 3 + 9abc) 

Phep chung minh se hoan tat neu ta chi ra duoc 

feM#! .3,, (a + b + c) 3 

^(a + b + c) (a 3 + b 3 + c 3 + 9abc) 2 a 3 + b s + c 3 + 9abc 4 
There hien biin d6i tuong duong bit ding thuc ta duoc 

12^ab(a + b) + bc(b + c) + ca (c + a)] > 5(a 3 + b 3 + c 3 ) + 57abc 
Theo bit ding thuc Cauchy ta lai co a 3 + b 3 + c 3 > 3abc 
Do do 6 (a 3 + b 3 + c 3 + 9abc) > 5 (a 3 + b 3 + c 3 ) + 57abc 

Nhu vay ta can chung minh 




2 |^ab(a + b) + be (b + c) + ca (c + a)J > a 3 + b 3 + c 3 + 9abc 
Hay (3a - b - c)(b - c) + (b + c - a)(a -b)(a - c) > 0 

Do a, b, c co tinh doi xerng, nen khong mat tinh tong quat ta chon a lbn nhat, khi do bat dang there 
cuoi cung la mot bat dang there dung. 

Vay bat dang there duoc chung minh. Dau dang there xay ra tai a = b = c. 



Loi giai 


Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

a + b + c _ a 2 + b 2 + c 2 > (a + b + c) 
x/b x/c x/a a x/b bx/c cx/a a x/b + bx/c + cx/a 

, (a + b + c) 

Ta can chung minh ——-—-== > a + b + c 
ax/b + bx/c + cx/a 

Hay a + b + c > ax/b + bx/c + cx/a 

Cung theo bat dang thuc Bunhiacopxki ta duoc 

|ax/b + bx/c + cx/a j = |x/a.x/ab + x/b.x/bc + x/c.x/ca j < (a + b + c)(ab + be + ca) 
Hay ax/b + bx/c + cx/a < ^a + b + c) (ab + be + ca) 

Ta can chung minh ^a + b + c) (ab + be + ca) < a + b + c 
Hay ta can chung minh 

ab + bc + ca<a + b + c<=> (ab + be + ca) < (a + b + c) 

Ma ta co /a + b + c) >3 (ab + be + ca), nhir vay phep chung minh se hoan ta neu ta chi ra 
duoc ab + be + ca < 3 

Banh gia cuoi cung la mot danh gia dung vi ab + be + ca < a 2 + b 2 + c 2 =3 

Vay bat dang thuc duoc chung minh. Dau dang thuc xay ra tai a = b = c = 1. 

Vi du 3.19: Cho a, b, c la cac s6 there duong bit ki. Chung minh ring: 

(t + ! + f)( a+b+c )- 3 ^ 3 ( a2+b!+c! ) 

Phan tich: Theo bat dang thuc Buniacopxki dang phan thuc ta duoc 

a b c a 2 b 2 c 2 (a + b + c) 

-+—+-= — + — + — > - — 

b c a ab be ca ab + be + ca 





f a b c V , (a + b + c) 

Khi dotaco —I-1— (a + b + c) > v -— va phep chung minh se hoan tat neu ta chi 

lb c a J v ' ab + be + ca 


(a + b + c) 


ra duoc —-— > 3 J3 (a 2 + b 2 + c 2 1. 

ab + be + ca * v ' 

Viec chung minh bat dang there tren hoan toan de dang. 

Loi giai 

Ap dung bat dang there Bunhiacopxki dang phan there ta duoc 

a b c a 2 b 2 c 2 (a + b + c) 2 

-+—+-= — + — + — > - 

b c a ab be ca ab + be + ca 

Do46 b + b + il (a + b+c) >( a + b+c ) 3 

^b c aj v ' ab + be + ca 

Ta can chung minh 

—--— > 3.^3 (a 2 + b 2 + c 2 j <=> (a + b + c) 3 > 3 (ab + be + ca) .^3 (a 2 +b 2 + c 2 ) 

That vay, theo bat dang thuc Cauchy ta co 

(a + b + c) = (a 2 + b 2 + c 2 ) + (ab + be + ca) + (ab + be + ca) 

> 3^(a 2 + b 2 + c 2 ) (ab + be + ca) 

Luy thera bac ba hai v6 ta duoc (a + b + c) >27 (a 2 + b 2 + c 2 ) (ab + be + ca) 

Lay can bac hai hai ve bat dang thuc tren ta duoc 

(a + b + c) > 3(ab + be + ca) ^3 (a 2 + b 2 + c 2 ) 

Nhu vay bat dang thuc tren duoc chung minh. Dau dang thuc xay ra khi a = b = c. 

Vi du 3.20: Cho a, b, c la cac s6 there duong bit ki. Chung minh ring: 


- 1 - 1 -bcl + b + c > 2 A /3(a. + b +c 

b c a 


2 # 


Loi giai 


Ap dung bat dang thuc Cauchy ta duoc 

a 2 b 2 c 2 


— + — + — + a + b + c>2 — + — + — 

b c a VI b c a 


(a + b + c) 


I a 2 b 2 c 2 I 

— h -1-(a + b + c) > 3 (a 2 + b 2 + c 2 ^ 

That vay, theo bat dang thuc Bunhiacopxki dang phan thuc ta duoc 




a 2 b 2 c 2 a 4 b 4 c 4 (a +b +c j 

b c a a 2 b b 2 c c 2 a a 2 b + b 2 c + c 2 a 

(a + b +c J (a + b + c) , . 

Ta can chi ra dugc ---- - ---> 31 a 2 + b 2 + c 2 ) hay 

a b + be + c a v ' 

(a 2 + b 2 + c 2 )(a + b + c) > 3^a 2 b + b 2 c + c 2 a) 

Terc la ta can chung minh 

(a 3 + ab 2 j + (b 3 + be 2 j + (c 3 + ca 2 j > 2 (a 2 b + b 2 c + c 2 aj 

Banh gia tren day dung theo bat dang there Cauchy. Do do bat dang there ban dau dugc chung minh. 
Dau dang there xay ra khi va chi khi a = b = c. 


Vi du 3.21: Cho a, b, c la cac so duong thoa man a 2 + b 2 + c 2 = 1 . Chung minh rang: 

a 2 | b 2 | c 2 ^V3 
b+c c+a a+b 2 


Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

a 2 , b 2 < c 2 ^_( a + b +c ) 


b + c c + a a + b a 2 (b + c) + b 2 (c + a) + c 2 (a + b) 
1 


a(b 2 + c 2 ) + b(c 2 + a 2 ) + c(a 2 + b 2 ) 


Mat khac theo bat dang thuc Cauchy ta lai co 


a(b 2 +c 2 ) = ^2a 2 (b 2 +c 2 ) 2 = ^2a 2 (b 2 +c 2 )(b 2 h 


2 

3^3 


Ap dung tuong tu ta dugc a (b 2 + c 2 j + b (c 2 + a 2 j + c (a 2 + b 2 j < ~^= 

V3 

1 V3 

Do do ta dugc —-—--— >- 

a (b 2 + c 2 1 + b ( c 2 + a 2 1 + c ( a 2 + b 2 1 2 


Ter do suy ra 


a 2 + b 2 + c 2 > V3 
b+c c+a a+b 2 


Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra khi a = b = c = —. 


Vi du 3.22: Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 = 1. Chung minh rang: 

1 1 1^9 


Va 2 +1 Vb 2 +1 Vc 2 +1 2(a + b + c) 


Phan ti'ch: B6 y ta th&y 






1 1 1 
El +1 Vb" + 1 Vb + 1 y 


b + c + c + a + a + b 

7a 2 +1 Vb 2 +1 7c 2 +1 


Ta quy bai toan ve chiing minh 


a + b + c < 3 b + c + c + a + a + b 

7 a 2 +1 Vb 2 + 1 7c 2 + 1 ^ -7a 2 + 1 Vb 2 +1 7 c 2 +1 

Loi giai 

Ta viet lai bat dang thiic can chiing minh trb thanh 


(a+b+c (^ + ^~l\ 

Theo bat dang thiic Bunhiacopxki ta dugc 

, '_7 

h 7TTJ 2 


a ! b | c ^ 1 3a 2 

3b 2 

3c 2 

7a 2 +1 7b 2 +1 7c 2 +1 » 2a 2 + b 2 + c 2 e 

, . r 3ct 3 ( cl ct 

i 2 + 2b 2 + c 2 + a 2 

+ b 2 + 2c 2 

Matkhactalaico 2 -A , l2 + , 

2a +b +c 4^ a +b a +c 

J, ap dung tuong tu ta dugc 

1 3a 2 3b 2 

3c 2 ^ 3 


V 2a 2 + b 2 + c 2 a 2 + 2b 2 + c 2 a 2 - 

a b c 3 

f b 2 + 2c 2 “ 2 


Do do . + . + . < - 

7a 2 +1 7b 2 +1 7c 2 +1 2 

Ap tuong tu nhu tren ta dugc 

(1) 


b + c | c + a | a + b ^ I 3^b + cj ^ 

3(c + a) 3 

(a + b) 

7a 2 +1 7b 2 +1 7c 2 +1 V 2&2 + b 2 + c 2 £ 

i 2 + 2b 2 + c 2 + a 2 

+ b 2 + 2c 2 


D§ dang chiing minh dugc —-——-- < 3 —-- + —-- 

2a + b + c l a + b a + c 


I 3(b + c) 3^c + a) 3(a + b) 

V 2a 2 + b 2 + c 2 a 2 + 2b 2 + c 2 a 2 + b 2 + 2c 2 

b + c c + a a + b 


Tuong tu ta dugc 
Hay 


Cong theo ve cac bat dang thiic (1) va (2) ta dugc 

J 1 1 1 ' . 9 


VbA ij 2 


Vay bat dang thiic ban dau duoc chiing minh. Dau dang thiic xay ra tai a = b = c . 
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Vi du 3.23: Cho a, b, c la cac so thuc duong tuy y. Chiing minh rang: 




a + b + c + vabc 


a + b b + c c + a ^/ a bc (a + b)(b + c)(c + a) 


Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

1 | 1 | 1 _ c 2 | a 2 t b 2 

a + b + b + c + c + a c 2 (a + b) + a 2 (b + c)\ 2 (c + a) 

(a + b + c) 

c 2 (a + b) + a 2 (b + c) + b 2 (c + a) 

Tiep tuc ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

(a + b + c) i 

c 2 (a + b) + a 2 (b + c) + b 2 (c + a) 2^/abc 

(a + b + c) 2 (Vabc 


c 2 (a + b) + a 2 (b + c) + b 2 (c + a) 2abc 
(a + b + c + \/abc) (a + b + c + \/abc) 


c (a + b) + a (b + c) + b (c + a) + 2abc (a + b)(b + c)(c + a) 


a + b + c + Vabc 


Do do ta dugc - 


a + b b + c c + a ^/abc (a + b)(b + c)(c + a) 
Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = c. 


Vi du 3.24: Cho a, b, c la cac so thuc duong thoa mana + b + c = 1 . Chung minh rang: 


1+a+l+b+l+c 
b+c c+a a+b 


<2 


Bien doi tuong duong bat dang thuc ta dugc 

1 + a 1 + b 1 + c^^fa b 

-+-+- <2 — + — -+ 

b+c c+a a+b lb c 


Loi giai 


2a 2b 2c 0/0l c+ . 

>-+-+-+ 3 <2 — + - 

b+c c+a a+b lb 


a a+b b+c c >^< = > ac 
b b + c c a + c a a + b 2 b(b-t 


be 


ab 


+ b ) 


D + cj a^a + 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 
ac + be + ab 
b(b + c) a (a + b) c(c + a) 

(ac) (be) (ab) (ab + be + ca) 


abc (b + c) abc (a + b) abc (c + a) 2abc (a + b + c) 


Ta can chung minh 


(ab + be + ca) 3 
2abc(a + b + c) 2 




Hay (ab + be + ca) > 3abc (a + b + c) 

Banh gia cuoi cung dung theo bat dang there Cauchy. Vay bat dang there dugc chung minh. 
Bat dang thuc xay ra khi va chi khi a = b = c = ^. 


Vi du 3.25: Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 

a b c . , 

— 9 -1- — 9 -1- — 9 -> abc 

2a + be 2b + ca 2c + ab 


Loi giai 


Bat dang thuc can chung minh tuong duong vdi 
1 1 


2a 2 bc + b 2 c 2 2ab 2 c + c 2 a 2 2abc 2 + a 2 b 2 
Ap dung bat dang thuc Bunhiacopxki va chu y mot bat dang thuc quen thuoc 


(ab + be 4 


(a + b 4- c) 
3 


2a be 4- b e 2ab c 4- c a 2abc 4- a b 


a V + b 2 c 2 + b 2 c 2 + 2abc (a + b + c) ( ab + bc + ca ) 2 
Vay bat dang thuc dupe chung minh. Bang thuc xay ra khi va chi khi a = b = c. 


Vi du 3.26: Cho a, b, c la cac s6 thuc duong thoa man a 2 4- b 2 4- c 2 = 3. Chung minh rang: 

abc , 

— 4-1-ha + b4-c>6 

b c a 


Loi giai 


Ap dung bat dang thuc Bunhiacopxki ta co 


a b c a 2 b 2 c 2 ^ ( a + b + c ) 

b c a ab bc ca ab 4- bc 4- ca 

abc (a4-b4-c) 

Do do ta duoc —l-1-l-a4-b4-c> —--—l- a 4- b 4- c 

b c a ab 4- bc 4- ca 

(a + b4-c) 

Ta cin chung minh 4-+ a + b4-c>6 

ab + bc + ca 

That vay, tu gia thiet ta co 


ab 4- bc 4- ca = 


(a 4- b 4- c) - (a 2 4- b 2 4- c 2 j (a 4- b 4- c) 2 - 3 


Bat t = a4-b4-c=>0<t<3. Khi do ta dupe bit ding thuc sau 


2 





-—- + t > 6 <=> 2t 2 +t(t 2 -3) > 6 (t 2 -3) <=> (t-3) 2 (t + 2) > 0 

Bat dang thuc cuoi cung dung vdi moi t > 0. Vay bat dang thuc tren dupe chung minh 
Bang thuc xay ra khi va chi khi a = b = c. 


Vi du 3.27: Cho a, b, c la cac s 6 duang thoa man ab + be + ca = 3. Chung minh ring: 

a 2 b 2 c 2 _ 


Vb 3 +8 


V a 3 +8 


Phan tich: Du doan diu ding thuc xiy ra tai a = b = c = 1, do do ta chu y d 6 n danh gia theo bit ding 

' k ^ + —. Khi do hoan toan tuong tu ta dupe 


thuc Cauchy la Vb 3 + 8 = ^b + 2^b 2 -2b + 4j < - 
bat dang thuc 


V b 3 +8 Vc 3 +8 V a 3 +8 b 2 -b + 6 c 2 -c + 6 a 2 -a + 6 

x „ a 2 b 2 c 2 1 

Ta can chi ra dupe —-h —-h —-> —. 

b - b + 6 c - c + 6 a - a + 6 2 

Den day ta co the ap dung bat dang thuc Bunhiacopxki cho danh gia tren. 

Loi giai 

Ap dung bay dang thuc Cauchy ta co 

, b 2 - b + 6 


vb 3 + 8 = ^(b + 2)(b 2 -2b + 4) < 


3 ^ ^ a - a + 6 3 „ „ c 

Tuong tu ta co a + 2 <---; c +2 < 

Khi do ta dupe bat dang thuc sau 

a 2 b 2 c 2 ^ 2 a 2 


- c + 6 
2 


V b 3 +8 

Ta can chung minh - 


b 2 -b + 6 c 2 -c + 6 a 2 - a + G 


->I 

2 


b -b + 6 c -c + 6 a -a + 6 
That vay, ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dupe 


(a + b + cj 


b 2 -b + 6 c 2 -c + 6 a 2 -a + 6 a 2 +b 2 +c 


(a + b + c) +18 


Ta can chi ra dupe 


(a + b + cj 


1 


a 2 + b 2 + c 2 - (a + b + cj +18 2 

Hay 2^a + b + cj > a 2 + b 2 + c 2 - (a + b + cj + 18 

Hay 


(a + b + cj + ^a + b + cj — 12 > 0 


Hay (a + b + c + 4j(a + b + c-3j>0 

Bat dang thuc cuoi cung dung vi tu ab + be + ca = 3 ta co 

(a + b + cj > 3^ab + be + caj = 9 => a + b + c > 3 




Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c 


Vi du 3.28: Cho a, b, c la cac so duong thoa man a" + b + c = 3 . Chung minh rang: 

a 2 b 2 c 2 

- 1 - 1 -> 1 

1 + ab + be 1 + be + ca 1 + ca + ab 


Loi giai 

Ap dung bat dang thuc Bunhiacopxki a dugc 

a 2 b 2 c 2 ^ (a + b + c ) 2 

1 + ab + be 1 + be + ca 1 + ca + ab 3 + 21 ab + be + ca I 

Bey tathay a 2 + b 2 + c 2 =3 nentaco 3 + 2(ab + be + ca) = (a + b + c) 

( a + b + c )~ =1 
3 + 2(ab + be + ca) 

. a b c 1 

Do do ta dugc- 1 - 1 -> 1 

1 + ab + be 1 + be + ca 1 + ca + ab 

Vay bat dang thuc dugc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c = 1. 


Suy ra 


Vi du 3.29: Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 3. Chung minh rang: 


4a 2 +3 4b 2 +3 4c 2 +3 7 


Phan tich va 151 giai 

Quan sat bat dang thuc tren thi suy nghT dau tien la ap dung bat dang thuc Bunhiacopxki dang phan 


4a 2 + 3 4b 2 +3 4c 2 + 3 4(a 2 + b 2 + c 2 ) + 9 

Phep toan se hoan tat neu ta chi ra dugc 

* 3 

- > - <» a 2 + b 2 + c 2 < 3 


4(a 2 +b 2 +c 2 ) + 9 7 

Tuy nhien danh gia tren khong dung. Do vay ta phai tim hudng giai khac cho bai toan tren. 

Be y bat dang thuc can chung minh dugc viet lai la 

a 2 a 2 c 2 ^ 3 

4a 2 + 3 4b 2 + 3 4c 2 +3 7 

Ben day ta cung nghT den bat dang tuc Bunhiacopxki dang phan thuc nhung ap dung theo chieu 




a 2 b 2 


- < — + —. B 6 y tiSp ta lai tMy 4a + 3 = a + ab + ac + 3a + be 
x + y x y 

Do do de bao toan dau dang thuc ta co danh gia 


49a 2 


(»+*)' 


9a 2 


16a 2 


Suy ra 


4a +3 a + ab + ca + 3a + be a + ab + ca 3a + be 
49a 2 ^ 9a 16a 2 

-9- —-1-^- 

4a +3 a + b + c 3a + be 


Hoan toan tuong tu ta dugc 





49b 2 ^ 9b 16b 2 49c 2 ^ 9c 16c 2 

4b 2 +3 a + b + c 3b 2 + ca 4c 2 + 3 a + b + c 3c 2 + ab 
Cong theo ve cac bat dang thuc tren ta dugc 

49a 2 49a 2 49c 2 , n 16a 2 16b 2 16c 2 

-+-+-< 9 +-+ —--+- 

4a 2 + 3 4b 2 +3 4c 2 + 3 3a 2 + be 3b 2 + ca 3c 2 + ab 

Phep chung minh se hoan tat neu ta chi ra dugc 

16a 2 16b 2 16c 2 ^ 10 

3a 2 + be 3b 2 + ca 3c 2 + ab 

Bat dang there tren tuong duong vdi 


be ca ab ^ 3 

-9-'-O-1-“- — - 

3a + be 3b + ca 3c + ab 4 
Ben day ta ap dung bat dang thuc Bunhiacopxki dang phan thuc thi dugc 


be ca ab (ab + bc + caf 

- 1 - 1 ->--- - - 

3a 2 + be 3b 2 + ca 3c 2 + ab a 2 b 2 + b 2 c 2 + c 2 a 2 + 3abc (a + b + c) 


Theo mot danh gia quen thuoc ta co abc (a + b + c j < — (ab + be + ca j do do ta dugc 
a 2 b 2 + b 2 c 2 + c 2 a 2 + 3abc (a + b + c) < — (ab + be + ca j 


Suy ra 


(ab + bc + ca) 3 

— -—^-v - — • Do do ta dugc bat dang thuc 

i b + b e + c a + 3abc a + b + c 4 


be ca ab 3 

- 1 - 1 -^ — 

3a 2 + be 3b 2 + ca 3c 2 + ab 4 

Vay bat dang thuc dugc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c = 1 
Vi du 3.30: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a + b + a > 3V2 
Vab + b 2 yj be + c 2 Vea + a 2 2 

Phan ti'ch va 151 giai 

Quan sat bat dang thuc ta thay co the su dung bat dang thuc Bunhiacopxki dang phan thuc, tuy 
nhien trade het ta danh gia mau so de lam mat cac dau can, de y den bao toan dau dang thuc ta dugc 
Ap dung bat dang thuc Cauchy ta co 


^ s 2b + (a + b) = a ± 3b 


Ap dung tuong tu ta dugc 


Ta can chung minh 


Hay 


a ^ 2a V 2 2bV 2 2c y /2 

- "I ; I — It-1-1-• 

■v/ab + b 2 Vbc + c 2 vea + a 2 a + 3b b + 3c c + 3a 

2aV2 2by/2 2cV2 ^ 3^2 


a + 3b b + 3c c + 3a 2 
a + b + c > 3 
a + 3b b + 3c c + 3a 4 


That vay, ap dung bat dang thuc Bunhiacopxki dang phan thuc thi dugc 




(a + b + cj 


a + 3b b + 3c c + 3a a 2 + b 2 + c 2 + 3ab + 3bc + 3ca 
Tvrang tu nhu vi du tren ta chung minh dugc 


(a + b + cj 


a 2 + b 2 + c 2 + 3ab + 3bc + 3ca 3 
a b 


->3 

a + 3b b + 3c c + 3a 4 


Do do ta dugc 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 


Vi du 3.31: Cho a, b, c la cac s6 duong thoa man a 2 + b 2 + c 2 = 3. Chung minh ring: 

a b a ^ , 

I — H- -j= H— -j= > cl + D + C 

vb vc va 


(a + b + c) 


Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta co 

a + b + c _ a 2 + b 2 + c 2 > 

Vb Vc Va aVb bVc cVa aVb + bVc + cVa 

fa + b + c) 

Ta can chung minh —tA-—= > a + b + c 

aVb + bVc + cVa 

Hay aVb + bVc + cVa < a + b + c 

That vay, ap dung bat dang thuc Cauchy ta co 

r- afb +1) r b(c + l) r cfb + l) 

aVb < -A-bVc < -A-cVa < -A- L 

2 2 2 
Cong theo ve cac bat dang thuc tren ta dugc 

aVb + bVc + cVa <^(a + b + c + ab + bc + ca) 

Ma lai co a 2 + b 2 + c 2 = 3 => a + b + c < 3 

Suy ra (a + b + c)(a + b + c) > 3^ab + be + ca) > (a + b + c)(ab + be + ca) 

Hay a + b + c > ab + be + ca 

Do do ta co 

aVb + bVc + cVa <^(a + b + c + a + b + c)<=> aVb + bVc + cVa < a + b + c 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = V. 


Vi du 3.32: Cho a, b, c la cac so duong thoa man Va + Vb + Vc = 1 . Chung minh rang: 


i- be b L + ca c + ab 


aVb + c bVc + a cVa + b 


> V2 


Phan tich: De y la 





a + be b + ca c + ab 


a x/b + c bx/c + a cx/a + b 
a 2 b 2 


be 


ab 


ax/b + c bx/c + a cx/a + b ax/b + c bx/c + a cx/a + b 

Lol giai 

Ta viet lai bat dang there can chung minh nhu sau 
a 2 + be b 2 + ca c 2 + ab 


ax/b + c bx/c + a cx/a + b 
a 2 b 2 


ax/b + c bx/c + a cx/a + b ax/b + c bx/c + a cx/a + b 
Sir dung bat dang there Bunhiacopxki ta dugc 

(a + b + c) 


ax/b + c bx/c + a cx/a + b x/ax/ab + ac + x/bx/bc + ab + x/cx/ca + be 
(a + b + c) 

^2 (a + b + c) (ab + be + ca) 

Ma theo mot danh gia quen thuoc thi 3 (ab + be + ca) < (a + b + c) nen 


(a + b + c) 


(a + b + c) 


^2 (a + b + c) (ab + be + ca) ( a + b + c )^|( a + b + c ) 


3 (a + b + c) 
2 


ax/b + c bx/c + a cx/a + b 
Mat khac cung theo bat dang there Bunhiacopxki ta dupe 


3 (a + b + c) 


(ab + be + ca) 


ax/b + c bx/c + a cx/a + b abc(x/b + c+x/c + a+x/a + b 


3abc (a + b + c) j 3 (a + b + c) 
abc^6(a + b + c) 


^ a + be b + ca c + ab ^ /77 i \ 

Do do ta dupe s s| ■+■>' + — , — , > J6 (a + b + c J 

ax/b + c bx/c + a cx/a + b V 

Lai co a + b + c > ^ |x/a + x/b + x/c j = ^ nen ^6 (a + b + c) > x/2 

>42 


Hay 


3 \ / 3 

a 2 + be b 2 + ca c 2 + ab 
a x/b + c bx/c + a cx/a + b 


Vay bat dang there dupe chung minh. Dang there xay ra khi a = b = c = - 


4. Ky thuat them hot 




Co nhung bat dang thuc (hay bieu thuc can tim GTLN, GTNN) neu de nguyen dang nhu de bai 
cho doi khi kho hoac tham chi khong the giai quyet bang each ap dung bat dang thuc Bunhiacopxki. Khi 
do ta chiu kho bien doi mot so bieu thuc bang each them bdt cac so hay bieu thuc phu hop ta co the van 

dung bat dang thuc Bunhiacopxki mot each de dang hon. Ta cung xem xet cac vi du sau de minh hoa cho 

dieu do. 

Vi du 4.1: Cho a, b, c la cac s6 duong thoa man ab + be + ca = 3. Chung minh ring: 

1 1 1 
a 2 + 2 b 2 + 2 c 2 + 2 

Phan tich: Cac dai lupng ve trai cua bat dang thuc can chung minh co dang phan thuc nen suy nghT dau 
tien la su dung bat dang thuc Bunhiacopxki dang phan thuc. Neu ap dung bat dang thuc Bunhiacopxki 
dang phan thuc mot each true tiep ta thu dupe bat dang thuc 

1 | 1 | 1 < 1 f 1 | 1 | 1 | 6 "j 
a 2 + 2 + b 2 + 2 + c 2 + 2 _ 9 ^a 2 + b 2 + c 2 + J 


Be hoan thanh phep chung minh ta can danh gia dupe < 3 . Tuy nhien de y la dai 

a b e 

lupng troi nhat nen khong the danh gia ve dai lupng troi hon 

a 2 b 2 c 2 

Do do ta khong the ap dung true tiep bat dang thuc Bunhiacopxki de chung minh dupe, vi vay ta 
tinh den phuong an doi chieu bat dang thuc trude. Chu y la 

1 1 a 2 

2 a 2 +1 a 2 + 2 

Nhu vay ta co phep bien doi tuong duong bat dang thuc nhu sau 


a + 2 b + 2 c + 2 


-<lo- 


2 2 2 
a 2 + 2 + b 2 + 2 + c 2 + 2 

b 5 


<=> 1 —+1-- 1 +1- —^> 3-2 <=> -4 -— + -^— + -^>1 

a“ + 2 b+2 c + 2 a+2 b+2 c+2 

Ben day ta co the ap dung dupe bat dang thuc Bunhiacopxki dang phan thuc de danh gia bat dang 


a+2 b+2 c+2 

Loi giai 


Bat dang thuc tren tuong duong vbi 

3-2 


1 11 
2 + 2 b 2 + 2 c 2 + 2 


Hay —-+ —-+ —-> 1 

a+2 b+2 c+2 

Ap dung bat dang thuc bunhiacopxki dang cong mau ket hop vdi gia thiet ta dupe 


(a + b + c| 


(a + b + c) 


a 2 + 2 b 2 + 2 c 2 + 2 a 2 + b 2 + c 2 + 6 a 2 + b 2 + c 2 + 2 (ab + be + ca) 




Do do bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 


Vi du 4.2: Cho a, b, c la cac so thuc duong. Tim gia tri ldn nhat cua bieu thuc: 

ab be ca 

-+-+-< 1 

c 2 + 2ab a 2 + 2bc b 2 + 2ca 


Phan ti'ch: Bat dang thuc can chung minh tuong duong vdi 


>1 


c 2 + 2ab a 2 + 2bc b 2 + 2ca 
Den day ta co the ap dung bat dang thuc Bunhiacopxki dang phan thuc dupe. 

Loi giai 

That vay, bat dang thuc tren tuong duong vdi 

3- 2 f / b + , bc + , Ca 1>1 

yc 2 + 2ab a + 2bc b + 2ca J 

tt c 2 a 2 b 2 ^ 

Hay — -1— -1— -> 1 

c + 2ab a + 2bc b + 2ca 
Ap dung bat dang thuc Bunhiacopxki dang cong mau ta duoc 


(a + b + c) 


c + 2ab a + 2bc b + 2ca a + b + c + 2 (ab + be + ca j 
Do do bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 


Vi du 4.3: Cho a, b, c la cac so thuc duong thoa man — + — + — = a + b + c. Chung minh rang: 

a b c 


2 + a 2 + b 2 + c 


Loi giai 


Bat dang thuc can chung minh tuong duong vdi 


a 


->1 


2 + a 2 2 + b 2 2 + c 2 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

a 2 b 2 c 2 ^ (a + b + c) 2 
- 1 - 1 -- ^ - 

2 + ci 2 + b 2 + c 6 + a + b + c 

Ta can chung minh 


(a + b + c) , ,2 

—--—>l<^>(a + b + c) >6 + 


a+b+c o ab + be + ca > 3. 


6 + a 2 + b 2 + c 2 

Tir gia thiSt cua bai toan ta duoc abc (a + b + c) = ab +be+ ca vatu danh gia quen thuoc 
(ab + be + ca) > 3abc (a + b + c), suy ra ta dupe 

(ab + be + ca) > 3(ab + be + ca) o ab + be + ac > 3. 

Vay bat dang thuc dupe chung minh. Dau dang thuc xay ra khi a = b = c = 1. 





1 


1 


1 - ab 1 - be 1 - ca 2 


1 - ab 1 - be 1 - ca 


P-3_l_l 11 1 1 _ ab be 

2 _ 2 - 2ab 2 2 - 2bc 2 2 - 2ca 2 _ 2 - 2ab 2 - 2bc 2 - 

ab + be + ca 

2 (a 2 + b 2 + c 2 ) - 2ab 2 (a 2 + b 2 + c 2 ) -2bc 2(a 2 + b 2 + c 2 )- 


a + b + 2c 2a" + b + c a + 2b + c 
Ap dung bat dang thuc Cauchy va Bunhiacopxki dang phan thuc ta dugc 
ab be ca 

-9-9- - " ^ -9-9-9" 9-9-9" 

a + b + 2c 2a + b + c a + 2b + c 

^ i [ ( a+b ) 2 , ( b+c F , ( c+a ) 2 

4 a 2 + b 2 + 2c 2 2a 2 + b 2 + c 2 a 2 + 2b 2 + 


P-3 3^9 

Do do ta duoc -< — => P < — 

2 4 2 


Vay bat dang thuc duoc chung minh. Dau dang thuc xay ra tai a = b = c = 
I Vi du 4.5: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 


2a + be 2b + ca 2c + ab 


Bat dang thuc can chung minh tuong duong vdi 


2a + be 2b + ca 2c" + ab 

1 -—-+ 1 -—-+ 1 -—- >1 

2a 2 + be 2b 2 + ca 2c 2 + ab 


2a + be 2b + ca 2c + ab 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 





^DC 


aDj 


2a 2 + be 2b 2 + ca 2c 2 + ab be (2a 2 + be) ca ( 2 b 2 + ca) ab (2c 2 + ab) 

(ab + be + ca) 


a b +b c +c a L +2abc a + b + c) 


Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = c. 

Vi du 4.6: Cho a, b, c la cac so thuc duemg thoa man ab + be + ca = 3. Chung minh rang: 

a + 2b b + 2c c + 2a 

-- +-- +-- < 1 

2a + 4b + 3c 2b + 4c + 3a 2c + 4a + 3b 

Lol giai 

Bien doi tuemg duong bat dang thuc ta dugc 

2(a + 2b) 2(b + 2c) 2(c + 2a) 

2a + 4b + 3c 2 2b + 4c + 3a 2 2c + 4a + 3b 2 

2(a + 2b) 2 f b + 2c) 2(c + 2a) 

1 - V -' - 1 • - V -+ 1 - V >1 

2a + 4b + 3c 2b + 4c + 3a 2c + 4a + 3b 
c 2 a 2 b 2 1 

2a + 4b + 3c 2 2b + 4c + 3a 2 2c + 4a + 3b 2 “ 3 
dang thuc Bunhiacopxki dang phan thuc ta dugc 
c 2 a 2 b 2 

2a + 4b + 3c 2 2b + 4c + 3a 2 2c + 4a + 3b 2 

c 3 + a 3 + b 3 

c(2a + 4b + 3c 2 ) a(2b + 4c + 3a 2 ) b(2c + 4a + 3b 2 ) 

{Ja* + Vb^ + 

3 ^a 3 + b 3 + c 3 ) + 6 (ab + be + ca) 

Ta can chung minh ,---.-- - -, > — 

31 a 3 + b 3 + c 3 ) + 6(ab + be + caj 3 


Hay 

Hay 

Ap dung bat 


Hay Va 3 b 3 + yj b 3 c 3 + Vc 3 a 3 > ab + be + ca 

That vay, Ap dung bat dang thuc Cauchy ta dugc 



> ab + be + ca + 3 - ^3(ab + be + ca) = ab + be + ca 
Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = c = 1. 
Vi du 4.7: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 




a 2 + b 2 + c 2 , ab be ca 

- >- 1 - 1 - 

ab + be + ca a 2 + ab + be b 2 + be + ca c 2 + ca + ab 


Loi giai 

Theo mot danh gia quen thuoc ta co a 2 + b 2 + c 2 > ab + be + ca => a + ^ + c > ± 

ab + be + ca 


ab 


be 


Do do ta can chung minh 1 > - 

a 2 + ab + be b 2 + be + ca c 2 + ca + ab 
Bat dang there tren tuong duong vbi 

ab be ca _ 


3 > 
o 1- 


a 2 + ab + be b 2 + be + ca c 2 + ca + ab 
ab . be . ca 


<» - 


a 2 + ab + be b 2 + be + ca c 2 + ca + ab 
a 2 + be b 2 + ca c 2 + ab 


a~ + ab + be b + be + ca c + ca + ab 
Ap dung bat dang there Bunhiacopxki dang phan there ta dupe 

a 2 b 2 c 2 (a + b + c) 

a 2 + ab + be b 2 + be + ca c 2 + ca + ab + ^ + c j 2 

be ca ab (ab + bc + ca) 

—-1-b —- > -- — = 1 

a 2 + ab + be b 2 + be + ca c 2 + ca + ab + be + ca) 2 

Cong theo ve hai bat dang there tren ta dupe 

a 2 + be b 2 + ca c 2 + ab 

—-+ —-+ —-> 2 

a 2 + ab + be b" + be + ca c 2 + ca + ab 
Vay bai toan dupe chung minh xong. Dang there xay ra khi va chi khi a = b = c. 

Nhan xet: Qua cac vi du tren ta nhan thay chi v&i viec them bat vao bat dang thuc mot dai luong phii 
hap ta co the doi duac chieu bat dang thuc va dp dung duac bat dang thuc Bunhiacopxki de chung minh 
bai toan. Ky thuat nay goi la ky thuat them - bat trong bat dang thuc Bunhiacopxki. Vay thi ky thuat them 
bat con duac sit dung trong cac truang hap nao nua, ta tiep tuc tim hieu cac vi du sau day 
Vi du 4.8: Cho a, b, c la cac so there duong thoa man a 2 + b 2 + c 2 = 3. Chung minh rang: 

+ + > 3 

2-a 2 -b 2-c 


Phan ti'ch: Neu ap dung bat dang thuc Bunhiacopxki mot each true tiep ta dupe 


1 1 1 9 

2-a 2-b 2-c 6-(a + b + c) 

Trong khi do ta co 0 < a + b + c < ./3 (a 2 + b 2 + c 2 ) = 3 nen- 7 — - v < 3 

' 1 ; 6 - (a + b + c) 

Nhu vay danh gia nhu tren khong chung minh dupe bai toan. 

Bat dang thuc can chung minh khong can phai doi chieu nhu cac vi du tren nhcmg khi ap dung bat 
dang thuc Bunhiacopxki dang phan thuc thi khong dem lai hieu qua. De co mot danh gia tot hon ta can 
thay doi each phat bieu cac dai lupng cua bat dang thuc xem sao? Chu y mot ti ta se co bien doi kha thu vi 





sau —--— = — r ~—r • Luc nay bat dang there tra thanh ——- 1 -—- 1 -—— > 3 . Vdi bat dang 

2 - a 2 2(2 - a) 2 -a 2 -b 2 -c 

there nay hy vong ta se chung minh dupe. 


Loi giai 


Ta viet lai bat dang there can chung minh nhu sau 


f 1 


' 1 

il [ 

^ 1 

l): 

v 2 - a 

2 ] l 

v 2 - a 

_ 2 J + l 

v 2 - a 

"2 J 


2 -a 2 -b 2 -c 


Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dupe 
b c (a + b + c) (a + b + c) 


2-a 2-b 2-c a (2 - a) + b(2 - b) + c(2 - c) 2(a + b + c)-3 

(a + b + c) , \ 2 / v 

Ta can chung minh duac —^-A-> 3 hay a + b + c >6 a + b + c -9 

' 2(a + b + c)-3 1 ; 1 ’ 

Hay (a + b + c) - 6 (a + b + c) + 9>0<=>(a + b + c-3) >0 
Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Nhan xet: Nhu vay bang viec them - bat mot dai luang ta da bien doi bat dang thuc da cho ve dang khac 
va khi do co the dung bat dang thuc Bunhiacopxki mot each thuan lai horn. Vay thi lam the nao de ta co 
the chon duac dai luangphu hap? 

1 1 -mfl-aJ 

---- co tit so la 

2 -a 


Xet y tudng sau day: Ta se dm mot so m duang sao cho - m = 

2 -a 


1 - m (1 - a ] la mot dai luang duang va danh gia may cang chat cang tot. Do do ta chon duac m = - 


1 


a 


-> 0 . 


2 -a 2 2 ( 2 -a) 

De chung minh bat dang thuc 


2 -a 2-b 2-c 

Bunhiacopxki dang phan thuc theo each khac sau 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duac 

a b c a 4 , b l 

2-a 2-b 2-c 


>3 ta co the dp dung bat dang thuc 


(2-a) b 3 {2-b) c 3 (2 - c) 

(a +b +c ) 

2 (a 3 + b 3 + c 3 ) - (a 4 + b 4 + c 4 ) 

Ta can chung minh duac 

3 > 2 (a 3 +b 3 + c 3 ) - (a +6 +c ) 

(a +6 + c ) + (a +6 + c ) > 2(a 3 + b 3 +c 3 ) 

Ap dung bat dang thuc Cauchy ta duac a 4 + a 2 > 2a 3 ; b 4 +b 2 > 2b 3 ; c 4 + c 2 > 2c 3 . 
Cong theo ve cac bat dang thuc tren ta duac bat dang thuc cuoi cung. 




Vay bai torn duoc chung minh xong. 


Vi du 4.9: Cho a, b, c la do dai ba canh cua tam giac. Chung minh rang: 

a b c 

- 1 - 1 -^ 

3a-b + c 3b-c + a 3c-a + b 


Phan tich: De ap dung duoc bat dang there Bunhiacopxki ta can tim so m duong sao cho 

a a(l-3m) + mb-mc 

-m = —---- 

3a-b + c 3a-b + c 

danh gia tren cang chat cang tot. De y gia thiet a, b, c la ba canh cua mot tam giac nen ta nghi den chon m 


co tir so la all- 3m 1 + mb - me la mot so duong va 


sao cho tir s6 tren co dang a + b - c. Tir nhung nhan dinh do ta chon duoc m = — . Khi do ta co lbi giai 

4 

nhu sau 

Loi giai 

Bit ding thuc cin chung minh tuoug duong vbi 

a 1 4b 1 4c 11 


3a-b + c 4 3b-c + a 4 3c-a + b 4 4 

Hay bat dang thuc can chung minh trb thanh 

a + b-c b + c-a c + a-b 

- 1 - 1 -_ 

3a-b + c 3b-c + a 3c-a + b 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 


->1 


a+b-c b+c-a c+a-b 

- 1 - 1 - 

3a-b + c 3b-c + a 3c-a + b 

(a + b- c + b + c- a + c + a-b) 

(a + b - c)(3a - b + c) + (b + c- a)(3b - c + a) + (c + a- b^3c - a + b) 

(a + b + c) 

a 2 + b 2 + c 2 + 2ab + 2bc + 2ca 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

Vi du 4.10: Cho a, b, c la do dai ba canh cua tam giac. Chung minh ring: 

5a + 3b 5b + 3c 5c + 3a ^ , 

3a + b + 2c 3b + c + 2a 3c + a + 2b 

Phan tich: Quan sat bat dang thuc tren thi suy nghi dau tien la ap dung bat dang thuc Bunhiacopxki dang 
phan thuc 

5a + 3b 5b + 3c 5c + 3a 

- 1 - 1 - 

3a + b + 2c 3b + c + 2a 3c + a + 2b 

(5a + 3b + 5b + 3c + 5c + 3a^ 

(5a + 3b) (3a + b + 2c) + (5b + 3c) (3b + c + 2a) + (5c + 3a) (3c + a + 2b) 

Phep chung minh se hoan tat neu ta chi ra duoc 





Hay 


(5a + 3b + 5b + 3c + 5c + 3a) 

(5a + 3b) (3a + b + 2c) + (5b + 3c) (3b + c + 2a) + (5c + 3a) (3c + a + 2b) 

64 (a + b + c) 

18 (a 2 + b 2 + c 2 ) + 30 (ab + be + ca) 


> 4 <=> ab + be + ca > a + b + c 


Tuy nhien danh gia tren la sai. Do do ta khong the ap dung dirge true tiep bat dang thuc 
Bunhiacopxki ma can bien doi bat dang thuc ve mot dang khac. Voi y tuong do ta can tim so m duong 
sao cho 

5a + 3b a(5-3m) + (3-m)b-2mc k(a + b-c) 

-m = —----—----= —---- 

3a + b + 2c 3a + b + 2c 3a + b + 2c 

Va danh gia tren crag chat crag tot. Tir nhung nhan dinh do ta chon duoc m = 1. Khi do ta co loi 
giai nhu sau 

Loi giai 

Bat dang thuc can chung minh tuong duong voi 


Hay 


3a + b + 2c 3b + c + 2a 3c + a + 2b 
2(a + b-c) 2(b + c-a) 2(c + a-b) 

3a + b + 2c 3b + c + 2a 3c + a + 2b 
Ap dung bat dang thuc Bunhiacopxki drag phan thuc ta duoc 
2(a + b-c) 2(b + c-a) 2(c + a-b) 

3a + b + 2c 3b + c + 2a 3c + a + 2b 

2(a + b- c + b + c- a + c + a-b) 

(a + b - c) (3a + b + 2c) + (b + c- a)(3b + c + 2a) + (c + a - b) (3c + a + 2b) 
Ta can chung minh duoc 

2(a + b- c + b + c- a + c + a-b) 

(a + b - c) (3a + b + 2c) + (b + c - a) (3b + c + 2a) + (c + a - b) (3c + a + 2b) 

2 (a + b + c) 


Hay 


2 (a 2 + b 2 + c 2 ) + 4 (ab + be + ca) 


Danh gia cuoi cung la mot danh gia dung. Vay bat dang thuc duoc chung minh. 
Vi du 4.11: Cho a, b, c la do dai ba canh cua tarn giac. Chung minh ring: 

3a + b 3b + c 3c + a ^ , 

2a + c 2b + a 2c + b 

, - , , .. 3a + b 1 a + b-c 

Phan tich: De y den phep bien doi-I =-. 

2a + c 2a + c 


Loi giai 

Bat dang thuc can chung minh tuong duong voi 

a+b-c b+c-a c+a-b^^ 
2a + c 2b + a 2c + b 
Ap dung bat dang thuc Bunhiacpxki dang phan thuc ta duoc 




Ap dung bat dang thuc Bunhiachopxki dang phan thuc ta dirge 

b+c-a c+a-b a+b-c 

- 1 - 1 - 

b+c c+a a+b 

(a + b- c + b + c- a + c + a-b) 

(b + c)(b + c - a) + (c + a)(c + a - b) + (a + b)(a + b - c) 
a + b + c) 

2 (a 2 + b 2 + c 2 ) 


Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 



a (b + c) a +2bc-a(b + c) 

Phan tich: B6 y d6n phep bi6n d6i 1- 9 -- =----. Ta lai co 

a + 2bc b + c 





a 2 + 2bc - a (b + c) = be + (a - b) (a - c) > be - |(a - b)(a - c| > 0 

Lai thly a 2 + 2bc - a (b + c) + b 2 2ca - b (c + a ) + c 2 + 2ab - c (a + b) = a 2 + b 2 + c 2 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 

a 2 + 2bc-a(b + c) b 2 + 2ca - b(c + a) c 2 + 2ab - c(a + b) 

a 2 + 2bc b 2 + 2ca c 2 + 2ab 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 
a 2 +2bc-a(b + c) b 2 + 2ca - b(c + a) c 2 + 2ab - c(a + b) 
a 2 + 2bc b 2 + 2ca c 2 + 2ab 

|^a 2 + 2bc - a (b + c) + b 2 + 2ca - b (c + a) + c 2 + 2ab - c (a + b)J 

M 

Vbi 

M = ^a 2 + 2bcj [^a 2 + 2bc - a (b + c)J + ^b 2 + 2ca j |jo 2 + 2ca - b (c + a) 
+ (c 2 + 2abj Tc 2 + 2ab - c (a + b) 

Ta can chung minh dugc 

(a 2 + b 2 + c 2 j + a 3 b + ab 3 + b 3 c + be 3 + c 3 a + ca 3 

> a 4 + b 4 + c 4 + 4 ^a 2 b 2 + b 2 c 2 + c 2 a 2 j 

Hay ab (a + b) + be (b + c) + ca (c + a) > 2a 2 b 2 + 2b 2 c 2 + 2c 2 a 2 
Banh gia cuoi cung dung theo bat dang thuc Cauchy. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 


Vi du 4.14: Cho a, b, c la cac s6 duong thoa man a 2 

1 + 1 + 1 1 1 

+ b 2 + c 2 = 3. Chung minh ring: 

l 15 

7 + a 2 7 + b 2 7 + c 2 14 1 

^b + c c + a a + bj 

1-56 


Phan tich: Be y ta thay 


- khi do ta quy bai toan ve chung minh 


1 _ 1 _ 1 
7 + a 2 “ 7 7'7 + a 2 

1 { 1 | 1 ,i a 2 | b 2 | c 2 ^19 

b + c c + a a + b ^7 +a 2 7 + b 2 7 + c 2 J 4 

Loi giai 


Ta co 


1 


1 1 a 1 _ 1 1 b 2 1 _ 1 1 c 2 

7 + a 2 '7 7'7 + a 2 ' 7 + b 2_ 7 7'7 + b 2 ’ 7 + c 2 ~~ 7 7'7 + c 2 

Ta viet lai bat dang thuc can chung minh nhu sau: 

1 1 1 J a 2 b 2 

-+-+-+ 2 -7 +-- 

b+c c+a a+b ^ 7 + a 7+b 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


7 + c 


>8 

4 





_J_ + ^_ + ^_ > _9_ 9 

b + c c + a a + b (b + c) + (c + a) + (a + b) 2 (a + b + c) 

a 2 b 2 c 2 (a + b + c)“ _ (a + b + c) 2 

7 + a 2 + 7 + b 2 + 7T7'(7 + a 2 ) + (7 + b 2 ) + (7 + c 2 ) 2 4~ ' 

Phep chung minh se hoan tat neu ta chi ra dirge 

g (a + b + c) 2 g 

-+ --— > - 

a+b+c 6 2 

Ap dung bat dang thuc Cauchy ta co 

g (a + b + c) 
a+b+c 6 

9 | 9 | (a + b + c) ^ 3 J9 9 1 _ 9 

2(a + b + c) 2(a + b + c) 6 \2 2 6 2 

Do vay danh gia gia cuoi cung dung. Vay bat dang thuc duoc chung minh. 

Nhan xet: O day ta duoc sit dung ky nang them bat bang each dua vao tham so m de ly luan va dua vao 
cac dieu kien rang buoc hop U de tim ra m. 

Vi du 4.15: Cho a, b, c la cac so duong thoa man abc = 1. Chung minh ring: 

-+---+ —— -< 3 

a 2 -a + l b 2 -b + l c 2 -c + l 

, , 4 1 (2a-l) 2 

Phan tich: Chu y den phep bien doi---= --—r 

3 a — a + 1 3 (a 2 — a + l) 

Loi giai 

Bat dang thuc can chung minh can chung minh vbi 

m + m + m, 3 

a 2 - a + 1 b 2 -b + l c 2 -c + l 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta co 

(2a -l) 2 (2b -l) 2 (2c -l) 2 (2a + 2b + 2c - 3) 2 

a —a + 1 b" - b +1 c —c + 1 a 2 +b 2 +c 2 — (a + b + c) + 3 

(2a + 2b + 2c - 3) 2 

Ta can chung minh duoc —-— v „ —,-' .-> 3 

ci + b + c — ^<i + b + c j + 3 


Hay (a + b + c) + 6(ab + be + ca) > 9 (a + b + c) 

Ap dung bat dang thuc Cauchy ta co 

ab + be + ca > ^3abc (a + b + c) = ^3 (a + b + c 
Ta quy bai toan ve chung minh 

(a + b + c) + 6^3 (a + b + c) > 9 (a + b + c) 

Bat t = + ^ + A > 1 ; ]<]-|i (J 5 bat dang thuc tren duoc viet lai thanh 




(3t 2 ) 2 + 18t > 27t 2 <=> 9t (t 3 + 2 - 3t) > 0 

Theo bat dang thuc Cauchy ta lai co t 3 + 2 = t 3 + 1 + 1 > 3t va t > 1 nen bat dang thuc cuoi cung 
luon dung. 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 


Vi du 4.16: Cho a, b, c la cac so duong thoa man a + b + c = 3 . Chung minh rang: 

a 2 + b 2 + c 2 < a 2 + b 2 + c 2 
2a +1 2b +1 2c +1 Va 2 + b 2 + c 2 + 6 


Phan ti'ch: Ap dung y tuong nhu cac vi du tren la can tim mot so duong m sao cho danh gia 
a 2 2ma + m - a 2 


2a+ 1 


2a+ 1 


co tir so 2ma + m - a 2 duong va danh gia cang chat cang tot. De y den 

dau dang thuc xay ra ta chon dugc rn = ^ , tuy nhien neu chgn nhu vay thi ta khong dam bao dugc tir so 
luon duong. Do do neu chgn dugc m ma lam triet tieu dugc a 2 thi mod dam bao dugc tir duong. De y den 
g tuong tu t 

Loi giai 


a + b + c = 3 khi do ta chgn m = —. Ap dung tuong tu ta co loi giai nhu sau 


Bat dang thuc can chung minh tuong duong vdi 

a a 2 b b 2 c c 2 > a + b + c 
2 2a +1 2 2b +1 2 2c +1 “ 2 


a 2 + b 2 + c 2 + 6 


Hay 


2 a + b + c 


2a +1 2b +1 2c +1 Va^ 


,> 3 


Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

a b c ^ (a + b + c) 2 


2a+ 1 2b+ 1 2c+ 1 2(a 2 + b 2 + c 2 J + 3 

Khi do ta cdn chung minh dugc 

g 2^a 2 + b 2 + c 2 j 


2 a + b + c' 


) + 3 Va/ 


,>3 


f b 2 + c 2 + 6 


Dat t = a + b + c > 3, khi do bat dang thuc dugc viet lai thanh 

3 o -®— 1*#_-2 > 0 
2t + 3 vt + 6 2t + 3 Vt + 6 

0 !M |4j tlo[t . 3 ) 

2t + 3 VtV^6 V ’ 


1 

2t + 3 


Vt + 6 + Vt + 6 j 
^t + 2^ (2t + 3^ — Vt + 6 |t + Vt + 6 j > 0 t ^2t + 6 — Vt + 6 j > 0 


Do t > 3 nen bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 




Vi du 4.17: Cho a, b, c la 

;ac s6 duong thoa man a + b + c = ! 

. Chung minh ring: 


a 2 b 2 c 2 < 

1 


3a +1 3b +1 3c +1 _ 18 (a 

,b + be + ca) 


Phan ti'ch: Ap dung y tudng nhu cac vi du tren la can tim mot so duong m sao cho danh gia 


a 3ma + m-a , , A 0 2 , „ , k 

m-=- co tu so 3ma + m - a duong va danh gia cang chat cang tot. Khi do 

3a +1 2a +1 

neu ap dung bat dang thuc Bunhiacopxki ta thay co sir xuat hien cua cac hang tir bac 3 va neu quy dong 
thi ta thu duoc mot bat dang thuc bac 5 thi kho danh gia. 

Be y den danh gia ——— < — = —, day la mot danh gia kha chat. Khi do xet bien doi sau 
3a+ 1 3a 3 


3 3a +1 3 (3a +1) 

thuc co bat dang thuc sau 


, hoan torn tuong tu ta co the ap dung bat dang thuc Bunhiacopxki dang phan 


a b c 1 ^^a + b + c 

3(3a + l) 3(3b + l) 3(3c + l) 18 (ab + be + ca) _ 3 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 

a b c 1 ^^a + b + c 

3(3a + l) 3(3b + l) 3(3c + l) 18(ab + bc + ca) 3 

TT a b c 1 

Hay -1-1-1- t-, > 1 

3a +1 3b +1 3c +1 6^ab + bc + caj 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

a | b | c ^ (a + b + c) 2 _ 1 

3a + l + 3b + l + 3c + l " 3 ( a 2 +b 2 +c 2) + a + b + c 3 ( a 2 + b 2 + c 2 ) +1 
Khi do ta quy bai toan ve chung minh 

-I-A- + —( - 1 - \- 1 

3 (a 2 + b 2 + c 2 | +1 6(ab + bc + ca) 

Ben day ta ap dung bat dang thuc Binhiacopxki dang phan thuc thi duoc 

1 | 1 _4_ = 

3 (a 2 + b 2 + c 2 ) +1 6(ab + bc + ca) 3 (a 2 + b 2 + c 2 ) + 6(ab + be + ca) + 1 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = — 






1 


Phan tich: Bi y din phep biin ddi —-—— = , -- 

9 9a+ 1 9(9a + l) 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 

a a 1 2 3 b b 2 c c 2 > a + b + c 
9 9a+ 1 9 9b+ 1 9 9c+ 1 9 12^3 (ab + be + ca) 

a + b + c + 3 

9a +1 9b +1 9c +1 4^3(ab + bc + ca) 

Ap dung bat dang there Bunhiacopxki dang phan thuc ta dugc 

a b c ^ (a + b + c) 2 _t 


Hay 


,>1 


9a+ 1 9b+ 1 9c+ 1 9 (a 2 + b 2 + c 2 j + a + b + c 9 (a 2 + b 2 + c 2 j +1 

Lai theo bat dang thuc Cauchy ta co 

-j&-. _ 3 _ 

4.^3 (ab + be + ca) 2^1 + 3(ab + be + ca)J 
Ta quy bai toan ve chung minh 

1 | _3_ >;L 

9(a 2 +b 2 +c 2 ) + l 2[l + 3(ab + bc + ca)] _ 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

_ l _ _3_ 

9 (a 2 + b 2 +c 2 j + l 2^1 + 3^ab + bc + ca)] 

1 9 


9 (a 2 + b 2 + c 2 j +1 6^1 + 3(ab + be + ca)J 

>_M_ 16 ^ 1 

9(a ! +b 2 + c 2 ) + l + 6[l + 3(ab + bc + ca)] g(a + b + c) 2 + 7 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = ^. 

5. Ky thuat doi bien trong bat dang thuc Bunhiacopxki 

Co mot so bat dang thuc, neu ta de nguyen dang phat bieu cua no thi rat kho de phat hien ra each 
chung minh. Tuy nhien bang mot so phep doi bien nho nho ta co the dua chung ve dang quan thuoc ma 
bat dang thuc Bunhiacopxki co the ap dung dugc. Trong muc nay chung ta cung tim hieu ky thuat doi 
bien trong bat dang thuc Bunhiacopxki. 

Vdi bit ding thuc ba biin a, b, c ta co thi su dung mot s6 phep biin ddi nhu 

1 ) (a; b; c) - f W], (A; L; f } ife-i -j-; A 

V ' y zj ^xy yz zxj l^xy ^yz Vzx ) 

2) (a; b; c) (yz; zx; xyj; ( sfyz ;; >/zx; sfx y);... 

3) (a; b; cj —> (y + z; z + x; x + yj; (y+ z-x; z + x - y; x + y-zj;... 

Vdi mot sd bit ding thuc co gia thi it la abc = 1 ta co thi ddi biin 




Phan ti'ch: Bat dang thiic can cluing minh dugc viet lai thanh 


ac ab be abc(a + b + c) 

- 1 - 1 -^- 

2ac + ab 2ab + be 2bc + ca 3 

Be y ta thay bat dang thiic co su lap lai ciia cac dai luong ab; be; ca va chii y ta nhan thay 

abc (^a + b + c) = ab.be + bc.ca + ca.ab. Do vay mot each tu nhien ta nghT den phep doi bien la 
x = ab; y = be; z = ca. 

Loi giai 

Bat dang thiic can chung minh tuong duong vdi 

ac ab be ^ abc(a + b + c) 

- 1 - 1 -^- 

2ac + ab 2ab + be 2bc + ca 3 

Bat x = ab; y = be; z = ca, khi do ta dugc x + y + z = 3 ,b!t dang thiic cin chiing minh tro thanh 







Bat A = x 2 + y 2 + z 2 ; B = xy + yz + zx suy ra A + 2B = (x + y + z j = 9, khi do ta can 

chung minh (A + 2B) 2 > 3B (2A + B) <i> A 2 + B 2 > 2AB. 

Bat dang thuc cuoi cung luon dung. Vay bat dang thuc ban dau dugc chung minh. Dau dang thuc 
xay ra khi a = b = c = 1. 


Vi du 5.2: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a ^ b ^ c 3 

-\/a 2 + b 2 + Vb 2 +c 2 + Vc 2 +a 2 " S 


Phan tich: Bat dang thuc dugc viet lai thanh 


h 2 

+ 1 

1 c 2 , 3 

1 a 2 + b 2 V 

b 2 + c 2 V 

c 2 + a 2 y /2 


Quan sat bat dang thuc tren ta nghT den phep doi bien x = a 2 ; y = b 2 ; z = c 2 , khi do bat dang 
thuc trb thanh 

I x + y + z < ^ 

v x + y \y + z Vz + x “ ^ 

Bay la bat dang thuc dugc chung minh trong muc 2 vbi phep doi xung hoa. 

Lol giai 

Bat x = a 2 ; y = b 2 ; z = c 2 , khi do bat dang thuc can chung minh trb thanh 

i + / y + z < ^ 

\X + y Vy + Z Vz + x ^2 

Ap dung bat dang thuc Bunhiacopxki ta dugc 



Ta can chung minh 

Hay 

Hay 


4(x + y + z)(xy + yz + zx) 9 
(x + y)(y + z)(z + x) 2 

8(x + y + z)(xy + yz + zx) < 9(x + y)(y + z)(z + x) 
8xyz < (x + y)(y + z)(z + x) 


Bat dang thuc cuoi cung la mot bat dang thuc dung. 

Vay bat dang thuc dugc chung minh. Bau dang thuc xay ra tai a = b = c. 

I Vi du 5.3: Cho a, b, c la cac so thuc duong thoa man ab + be + ca = abc. Chung minh rang: 





Cong theo v6 ba bit ding thuc tren ta duac 

x 3 + y 3 + z 3 + xz 2 + yx 2 + zy 2 > 2 ^x 2 z + y 2 x + z 2 yj 

Phep cluing minh hoan tat. Dang thuc xay ra khi va chi khi a = b = c = 3 . 
Nhan xet: Bat dang thuc tren cdn duac chung minh theo each sau 
Bien doi tucmg duang bat dang thuc ta duac 




— + — + — >3 [x+y+z 
z x y v > 


2 , „ 2 . 2 \ 


o — + — + -— (x + y + z}>?>{x 2 +y 2 +z 2 ^-(x + y + z} 
z x y 

0 fci + tI t bI, (l . s) - t(s _ : | +(z _ I )' 

Vi x + y + z = 1 «e« —; —; — > 1 . Do do bat dang thuc cuoi ciing dung, 
x y z 

Phep chung minh hoan tat. 


Vi du 5.4: Cho a, b, c la cac so thuc ducmg tuy y. Chung minh rang: 

Vab + Vbc + Vca < 3 
c + 3>/ab a + 3yfbc b + 3>/ca 4 


Phan tich: Quan sat bit ding thuc nghi din d6i biln x = Va; y = Vb; z = Vc . Khi do bit ding thuc 

, a , • ,, , xy yz zx 3 

duoc viet lai thanh —-1— -1— -< —. 

z + 3xy a + 3yz y + 3zx 4 

Ta co the chung minh bat dang thuc tren bang ky thuat them - bbt. 

Loi giai 

Bat x = Va; y = Vb; z = Vc . Khi do bit ding thuc cln chung minh trd thanh 


x y , y z , zx ^ 3 
z 2 + 3xy a 2 + 3yz y 2 + 3zx 4 
Bat dang thuc can chung minh tuong duong vdi 

xy yz zx 3 

z 2 + 3xy x 2 + 3yz y 2 + 3zx 4 

1 xy 1 yz 1 zx „ 3 

<=>---h- - -+->1- 

3 z 2 + 3xy 3 x 2 + 3yz 3 y 2 + 3zx 4 

z 2 X 2 y 2 3 

z 2 + 3xy x 2 + 3yz y 2 + 3zx 4 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc va mot danh gia quen thuoc ta duoc 




(x + y + z) 


z 2 + 3xy x 2 + 3yz y 2 + 3zx x 2 + y 2 + z 2 + 3 (xy + yz + zx) 
(x + y + z) 3 

“ 1 


(x + y + z) + 


x + y+ zl 


Do do bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

Vi du 5.5: Cho a, b, c la cac s6 thuc duong thoa man ab + be + ca = abc. Chung minh ring: 

Va + be + Vb + ca + Vc + ab > Vabc + Va + Vb + Vc 


Phan ti'ch: Trade hit ta vi 6 t lai gia thiSt thanh — + — + — = 1, khi do ta nghT d 6 n phep ddi bi 6 n 
abc 

x = —; y = —; z = —. Bat dang thuc duoc viet lai thanh 
abc 

•y/x + yz + Vy + zx + yj 'z + xy > 1 + yfx y + ->/yz + -\/zx 
De y den gia thiet x + y + z = l,ap dung bat dang thuc Bunhiacpxki ta duoc 

V x + y z = -\J X ( X + y + z ) + yz = ^(x + y)(x + z) > x + 7yz 

Ap dung tuong tu ta co ldi giai nhu sau 

Lol giai 

Tir gia thiet ab + be + ca = abc suy ra — + — + — = 1. 

abc 

Dat x = —; y = —; z = —, khi do ta duoc x + y + z = 1. 
abc 

Bat dang thuc can chung minh trd thanh 

y/x + yz + y] y + zx + yjz + xy > 1 + yfxy + yfyz, + Vzx 
Ap dung bat dang thuc Bunhiacpxki ta duoc 


yjx + yz = ^x (x + y + z) + yz = ^(x + y)(x + z) >x + yfyz 
Chung minh tuong tu ta duoc 

yjy + zx > y + Vzx; y]z + xy O z + V^y 
Cong theo ve cac bat dang thuc tren ta duoc 

yjx + yz + y]y + zx + yjz + xy > x + y + z + V^y + Vy^ + 

= l + Vxy + Vyz + Vzx 

Vay bat dang thuc duoc chung minh. 


Dang thuc xay ra khi va chi khi x = y = z = — hay a = b = c = 3. 






Vi du 5.6: Cho cac s6 duong a, b, c thoa man he thuc ab + be + ca = abc. Chung minh ring: 

Vb 2 + 2 a 2 + ylc 2 + 2 b 2 + Va 2 + 2 ac > ^ 
ab cb ac 

Loi giai 

TugiathiSttaduac — + — + — = 1. Dat x = —;y = —;z = —,khid6tacox + y + z = l. 

abc abc 

Bat dang thu can chung minh dugc viet lai thanh 

y/x 2 + 2y 2 + yjy 2 + 2z 2 + y/z 2 + 2x 2 > y[3 
Theo bat dang thuc Bunhiacopxki ta co 


Do do ta dugc 


(x + 2y) = |l.x + V2.V2yj <3^x 2 +2y 2 j 




l~, ~T y + 2z r~) 35T7 z + 2x 

Tuongtutaco \Jy + 2z r ; y/z +2x r 

V 3 V3 

Cong ba bat dang thuc tren ve theo ve ta dugc 

n —at n —at n —AT^ x + 2y y + 2z z + 2x 3 (x + y + z) r- 

Vx + 2y + y + 2z + vz + 2x > — j =—I- j =—I- j =— —- j= -— v3 

v 3 v3 v3 v3 

Vay bat dang thuc dugc chung minh. 


Dang thuc xay ra khi va chi khi x = y = z = — hay a = b = c = 3. 


Vi du 5.7: Cho a, b, c la cac so duong. Chung minh rang: 

be ca ab 


> -I - + — + - 

a 2 (b + c) b 2 (c + a) c 2 (a + b) 2 


lfl 1 1 

2 l^a be 


Phan ti'ch: Quan sat bat dang thuc ta thay ve phai co dai luong — + — + —, de y den phep bien doi 

‘abc 


be 

^7 


j._ 

i i 

— + - 

b c 


Tu do rat tu nhien ta nghi den phep doi bien. 


Loi giai 


Dat x = —; y = —; z = —, khi do bat dang thuc can chung minh dugc viet lai thanh 
abc 

x 2 + y 2 + z 2 > x + y + z 
y+z z+x x+y 2 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 







x 2 + y 2 + z 2 > ( x + y 

h z ) x + y + z 

y + z z + x x + y 2 (x + y 

+ z) 2 

Vay bat dang thiic duoc chiing minh. Bang thiic xay ra khi va chi khi a = b = c . 

Vi du 5.8: Cho cac so thuc a, b, c > 1 thoa man — + — + - 

abc 

= 2. Chiing minh rang: 

Va + b + c > Va - 1 + VtV 

-1 +Vc^l 


Phan tich: Chinh sir xuat hien giai thiet —I-h — = 2 lam cho ta suy nghi den viec sir dung phep doi 

a b c 

,-A 111 

bien x = —; y = —; z = —. 
a c c 

Loi giai 

Bat x = —; y = -; z = -, khi do x; y; z e (0;l) va x + y + z = 2 

a c c v / 

Bat dang thiic can cluing minh tro thanh 



Ap dung bat dang thuc Bunhiacopxki dang phan thiic ta duoc 



Vay bat dang thiic duoc chiing minh. Bang thiic xay ra khi va chi khi a = b = c = —. 

Vi du 5.9: Cho a, b, c la cac so thuc duong thoa man a + b + c + 2 = abc. Chiing minh rang: 

2^Vab + Vbc + Vca j <a+b+c+6 

Phan tich: Be y ta viet lai bat dang thiic can chiing minh thanh 

VV + Vb + Vc < ^2(a + b + c + 2^ 

Truoc het ta bien doi gia thiet thanh 

(a +1^ (b + 1^(c + a) = (a +1^ (b +1 j + (b +1^ (c +1 j + (c +1^ (a +1 j 

1 1 1 

o-+-+-= 1 

a +1 b +1 c + 1 


Khi do ta nghi den phep doi bien x = 


a+1 b+1 c+1 


. Be y la tu each doi bien do ta 


1 — x y + z 1 —y z + x 1 — z x + y , 


. Bat dang thiic duoc viet lai thanh 


J y + z z + x /x + y 1(1 1 1] , ^ , . , , . . 

-1--1-.-<12 —l-1- — . Ben day ta co the ap dung bat dang thuc 

x]jy\z]j[xyzj 

Bunhiacopxki de chiing minh bai toan 


Ta co 


2 






Khi do bit ding thuc c4n chung minh tro thanh 

|Va + Vb + Vcj ~(a + b + c)<a + b + c + 6 
<=> + yfb + Vcj <2^a + b + c + 3) 

Va + yjb + Vc < ^2 ^a + b + c + 3^ 

Gia thiet dugc viet lai thanh 

(a + l)(b + l)(c + a) = ^a + l^b + lj + ^b + l^c + lj + ^c + l^a + lj 

1 1 1 

o-+-+-= 1 

a +1 b + 1 c + 1 

111 

Dat x =-; y =-; z =-, suy rax + y + z = l. 

a +1 b + 1 c + 1 


xx y y 

Bat dang thuc can chung minh tro thanh 

Jy+ z + z + x + x + y 

V x v y v z 

Ap dung bat dang thuc Bunhiacopxki ta dugc 


J 2 (x + y + z) 

|rr;)( 2x+2y+2z )=J 2 (rry 


— i l ? r + v £ i Z: 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 2 
Vi du 5.10: Cho a, b, c la cac so thuc duong thoa man a + b + c = abc. Chung minh rang: 

b c a 3 

avb 2 +l bvc 2 +l cya 2 +l ^ 

Phan tich: Tu gia thiet ta dugc — + — + — = 1, khi do rat tu nhien ta nghi den phep doi bien 
ab be ca 

x = —; y = —; z = —, suy ra xy + yz + zx = 1. Khi do bat dang thuc can chung minh duoc viet lai 
abc 

thanh 


yj y + 1 VZ + 1 Vx 

Be y den phep bien doi Vx 2 + 1 = \jx 2 + xy + yz + zx = ^x + y)(x + z) . Hoan toan tuong tu ta co 
the chung minh dugc bai toan. 

Loi giai 

Tir gia thiet a + b + c = abc suy ra — + — + — = 1. 

ab be ca 

Bat x = —; y = —; z = —, Khi do gia thiSt cua bai toan tro thanh xy + yz + zx = 1. 
abc' 






Bat dang thuc can chung minh tro thanh - 


^y 2 +1 ylz 2 +1 Vx 2 +1 2 

Be thay Vx 2 +1 = ^/x 2 + xy + yz + zx = ^x + y)(x + zj 


Tuongtutadugc ^/y 2 + 1 = ^(y + z)(y + x); \jz 2 +1 = ^z + x)(z + yj 
Ap dung bat dang thuc Cauchy ta dugc 

x y z x y z 

■ -|- J -|- , = - -]- J -|- [ 

Vy 2 +1 Vz 2 +1 Vx 2 +1 ^(y + x)(y + z) ^(z + x)(z + y) ^(x + y)(x + z) 

^ 2x 2y 2z 

=>-1-1- 

x + 2y + z x + y + 2z 2x + y + z 

_ x , , . , 2x 2y 2z 3 

Ta can chung minh-1-1-> — 

x + 2y + z x + y + 2z 2x + y + z 2 

That vay, ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

2x 2y 2z 


x + 2 y + z x + y + 2 z 2 x + y + z 
2 (x + y + z) 


2 (x + y + z ) 2 


(x + y + z) + xy + yz + zx ^ + ^(x + y + z) 


Nhu vay bat dang thuc ban dau dugc chung minh. 
Dau dang thuc xay ra tai a = b = c = yfs . 


Vi du 5.11: Cho a, b, c la cac so thuc duong thoa man — + — + — = 1. Chung minh rang: 

a b c 

b+c c+a a + b ^ ^ 


Phan ti'ch: Quan sat gia thiet cua bai toan ta nghT den phep doi bien x = —; y = —; z = —. 

a b c 


Khi do bat dang thuc dugc viet lai thanh - 


x ly + zl y Iz + xl z Ix + yl 


yz zx xy 

B 6 y d 6 n danh gia 4xy < (x + yj . Ta quy bai toan v 6 chung minh 

Tb+iy4 + j?b>2 

y+z z+x x+y 

Bat dang thuc tren de dang chung minh dugc bang bat dang thuc Bunhiacopxki dang phan thuc. 

Loi giai 

Bat x = —; y = —; z = —. Tu gia thiet suy rax + y + z = l. 
a b c 






Bat dang thuc dugc viet lai thanh 

x 2 (y + z) y 2 (z + x) z 2 (x + y) 


Ap dung bat dang thuc Cauchy ta dugc 

(x+y) (y + z ) ( z + x ) 

xy < y-yz < y-zx < ^ 

4 4 4 

Khi do ta dugc bit ding thuc sau 

x 2 (y + z) ^ y 2 (z + x) ^ z 2 (x + y) ^ 4x 2 ^ 4y 2 ^ 4z 2 
yz zx xy y + zz + xx + y 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta co 

4x 2 4y 2 4z 2 4(x + y + z ) 2 

- 1 - 1 -> —-r- — 2 lx + y + zJ — 2 

y + z z + x x + y 2 (x + y + z) 

Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 3 . 

Nhan xet: Ngoai each chung minh nhu tren ta co the dp dung bat dang thuc Bunhiacopxki chung minh 
theo each sau 


Bat dang thuc dugc viet lai thanh x 2 
Theo mot danh gia quen thuoc ta co 


vy 2 -+ 1 +£ 2 -+ 1 >2 
13 x) [x y) 


fl ll 

\ X 2 ( \ 1 

'l 1^ 


= - (y + z)\ 

- + - 

U 

M 

1 y + z y '\ 

l = — h + 4l 

<y z ) 

M 

{z x) 

1 z + x x 

l* x ) 

f 1 A 

1 Z 2 ( \ 

h A 


= - \x + y) 


v x y) 

1 x + y v ' 

v x yj 


Cong theo ve cac bat dang thuc tren ta dugc 

X 2 (y + z) | y 2 (z + x) ^ z 2 (x + y) ^ 4x 2 | 4 y 2 | Az 2 
yz zx xy y + zz + xx + y 

Mat khac, theo bat dang thuc Bunhiacopxki ta dugc 
4:r 2 | 4 y 2 | Az 2 
y+ Z + z+x + x+y 

, ,4 , A. , A , (, , x 2 v 2 z 2 \ 


= 2 [x + y) + [y + 


(* + ;</) j 

\-y\ =2 (x + y-\ 


Bat dang thuc dugc chung minh. 




Phan tich: Tir gia thilt abc = 1 cua bai toan, rlt tu nhien ta nghT d6n phep d6i biln dang 


a = —; b = —; c = —, chu y d 6 n cac cac can bac hai co trong bit ding there cln chung minh, ta chon 
y z x 

each doi bien la -y/a = —; Vb = —; -y/c = —. Khi do bat dang thuc duoc viet lai thanh 
y z x 

——-—I -—-—I-—— > 1. Bat dang thuc can chung minh co dau hieu sir dung bat 

2 zy + y 2 x 2 x 2 z + zy 2 y 2 x + x 2 z 

dang thuc Bunhiacpxki dang phan thuc. Do do ta thu ap dung xem co the chung minh duoc bai toan 
khong? 

Loi giai 

Vi abc = 1 nen ton tai cac so thuc duong de Va = —; Vb = —; Vc = —. 

y z x 

Khi do bat dang thuc can chung minh trb thanh 

2 2 2 
xz yx zy ^ . 

-^ + ——- ~ + --> 1 

2 z 2 y + y 2 x 2 x 2 z + z 2 y 2 y 2 x + x 2 z 

Ap dung bat dang thuc Bunhiacopxki ta duoc 

xz 2 yx 2 zy 2 x 2 z 2 y 2 x 2 z 2 y 2 

2 z 2 y + y 2 x 2 x 2 z + z 2 y 2 y 2 x + x 2 z 2 xyz 2 + x 2 y 2 2 x 2 yz + z 2 y 2 2 xy 2 z + x 2 z 2 
> (xy + yz + zx) (xy + yz + zx) 

x 2 y 2 + y 2 z 2 + z 2 x 2 + 2 xyz (x + y + z) ^ xy + yz + zx J 2 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Vi du 5.13: Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh ring: 

1 1 1 

—o - 1 ^- 1 ^- — 1 

a 2 + a + l b 2 +b + l c 2 +c + l 

Phan tich: Neu ta sir dung bat dang thuc Bunhiacopxki true tiep kieu 

1 11^ 9 

-O-1- y -1- y - — - y - y - y - 

a + a +1 b + b +1 c +c + l a +b +c +a + b + c + 3 
Khi do de phep chung minh duoc hoan tat ta phai chi ra duoc 

—--- P - >l-»a 2 +b 2 +c 2 +a + b + c <6 

a+b+c+a + b + c + 3 

Vbi gia thiet abc = 1 thi danh gia cuoi cimg la mot danh gia sai. 

De y den gia thiet abc = 1 ta nghT den phep dat an phu, van de dat ra la ta chon each dat an phu 
nao? Trubc het ta thay bat dang thuc co tinh doi xung do do de khong lam mat tinh doi xung cua no ta se 






khong dat an phu kieu - 


. Dau tien ta sir dung phep doi bien 


a = —;b = —;c = — khi bat dang thuc can chung minh trb thanh 
x y z 

x 2 y 2 z 2 

— -+ —^-+ —-> 1 

x 2 +x + l y 2 + y + l z 2 + z + l 

Ap dung bat dang thuc Cauchy ta dugc 

x 2 | y 2 | z 2 ^ (x + y + z) 

x 2 +x + l y 2 +y + l z 2 +z + l x 2 +y 2 +z 2 + x + y + z + 3 


Ta cin chung minh dugc (x + y + z) >x 2 +y 2 +z 2 +x + y + z + 3 
Tuy nhien danh gia nay lai sai. Do do each doi bien nay khong kha thi 

Nhu vay ta tinh den each doi bien a = —; b = —; c = — va a = ^ ; b = ZX ; c = . Trong hai 

yz zx xy x 2 y z 2 

each doi bien tren, suy nhT mot chut ta se loai each dat thu nhat vi bat dang thuc chi chua bien b mau nen 
khi doi bien va quy dong moi phan thuc ta se thu dugc mot phan thuc thuc ma tren tu co chua cac dai 
lugng y 2 z 2 ; z 2 x 2 ; x 2 y 2 con dubi mau lai chua cac dai lugng x 4 ; y 4 ; z 4 tron hon, nen muon danh gia 


cac mlu theo chi 6 u tang len la rit kho. Do do ta chi con each dbi bi 6 n a = ^;b = ^;c = , hy vong 

x y z 

se chung minh dugc bai toan. 

Khi nay bat dang thuc can chung minh dugc viet lai thanh 


Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

x 4 y 4 z 4 

—4-2- 2~2 4-2-2—9~ ^ 4-2- 2 — 

x + x yz + y z y +yzx + zx z +zxy + xy 
(x 2 + y 2 + z 2 


Phep chung minh se hoan tat neu ta chi ra dugc 


(x 2 + y 2 + z 2 ) > x 4 + y 4 + z 4 + xyz(x + y + z) + x 2 y 2 + y 2 z 2 + z 2 x 2 

Bien doi tong duong va thu ggn ta dugc 

x 2 y 2 + y 2 z 2 + z 2 x 2 > xyz (x + y + z) 

Danh gia cuoi cung la mot danh gia dung. Vay bat dang thuc dugc chung minh. Dang thuc xay ra 
khi va chi khi a = b = c = 1 . 



Nhan xet: Neu chap nhan bien bat dang thuc tren tit dang doi xitng ve dang hoan vi thi vai each doi bien 

a = —; b = ; c = —, bat dang thiec can chung minh tra thanh 

x y z 

a 2 b 2 c 2 

-1-1-^ 1 

a, 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 

Khi do bat dang thuc tuemg duemg vai 

a 2 a 2 

a 2 + ab + b 2 a 2 + b 2 + c 2 + ab + be + ca 

a 2 (a 2 +b 2 +c 2 +ab + be + ca- a 2 -ab-b 2 ^ 

^a + ab + b +b +c + ab + bc + ca j 
a 2 c[a + b + cj 

^a 2 +ab + b 2 ^j ( a 2 + b 2 + c 2 + ab + be + ca ) 

Ap dung tuemg tu ta quy bai toan ve chung minh 

a 2 c b 2 c c 2 c ^ ab + be + ca 

—9-9~ ~^ 2-2" ^ 2-2" “ - 

a + ab + b b + be + c c +ca + a a + b + c 
Ap dung dung bat dang thuc Bunhiacopxki dang ph&n thuc ta duac 
a 2 c + b 2 a + c 2 b 
a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 

_ ('ab + bc + ca ) _ _ ab + bc + ca 

c(a 2 +bc + b 2 ^ +a[b 2 +bc +a 2 ^ + b(c 2 + ca +a 2 ^ a + b + c 
Vay bat dang thuc duac chung minh. 


Vi du 5.14: Cho cac so thuc a; b 

; c # 1 thoa man abc = 

1 . Chung minh rang: 


a 2 b 2 

c 2 , i 


+ 4 

9 ^ 1 


(i-af (l-b ) 2 

(i-c) 


Phan ti'ch: Chu y den gia thiet abc = 1 va tinh doi xung cua bat dang thuc ta nghT den phep doi bien. 
Ngoai ra ta cung thay cac phan thuc chua bien tren tir nen ta co the chon each doi bien 


yz ’ zx ’ xy 


yz ’ zx ’ xy 


Loi giai 

vdi x; y; z > 0. Khi do bit ding thuc cin chung minh tro thanh 


x -yz y -zx z -xy 


Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 





Phep chung minh se hoan tat neu ta chi ra dirge 



Hay tircmg duang vdi 



Phan tich: Chu y den gia thiet abc = 1 va tinh doi xemg cua bat dang there ta co the doi bien 

yz , zx xy 

a = ^;b = —;c = ' . 
x y z 


Loi giai 

Bat a = ^;b = ™;c = ^ vdi x; y; z > 0, khi do bit ding there can chung minh trb thanh 
x y z 

x 4 y 4 z 4 1 

- 1 --- 1 -> — 

(x 2 + yz) (2x 2 + yz) (y 2 + zx) (2y 2 + zx) (z 2 + xy) (2z 2 + xy) 2 

Ap dung bat dang there Bunhiacopxki dang phan there ta dugc 





Dau dang thuc xay ra khi va chi khi a = b = c = 1. 


Vi du 5.16: Cho a, b, c, d la cac so thuc duong thoa man abed = 1 . Chung minh ring: 

1 1 1 1 


(a + l) 2 (b + l) 2 (c + l) 2 (d +1) 2 


Lol giai 

Cach 1: Bat a = —;b = —;c = —;d = — vdi x; y; z; t > 0. Khi do bat dang thuc can chung minh 
z z t x 

duoc viet lai thanh 

v 2 ir 2 rr 2 f 2 

->1 


(x + y) (y + z) (z + t) (t + x) 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc va bat dang thuc Cauchy ta duoc 

x 2 , y 2 , z 2 t 2 


(x + y) (y + z) (z + t) (t + x) 

^x (t + x) + y(x + y) + z(y + z) + t(z + t)] 


(x + y) (x + t) + (y + z) (x + y) + (z + t) (y + z) + (t + x) (z + t) 
^x (t + x) + y(x + y) + z(y + z) + t(z + t)J 


x + y + z + t x + t + 


2 2 2 2\ 

(x + y)“+(y + z) + (z +1) (x + t)“ 

^-I--I->1 


(x + y) + (z + t) (x + t) + (y + zj 


Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c= d = l. 

xy 

y‘ c* t 2 


Cach 2: Bat a = ^;b = -^-;c = -^; d = ^ vdi x; y; z; t > 0. Khi do bit ding thuc cin chung 


minh duoc viet lai thanh 


y 


t 4 


(x 2 + yz) (y 2 + zt) (z 2 + tx) (t 2 + xy) 
Ap dung lien tuc bat dang thuc Bunhiacopxki ta duoc 

x 4 z 4 (x 2 +z 2 ) 


->% 


(x 2 + yz) (z 2 + tx) (x 2 + yz) + (z 2 + tx) 


x 2 + y 2 )(x 


Hoan toan tuong tu ta duoc 


2 +x 2 )|z 2 + t 2 ) x + y + z +t 

y 2 + t 2 


(y 2 +zt) (t 2 + xy) x +y +z +t 

Cong theo ve cac bat dang thuc tren ta duoc 




Vay bat dang thvrc dugc chvmg minh. 



Chmmg H. MOT SO KY THUAT GIAITOAN DAC SAC 

Chu de 7. I NC, DUNG NGUYEN LI DIRICHLET TRONG CHtfNG MINH BAT DANG TIIIC 

Nha toan hoc Due P.G.Lejeune Dirichlet (1805-1859) da neu ra mot dinh 11 ma ve sau ngubi ta goi 
la Nguyen U Dirichlet, nguyen ly dupe phat bieu nhu sau: 

“Neu nhot vao n chiec long mot so chu tho ma so luong Ion hom n thi ta se tim duoc mot chiec 
long ma trong do co nhieu hon mot con tho ’’ 

Chung ta biet bat dang thuc la mot dang toan hay va kho, thudng co trong cac ki thi hoc sinh gioi 
cap Tinh, cap Quoc gia va Quoc te. Co rat nhieu phuong phap de chung minh bat dang thuc nhu phuong 
phap chung minh bang phep bien doi tuong duong, phuong phap quy nap, phuong phap chung minh bang 
phan chung, dung cac BDT co dien: Cauchy, Bunhiacopxki,... 

Trong bai viet nay chung toi muon gibi thieu mot phuong phap chung minh bat dang thuc kha thu 
vi la ung dung nguyen li Dirichlet. Vdi phuong phap nay, giup chung ta chung minh duoc mot so bai toan 
bat dang thuc mot each rat gon gang va doc dao. 

Tvr nguyen li Dirichlet co mot menh de co y nghTa het sue quan trong: Trong 3 so thuc bat ki a, 
b, c bao gift ciing tim duoc hai so ciing dau. 

Day la mot menh de rat quan trong, bdi khi ta da chon duoc “diem roi” (tuc la dang thuc cua bai 
toan) thi ta co the ap dung menh de tren de chung minh bat dang thuc. Chang han dang thuc xay ra khi 
a = b = c = k thi ta co th6 gia su 2 s6 {a-k}] (b - k^j cung dlu, khi do thi (a - k)(b - k) > 0. Chung 

ta se tim hieu mot so vi du sau de thay duoc y nghTa viec ung dung nguyen li Dirichlet trong viec giai bat 
dang thuc nhu the nao? 

Bai toan 1. Cho a, b, c la cac s6 thuc duong bit ki. Chung minh ring: 

(a 2 + 2 )(b 2 + 2 )(c 2 +2) > 9(ab + bc + ca) 

Phan tich va loi giai 

De dang du do an duoc dang thuc xay ra tai a = b = c = 1. Theo mot danh gia quen thuoc ta co 
9 (^ab + be + ca) < 3 (a + b + c) . Nhu vay ta cln chung minh 

(a 2 + 2) (b 2 + 2) (c 2 + 2) > 3 (a + b + c) 2 

Quan sat bat dang thuc tren ta nghT den bat dang thuc Bunhiacopxki. Nhu vay ta can danh gia tir 
(a + b + c) lam xuat hien a 2 + 2, de y ta thay 

(a + b + c) 2 < (a 2 +1 + lj^l + b 2 +c 2 j = (a 2 +2)(l + b 2 +c 2 j 
Phep chung minh se hoan tat neu ta chi ra dupe 

3 (a 2 + 2) (l + b 2 + c 2 ) < (a 2 + 2) (b 2 + 2) (c 2 + 2) 

3 (l + b 2 + c 2 ) < (b 2 + 2 ) (c 2 + 2) 

Bien doi tuong duong ta thu dupe 




3(l + b 2 + c 2 ) < (b 2 + 2)(c 2 + 2) « 3 + 3b 2 + 3c 2 < b 2 c 2 + 2b 2 + 2c 2 + 4 
ob 2 c 2 -b 2 -c 2 + l>0o(b 2 -l)(c 2 -l)>0 

Nhu vay ta chi can chi ra dugc (b 2 -1 ) (c 2 -1 ) > 0, tuy nhien vi vai trd cua a, b, c nhu nhau nen 

theo nguyen li Dirichlet thi trong ba so a 2 — 1; b 2 — 1; c 2 - 1 luon ton tai hai so cung dau va ta ho an toan 

co the gia su hai so do la b 2 -1; c 2 -1. Nhu vay bai toan dugc chung minh xong. 

Nhan xet: Ta co the chung minh bat dang thirc tren theo each khac sau: 

Theo nguyen li Dirichlet trong ba so ab -1; be — 1; ca — 1 ton tai hai so khong trai dau, Khong 

mat tinh tong quat ta gia sir hai so do ta ab — 1; be — 1 khi do ta duac 

[ab -1 ) [be - l) > 0 => ab 2 c +1 > ab +be 
Suy ra a 2 b 2 c 2 + b 2 + 2 > 2 (ab 2 c +1) > 2 (ab + be ) 

Bat dang thirc can chung minh viet lai thanh 

a 2 b 2 c 2 +2 (a 2 b 2 +b 2 c 2 +cV) + 4^a 2 +b 2 +c 2 ) + 8 > 9 (ab + bc + ca} 

Ta co a 2 b 2 c 2 + b 2 + 2 > 2 (ab + be ) va 3 (a 2 + b 2 + c 2 j > 3 ab + bc + ca ) 

Lai thay a 2 b 2 + 1 > 2 ab nen 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 6 > 4 (ab + bc + ca} 

Va a 2 + c 2 > 2 ac. Tit ede bat dang thirc tren ta duac 

a 2 b 2 c 2 +2^aV +b 2 c 2 + c 2 a 2 ) + 4^a 2 +b 2 +c 2 ) + 8 > 9 (ab + bc + ca} 

Vay bat dang thirc tren duac chimg minh. Dang thirc xay ra khi va chi khi a = b = c = 1. 

Bai toan 2. Cho a, b, c la cac s6 thuc khong am bit ki. Chung minh ring: 

a 2 + b 2 + c 2 + 2abc + 1 > 2 (ab + be + ca) 

Loi giai 

Truoc het ta de y den dang thuc xay ra tai a = b = c = 1 dieu nay co nghTa la khi dang thuc xay ra 
thi a - 1; b -1; c -1 cung blng 0, ngoai ta trong bit ding thuc chua cac dai lugng ab, abc,... nen ta 

nghT den tich c (a -1) (b -1), tuy nhien ta chua the khang dinh dugc tich do co khong am hay khong 
nen ta su dung nguyen li Dirichlet. 

Theo nguyen li Dirichlet trong ba so a -1; b -1; c -1 luon ton tai hai so cung dau, khong mat 
tinh tong quat ta gia su hai do la a -1; b -1, khi do ta co 

(a -1) (b -1) > 0 <=> c (a -1) (b -1) > 0 <=> abc - ac - be + c > 0 

Khi do ta co 

a 2 + b 2 + c 2 + 2abc +1 = (a - b) + (l - c) +2 (abc - ac - be + c) + 2 (ab + be + ca) 
D6thiy(a-b) +(l-c) + 2 (abc - ac - be + c) > 0 nen ta co 

(a-b) +2ab + (l-c) +2c + 2abc-2ac-2bc + 2(bc + ca) > 2(ab + bc + ca) 





Suy ra a 2 + b 2 + c 2 + 2abc +1 > 2(ab + be + ca) 

Vay bat dang there dugc chung minh. Dang there xay ra khi va chi khi a = b = c = 1. 

Nhan xet: Ta co the chung minh ducrc bat dang thuc dung veri moi so thuc neu thay doi mot chut: 
a, + b + c + a, b c + 2 > 2 (ab + be + ca ) 

Theo nguyen li Dirichlet thi c 2 (a 2 -1 ) (b 2 - l) > 0 => a 2 b 2 c 2 + c 2 > b 2 c 2 + c 2 a 2 
Nen ta chi can chung minh 

a + b +2 + b c + c ci > 2 (ab + be + ca ) (u — &) + (be — 1 ) + (ca — l) >0 
Bat dang thuc nay hien nhien dung. Dang thuc xay ra khi va chi khi a = b = c = ±1 
Bai toan 3. Cho cac sd thuc duong a, b, c. Chung minh ring 

a 2 + b 2 + c 2 + 2abc + 3 > (a + l) (b + l) (c +l) 

Loi giai 

Sau khi nhan 2 ve cho 2 thi bat dang thuc tren tuong duemg vdi 

2 (a 2 + b 2 + c 2 ) + 2abc + 4 > 2 (ab + be + ca) + 2 (a + b + c) 

Theo bai toan 2 ta dugc a 2 + b 2 + c 2 + 2abc + 1 > 2 (ab + be + ca) 

Phep chung minh se hoan tat neu ta chi ra dugc 

a 2 + b 2 + c 2 + 3 > 2 (a + b + c) ^ (a -1 ) 2 + (b -1 ) 2 + (c -1 ) 2 > 0 

Bat dang thuc cuoi cung luon dung. Vay bai toan dugc chung minh. 

Dang thuc xay ra khi va chi khi a = b = c = 1 

Bai toan 4. Cho cac sd thuc duong a, b, c. Chung minh ring 

(a 2 + 2) (b 2 + 2) (c 2 + 2) > 3 (a + b + c) + (abc -l) 

Loi giai 

Bat dang thuc tren tuong duong vdi 

2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 4 (a 2 + b 2 + c 2 ) + 2abc + 7 > 9 (ab + be + ca) 

Theo bat dang thuc Cauchy thi 

2a 2 b 2 + 2 + 2b 2 c 2 + 2 + 2c 2 a 2 + 2 > 4ab + 4bc + 4ca 
Va 3a 2 + 3b 2 + 3c 2 > 3ab + 3bc + 3ca 

Ter do ket hgp vdi bai toan 2 ta suy ra dieu phai chung minh. 

Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai toan 5. Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 + abc = 4 
Chung minh ring: ab + be + ca - abc < 2 

Loi giai 

Du doan dau dang thuc xay ra tai a = b = c = 1 

Cach 1: Theo nguyen li Dirichlet thi 2 trong 3 so (a - 1) ; (b - l) ; (c - 1) cung dau. Khong mat tinh 
tong quat, gia ser (a - 1 ) (b - 1 ) > 0 thi 

c (a - 1 ) (b - 1 ) > 0 => abc > be + ca - c 






Mat khac ta co 4 = a 2 + b 2 + c 2 + abc > 2ab + c 2 + abc 

Suy ra 4 - c 2 > 2ab + abc <=> 2 - c > ab 

Suy ra 0 < ab + be + ca - abc <2-c + bc + ca- (be + ca - c) = 2 

Cach 2: Theo nguyen ly Dirichlet ta co c (a -l) (b -l) > 0 => abc > be + ca - c 

=> ab + be + ca - abc < ab + be + ca - (ac + be - c) 

=> ab + be + ca - abc < ab + c 
Ta di eh ung minh ab + c < 2 

a 2 + b 2 

Tvr a 2 + b 2 + c 2 + abc = 4 ta duoc a 2 < 4; b 2 < 4; ab <-< 4. 

2 

Mat khac cung tu a 2 + b 2 + c 2 + abc = 4 suy ra c 2 + abc + a 2 + b 2 - 4 = 0 
Xem dang there tren la la phuong trinh la bac hai theo bien c. 

Khi do ta duoc A = (ab) - 4 (a 2 + b 2 - 4) = (4 - a 2 ) (4 - b 2 ) > 0 
Do do phuong trinh co hai nghiem 



Do do ta duoc 



Vay bit ding thuc phai chung minh. 

Bai toan 6. Cho a, b, c la cac so thuc duong thoa man ab + be + ca + abc = 4 . Chung minh rang: 
a + b + c > ab + be + ca 

Loi giai 

Khong mat tinh tong quat, gia su hai so a -1 va b -1 cung khong am 
Khi do ta duoc c (a - l) (b -1) > 0 abc > be + ca - c 

Suy ra a + b + c + abc >a + b + c + ac + bc-coa + b + c + abc > (a + b) (c +1) 

Mat khac ta co 


4 = ab + be + ca + abc = c (a + b) + ab + abc < c (a + b) 



Suy ra c > —-1 => (a + b) (c + l) > 4 

Do do ta duoc a + b + c + abc > 4 nen ta co 

a + b + c + abc > ab + be + ca + abc 
Hay a + b + c > ab + be + ca. Vay bat dang thuc duoc chung minh. 
Nhan xet: Ta cung co the chung minh theo each sau day 




Theo nguyen U Dirichlet thi 2 trong 3 so (a —J$), (b - 1), (c - 1) ding dau, khong mat tinh tong 
quat, gia sit (a - l^j(b - 1 ) > 0 . 

Khi do c (a -l) -1) > 0 => c > ac + be - abc. 

Do do ta chi can chitng minh a + b > ab + abc 

A -nh 

Tit gia thiet ab + be + ca + abc = 4 suy ra c = - 


a + b + ab 

Thay vao bat dang thitc tren ta duac bat dang thitc tuong duong la: 


a + b > ab |l 4— Y ^ ( a + ( a + ^ + a ^) - (4 + a + bj <=> (a - b} >0 

Bat dang thitc tren hien nhien dung. Phep chitng minh hoan tat. 

Bai toan 7. Cho a, b, c la cac s6 thuc duong thoa man abc = 1. Chung minh ring: 

—— H—— H—— + 3 > 2(a + b + c). 
a 2 b 2 c 2 V ’ 


Loi giai 

Bat dang thuc duoc viet laila P = ^- + ^- + J ^- + 3- 2^a + b + cj>0 
Khong mat tinh tong quat gia su a -1 va b - 1 cung khong am. 

Khi do suy ra (a -1) (b - l) > 0 . Ta co 

P = — + — + — + 3-2(a + b + c) = f---l+ — + — -2(a + b + c) + 3 
a 2 b 2 c 2 1 ’ bj ab c 2 1 ’ 

= --- +2c + aV-2(a + b + c) + 3= --- + a 2 b 2 -2a-2b + 3 

la b J lab) 

-(H) + 2(a-l)(b-l) + (ab-l) 2 >0 

Vay bat dang thuc duoc chung minh. 


Bai toan 8. Cho a, b, c la cac so thuc duong. Chung minh rang: 

a + I-iYb + --l 

b 


■HR- 1 ) 


Loi giai 

Bat x = a + —; y = b + —; z = c + —, khi do bat dang thuc can chung minh duoc viet lai thanh 
b c a 

( x -1) (y -1) + (y -1) (z -1) + (z -1) (x -1) > 3 
Hay ta can chung minh xy + yz + zx > 2 (x + y + z) 

Theo nguyen li Dirichlet thi 2 trong 3 so (x — 2), (y - 2j,(z - 2) cung dau. 

Khong mat tinh tong quat, gia su (x - 2) (y - 2) > 0, suy ra 

xy + 4 > 2x 4- 2y => 2 (x + y + z) < 2z 4- xy + 4 






Lai co xyz = abc H-bx+y+z>2+x+y+z>2+ 2>/xy + z 

abc 

Suyra z(xy -lj > 2^-y/xy - lj => z^Jxy - lj > 2 

Tir hai bat dang there tren ta dugc 2 (x + y + z j < 2z + xy + 4 < xy + yz + zx 
Vay ta co dieu phai chung minh. Dang there xay ra khi va chi khi a = b = c = 1. 

Bai toan 9. Cho a, b, c la cac s6 there duong thoa man a + b + c = 3 . Chung minh ring: 

(a 2 - a + lj (b 2 - b + lj (c 2 - c +1 j > 1 

Loi giai 

Theo nguyen li Dirichlet thi 2 trong 3 so ^a — 1 j, ^b — 1 j, (c — 1) cung dau, khong mat tinh tong quat 
gia ser (b - lj (c -1 j > 0. Khi do ta dugc 

(b 2 - b +1 j (c 2 - c +1 j = be (b - lj (c -1 j + b 2 + c 2 - b - c +1 

>b ! + c 2 -b-c + l>i(b + c) 2 -(b + c) + l 

Do do ta dugc 

(a 2 - a + lj (b 2 - b +1 j (c 2 - c +1 j 

>(a 2 -a + lj ^(b + cj -(b + cj + lj = ^(a 2 -a + lj(a 2 -4a + 5j 
Nen ta chi can chung minh 

(a 2 - a +1) (a 2 - 4a + 5) > 2 <=> (a - lj 2 (a 2 - 3a + 3) > 0 

Bat dang thuc cuoi cung luon dung. Vay bat dang thuc dugc chung minh. 

Dang thuc xay ra khi va chi khi a = b = c = 1 

Bai toan 10. Cho a, b, c la cac s6 thuc duong thoa man abc = 1. Chung minh ring: 

a 2 +b 2 +c 2 +a + b + c>2 (ab + be + ca j 

Loi giai 

Theo nguyen li Dirichlet thi 2 trong 3 so (a -1 j, (b -1 j, (c -1) cung dau, khong mat tinh 
t6ng quat gia ser (a -1) (b -1 j > 0 => abc > ac + be - c. 

Theo bit ding thuc Cauchy ta co a + b + c > 3^/abc = 3 
Phep chung minh se hoan tat neu ta chi ra dugc 

a 2 + b 2 + c 2 + 3 > 2 (ab + be + ca j 

That vay ta co a 2 + b 2 + c 2 + 3 = a 2 + b 2 + c 2 + 2abc + 1 

Theo bat dang thuc Cauchy ta co a 2 + b 2 > 2ab; c 2 + 1 > 2c 
K6t hgp vbi abc > ac + be - c ta dugc 

a 2 + b 2 + c 2 + 3 > 2ab + 2c + 2 (be + ca - cj = 2 (ab + be + ca j 
Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 
Bai toan 11. Cho a, b, c la cac so thuc khong am bat ki. Chung minh rang: 






Loi giai 


Theo nguyen li Dirichlet thi 2 trong 3 so (a -1), (b -1), (c - 1 j cung dau. Khong mat tinh tong 
quat, gia su (a -1) (b -l) > 0 => ab > a + b -1. 

Vi vay de hoan tat bai toan ta chi can chung minh 

c^a + b —1^ + 2 + —j= |ja — 1^ + ^b — 1^ + ^c — l^J>a + b + c 

Hay ^a —+ (b-l) + (c -l) J > (a + b - 2^1 - c) 

Ap dung bat dang there Cauchy ta co 

> As/2 |(a + b-2)(l-c)| > ^(a + b-2)(l-c) 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 
Bai toan 12. Cho a, b, c la cac so thuc duong. Chung minh rang: 

2 fa 2 + b 2 + c 2 j + abc + 8>5(a + b + c) 

Loi giai 

Theo nguyen li Dirichlet thi 2 trong 3 so (a -1), (b -1), (c - l) cung dau, khong mat tinh 


t6ng quat gia su (a -1)(b -l) > 0 => abc > ac + be - c. 

Suy ra 2 (a 2 + b 2 + c 2 ) + abc + 8 > 2 (a 2 + b 2 + c 2 j + ac + be - c + 8 
Phep chung minh se hoan tat neu ta chi ra duoc 

2 (a 2 + b 2 + c 2 j + ac + be - c + 8 > 5 (a + b + c) 

That vay, bat dang tren tuong duong vdi 

( b + c _ 2 ) 2 + ( c + a _2) J +3 (a-l) 2 + 3(b-l) 2 + 2(c-l) ! >0 
Bat dang thuc tren luon dung. 

Vay bai toan duoc chung minh xong. Dang thuc xay ra khi a chi khi a = b = c = 1. 
Nhan xet: Hoan toan tuong tu ta co the tong quat hoa bai toan tren: 

a) . Cho a, b, c la cac so thuc duong. Chung minh rang: 

m ^fl 2 + 6 2 + c 2 j + abc + 3m + 2 > ^2 m +1 j + b + . 

Trong do m la so thuc cho truoc thoa man m > - 

2 

b) Cho a, b, c la cac so thuc duong. Chung minh rang: 

( 2m - 1)(a 2 + b 2 + c 2 ) + 2 abc +1 > 2 m(ab + bc + ca). 
Trong do m la so thuc cho truoc thoa man m> 1 

c) Cho a, b, c la cac so thuc duong. Chung minh rang ta luon co bat dang thuc: 





abc + a 2 + b 2 + c 2 + 2 > a + b + c + ab + be + ca 
d) Cho a, b, c la cac so thuc duong. Chung minh rang: 


2abc + a + b + c +13 > 6 (a + b + c ) 



Loi giai 


Theo nguyen li Dirichlet thi 2 trong 3 so (a - l), (b -l), (c -l) cung dau, khong mat tinh 
t6ng quat gia su (a -1) (b -1) > 0 => 3abc > 3ac + 3bc - 3c. 

Suy ra 5 (a 3 + b 3 + c 3 ) + 3abc + 9 > 5 (a 3 + b 3 + c 3 ) + 3ac + 3bc - 3c + 9 
Phep chung minh se hoan tat neu ta chi ra dugc 

5 (a 3 + b 3 + c 3 ) + 3ac + 3bc - 3c + 9 > 9 (ab + be + ca) 

<=> 5 (a 3 + b 3 + c 3 ) + 9 > 9ab + 6bc + 6ca + 3c 


That vay, ap dung bat dang thuc Cauchy ta co 

3c = 3^c 3 .l.l < c 3 + 1 +1; 6ca = 6^cV.l < 2c 3 + 2a 3 + 2 
6bc = 6^/b 3 .c 3 .l < 2b 3 + 2c 3 + 2; 9ab = 9^a 3 .b 3 .l < 3a 3 + 3b 3 + 3 


Cong ve theo ve cac bat dang thuc tren ta dugc 

5 (a 3 + b 3 + c 3 ) 4 


9 > 9ab + 6bc + 6ca + 3c 
xay ra khi va chi khi a = b = 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 
Bai toan 14. Cho a, b, c la cac s6 thuc khong am thoa man a + b + c = 1. Chung minh ring: 

9abc +1 > 4 (ab + be + ca) 

Loi giai 


f A f 

a — , 

b-i\ 


l 3/^ 

3/ 

l 3 J 


tinh tong quat gia su e 


> 0 => 9abc > 3ac + 3bc - 


Suy ra 1 + 9abc > 1 + 3ac + 3bc - c 

Phep chung minh se hoan tat neu ta chi ra dugc 1 + 3ac + 3bc - c>4(ab + bc + 
That vay bat dang thuc tren tuong duong vdi 

l>c + c(a + b) + 4ab <=>l>c + c(l-c) + 4ab 
<=>(l-c) > 4ab <=> (a 4-b) >4ab<=>(a-b) >0 
Vay bat dang thuc dugc chung minh xong. Dang thuc thuc xay ra khi va chi khi 


a = b = c = — hoac a = b = ; c = 0 va cac hoan vi 

3 ‘ 2 

Nhan xet: Hoan toan tuong tu ta co the chung minh bai toan: Cho a, b, c la cac so thuc khong dm thoa 
man a + b + c = k. Chung minh rang: 9 abc + k 3 > 4k [ab + bc + ca) 






Loi giai 


Theo nguyen li Dirichlet thi 2 trong 3 so (a - l) , — 1^, (c - l) cung dau, khong mat tinh 

tong quat gia su (a - l) (b - l) > 0 => a + b < 1 + ab = ——-. 

Do do ta duoc 


(a + l) (b +l) (c +l) = (l + a + b + ab) (c +l) = 2 (l + ab) (l - 


Ap dung bat dang thuc Bunhiacopxki ta co 


(l + a ) (l + b) (l + ab)ll + ^ (l + ab)ll- 


(l + ab) (a + b) (l + ab) (a + b) 


111 
(l + a) 2 + (l + bf + (l + cY 


(l + a)(l+ b)(l -t 


Nhu vay bat dang thuc ban dau duoc chung minh. Dang thuc xay ra khi a = b = C = 1 
Bai toan 16. Cho a, b, c la cac so thuc duong thoa man abc = 1 . Chung minh rang: 

1 1 1 1 


(a +1) (b +1) (c +1) 


Trade het ta chung minh - 


(a + l) (b + l) 


That vay, bat dang thuc tren tuong duong vdi 


(ab +l)f(a + l)~ + (b +1) j > (a +1)~ (b +1) ab (a — b) + (ab — l) 


Nhu vay bat dang thuc tren duoc chung minh. 

. ; 1 c „ 1: 1 . c 

Ma ta co-=- nen ta co-- H-- >- 

i + ab 1 + c ( a + 1 ) (b + l) 1 + c 

Phep chung minh se hoan tat neu ta chi ra duoc 

cl 1 





Theo nguyen li Dirichlet thi 2 trong 3 so (a -l), (b -1), (c -1) cung dau, khong mat tinh 

tdng quat gia su (a -l) (b -l) > 0 => a + b < 1 + ab = ——. 

Khi do ta dirge 

c 1 | 1 ^ c 1 | 1 _ c(c + l) + l + c _ 

l + '= + (c + l) !+ a + b + c + l'l + ': + (c + l) 2 + £±i + c + 1 (c+l) 2 

c 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai toan 17. Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh rang: 

a + 3 b + 3 c + 3 
-y +-y +-- > 3 

(a +l) (b + l) (c +l) 

Loi giai 

Trudc tien ta chung minh 2 bo de sau: 

111 2 
Bo de 1.-1-1->-h 1 

1 + a 1 + b 1 + c 1 + a + b + c 

B6 d6 2. --—- +- —- +- 1 —- +---> 1 

(l + a) (l + b) (l + c) a + b + c + 1 

+ B6 de 1: Bit ding thuc tren tuong duong vdi 

3 + ab + be + ca + 2 (a + b + c) 3 + a + b + c 
---a + b + c > 3 

2 + ab + be + ca + a + b + c 1 + a + b + c 

Banh gia cuoi cung luon dung vi theo bat dang thuc Cauchy thi 

a 2 + b 2 + c 2 > 3-\/a 2 b 2 c 2 = 3 

Vay bo de 1 duoc chung minh. 

+ Bo de 2: Theo nguyen li Dirichlet thi 2 trong 3 so (a -l), (b -l), (c -1) cung dau, khong mat 

tinh tong quat gia su (a -1) (b -1) > 0 => ° + ^ = ab + l>a + b. 
v ’ c 


1 1 

-2~ ^-" 

(l + a) (l + b) 

1 1 


1 

1 + ab 


-1) + (a - b) >0 (dung) 


Do do ta duoc 


Suy ra 
1 


(l + a) (b + l) 
11 1 


1 + ab c + l 


(l + a) 2 (l + b) 2 (l + c) 2 


a+b+c+1 c+l 


( c + 1 ) 


Vay bo de 2 duoc chung minh. 

Trd lai bai toan thi bat dang thuc can chung minhtuong duong vdi 

1112 2 2 


(a +1) 2 (b + lf (b + l) 2 


1+a l+b l+b 




Ma theo bo de tren ta co 

1112 2 2 
1 + a 1 + b 1 + b ( a + l) 2 (b + l) 2 (b + l) 2 


-+1>2=1=3 


( a + l) 2 (b + lf (b + l) 2 a + b + c +1 

Vay bat dang there duoc chung minh. Dang there xay ra khi va chi khi a = b = c = 1 
Bai toan 18. Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 1. Chung minh ring: 

(b + c-a) (c + a-b) (a + b-c) 3 

a 2 + (b + c) b 2 + (c + a) c 2 + (a + b) 5 

Loi giai 

Chu y den gia thiet ta viet lai bat dang thuc thanh 

(l - 2b) 2 (1-2 c)^ 3 

a 2 +(b + c) b 2 +(c + a) c 2 +(a + b) 5 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc 

(l - 2b) 2 (l~2c) 2 (2-2b-2c) 2 2a 2 


b 2 +(c + a) c 2 +(a + b) b 2 +c 2 +(l-a) +(l-b) b +c +a 

2a)_ (l - 2a) 2 ^ 3 

(be 


Ta quy bai toan ve chung minh 


b 2 + c 2 + a 


- > — 
5 


Theo nguyen li Dirichlet thi 2 trong 3 so | a - — 


ll ( -lU 1 

3y l 3 ) { 3 


cung dau, khong mat 


tinh tong quat gia su|b--^-||c-^-|>0=>b 2 +c 2 <|b + c- -^ + ^. 


Do do ta duoc - 


18a 2 


2 1 

-- + ^ 

3 9 


9a 2 - 3a + 5 


Suy ra 


2a 2 (l - 2a) 2 ^ 18a 2 (l~2a) 2 


f (b 4 


9a -3a+ 5 


( b + 


De dang chung minh duoc 


2 18a -+ ^ 2 > 3 o (3a - if (l7a 2 - 8a + 5) > 0 

9a - 3a + 5 a 2 + + 5 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = ^. 

Qua mot so bai toan tren, ta thay rang nguyen li Dirichlet khong nherng co erng dung trong viec 
giai toan rbi rac, cac bai toan ve so hoc, to hop, ... ma con rat co hieu qua trong viec chung minh mot so 




bai toan ve bat dang thuc, trong mot so trubng hop cho ta lbi giai vo cung dep de va trong sang, gop phan 
trong viec nang cao tu duy va tao su hung thu cho cac hoc sinh yeu thich mon toan. Hy vong rang, vdi 
suy nghT va nhung vi du tren se gop phan bo sung them kien thuc va kinh nghiem trong viec chung minh 
bat dang thuc. 



Chu de 8. 

PHlTONG PHAP HE SO BAT DINH TRONG CIII NG MINH BAT DANG DANG TIIIC 

Co bao nhieu dieu bi an ma ban chua biet den ?! Cau tra ldi la rat rat nhieu va doi khi ban cam thay 
buc boi, kho chiu khi khong the tim ra mot lbi giai thich thoa dang cho bi an nao do. Nhung ban hay quan 
niem rang dang sau bat ki mot dieu gi luon ham chua mot y nghTa nhat dinh. Va cung khong phai ngau 
nhien ma su li giai lai dupe hinh thanh. Trong the gidi bat dang thuc cung vay. Doi khi ban khong the 
hieu dupe tai sao ngudi ta lai co the tim ra mot ldi giai trong co ve “ki cue” nhu the !!! Phai chang la lan 
mb va may rui lam mdi tim ra dupe ? 

Cau tra loi lai mot lan nua dupe nhac lai la mdi loi giai deu co su giai thich cua rieng ban than no. 
Viec tim ra loi giai do phai di qua mot qua trinh lap luan, thu, sai va dung. Trong bai viet nho nho nay 
chung toi muon gioi thieu den cac ban mot ki thuat co ban nhung khong kem phan hieu qua trong viec 
chung minh mot so dang cua bat dang thuc. No khong giup ta giai quyet tat ca cac bai toan ma chi giup ta 
tim ra nhung ldi giai ngan gon va an tupng trong mot ldp bai torn nao do. Mot so bai toan tuy de doi vdi 
phuong phap nay nhung lai la kho doi vdi ky thuat kia. Day cung la dieu hien nhien va de hieu. 

1. Vi du md dau 



Loi giai 

Bat dang thuc can chung minh dupe viet lai thanh 

1 1 1 2a 2 2b 2 2c 2 

- 1 - 1 - 1 - 1 - 1 - 

a 2 b 2 c 2 3 3 3 

Ta chung minh bat dang thuc sau day 

1 _ 2a 2 > 7 2a 
a 2 3 “ 3 3 

That vay, bat dang thuc tren tuong duong vdi 


Hien nhien dung vdi a la so thuc duong. 

- , 4 1 2b 2 7 : 

Ap dung tuong tu ta dupe —- +->- 

b 3 3 

Cong theo ve cac bat dang thuc tren ta dupe 


1 1 1 2a 2 2b 2 2c 21 a + b + c I 

— + — + —+-+-+-> 7- v - = 5 

a 2 b 2 c 2 3 3 3 3 

Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Chung ta se khoi dau ky thuat nay bang viec dua ra each giai thich cho viec tim ra bat dang thuc 
phu tren va no cung chinh la each giai thich cho cac bai toan sau nay cua chung ta. 

Bai toan tren cac bien trong ca hai ve va dieu kien deu khong rang buoc nhau dieu nay khien ta 
nghi ngay se tach theo tung bien de chung minh dupe don gian hon neu co the. Nhung ro rang chi tung 
do thoi la khong du. De y den dau dang thuc xay ra nen ta nghi den chung minh bat dang thuc sau 




1 2a 2 ^ 5 _ ( a - 1 )( a + 1 )( 2a2 - 3 ) 10 

a 2 3 3 3a 2 

Tuy nhien danh gia tren khong hoan toan dung vdi a thuc ducmg. 

Be y la vdi each lam tren ta chua sd dung dieu kien a + b + c = 3 . 

Nhu vay ta se khong di theo ducmg loi suy nghi don gian ban dau nua ma se di tim he so de bat 
dang thuc sau la dung 

1 2a 2 5 M 

a 2 3 3 W 

Trong domvan la cac he so chuaxac dinh. 

Thiet lap tuong tu vdi cac bien b va c ta duoc 

1 2b 2 5 , 1 2c 2 5 

-1-> — + mb + n; — +-> — + me + n 

b 2 3 3 c 2 3 3 


> 5 + m (a + b + c) + 3n = 5 + 3 (m + n) 


Cong theo ve cac bat dang thuc tren ta co 

1 1 1 2a 2 + 2b 2 + 2c 2 

—+ —- + —+- 

a b c 3 

Nhu vay d day 2 he so m va n phai thoa man dieu kien m + n = 0<^>n = -m. Thd vao (1) din ddn 

(*) 

Den day ta chi can xac dinh he so duy nhat la m de bat dang thuc (2) la dung. Chu y dang thuc xay 
ra tai a = b = c = 1 nen ta can xac dinh m sao cho 


hi)(2a 2 -3) 


> —+ m(a-l)o(a-l] 
a 2 3 3 \ J \ ) 

(a + l)(2a 2 - 3) 2 2 , 

Khi cho a = 1 thi ta co-—-- = — tu do ta du doan rang m = — de tao thanh dai 

3a 3 3 

luong binh phuong (a -1) trong bieu thuc. Tu do ta se chung minh bat dang thuc phu 


a 2 3 3 3 

Bai toan 2. Cho a, b, c la cac sd thuc ducmg thoa man a + b + c = 3 . Chung minh ring: 

5a 3 - b 3 5b 3 - c 3 5c 3 - a 3 


ab + 3a 2 be + 3b 2 ca + 3c 2 


- < 3 


Loi giai 

5a 3 - b 3 

Ta di chung minh bit ding thuc-- < 2a - b 

ab + 3a 

That vay, dd drag chung minh duoc a 3 + b 3 > ab (a + b), ta bidn ddi tuong ducmg bit ding thuc ben 
nhu sau 

a 3 + b 3 > ab (a + b) <=> 5a 3 - b 3 < 6a 3 - ab (a + b) 

<=> 5a 3 - b 3 < a^6a 2 - ab - b 2 ) <=> 5a 3 - b 3 < a (2a - b)(3a + b) 

5a 3 - b 3 ^ . . 

<»-- < 2a - b 


ab + 3a" 




Hoan toan tuong tu ta dugc —-< 2b - c; —-< 2c - a 

be + 3b ca + 3c 

Cong theo ve cac bat dang thuc tren ta dugc 

5a 3 - b 3 5b 3 - c 3 5c 3 - a 3 , _ 

-- +-- +-- < a + b + c = 3 

ab + 3a be + 3b ca + 3c 

Vay bat dang thuc dugc chung minh. Dang thiic xay ra khi a = b = c = 1. 

Nhan xet: Hoan toan tuong tu nhu bai toan tren, ta di tim he sb m, n sao cho bit ding thuc 


< ma + nb dung, vdi m + n = l<=>n = l- m. 


5a 3 - b 3 
ab + 3a 2 

Ta vibt lai bit ding thuc tren thanh 
5a 


b t + 3t 2 ' ' 


a 3a 

—i- 

b b 2 


a 

b 


De y den dang thuc xay ra tai a = b = c tuc la xay ra tai t = 1, khi do ta can xac dinh m sao cho 


—-|<m(t-l) + l»(t-l) 

t + 3t 2 1 ; V 'It 


5t + 2t + 1 


Cho t = 1 thi ta dugc 


5t 2 + 2t + 1 
t + 3t 2 


= 2 nen ta chgn m = 2 va tu do ta dugc n = -1. Khi nay ta 


di chung minh bat dang thuc -- < 2a - b 

ab + 3a 

Chac chan ngay khi dgc lbi giai cho cac bai toan nay ban co phan lung tung va khong hieu tai sao 
lai co the tim ra bat dang thuc phu mot each “kho hieu” nhu vay. Phai chang do la du doan mot each may 
man. Hoac cung co ngubi se nghi bai toan tren dugc tao ra tu chinh bat dang thuc phu do. Cau tra lbi la 
hora toan khong phai. Tat ca deu di theo mot qui luat cua nb. 0 cac phan tiep theo chung toi se phan tich 
ve mot ky thuat phan tich giup tim ra cac bat dang thuc phu va mb rong van de nay theo chieu hubng kha 
mbi me. Ky thuat nay co ten la U.C.T, la viet tat cua 3 chu cai dau cua cum tu tieng Anh Undefined 
Coefficient Technique hay con ggi la ky thuat he so bat dinh. Day la mot ky thuat co ban va la nen tang 
quan trpng tren con dubng tim kiem lbi giai cho nhung bat dang thuc kho. 

2. Mot so bai toan ap dung phirung phap he so bat dinh 

Co the noi vbi phuong phap he so bat dinh ta co the giai quyet dugc mot lbp cac bat dang thuc 
ma b do cac bien doc lap vbi nhau. Dubi day la mot so bai toan ap dung phuong phap he so bat dinh. 


Bai toan 1. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang 

+ + - <1 

a+b + c b+c + a c+a + b 


Loi giai 


0 day ta can tim m de bat dang thuc dubi la dung 
1 1 


1 / \ a(a-l) 

9 < — + m(a -1) - r -^- 

a 2 - a + 3 3 v ’ 3a 2 -a + 3 


< m(a -1 




Tuang tu nhu tren ta du doan rang vdi m = - — thi bat dang thiic phu dung. That vay 

1 r 4 a u o r ( a ~ 1 )' ( 3 ~ a ) u 0 , ( a ~ 1 ) 2 ( b + c ) 


a 2 - a + 3 9 9 

Hoan toan tucmg tu ta dugc 


b 2 - b + 3 9 9 c 2 - c + 3 9 9 

Cong theo ve cac bat dang thiic tren ta dugc 

1 1 1 4 a + b + c .. 

—-+ —-+ —-<-= 1 

a 2 +b + c b 2 +c + a c 2 +a + b 3 9 

Vay bat dang thiic dugc chiing minh. Dau dang thiic xay ra tai a = b = c = 1. 


Bai toan 2. Cho a, b, c la cac s6 thuc duong thoa man a 3 + b 3 + c 3 = 3 . Chung minh ring 

4 fH + f ) +5 ( a2+b2+c2 )- 27 


Ta can tim he so m sao cho 


— + 5a >9 + m a -l <=>- 


Loi giai 

a, - 1^5a 2 + 5a - 4j 


> m (a - l)(a 2 + a +1) 


Ta de dang nhan ra dang thiic xay ra khi va chi khi a = b = c = 1. 

Khi cho a = 1 thi ta co the du doan rang m = 2. Ta se chiing minh rang vdi m = 2 thi bat dang 
thiic phu tren la dung. That vay 


- + 5a 2 > 7 + 2a 3 <=> 


(a — 1^ 2a + a + 4j 


> 0 


Do a < ^3 ^ -2a 2 + a + 4 > 0 . Vay bat dang thiic phu tren la dung. 

Hoan toan tuang tu ta dugc 

— + 5b 2 > 7 +2b 3 ; — + 5c 2 > 7 + 2c 3 
b c 

Cong theo ve cac bat dang thiic tren ta dugc 

4 ( rre ) +5 ( a!+b2+c! )- 21+2 ( a3+bS+ ° s ) =27 

Vay bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a = b = c = 1 


- > 7 


Bai toan 3. Cho a, b, c la cac sd thuc duong thoa man a 2 + b 2 + c 2 = 3. Chung minh ring 

111 4(a + b + c) 

- + — + - + — -- ' 

a b c 3 

Lol giai 

Ta can tim he so m sao cho 

— + — > m ^a 2 -1 j + — <^> 3ma 3 - 4a 2 + (7 - 3in) a - 3 < 0 





Du doan la dang there xay ra tai a = b = c = 1, khi do ta tim duoc m = —. Nhu vay ta di chung minh 

6 

bit ding thuc 

i + f 4 ( a , - 1 ) + 5 °( a - 1 ) , ( 6 - a ) S0 

Bat dang thuc cuoi cung luon dung vi tu a 2 + b 2 + c 2 = 3 ta duoc 0 < a. b. c < . 

Hoan toan tuong tu ta duoc 

1 4b 1 ( u2 A 7 1 4c 1 / 2 7 

b 3 6 l f 3 c 3 6' ' 3 

Cong theo ve cac bat dang thuc tren ta duoc 

111 4(a + b + c) 

- + — + - + — -> 7 

a b c 3 

Vay bat dang thuc duoc chung minh. 

Bai toan 4. Cho cac so thuc duong a, b, c thoa man a + b + c = 3 va lam cho cac biiu thuc cua bit ding 
thuc luon xac dinh. Chung minh rang: 

Va 2 + a -1 + Vb 2 + b -1 + Vc 2 +c-l < 3 

Lol giai 

Bieu thuc P xac dinh khi va chi khi a, b, c > . Du doan diu ding thuc xiy ra tai 

a = b = c = 1. 

Khi do ta di tim m de bat dang thuc sau dung 


Va 2 + a -1 < ma - — 

2 

3 

De y dang thuc xay ra tai a = 1 khi do ta tim duoc m = —, tuc la ta can phai chung minh duoc 

n-7 / 3a -1 

V a + a -1 <- 

2 

™ tvfy ,ac6 V777H - P JEII. 3^ 

Chung minh tuong tu ta duoc 

/Ti——— ^ 3b -1 r 2 -7 ^ 3c- i 

Vb + b-1 <-; Vc +c-l< - 

2 2 

Cong theo ve cac bat dang thuc tren ta duoc 

/—- i— - i— - 3(a + b + c) - 3 

va" + a -1 + Vb +b-l + Vc+c-l< —----= 3 

2 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 


Bai toan 5. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang 

1 1 I 


a - a + 3 b-b + 3 c-c + 3 





Loi giai 

Vi a, b, c la cac so thuc duong thoa man a + b + c = 3 . Do do ta duoc a, b, ce|0; 3 j. Du doan dang 

thuc xay ra tai a = b = c = 1. 

Ta can tim m de bat dang thuc sau dung 


De y la dang thuc xay ra tai a = 1, khi do ta tim duoc m = — 


1 ^ 4 
—-< ma + — 

a - a + 3 9 

1 


1 a 4 

Khi do ta di chung minh -<-1— 

a 2 — a + 3 9 9 

Bien doi tuong duong bat dang thuc tren ta duoc 

^^ <=> (4 - a) (a 2 - a + 3) > 9 <=> (a - 3) (a -1) 2 > 0 
B — b + 3 9 

Bat dang thuc cuoi cung dung viae ^0; 3j. 

1 4-b 1 4-c 

Chung minh tuong tu ta duoc —- <-; — <- 

'b 2 -b + 3 9 c 2 -c + 3 9 

Cong theo vd cac bit ding thuc tren ta duoc 

l 1 i 12-(a + b + c) 

- 1 —- 1 - —-<--- - = 1 

a 2- a + 3 b“ - b + 3 c 2— c + 3 9 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = C = 1. 

Bai toan 6. Cho a, b, c la cac s6 thuc duong thoa man di6u kien a 2 + b 2 + c 2 = 1. 

Chung minh rang: 

a b c > 3\/3 

b 2 + c 2 c 2 + a 2 a 2 + b 2 _ 2 

Loi giai 

Tu gia thiet a 2 + b 2 + c 2 = 1, ta duoc 


a + b + c _ a + 4) + c 

b 2 + c 2 c 2 + a 2 a 2 + b 2 1 - a 2 1 - b 2 1 - c 2 


3V3 2 

-a" 

2 



> 0 


Tir do suy ra 


a > 3V3 2 
1 - a 2 _ 2 


chung minh tuong tu ta duoc 


b ^ 3V3 ^2. c ^ 3V3 ^2 

l-b 2_ 2 ’ 1-c 2 “ 2 

Cong cac bat dang thuc tren theo ve ta duoc 

a b c > 3 ^(a 2 +b 2 +c 2 j ^ 3^/3 

1 - a 2 1 - b 2 1 -c 2- 2 ~ 2 




Vay bat dang thiic tren dugc chiing minh. Dau dang thiic xay ra khi a = b = c = 




Bai toan 7. Cho a, b, c la ba s6 thvrc duong thoa man a + b + c = 3 . Chung minh ring : 

— + — + — > a 2 + b 2 + c 2 
a 2 b 2 c 2 


Loi giai 

Du doan dang thiic xay ra tai a = b = c = 1. 

Ta co nhan xet, n6u co mot trong ba s6 a, b, c thuoc khoang ^0; , chlng han 0 < a < ^ thi ta co 

111 / \2 2 2 2 

— H—— + — > 9 = |^a + b + cj > a + b + c nen bai toan dugc chiing minh, do vay ta chi xet 
a 2 b 2 c 2 


Khi do ta di tim he so m de bat dang thiic sau dung-a > m (a -1), Be y la khi a = 1 thi 

a 2 V ’ 

dang thiic luon xay ra vbi mpi m, do do de chgn dugc m lay gia tri ciia a cang gan 1 crag tot va ta chgn m 
sao cho dang thiic gan xay ra, bang each do ta chgn dugc m = -4 la gia tri tot nhat. 

, , 1 2 

Ta di chiing minh bat dang thiic —- - a > -4a + 4 

cl 

That vay, bat dang thiic tren tuong duong vdi 


^--a 2 +4a-4>0<=> 


M 2 [ 2 -(a^) 2 ' , 


1 2 1 2 

Hoan toan tuong tu ta duoc-b > -4b + 4;-c > -4c + 4 

b 2 c 2 

Cong theo ve cac bat dang thiic tren ta dugc 

- (a 2 +b 2 +c 2 j>-4^a + b + cj + 12 = 0 
a 2 b 2 c 2 ' ' 

Vay bat dang thiic tren dugc chiing minh. Dau dang thiic xay ra khi a = b = c = 1. 


<1 


Bai toan 8. Cho a, b, c la ba so thuc duong thoa man a + b + c = 3. Chiing minh rang: 
111 
4 - ab 4 - be 4 - ca 

Loi giai 

Ta chua the sii dung phuong phap he so bat dinh cho bai toan nay ngay dugc, ta can phai bien doi 
nhu the nao do de dua bai toan da cho ve dang cac bien doc lap vdi nhau 

b r 


Ap dung bat dang thiic ab < 


, khi do hoan toan tuong tu ta dugc 


4 - ab 4-be 4 - ca g-(a 2 +b 2 ) 8-(b 2 +c 2 ) 8-(c 2 +a 2 ) 





Tiep theo dat x = (b 2 + c 2 j ; y = (c 2 + a 2 j ; z = (a 2 + b 2 j thi ta duoc 
x + y + z < 4 (a 4 + b 4 + c 4 j = 12 


Bai toan quy ve chung minh - 


-7= +- r ~ “• 

-Vx 8~\Jy 8 -Vz 2 


Ben day ta chung minh bat dang thuc ——m < -V—(x - 4) + —. That vay bat dang thuc tuong duong 
8 - Vx 144 v > 6 


(x-4) < 0 <=> 

144 V / 


(x-4) (Vx- 4j 


6 (W + 2 )(8-W) 144' 144(Vx + 2 ) 2 ( 8 - Vx) ~ 

Vi x + y + z < 12 nen x e (0; 12) do do bit ding thuc tren hoan toan dung. 

Tuong tu ta duoc —< _L_(y -4) + —; ——pi; < -V— (z - 4) + — 

' 8-VV 1441 ' 6’ 8 _V; 144' ' 6 

Cong theo ve cac bat dang thuc tren ta duoc 

- j= H- j= H- j= <-(x + y + z — 12) + 3. — < — 

8 - Vx 8 - yfy 8 - Vz 144 6 2 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi x = y = z = 4 hay a = b = c = 1. 


>2 


Bai toan 9. Cho a, b, c, dla cac so thuc duong thoa man a + b + c + d = 4. Chung minh rang 
1111 
a 2 + 1 b 2 + 1 c 2 + 1 d 2 + 1 

Loi giai 

Ta se xac dinh he so m de bat dang thuc sau la dung 

2 / \ (a — 1) (a +1) , . 

—-> 1 + m(a -1) <=> -1- P -- > m(a -1) 

a 2 +1 v ’ a 2 +1 v ’ 

<=> (a - l)f- a + - m^l > 0 

v \ a +1 

Be y la dang thuc xay ra tai a = 1 , khi ta tim duoc m = —1. 

, , 2 

Ta di chung minh bat dang thuc sau dung —-> 2 - a 

a +1 

That vay 

2 a (a -l) 

— >2-a«-V-^^° 

a +1 a +1 


Hoan toan tuong tu ta duoc 


-p- >2-b; >2-c; >2-d 

b 2 + 1 c 2 + 1 d 2 + 1 


Cong theo ve cac bat dang thuc tren ta duoc 




- 1 - 1 - 1 -^ 2 

a 2 +1 b 2 +l c 2 +l d 2 +l 

Vay bat dang thuc dugc chung minh. Dang thuc xay rakhi va chi khi a = b = c = d = l. 
Nhan xet: Ta co the sit dung ky thuat “Cauchy nguac dau ” de tint ra bat dang thuc phu tren 

= ° 2 >i- 0 %i-- 

a +1 a, +1 2 a 2 


Bai toan 10. Cho bon so duong a, b, c, d thoa man a + b + c + d = l. Chung minh rang: 

1 
8 


Du doan dang thuc xay ra tai a = b = c = d = — 

4 


Loi giai 

1 


Ta can tim he so m sao cho bat dang thuc sau dung 6a d - a 2 > ma- 

8 

1 5 

De y dang thuc xay ra tai a = —, ta chon dugc m = —. 

' 3 2 5 1 r t 

Khi do ta can chung minh 6a —a > — a-. That vay, bat dang thuc tuong duong voi 


-^]- 0o ^( 4a - i ) 2 ( 3a+i )- 0 


Bat dang thuc tren luon dung do a > 0. 
Hoan toan tuong tu ta dugc 


6b 3 - b 2 > — b - —; 6c 3 -c 2 >-c--; 6d 3 -d 2 >-d-- 
8 8 8 8 8 8 


Cong theo ve cac bat dang thuc tren ta dugc 


6(a 3 +b 3 +c 3 +d 3 )-(a 2 +b 2 +c 2 +d 2 )>i 


Vay bat dang thuc dugc chung minh. 


Bai toan 11. Cho a, b, c, d la cac so thuc duong thoa man a 2 + b 2 + c 2 + d 2 = 4. Chung minh rang: 

2 (a 3 + b 3 + c 3 + d 3 j > 24-,=^2 + ab + ac + ad + be + bd + dc 
v 2 


Loi giai 

Theo bai ra a, b, c, d la cac s6 thuc duong thoa man 
a 2 + b 2 + c 2 + d 2 =4 

<=> (a + b + c + d) 2 =2(2 + ab + ac + ad + be + bd + cd) 
<=> (a + b + c + d) = ^ 2(2 + ab + ac + ad + be + bd + cd^ 
Bat dang thuc can chung minh tuong duong voi 

2 (a 3 + b 3 + c 3 + d 3 ) > 2 + | (a + b + c + d) 

Ta can xac dinh he so m de bat dang thuc sau dung 





De dang du doan dugc m = — . Ta se chung minh bit ding there 


±t + m(a-l)Q ^ a + 1 ^ a > m(a-l) 

ninh bit ding there 
3a+ 1 9(a-l) 


That vay 


2a J > + 0 2 (a - if (a + 2) > 0 


Vay bat dang there tren dung. 

Hoan toan tuang ter ta dugc 

2b» S Jl±i + !M 2 c3> 3c ± 1 + !M ;2d » > 3d±i + !(M 
2 2 2 2 2 2 
Cong theo ve cac bat dang thuc tren ta dugc 


2(a 3 + b 3 + c 3 + d 3 )>2 + |(a + b + c + d) 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = d = l 


Bai toan 12. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 


a 2 + 3ab + b 2 b 2 + 3bc + c 2 c 2 + 3ca + a 2 5 


Loi giai 

Du doan dau dang thuc xay ra tai a = b = c = 1. 

Ta di tim he so m, n sao cho bat dang thuc sau dung 


a + 3ab + b 


> ma + nb 


2 1 

D6 y din ding thuc xiy ra tai a = b = 1 ta tim dugc m = —; n =- 


Khi do ta di chung minh - 


a + Sab + b 5 
That vay, ta co bien doi sau 

a 3 a + 3a b + ab — ^3a b + ab j 3a 2 b + ab 2 

a 2 + 3ab + b 2 a 2 + 3ab + b 2 a 2 + 3ab + b 2 

Theo bat dang thuc a 2 + b 2 > 2ab, do do ta co 

3a 2 b + ab 2 ^ ab(3a + b) _ 2a-b 
' _a " ‘ 5 


5ab 


a + Sab + b a + Sab + b 

Ap dung tuong tu ta dugc 

b 3 2b - c c 3 2c - a 

b 2 + 3bc + c 2 5 c 2 + 3ca + a 2 5 
Ter cac bat dang thuc tren ta suy ra 




a 3 b 3 c 3 a + b + c 3 

-1-1-^ - — — 

a 2 + 3ab + b 2 b 2 + 3bc + c 2 c 2 + 3ca + a 2 5 5 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 
Bai toan 13. Cho a, b, c la cac so thuc khong am thoa man abc = 1. Chung minh rang: 

a 3 + b 3 b 3 + c 3 c 3 + a 3 


a + ctb + b 


i- be -+ 


- > 2 


c + ca + a 


Lol giai 

Ta co bien doi bieu thuc nhu sau 

a 3 +b 3 _ (a + b)(a 2 -ab + b 2 ) 

a 2 + ab + b 2 a 2 + ab + b 2 

De dang chung minh dugc a 2 - ab + b 2 > ^ ^a 2 + ab + b 2 j 

That vat, bat dang thuc tren tuong duong vdi 

3 (a 2 - ab + b 2 ) > a 2 + ab + b 2 <=> a 2 - 2ab + b 2 > 0 <=> (a - b) >0 

Ap dung bat dang thuc vua chung minh tren ta dugc 

a 3 + b 3 1/ 

—-- = - a + b 

a + ab + b 3 ^ ' 

Ap dung tuong tu ket hgp voi bat dang thuc Cauchy ta dugc 

a 3 +b 3 b 3 +c 3 c 3 +a 3 2/ , \ „ 3 nr- „ 

—^-- + —-- + —-- > — (a + b + c) > 2^/abc = 2 

a + ab + b b + be + c c + ca + a 3 v ’ 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi a = b = c = 1. 


3. Ki thuat doi bien va phuung phap he so bat dinh 

Bay gib chung ta se bubc sang mot khoang khong gian mbi vbi lbp bat dang thuc doi xung ba bien 
va ki thuat doi bien theo hubng chuan hoa ket hgp voi phuong phap he so bat dinh. 

Bai toan 1. Cho a, b, c la cac sb thuc khong duong. Chung minh ring: 

a + b + c > 3 
b+c c+a a+b 2 
Loi giai 

Chia ca tir va mau cua mbi phan thuc cho a + b + c. 

3a 3b 3c 

Khi do ta dat x =-; y =-; z =-thi duoc x + y + z = 3. Bat dang 

a+b+c a+b+c a+b+c 

thuc can chung minh trb thanh 



y+z z+x x+y 2 

Bai toan tren tuong duong vbi bai toan: Cho a, b, c la cac sb thuc duong thoa man a + b + c = 3. 


_ , . , i a b c 3 

Chung minh rang-1-1-> — 

b+c c+a a+b 2 

Cach doi bien nhu tren ta ggi la chuan hoa. 

Bai toan qui ve viec chung minh 





a b c > 3 
3 - a 3 - b 3 - c 2 
Ta can tim he so m de bat dang there dung 

a > - + m(a-l) <=> —I-1 > m(a-l) 

2(3 -a) 

xc vdi m nhi 

a 3a -1 3 (a -l) 


De dang du doan m = —. Ta chung minh bat dang there vdi m nhu vay thi luon dung 
4 


3 - a 


4 ( 3 - 


->0 


a 


Hoan toan tuong ter ta dugc 
Cong theo ve cac bat dang there tren ta dugc - 


Dieu nay hien nhien dung. 

fc > 3b-1 _cb_> 3c-l 
-ISIP 4 ’ 3 - c _ 4 

b c > 3 
3 - a 3-b 3-c “ 2 

Vay bat dang there dugc chung minh. 

Bai toan 2. Cho a, b, c la cac so thuc khong am. Chung minh rang 

(b + c-a) (a + c-b) (a + b-c) 3^a 2 +b 2 +c 2 j 
2a + (b + c) 2b + (a + c) 2c + (b + a) (a + b + c) 

Loi giai 

Tuong tu nhu bai toan tren ta co thi chgn a + b + c = 3 . Khi do bit ding thuc cin chung minh 
tuong duong vdi 


2 (3-2a) 2 2 (3-2b) 2 2 (3-2c) 2 


a - 2a + 3 b - 2b + 3 c - 2c + 3 
Ta can xac dinh he so m de bat dang thuc sau la dung 


> a 2 + b 2 + c 2 


2 (3-2a) 2 


a-i) 


2(3 -2a) 2 2 _ (a-l)(a + 3)(a 2 -4a + 6) 

a 2 - 2a + 3 a 2 - 2a + 3 

Ter day de dang du doan vdi m = -6 thi bat dang thuc phu tren la dung. That vay 

2(3 - 2a) 2 _ . . (a-l) 2 (6-a)a 

1 -— > a 2 - 6(a -1) <=> -- ’ K -^->0 

a 2 - 2a + 3 v ' a 2 - 2a + 3 

Dieu nay hien nhien dung do a e (0,3). 

Hoan torn tuong tu ta dugc 

2 ( 3 - 2b) 2 . . . 2(3 -2c) 2 . . . 

4- >b 3 - li l, :j: -^>c 2 -6 c-l) 

b 2 - 2b + 3 V ’ c 2 -2c + 3 V ’ 

Cong theo vi cac bit ding thuc tren ta dugc 




2(3 -2a) 2 2 (3 - 2b) 2 2(3 -2c) 2 „ _ . 

v - ’ + v - ’ + v -> a 2 + b 2 + c 2 

a 2 - 2a + 3 b 2 - 2b + 3 c 2 - 2c + 3 
Vay bat dang thuc dirge chung minh. Dang thuc xay ra khi va chi khi a = b = c. 



Loi giai 

Tucmg tu nhu bai toan tren ta co th6 chon a + b + c = 3 . Khi do bit ding thuc cin chung minh 
tuong duong vdi 


a (3- a ) | b(3-b) | c(3-c) 

9 - 6a + 2a 2 9 - 6b + 2b 2 9 - 6c + 2c 2 5 

Tuong tu nhu tren ta de dang tim ra bat dang thuc phu sau: 

a(3-a) 21 + 9a _ (a-l) 2 (l8a + 9) 

- v - ' < -o 0 < , -f 

9 - 6a + 2a 2 25 25l9-6a + 2a 2 ) 







Loi giai 

Khong mlt tinh tbng quat, gia svr a + b + c = 3. Ta co bit ding thuc cm chung minh tuang duong 
vdi 



Svr dung bat dang thuc phu sau 

(3-4a) 2 ^ g a _ 7 ; (a-l)>-8a) ^ 

2a 2 + (3 - a) 2 6 6(a 2 -2a + 3) 

Dieu nay hien nhien dung vi 0 < a < 3 => 39 - 8a > 39 - 24 = 15 > 0. 

Hoan toan tuang tu ta dugc 

(3 ~4b) 2 ^ 8b-7 (3 - 4c) 2 ^ 8 c - 7 

2b 2 + (3 - b) 2 6 2c 2 + (3 - c) 2 6 

Cong theo ve cac bat dang thuc tren ta dugc 



Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

Sau mot qua trinh tim hieu va phan tich cu the cac bai toan, chac han rang cac ban cung da phan 
nao cam nhan dugc net dep cua phuong phap he so bat dinh du rang thuc ra day la mot ki thuat cue ki don 
gian va de hieu. Chung toi khong xem phuong phap he so bat dinh la mot phuong phap chinh thong ma 
don gian no la mot ki thuat can biet va can nam vung khi ban hoc bat dang thuc. Nhieu nguoi quan niem 
rang phuong phap he so bat dinh khong co y nghia gi nhung theo ban than chung toi no nen dugc khai 
quat de su dung trong mot so truong hop. Phuong phap he so bat dinh la mot buoc dem quan trong va doi 
khi mang nhieu y nghia tren con duong di tim loi giai cho bai toan. Mot ki thuat hay khong nhat thiet no 
la no giai dugc tat ca cac dang toan ma la no phai dua ta den nhung y tuang, duong di sang sua, de nghi, 
de nhan thay bang mat true quan. 

Chu de 9 

U”NG DUNG CUA MOT HE QUA CUA BAT DANG TIII C SCHUR 

Trong chuong trinh mon Toan b bac ph6 thong thi bai tap chung minh bit ding thuc la mot trong 
nhung loai bai tap kho. Cai kho cua loai bai tap nay la b cho, moi bai no co mot each tiep can rieng, each 
giai rieng va doc dao. Chua dung trong chung la nhung kien thuc sau rong va nhung ki nang phuc tap, no 




doi hoi chung ta can phai co tu duy linh hoat, kT nang thuan thuc tdi do “linh cam”. Mac du chung ta da 
biet rat nhieu phuong phap chung minh bat dang thuc nhu: Phuong phap bien doi tuong duong, phuong 
phap sii' dung cac bat dang thuc da biet, phuong phap quy nap, phuong phap danh gia dai dien, phuong 
phap phan chung...; cung nhu da co nhieu ky thuat de chung minh bat dang thuc, dac biet cac ky thuat su 
dung bat dang thuc Cauchy, Bunhiacopxki de chung minh bat dang thuc la rat phong phu. Trong khi do 
noi dung bat dang thuc b trudng pho thong lai dong vai trd quan trong trong viec ren luyen tu duy, kha 
nang linh hoat va oc sang tao; dong thoi no cung giup hoc sinh ren luyen tinh can cu, tinh than vupt kho. 
Hon the nua, moi bat dang thuc va each chung minh bat dang thuc do co mot ve dep long lay va sue hap 
dan ki la doi voi moi nguoi nghien cuu chung nen viec nghien cuu chung con co tac dung kich thich su 
say me trong hoc tap mon Toan cung nhu cac mon hoc khac. 

Ben canh do, sau khi giai xong mot bai tap ve bat dang thuc, mot cau hoi thuong dupe dat ra voi 
chung ta la: Bat dang thuc nay tu dau ma co? Bat dang thuc nay co the ung dung de chung minh dupe cac 
bai toan nao? Be tra loi cau hoi nay that khong don gian chut nao. 

Truoc het ta bat dau voi bai toan: Cho a, b, c la cac so thuc duong. Chung minh rang: 

(a + b - c)(a - b + c)(b + c - a) < abc 

Bat dang thuc tren la mot bat dang thuc doi xung ba bien va no la mot he qua cua bat dang thuc 
Schur. Co ba each giai deu rat hieu qua nhu sau 
Khong mat tinh tong quat, ta gia su a la so Ion nhat trong ba so a, b, c. 

Cach 1. Khi do a + b- c>0; a + c- b>0. N6u b + c - a < 0 thi bit ding thuc da cho dung. Do do 
ta chi con xet ca ba dai lupng a + b-c;a + c-b;b + c- a deu duong. 

Theo bat dang thuc Cauchy 

(a + b - c)(a — b + c 
(a-b+f:)(b + c-a 
(b + c - a)(a + b - c 

Do ca hai ve cua cac bat dang thuc tren deu duong, nen nhan ve voi ve ta dupe: 

[ja + b-c)(a-b + c)(b + c-a)J < (abc) 2 

Hay ta dupe (a + b - c)(a - b + c)(b + c - a) < abc. 

Dang thuc xay ra khi va chi khi a = b = c. 

Cach 2. Ta co bat dang thuc hien nhien a 2 - (b - c) < a 2 hay 

(a + b - c) (a - c + b) < a 2 
Tuong tu ta co them hai bat dang thuc nua 

(b + c - a) (a + b - c) < b 2 ; (c + a - b) (b + c - a) < c 2 
Do ca hai ve cua cac bat dang thuc tren deu duong, nen nhan ve voi ve ta dupe: 

[ja + b-c)(a-b + c)(b + c-a)J < (abc) 


a + b - c 

a - b + c - a 


+ a - b + c ] 

2 J 

\2 

+ b + c 


[ \2 
b+c-a+a+b-c 

2 J 




Hay ta dugc (a + b - c)(a - b + c)(b + c - a) < abc . 

Dang thiic xay ra khi va chi khi a = b = c. 

Cach 3. Biln dbi tuong duong bit ding thiic ta dugc 

a 3 + b 3 + c 3 + 3abc >a 2 (b + c) + b 2 (c + a) + c 2 (a + b) 

Khong mat tinh tong quat ta gia sir a la so lbn nhat trong ba so a, b, c. Khi do ta co 
(a-b) (a + b-c) + c(a-c)(b-c) > 0 
«> a 3 + b 3 + c 3 + 3abc > a 2 (b + c) + b 2 (c + a) + c 2 (a + b) 

Nhu vay bat dang thuc tren dugc chiing minh 

KM bat ngb vbi each giai thii ba bbi vi khi bien doi tuong duong bat dang thuc tren ta thu dugc 
mot he qua khac cua bat dang thuc Schur, thong thudng vdi bai toan tren ta thubng su dung each thu nhat 
hoac each thu hai. Mot vin di dugc dat ra b day la tu bit ding thuc 

(a + b - c) (a - b + c) (b + c - a) < abc 

Ta co the ling dung de chiing minh dugc mot lop nhung bat dang thiic nao? 

1. Bat ding thuc Schur va cac he qua 

a) Bat dang thuc Schur: Cho a, b, c la cac so thuc khong am. Khi do ta co 

a(a - - c) + b(b - c)(b - a} + c(c - a^)(c - b'j > 0 

b) He qua: Cho a, b, c la cac so thuc khong dm. Khi do ta co 

+ fl 3 + 6 3 + c 3 + 3 abc > fl 2 (b + + b 2 + a^ + c 2 + b ^ 

+ abc > (a + b - c)(b + c - + a - b'j 

2. Mot so bai toan ling dung he qua cua bat dang thuc Schur 

Vbi hai he qua tren ta se ling dung de chiing minh dugc mot lbp cac bat dang thiic doi xiing bac 
ba, qua do ta se thay dugc ling dung rong lbn cua bat dang thiic Schur 
Bai toan 1. Cho a, b, c la cac so thuc khong am. Chung minh rang: 

a 3 + b 3 + c 3 + 6abc > (a + b + c) (ab + be + ca) 

Loi giai 

De y den dang thiic 

(a + b + c) (ab + be + ca) = a 2 (b + c) + b 2 (c + a) + c 2 (a + b) + 3abc 
Khi do bat dang thiic tren dugc viet lai thanh 

a 3 + b 3 + c 3 + 3abc > a” ^b + + b |c + a^ + c ^a + b^ 

Bat dang thiic tren la he qua cua bat dang thuc Schur. 

Bai toan dugc chiing minh xong. Dang thiic xay ra khi va ci khi a = b = c 
Bai toan 2. Cho a, b, c la cac sb thuc khong am. Chiing minh ring: 

(a + b + c) + 9abc >4(a + b + c)(ab + be + ca) 

Loi giai 

D6y din ding thiic (a + b + c) = a 3 + b 3 + c 3 + 3(a + b)(b + c)(c + a) 

Do do ta dugc (a + b + c) + 9abc = a 3 + b 3 + c 3 + 9abc + 3 (a + b) (b + c) (c + a) 





Theo he qua cua bat dang thuc Schur ta dugc 
a 3 + b 3 + c 3 + 9abc + 3 (a + b) (b + c) (c + a) 

> a 2 (b + c) + b 2 (c + a) + c 2 (a + b) + 6abc + 3 (a + b)(b + c) (c + a) 

Be y den cac dang thuc 

a 2 (b + c) + b 2 (c + a) + c 2 (a + b) + 3abc = (a + b + c) (ab + be + ca) 

(a + b) (b + c) (c + a) + abc = (a + b + c) (ab + be + ca) 

Do do ta dugc 

a 2 (b + c) + b 2 (c + a) + c 2 (a + b) + 6abc + 3 (a + b) (b + c) (c + a) 

= 4 (a + b + c) (ab + be + ca) 

Suy ra a 3 + b 3 + c 3 + 9abc + 3 (a + b) (b + c) (c + a) > 4 (a + b + c) (ab + be + ca) 

Hay (a + b + c) + 9abc >4(a + b + c)(ab + be + ca) 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c 

Bai toan 3. Cho a, b, c la cac s6 thuc duong. Chung minh ring: 

o o o 9abc _ / n n \ 

a + b + c h -> 2 ab + be + ca) 

a + b + c v ’ 

Loi giai 

, ooo 9ctb)C / \ 

Vi a, b, c la cac so duong khi do a + b + c H-> 2 (ab + be + ca) 

a + b + c v ’ 

Tuong duong vbi (a + b + c) H- ’^ X ' — > 4 (ab + be + ca) 

v 'a+b+c v ' 

Hay (a + b + c) + 9abc >4 (a + b + c)(ab + be + ca) 

Bat dang thuc cuoi cung dung theo bai toan 2. 

Vay bat dang thuc dugc chung minh. 

Bai toan 4. Cho a, b, c la cac s6 thuc duong. Chung minh ring: 

abc 4abc 

-1-1-1" -r—;-r—;-r ^ 2 

b + c c + a a + b (a + b)(b + c)(c + a) 

Loi giai 

Bat dang thuc can chung minh tuong duong vbi 

a (a + b) (a + c) + b (a + b) (b + c) + c (c + a) (b + c) + 4abc 

> 2(a + b) (b + c) (a + c) 

Hay tuong duong vbi 

a 3 + b 3 + c 3 + 3abc > a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 
<=> a 3 + b 3 + c 3 + 3abc > a 2 (b + c) + b 2 (c + a) + c 2 (a + b) 

Bat dang thuc cuoi cung la he qua cua bat dang thuc Schur 
Vay bat dang thuc dugc chung minh. 

Bai toan 5. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang: 

4(ab + be + ca) <9abc + 1 






Loi giai 

Bat dang thuc co cac ve chua dong bac, chu y den gia thiet a + b + c = lta dong bac hoa bat 
dang thuc thanh 

4 (a + b + c)(ab + be + ca) <9abc + (a + b + c) 3 
Bay chinh la bat dang thuc trong bai toan 2. 

Bai toan 6. Cho a, b, c la cac so thuc duong thoa man dieu kien a + b 4- c = 1. Chung minh rang: 

7 

ab + be + ca - 2abc < — 

27 

Loi giai 

D§ dang chung minh duoc (a + b - c) (b + c - a) (c + a - b) < abc 
Hay (l - 2a) (l - 2b) (l - 2c) < abc, khai trign ra ta duoc 

l-2(a + b + c) + 4(ab + be + ca)-8abc < abc 
<=> 4 (ab + be + ca) < 1 + 9abc 

., , , > 1 + 9abc 

Tu do suy ra ab + be + ca <- 


Mat khac, tua + b + c = lva bat dang thuc Cauchy ta duoc abc < 


i + b + c 
3 


1 

27 


Do do ta co ab + be + ca - 2abc < 


1 + 9abc 
4 


7 _ 

27 


Bat dang thuc duoc chung minh. Dau dang thuc xay ra tai a = b = c = —. 
Nhan xet: Mot lap cac bat dang thuc tuang tu 

7{ab+ bc +ca} <9abc + 2 
2(a 3 +6 3 +c 3 )+ 3 abc>a 2 + b 2 + c 2 


ab + bc + ca- abc < — 

27 

6(a 3 + b 3 + c 3 ) +9a6c > 1 

2 l2 2 „ , ^ 13 

a +b +c + Aabc > — 

27 

8 {ab + bc + ca)< 9 abc + ^ 

Bai toan 7. Cho a, b, c la cac s6 thuc duong. Chung minh ring: 

a + b + c + 2abc [-1-1- 

V a + b b + c c + a 

Loi giai 

, , 111 9 

Ap dung bat dang tuc Cauchy dang —I-h — >-ta duoc 

x y z x+y+z 






b + c c + a J a + b + c 

> 2 fab + be + ca) ,bat dang thiic nay tuang duang vdi 


2 -i 2 2 '1 1 1. K 2 i 2 2 9abc 

a + b" + c + 2abc-1-1-> a + b + c +- 

^a + b b + c c + aj a + b + c 

Ta can chi ra duoc a 2 + b 2 + c 2 H-— > 2 (ab + be + ca) ,bat dang thiic nay tuemg du< 

a+b+c v ’ 

a 3 + b 3 + c 3 + 3abc > a 2 (b + c) + b 2 (c + a) + c 2 (a + b). 

Bat dang thiic tren la he qua ciia bat dang thiic Schur.Nhu vay bat dang thiic dugc chiing minh. 
Bai toan 8. Cho a, b, c la cac s6 thuc ducmg bit ki. Chiing minh ring: 

a 2 + b 2 | b 2 + c 2 | c 2 + a 2 ^ 3 (a 2 +b 2 +c 2 ) 
b+c b+c c+a a+b+c 

Loi giai 

Bien doi tuang duang bat dang thiic nhu sau 

a 2 +b 2 b 2 +c 2 c 2 + a 2 ^ 3 ( a2 + ^ + ° 2 ) 

a + b b + c c + a a + b + c 
, , cfa 2 +b 2 ) a(b 2 +c 2 ) b(c 2 +a 2 ) , . 


T U T V. IT 

v ’ a - 

hb 

b + c 


c + a 


c |^(a + b) - 2abJ a 

(b + c 

: ) ! -2bc] 

b [( c 

: + a) 2 

-2caJ 


> 2 (ab + be + ca) < a 2 + b 2 + c 2 + abc 


a+b b+c c+a) 


111 9 

Theo bat dang thiic dang — + — + — >-ta dugc 

x y z x+y+z 


a + b + c + 2abc 


Ta c§n chi ra dugc a 2 + b 2 + c 2 


1 11 
, + b b + c c + a 


a + b + c 

- b 3 + c 3 + 3abc > a 2 (b + c) + b 2 fc + 


; 2 (ab + be + ca), bit ding thiic nay tuang duang vdi 
l) + c fa + b). 


Bat dang thiic tren la he qua ciia bat dang thiic Schur 

Bai toan tren dugc chiing minh xong. Dau dang thiic xay ra khi a = b = C. 

Bai toan 9. Cho a, b, c la cac so thuc duang thoa man abc = 1. Chiing minh rang: 

a 3 + 1 b 3 +1 c 3 +1 

—---+ ^---+ ^--- >2 

b+c+1 c+a+1 a+b+1 

Lol giai 

Bat x = a 3 ; y = b 3 ; z = c 3 => xyz = 1, bit ding thiic cln chiing minh trd thanh 

x+1 y+1 z+1 

- + — -+-> 2 

y+z+1 z+x+1 x+y+1 

Ap dung bat dang thiic Bunhiacopxki dang phan thiic ta dugc 





x + 1 y +1 z + 1 

- 1 - 1 - 

y+z+1 z+x+1 x+y+1 

( x+1 ) 2 | (y +1 )' , ( z+1 f 

(x + l)(y + z + l) (y + l)(z + x + l) (z + l)(x + y + l) 
(x + y+ z + 3) 

2 (xy + yz + zx) + 3(x + y + z) + 3 


(x + y + z + 3) 

Ta can chiing minh ---r-— - -r-> 2 , bat dang there nay tucmg duong vdi 

2(xy + yz + zxj + 3(x + y + z) + 3 

x 2 + y 2 + z 2 + 2 (xy + yz + zx) + 6^x + y + z) + 9 

> 4 (xy + yz + zx) + 6^x + y + z) + 6 
Hay 3 > 2 (xy + yz + zx) - (x 2 + y 2 + z 2 j 

Tir bat dang there quen thuoc ^x + y — zj^y + z — xj^z + x — yj < xyz 

Khai trien va bien doi tucmg duemg ta dupe 

(x + y + z^ + 9xyz > 4 ^x + y + x^ ^xy + yz + zx^ 

Do do ta dupe 4 (xy + yz + zx) - (x + y + z) < ^ x y z _ ? 

v /v ’ x+y+zx+y+z 

Hay 2 (xy + yz + zx) - (x 2 + y 2 + z 2 ) <--- 

' ' ' / x + y + z 

9 , 

Cuoi cung ta can chi ra rang-< 3 hay x + y + z > 3. Bat dang there cuoi cung dung theo bat 

x + y + z 

dang there Cauchy. Vay bat dang there tren dupe chung minh. Dau dang thiic xay ra tai a = b = c = 1. 
Bai toan 10. Cho a, b, c la cac so there duong tuy y. Chung minh rang: 

(a + b + c) (a + b - c)(b + c - a)(c + a - b) < 27a 2 b 2 c 2 

Loi giai 

Xet trucmg hop (a + b - c) (b + c - a) (c + a - b) < 0, bit ding thiic hi6n nhien dung. 

Xet trucmg hop (a + b - c) (b + c - a) (c + a - b) > 0, khi do d6 dang chiing minh dupe 
(a + b - c) > 0; (b + c - a) > 0; (c + a - b) > 0. 

Bat dang thiic can chiing minh tucmg duong vdi 

27abc (a + b + c) (a + b - c) (b + c - a) (c + a - b) < 9 3 a 3 b 3 c 3 
Ap dung bat dang thiic Cauchy ta dupe 

27abc (a + b - c) (b + c - a) (c + a - b) 

< |^a(b + c - a) + b(c + a - b) + c(a + b - c)J 

Hay 27abc(a + b - c)(b + c - a)(c + a - b) < ^2^ab + be + ca) - (a 2 + b 2 + c 2 
Khi do ta dupe 




27abc(a + b - c)(b + c - a)(c + a - b)(a + b + c) 

< |^2 (ab + be + ca) - (a 2 + b 2 + c 2 ) J (a + b + c) 

Nhir vay ta c&n chung minh (a + b + c) |j2 (ab + be + ca) - (a 2 + b 2 + c 2 )J < 9abc 

Hay a 2 + b 2 + c 2 + —— > 2 (ab + be + ca) 

a+b+c v ’ 

Khai trien va rut gon ta dupe 

a 3 + b 3 + c 3 + 3abc > a 2 (b + c) + b 2 (c + a) + c 2 (a + b) 

<=> abc it (a + b-c)(b + c-a)(#$ra-c) 

Bat dang thuc cuoi cung dung vdi moi a, b, c. Bat dang thuc dupe chung minh. 

Bai toan 11. Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 1. Chung minh rang: 

(l + ab) 2 | (l + be) 2 | (l + ca) 2 ^ ^ 

(l-ab) (l-bc) (l-ca) 

Loi giai 

Ap dung bat dang thuc Cauchy ta dupe 

(l + ab) (l + bc) (l + ca) |(l + ab) (l + bc) (l + ca) 

(l-ab) (l-bc) (l-ca) ^(l-ab) (l-bc) (l-ca) 

(l + ab) 2 (l + bc) 2 (l + ca) 2 

Nhu vay ta can chung minh -- — - - — - - — > 64 hay ta can chung minh bat dang 

(l-ab) (l-bc) (l-ca) 

thuc (l + ab) (l + be) (l + ca) > 8 (l - ab) (l - be) (l - ca). 

Bat x = ab; y = be; z = ca, khi do x, y, z > 0 va x + y + z = 1. Bat dang thuc can chung minh 
trb thanh (l + x)(l + y)(l + z) > 8 (l - x)(l - y)(l - z), tuong duong vdi bat dang thuc sau 
9xyz > 7 (xy + yz + zx) - 2 

Ta dl dang chung minh duoc x 2 + y 2 + z 2 + —— > 2 (xy + yz + zx). 

x + y + z v ' 

Ma x + y + z = 1 nen ta suy ra dupe 9xyz > 4 (xy + yz + zx) - 1. 

Vix + y + z = l nen 3 (xy + yz + zx) < 1, do do 

4 (xy + yz + zx) - 1 > 7 (xy + yz + zx) - 2 
Bieu nay dan tbi 9xyz > 7 (xy + yz + zx) - 2. 

Nhu vay bat dang thuc ban dau dupe chung minh. 

Bai toan 12. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

(a 2 + 2) (b 2 + 2) (c 2 + 2) > 3 (a + b + c) 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 





a 2 b 2 c 2 + 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 4 (a 2 + b 2 + c 2 ) + 8 

> 3 (a 2 + b 2 + c 2 ) + 6 (ab + be + ca) 

Hay a 2 b 2 c 2 + 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + a 2 + b 2 + c 2 + 8 > 6 (ab + be + ca) 

Ap dung bat dang there Caychy ta dugc 

a 2 b 2 c 2 + 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + a 2 + b 2 + c 2 + 8 
= a 2 b 2 c 2 +1 + 2 |ja 2 b 2 +1) + (b 2 c 2 +1) + (c 2 a 2 +1) J + a 2 + b 2 + c 2 +1 
> 2abc + 4 (ab + be + ca) + a 2 + b 2 + c 2 +1 
Phep chung minh hoan tat neu ta chi ra dugc 

2abc + 4 (ab + be + ca) + a 2 + b 2 + c 2 + 1 > 6 (ab + be + ca) 

<=> a 2 + b 2 + c 2 +1 + 2abc > 2 (ab + be + ca) 

D§ dang chung minh dugc 

a 2 + b 2 + c 2 + 9a ^ C > 2 (ab + be + ca) 
a + b + c v ’ 

Ta edn chi ra dugc 1 + 2abc > —— <=> (l + 2abc) (a + b + c) > 9abc 
Danh gia cuoi cung luon dung vi theo bat dang tuc Cauchy thi 

1 + 2abc = 1 + abc + abc > 3^a 2 b 2 c 2 ; a + b + c > 3>/abc 
Vay bai toan dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai toan 13. Cho a, b, c la cac so thuc duemg tuy y. Chung minh rang: 

2 (a 2 + b 2 + c 2 ) + abc + 8>5^a + b + c) 

Loi giai 

(a + b + c) +9 

Ap dung bat dang thuc Cauchy ta co a + b + c < -- - - 

6 

Bai toan quy ve chung minh 

2 (a 2 + b 2 + c 2 ) + abc + 8 > ^(a + b + c) + 9J 





_/ 2 ,2 2 \ d.yabc ^ „/ 2 no 2 \ d.yabc , / , , 

7 a + b + c +->3 a +b" + c +-+ 4 ab + be + a 

v ' a + b + c ' ' a + b + c v 

Ta can chi ra dugc 

3 (a 2 + b 2 + c 2 j + + 4 (ab + be + ca) > 10 (ab + be + ca) 

9abc— > 2 (ab + be + ca) 

+ c v ' 


<=> a + b + c + 


a + b + c 

Danh gia cuoi cung da dugc chung minh. 

Vay bat dang thuc dugc chung minh. Dang there xay ra khi va chi khi a = b = c = 1 
Bai toan 14. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 


b+c c+a a+b 


14abc 


i- b)(b + c)(c 


- > 4 


b + c’ c + a’ a + b 

1 | 1 | 1 
x+1 y+1 z+1 


Loi giai 

khi do ta dugc 


= 2oxy + yz + zx + 2xyz = 1 


3 

De dang chung minh dugc x + y + z > —. Bat dang thuc can chung minh tro thanh 


(x + y + z) + 14xyz > 4 


De ta chung minh dugc 


9xyz 


(x + y + z) H-————>4(xy + yz + zx) 

v 'x+y+z v ’ 

=> (x + y + z) + 14xyz > 14xyz + 4 (xy + yz + zx) - 
3 9xyz 

Tux + y + z> — suy ra-< 6xyz, do do ta duoc 

2 x+y+z 

14xyz + 4 (xy + yz + zx)- ^ X J Z — > 4( X y + yz + zx) + 8xyz = 4 

v ' x + y + z v ' 

Do do ta dugc (x + y + z) + 14xyz > 4 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 


Bai toan 15. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang: 


l + 9bc + 4(b-c) l + 9ca + 4(c-a) l + 9ab + 4(a-b) 


>1 

2 


Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 





b 


l + 9bc + 4(b-c) l + 9ca + 4(c-a) l + 9ab + 4^a-b) 

(a + b + c) 

(a + b + c) + 27abc + 4a(b - c) +4b(c-a) + 4c(a-b) 

Phep chung minh se hoan tat neu ta chi ra dirge 

2(a + b + c) > l + 27abc + 4a(b-c) + 4b(c-a) + 4c(a-b) 

Hay 1 > 4ab (a + b) + 4bc (b + c) + 4ca (c + a) + 3abc 
Be y den gia thiet ta viet lai dugc bat dang there tren thanh 

(a + b + c) > 4ab (a + b) + 4bc (b + c) + 4ca (c + a) + 3abc 
Hay a 3 + b 3 + c 3 + 3abc > ab (a + b) + be (b + c) + ca (c + a) 

Bien doi tuong duong ta dugc abc > (a + b - c) (b + c - a) (c + a - b) 

Bat dang there tren la mot bat dang there dung va de dang chung minh dugc. 

Vay bai toan dugc chung minh. Dang there xay ra khi va chi khi a = b = c = 1 hoac a = b = ^ ; c = 0 
va cac hoan vi. 



Chu de 10. LJ'NG DUNG CUA DAO HAM TRONG CHUNG MINH BAT DANG THLrC VA BAI 
TOAN TIM ClTC TRI 


Trong viec chiing minh bat dang thuc hay tim cue tri ciia mot bieu thuc, van dung phucmg phap 
don bien de khao sat ham so la mot chu de rat duoc nhieu ban hoc sinh tham gia cac ky thi chon 
HSG va ky thi TSDH, THPT - Quoc Gia quan tarn. 

De co the don mot bieu thuc nhieu bien ve mot bien chung ta co nhieu ky thuat, tuy nhien trong 
noi dung cua chu de chiing toi chi gidi thieu mot so ky thuat quan trong, thudng gap va sap xep 
theo su pho bien ciia cac ky thuat do gom: 

Van dung cac bat dang thuc kinh dien. 

- Ket hap ky thuat doi bien so. 

- Ket hap ky thuat sap thu tu cac bien. 

- Phuang phap tiep tuyen. 

- Khao sat ham nhieu bien. 

- Ket hap vai viec sir dung bo de. 

Van dung ky thuat don bien co dien 

1. Don bien nhir van dung ky thuat sir dung cac bat dang thirc kinh dien. 


❖ Bai toan 1 

Cho 

cac 

so thuc 

c,6,ce(0;l) : abc = (: 

2 , 2 2 ^ 3 

a +b +c >—. 

4 


Chiing 

minh rSng 


Phan tich. Khai trien dang thirc a gia thiet cho ta: 
a 2 +b 2 + c 2 = (a + b + c - 1) 2 +1 - 4 abc 

Bey la : abc Ai ^ GM [ ^ + ^ + C j • Tit do ta quy viec gidi bai toan bat dang thirc 

ve bai toan khao sat ham so theo bien t = a + b + c, t e (0;3). 

Loi giai. Ta co abc = l-[a + b + c) + ab + bc + ca-abc 
<=> 1 ~(a + b + c\ + ab + bc + ca = 2 abc 


(a + b + cf -(a 2 +b 2 +c 2 ) 
:>l-(a + 6 + c) + ---- - = 2 


«>a 2 +6 2 +c 2 = (a + 6 + c-l) 2 +l - 4a6c >(a + 6 + c-l) 2 +l-^-(a + 6 + c) 3 
Dat # = a + 6 + c=>te(0;3). Xet ham so F(t) = —^t 3 +t 2 -2t + 2 

Taco F'(t) = --t 2 +2t-2 = 0- 
W 9 

Lap bang bien thien ta co: MinF(t) = ^ 


t = - 
2 . 
t = 3 


Vay a 2 +b 2 


. Dau " =" xay ra khi a = b = c = \ 


❖ Bai toan 2. Cho cac s6 thuc duong x,y,z thoa man 
xz + 2 xy + yz = Az 2 Tim gia tri nho nhat ciia bieu thiic 

P = + + _£_T 

2 y+z 2x+z 2{x+y+zJ 
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Loi giai. Ta co 

4z 2 ~(x + y)z = 2xy 
Lai co : 


{x + yf 


p>- 


i x+ yf 


+ y + zj 


l 




-(x + yf + (x + y)z 

Dat ^2. = t t > 2. Khao sat ham so = + —-—-,tef2;+oo) 

’ z W t + l 2(t + lf L ’ 


Hay min P = — <=> x = y = z . 


❖ Bai toan 3. Cho cac so there khong am thoa man a + b>c 2 . 
Tim gia tri nho nhat ciia bieu there 

b \ 32c 

~b + c) 27(c + l) 


P = 


Loi giai. 


Ta co 


_ _b _ c _ c(a + 6-c 2 ) + a6(c + 2) ^ 

a + c"b + c c + 1 (a + c)(b + c)(c + 1) 


+c b+c c+1 


Do do P > 


32 ( c 


. . . —I . Xethamsb f(t) = t i t, t >0 co: 

27U + lJ W 27 

f'{t) = 4t 3 ~ => /'(*) = 0 o t = | 

Lap bang bien thien ta co f(t) > 

Do do minP = <=> a = 0,6 = 4,c = 2 hoac b = 0,a = 4,c = 2. 


27 


❖ Bai toan 4. Cho cac so there duong a,b,c. Tim gia tri nho 
nhat cua bieu thiic P = 


32(abcf (2a 2 +2b 2 +c + lf 


Loi giai. 

Ta co P 


m 32 (abef (4afe + c + l) 3 ^ GM 32(abcf 4a6c 
1 1 


f'(t) = ^ 1 =>/''(r) = o<»r = —. 

1 K ’ i6t 3 1 ’ 4 
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❖ Bai toan 5. (HSG Tinh Nghe An - 2012) Cho cac s6 thuc 
duong a,b,c. Tim gia tri nho nhat cua bieu thuc 


+ ^b+^ 


Loi giai. 

T , r~r ,/ , 1 a + 46 1 a + 46 + 16c 4, , •. 

laco a + yab+yabc < a + —.-+ —.-= — (a + b + c) 

am-gm 2 2 4 3 3 V ’ 

Suy ra P > 


2 (a + b + c) 4a + b + c 
Bat t = a + b + c,t> 0 

Xethamso f(t) = — —voi t>0 taco f'(t) = — 

2 1 -Jt 2 t'jt 2 1 

Lap bang bien thien ta co minf(t) = /(1) = . 


Vay gia tri nh o nhat cua P la — khi va chi khi 




fa + 6 + c = l 
[a = 4fo = 16c 



Lai do x + 3y = 3 - 2z, vay nen : 

P<J(3-2zf +2 + 3z-z 2 . Dat t = z 2 -3z,t > . 

Khao sat ham so f(t ) = \l4t + 11 -1 ta tim duoc max/ft) = 

y[2 3 1 


Hay maxi 3 = — <=> 


x + 3y + 2z = 3 
xy = 0 


* = 0,y = ^ 


2 S 


t-fi.y-O.z-l-j. 


Loi giai. 


❖ Bai toan 7. (Khoi B nam 2014) Cho cac so thuc a,b,c 
khong am va thoa man dieu kien (a + b)c > 0 . Tim gia tri nho 


nhat cua bieu thuc 



r~b + c 

\ a + c 2(a + b) 
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Ap dung bat dang thuc AM-GM, ta co 

Vay P > —-— + —-—, 

i , c 2(0 + 6)’ 


a / b > 2(a + 6) _ 
\b + c va+c a+b+c 


Khao sat ham so ta dugc GTNN cua P bang — dat duoc khi a = 0,6 = c,b > 0 . 


❖ Bai toan 8. Cho cac so thuc a, b, c la cac so thuc duong thoa 
man dieu kien a + be = b 2 + c 2 . Tim gia tri ldn nMt cua bi6u 
thuc 


P = 


3 a 3 


2 + b 2 


(6 + 


Loi giai. 

Tu gia thiet ta co 


f a 2 = b 2 +c 2 -be <=> a 2 (6 + c) = b 3 + c 2 
I a = 4b 2 +c 2 - be = yji b + cf -3bc > ^AA 


2 a 2 (b + c) 3a 3 2 a 2 (6 + c) 3« 3 

{a 2 + c 2 )(a 2 + 6 2 ) (& + c) 6 (ab + acf (b + c ) 6 


8(6 + c) 


Hay maxP = 


Loi giai. 

Ta CO 3xy = x 2 + y 2 - 


* 1 * Bai toan 9. Cho cac so thuc x,y,z la cac so thuc duong thoa 
man dieu kien x 2 + y 2 + z = 3xy . Tim gia tri nho nhat cua bieu 
thuc 

p _ x , y , x 3 +y 3 


y+z x+z 


16* 


2xy + z => xy > z 
(x + y) 2 ^ (x + y) 2 


Suy ra 


I y + z X + z 2 xy + z(x + y) xy(2 + x + y) 2 + x + y 

x 3 + y 3 > xy(x + y) ^ x + y 
l 16z “ 16 z ~ 16 

i 


(x + y)+ 2 16 

Dat t = x + y,t> 0. Khao sat ham so f(t) = -^—+ — t e(0;+oo) 
w t + 2 16 v ’ 

Ta duoc minf(t) = f(6) = l 

Hay minP = A<^> y 3 
J 8 [z = 9 
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❖ Bai toan 10. Cho cac sd thuc x,y,z la cac s6 thuc duong 
thoa man dieu kien x 2 +z 2 = y 2 +xy + 3 yz + zx. Tim gia tri ldn 
nhat cua bieu thuc 


P = 


(2 y + zf lf( 3 ' + 2z) 


Loi giai. 

Ta CO x 2 +z 2 =y 2 +xy + 3yz + zxo(x + zf = (x + y)(y + 3z) 
f x + y + y + 3z Y _ (x + 2y + 3zf 


>x + 2y + 3z>2{x + z)^2y + 


Do do - 


(2 y + z) 2 y + z 

xy(y + 2z)=±x.(3y)(y + 2z) 
Nen P < 


Lai co : 


[ 3y + y + 2z\ _ 1 




^(2 W 


2 y + z (2 y + zf 
yz = t,t>0. Kha< 

Ta tim dirge maxf(t ) = f(3 ) = Hay maxP = — < 


j x = 3 

b = z=i 


❖ Bai toan 11. Cho cac sd thuc x,y,z la cac sd thuc duong 
thoa man dieu kien x 2 +y 2 =z 2 + 4. Tim gia tri nho nhat cua 
bieu thuc 

p 2y 2 + 3x 3 + 3xy 2 - 2x 2 y 

2 y + xz y(z + 2f 


Loi giai. Ta co : 

\2y + xz <^(y 2 +4 + x 2 + z 2 ) = x 2 + y 2 

[3x 3 + 3xy 2 -2x 2 y> 3x(x 2 + y 2 ) - x(x 2 + y 2 ) = 2x(4 + z 2 ) > x(2 + z) 2 
Tu do suy ra P > +— = — - — + — 

Bat t = —,t > 0 . Khao sat ham so fit ) = 2 + 1, t > 0 

y w t +i. ; ; ^ ^ 

Suy ra min/^) = /(l) = 2 . Hay min P = 2<=>x = y = 2 = 2 . 

❖ Bai toan 12. Cho cac sd thuc x,y,z thoa man 
jx + y>0 

\^{x + yf +l=sjl0z 

' xy (x + v)(2,z +1) 

Tim gia tri nho nhat cua bieu thuc P = —--L- L 

z 

Loi giai. 

Tu gia thiet suy ra z > 0. Lai co (x + yf > 4 xy => ( x + y ) > 5? 

4 z z 

Tu gia thiSt yj(x + yf +1 = a/10 z => (x + yf +1 = 10z 2 
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Dod6P = ^.^f2 + i]<i 


10 -- 2 + - 


Bat - = t>0.Xethams6 f(t) = (t + 2)(lO-t 2 * * * * * 8 )JlO-t\t > 0 

Ta CO f'(t) = «(2 1 2 + 3t-5)VlO-t 2 => f'(t) = 0 O t -1 
Lap bang bien thien ta co Maxf(t ) = 81 <=> t = 1 

si r 2=1 

Hay MaxP = — o 


❖ Bai toan 13. Cho cac so thuc duong a,b,c thoa man 
a 2 +b 2 + c 2 = 2 . 

Tim gia tri ldn nhat cua bieu thuc 

c + 2 V3 


P = - 


+ 26c + 2(a + 6) +1 2(a + 6) 2 


Loi giai. Tu gia thiet ta co a 2 +(6 + c) 2 = 2(6c + l) 

Ap dung bit ding thuc AM-GM ta co: 

2(6c +1) = a 2 + (6 + c) 2 > 2a(6 + c) <=> 6c +1 > a6 + ac 
26c + l>ab + bc + ca 

<=> a 2 + 26c + 2(a + 6) +1 > a 2 + a6 + 6c + ca + 2a + 26 
<=> a 2 + 26c + 2(a + 6) + l > (a + c + 2)(a + 6) 

a + c + 2 < 1 

a 2 +26c + 2(a + 6) + l a + 6 

Tu do suy ra P <> —- ^ ■ 

a + 6 2(a + 6)-' 

Bat —= t>0, d6ng thdi 

(a + 6) 2 „ „ „ i 

--.ala + 6=2-c<2=>a + 6<4=>t> — 

2 4 

Xet ham s6 /(t) = t e Q-;+ooj => f'(t) = l-St 

Lap bang bien thien suy ra /(t) < J=j = 

Hay MaxP-f «(a,6,c) - 


Bai toan 14. Cho cac so thuc duong a,b,c thoa man dieu 

kien a + 26 + 3c = 18a6c. Tim gia tri nho nhat cua bieu thuc 
P = -(a + 26 + 3c) + 2^2 \ . 1 + -=^j. 

8 ' ' 3/o U , 1 3/„ , o„ 


Lol giai. 

Ta co a + 26 + 3c = 18a6c = 3.a.(26)(3c)^< G ^ 


3 


26 + 3c Y 

3 J 
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i> (a + 2b + 3c) 2 > 9 => a + 2b + 3c > 3. 



Va + 3c 
Dodo P>-(a + 2b + 3c) 


a + 3c + 4 
48 

a + 2b + 3c + 9 


24 

a + 2b + 3c + 9 


Bat a + 26 + 3c = t, t > 3 . Khaosathamso = + t ef3; + °o) 

w 3 t + 9 L ’ 

T a duge mm^) = /(3) = 5 
Hay minP = 5 <=> a = 2b = 3c = 1. 


Bai toan 15. Cho cac so thuc khong am x,y,z thoa man 
5(x 2 + y 2 + z 2 ) = 6(xy + yz + zx ). 

Tim gia tri ldn nhat cua bieu thuc P = ^2{x + y + z) -(y 2 +z 2 ). 


Loi giai. 

Tu 5(x 2 + y 2 - 

Suyra 


) = 6(xy + yz + zx) => 5(y 2 +z 2 J-6yz > (y + z) 


.Dodo P < 2-y/y + z - 


{y +z ) 


Bat jy + z = t,t > 0. Khao sat ham so f{t) = 2t-—,t>0 

O 3 [* = 1 

Ta dirge Maxf{t) = /(l) = -. Hay MaxP = - <=> j i 


Bai toan 16. Cho cac so thuc duong x,y,z thoa man 
x 2 + y 2 + z 2 < 1. 

Tim gia tri nho nhat cua bieu thuc 

P = L + J±35. + J±H--2( I+3 , +z ). 

1 + y + z 1 + z + x 1+x+y v 2 


Loi giai. 

„ , 1 + xy 1 + yz 1 + xz 

1 + y+z 1+z+x 1+x+y 

(x + y) + z 2 - xy {y + z) + x 2 -yz (z + x) + y 2 -zx 
l+y+z 1+z+x 1+x+y 

3(x + yf + 4z 2 3(y + zf + 4x 2 3(z + x) 2 + 4y 2 

4(l + y + z) + 4(l + z + x) + 4(l + x + y) 

3 4(x + y + z) 2 (x + y + z) 2 4(x + y + z) 2 

4l 2(x + y + z) + 3 I 2(x + y + z) + 3 2(x + y + z) + 3 

Suyra P> ^ x + y + z ) -2(x + y + z) 

3 2(x + y + z) + 3 v ’ 

Dat x + y + z = t, 0 < t < %/3 .Khaosathamso f{t ^ -2 t,t& (0; V3J 


Tatimduoc min f(t) = f(y/s) = 6%/3 -12 

(0;Vs] \ / 

Hay minP = 6>/3-12<=> x = y = z = -L, 

\ 3 
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❖ Bai toan 17. Cho cac so thuc x,y,z > -1 thoa man 
x + y + z = 3. 

Tim gia tri Ion nhat cua bieu th uc 


P = - 


y -1 


; 2 + y 2 + 4(xy + l) z 2 -4x + 5 


Loi giai. Taco x + y = z- 3. 

Dong thoi, do x,y > -1 => (x + l)(y +1) > 0 <=> xy > -(x + y) -1 
Dodo x 2 +y 2 + 4(xy + 4) = (x + yf +2xy + 4>(x + yf -2(x + y) + 2 = 
= {S-zf -2(3-z) + 2 = z 2 -4z + 5 

Lai CO x 2 + y 2 = (x + yf -2xy < (x + y) 2 + 2(x + y) + 2 = z 2 -18z + 17 

Tu cac ket qua tren suy ra P < z 82 + 16 , 
z -4z + 5 

Khaosathamso f(z) = z , 8z + 16 , z g[-l; + oo) 

V - A? j-K L ’ 


❖ Bai toan 18. Cho cac s6 thuc duong x,y,z thoa man 

x 2 =y 2 + z. 


Tim gia tri Ion nhat cua bieu thuc 


(1 + 2 xy)z 

3z 2 




Loi giai. 

Tu dieu kien gia thiet ta co (l + 2xy)z = z +1 + 2xyz = x 2 - y 2 + 2xyz 
Ap dung bat dang thuc B.C.S ta co: 

x 2 -y 2 +2 xyz = J(x 2 -y 2 +2xyzf 
- J((* 2 - y2 f +4x2 y2 )( 1 +)=(x 2 +y 2 


Xet ham so f(z) = - 1 1 32 


Ta co : f'(z) = - 


( 1 + 

z^ll + z 2 (5-4z 2 ) 


Nen: f\z) = 0 o Vs-2z = 0 o z 


Dau bang xay ra khi va chi khi 


V5 


“ - y =2 
S 


la 

9 

_ Vl25 
2^2 
= J/s_ 
2V2 
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❖ Bai toan 19. Cho cac s6 thuc khong am x,y,z thoa man 
[x + yf +[y + zf +(z + xf = 6 . 

Tim gia tri Ion nhat cua bieu th uc 
D _(x + y + zf i 


(xy + yz + zx) . 


Loi giai. 

Ap dung bat dang thuc B.C.S ta co: 


2(x + y) + (y + z) + (z + x)< y j(2 2 + l + l)[(ac + 3 /) 2 +(y + z) 2 +(z + ac) 2 ] =6 
<=> 3x + 3y + 2z _ 6 <» 3(x + y + z) _ 6 + 2 <=> g + ^ + y + ^ 

Tu dieu kien ban dau, khai trien ta lai co: (x + y + z'f - 3 = xy + yz + zx 
Tu do cho ta P < x + ^ + z _ _L|j x + y + zf - 3^ 

-^3^ 


Bat t = x + y + z,t e 0;- 


,3^2’ 


Khao sat ham so f(t ) = ^ ^ ,t e 

faduffc ^W-/W = f • H ay““ p = !«{':r 1 


❖ Bai toan 20. Cho cac so thuc duong x,y,z thoa man 
x+y+l=z. 

Tim gia tri nho nhat cua bieu thuc P = ——— + ——— + z +2 . 

x + yz y + zx z + xy 

Lol giai. Taco: x + y + l = zoz + xy = (x + l)(y +1 ) nen 

p = _*_1_ y _[_ z +2 

(z-y-l) + yz (z-x-l) + zx (* + l)(y + l) 

= (y + l)(z-l) + (x + l)(z-l) + (x + Z l) + (y + l) = 
x y z 2 +2 

( 3 / +!)(:*;+ 3 /) (ac + l)(a: + 3 /) (ac + l)(y + 1 ) 


x 2 +y s +x + y z' 1 2 > 4 +x + y z 2 +2 

(x + y)(x + l)(y + l) (x + l)(y + l)~ ^ (x + y + 2) 2 (x + y + 2) 2 

l x + ^J 4 4 

2 ^(A+2) 

2 + 1 (2 + 1) 2 


Khao sat ham so f(z) == 2 
v ’ z + l 


4(z 2 + 2 ) 

v -A,z>0 chota 

(* + l) 


min/’(z) = /(3) = —. Hay minP = — •» j X y 
(<*«) V V ; 14 ^ 14 ]z = 3 
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Bai toan 21. Cho cac so thuc a,b,c thoa man 
(a>b>c> 0 
\ab + bc + ca = 3 

Tim gia tri nho nhat cua bieu thuc 

P = a^a + 2b)(a + 2c) + cj(c + 2 a)(c + 2b) 


+ 

a + c 


Loi giai. 

Ta CO (a + 26)(a + 2c) = a 2 + 2a6 + 2ac + 46c = a 2 + 26c + 6 (l) 
va (a-6)(a-c) > 0 «• a 2 -ab-ac + bc > 0 <=> a 2 +26c > a6 + 6c + ca = 3 (2) 
Tir (1), (2) suy ra (a + 26)(a + 2c) >9, tucmg tir (c + 2a)(c + 26) > 9 
.( 3-ac^l 

jH 

(a + c) 


Dodo P > 3(a + 


- = 3(a + c) + 


Dat a + c = > 0. Khao sat ham so f(t) = 3t + t > 0 ta dirge 

min/'(t) = f( 2) = 8 . Hay minP = 8<=>a = 6 = c = l. 

❖ Bai toan 22. Cho x,y,z e[l;3]:x + y + 2z = 6. Tim GTLN, 
GTNN cua bieu thiic P = x 3 + y 3 + 5z 3 . 


Loi giai. Tir gia thiet ta co : 4xy = 4(3-z) 2 -(x-y) 2 <4(3 -zf =>xy<(3-z) 2 
Ta lai CO : (x - l)(y -1) > 0 => xy > x + y -1 = 5 - 2z => 5 - 2z < xy < (3 - zf . 

Mat khac taco: 2z = 6-x-y<4=> z ttjl; 2], 

Taco : P = (x + y)[(x + y) 2 -3xy] + 5z 3 = 2(3-z)[^4(3-z) 2 -3xy] + 5z 3 . 

Vi 5 - 2z < xy < (3 - zf 

=> 2(3 - z) 3 + 5z 3 < P < 2(3 - z)[4(3 - zf + 6z - 15] + 5z 3 ,(z g [l;2} 

2(3 - zf +5 z 3 < P < -3z 3 + 60 z 2 - 150z +126, (z e[l;2]). 

Dat f (z) = 2(3-zf +5z s ,g(z) = -3z s +60z 2 -150z + 126. 

Xet ham s6 f(z),g(z) trenmign z e[l;2] 

Dao ham va lap bang bien thien ham so f(z),g(z) ta co : 

Minf(z) = 210-60^ tai z =-2 +VlO => x = y = 5 - VlO . 

Maxg(z ) = 42 tai z = 2 => x = y = 1. 

Vay MinP = 210-60a/ 10 khi x = y = 5-Vl0,z =-2 +VlO . 

MaxP = 42 khi x = y = l,z = 2. 


❖ Bai toan 23. Cho cac so thuc duong a,b,c thoa man dieu 
kien 2a 2 + 3(6 2 + c 2 ) = 4a6 + 3 ac. Tim gia tri nho nhat cua bieu 
thiic 

p > 2 +l)c 2 +6 2 +4 | 26 2 + c 2 _ 

_ 256c _ a6 + 2ac _ 


Tir gia thiet ta C0 4a6 + 3ac = 2a 2 + 3(& 2 +c 2 ) = (a 2 +46 2 ) + (a 2 +4c 2 )-(6 2 +c 2 ) 
> 4a6 + 4ac - (6 2 + c 2 ) => 6 2 + c 2 > ac (l) 

Lai CO (a - 6 - cf > 0 => 2ab + 2ac < a 2 + 26(6 + c) + c 2 - 6 2 
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2a 2 +3 (b 2 - 


<2 ( 2 ) 


Luc do P = - 

^ 2-v/ia 2 ? + a 




) | 26 2 + c 2 
ab + 2 ac 

i + IL££.l_I.£ + t. 

b + 2 be 5 6a 


5 t’ v ’ J v ’ 5 f 2 

Suy ra f (f) > /(2) = . Hay MmP = « 


Bai toan 24. Cho cac so thuc thay doi x,y,z thoa man 
x 2 + y 2 + z 2 +^xy = 3. Tim gia tri nho nhat cua bieu thuc 
P = +y 2 ) + ^z 2 +xy-JlO (xy + yz + zx) 


Loi giai. Ap dung BDT Cauchy-Schwazr ta co : 

(^ + _y) 3 2 5 i - 

x 2 +y 2 > V 2 ’ ^>P>—(x + y) +-z 2 +xy-JlO(xy + yz + zx)> 

& |(* + y)zj +xy- yjlO(xy + yz + zx) 

>xy + yz + zx-^10(xy + yz + zx). 

Bat t = yjxy + yz + zx ,t> 0 

Xet ham s6 F(t) = t 2 - tVlO ,t> 0 

Taco: F'(t) = 2t-yJlQ-0^>t 
Lap bang bien thien ta co : MinF = F\ 2^ j = -■ 


Alo 


Vay MinP = — khi x = y = -f=,z = —= hoac x = y = —,_ ,z = —=. 

2 V34 V34 _ V34 V34 


Bai toan 25. Cho cac so thuc x,y,z thuoc doan [l; 3]. Tim 
25(y + z) 2 

12x 2 +2012 (xy + yz + zx) 


gia tri nho nhat cua bieu thuc T = 


Loi giai. 

Ta bi6n ddi bi6u thuc da cho tro thanh : T =--- 2 5(y + z) - 

12x 2 + 2012 x(y + z) + 2012 yz 

Mat khac vdi moi so thuc y,z e[l;3], ap dung bat dang thuc Cauchuy ta co : 4 yz < (y + z f. 

Do do ta co : T > - 25(y + z) - = n 

I2x 2 + 2012a:(y + z) + 503(y + z) 

Vi y,z e[l; 3]=> y+ z * 0 nen ta chia ca tir va mau cua N cho y + z ta dupe : 

N = __ 
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Bat t = —,t 
y + z 

Taco : f'(t) = 


M 


. Luc do ta xet ham so : f(t) = 


12t 2 + 2012t+ 503 


25 (24^ + 2012) 
(l2t 2 + 2012t + 50§| 


f\t) = 0 <» 24t + 2012 = 0 «> t = 


1 3 
62 

(loai). 


Lap bang bien thien ta nhan thay rang vbi t • 


H. 


, ta co f(t) dong bien. 


Do do ta co ngay duoc f(t) > f\ 


75 

2516' 


Dau dang there xay ra khi t = ^ <=> (x,y,z) = (1,3,3). 

Vay ta co gia tri nho nhat ciia T = dat duoc khi (x,y,z) = (1,3,3). 

❖ Baitoan 26. Cho cac s6 thuc duong a,b,c thoa man ac > 2b 
va (ac + 6)(a& + c)-aV =4 b 2 . 

Tim gia tri lbn nhat ciia bieu thuc P = ^1 + —j + ^ ac + ^ j . 


Loi giai. Ta co 


+ — Ifl+ —! = — + 4 .— 

c A abj b ac 


( *> 

Dat t = > V 2 ), tu (*) ta co 

t 2 +-^>2^t + jJot 4 -2t 3 -2t + 4 = 0<z>(t-2)(t 3 -2)=0<z>t = 2(dot><j2'J hay - 


Lai co P = fl + —1 +[ aC ^\) = (l + —] 
V ac J \ac-b) v ac J 


1-— 

ac J 


Xet ham so f(u) = (l + uf + , u = — < ^, ta co 

r( M ) = 2(l+u) + ^i^>0,V M <i = f 


Bai toan 27. Cho x, y, z la cac so thuc duong thoa man : 
x + y + l = z. Tim gia tri nho nhat cua bieu thuc 


+ yz y + zx z + xy (z + l^x + l^y + l) ‘ 


Loi giai. 

Bieu thuc P duoc viet lai nhu sau : P = -+—--+ - - v 

x'+xyz y +xyz (x + l)(y + l) 

Ap dung BBT Cauchy ta co : (x + l)(y + 1 ) < ( x + ^ +2 ) = (' 2 ~|^ 1 ) 


_14_ 

(.+i)V(«+i)(»+i)' 
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x 2 +y 2 +xyz ( ; 2 + 1) 2 (z + lf ' 
_ {z- 1 ) 2 4z 3 + 28 _ 9z 3 - z 2 - z + 

~2(z + l) + ( z + 1 f ~ 2(z + lf 


x 2 +y 2 4z 3 +28 ^ (x + yf 4z 3 +28 

Z + 1 (z + 1) 2 2(0 + 1) (z + l) 2 


*(» + !) 

, % (30-5)(3z 2 +140 + 23) 5 

Taco: P' 0 = v - A -,-Z = o =>0 = -. 

V ; 2(0+ l) 3 3 

Lap bang bien thien ta co : MinP(z) = pf^j = ^. 

... „ 53 15 

Vay MmP =— <=> x = y = -,z = 


Bai toan 28. Cho cac so thuc duong x, y, z thoa 

man x 2 + 8y 2 + 9z 2 < 4xyz. Tim gia tri nho nhat cua bieu thuc 

4x + 2y 2 - 


P = 


^6(36y-ll>/2z)-llx 


Loi giai. Tir gia thiSt ta co : (x- 30) 2 + 8y 2 + 60 X < 4xy0 
=> 0 < 8 y 2 <20x(2y-3)-(x-30) 2 < 20 x( 2 y -3) => y > | 

Talaico : 4zx> — + 4y + — + 4y >4x + 120>8^/30x =>0X>12. 


Ta co : P = 


4x + 2y 2 - 


+ 8 + 8-16 4x + 120 + 2y 2 -16 


^216y-ll(3V20+3V20+x) ^2l6y-88$Jl8zx 

^ 2y 2 +8>/30x-16 > 2y 2 +32 

A /216y-198 “ ^]216y-198 ' 

Xet ham so F(y) = 

Taco : P'(y) = 


2 y 2 + 32 
^216y -198 ’ 
8(81y 2 -99y-432) 


(216y-198)V216y-198 
Lap bang bien thien ta co : MinF(y) = F{ 3) = . 


Vay MinP 


5>/2 


khi x = 6 ,y = 3,0 = 2. 


Bai toan 29. Cho x, y, z la cac so thuc duong thoa man : 
x 2 + y 2 + 0 2 = 1 Tim gia tri nho nhat cua bieu thuc 

P = (x + y + 0) 2 +if^^l -_] 


Loi giai. Tir gia thiet ta co : [x + y + zf =l + 2[xy + yz + zx) 

Ta CO : x 3 + y 3 + 0 s - 3xy0 = (x +y + z)\_x 2 + y 2 + z 2 - xy - yz - zx] 
= 3xy0 +(x + y + z)[l-(xy + yz + zx)] 

x + y + 0 =3 + rj_ + J L + J_V 1 _ ( } |- 

xyz l^xy y 0 0 xJ L /J 

^3 +---[l-(xy + y 0 + 0 x)]. 

TV + V7. 4- 7.T. ^ - 1 
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Bat t = xy+yz + zx<x 2 +y 2 + z 2 = 1=>0<£<1. 
=>P>l + 2* + ^3 + y(l-£)-iJ = -2 + 2£ + y. 

Xethamsb F(t) = 2t-2 + j, t e (0;l]. 


Taco: F'(t) = 2-^ = 0 => 2t 2 -4 = 0 => t = ±S. 
Lap bang bien thien ta co : MinF(t) = 2^(1) = 4 
Vay MinP = 4 khi x = y = z = 

V 3 


Bai toan 30. [THPT Quoc Gia 2015] . Cho cac so thuc 
a,h,ethuoc doan [l; 3] va thoa man a + b + c = 6. Tim gia tri 
Ion nhat cua bieu thu'c 

_ a 2 b 2 +b 2 c 2 +c 2 a 2 +12abc + 72 1 , 

P = --—-- abc . 

ab + bc + ca 2 


Loi giai. 

Do a,b,c e[l;3]^> 
=> ab + be + ca > 11 


(a-l)(6-l)(c-l) > 0 
(a-3)(6-3)(c-3)<0 


f abc > ab + bc + ca -5 
ja&c < 3(a6 + be + ca)~ 27 


Lai co ab + bc + ca< 


{“ + *> + 4 


= 12 . Hon nua: 

+ 2 abc{a +b + c) = a 2 b 2 + b 2 c 2 + c 2 a 2 + 12a6c 


- (ab + bc + ca- 5) 


(ab + bc + ca ) =a 2 b 2 +b 2 c‘ 

Nen 

„ (ab + bc + ca) 2 + 72 l (ab + bc + ca)' 

P = - - abc < - -- 

ab + bc + ca 2 ab + bc + t 

Bat ab + bc + ca = t,t e 

Kb ao sat bam so f(t) = - + — + 
v ; 2 t 

ta tim dirge Maxf(t) = /■(!!) = 

Hay MaxP = khi (a;b;c) = (l;2; 3) va cac hoan vi cua no. 


|,Kn;i2] 

160 


Bai toan 31. Cho cac so thuc a, b, c thoa man a > 0,6 > 0,c > 1 
va a + b + c = 2. Tim gia tri ldn nhat cua bieu thuc 
P = (ab + bc + ca)(a 2 b 2 + b 2 c 2 + c 2 a 2 + 1) . 


Loi giai: Tu gia thiet taco: 0<a,6<l<cvaa + fe + c = 2 
Ta CO P = (ab + bc + ca )[(ah + be + ca) 2 - 2abc(a + b + c) + 1] 

= (ab + bc + ca) [(ah + be + ca) 2 - 4abc + 1] . 

Ma (a + 6)c + ah(l-c)< (a + 6 + c) =1 (Vi 0<a,6<l<c va a + 6 + c = 2) 
4 

nen abc > ab + bc + ca -1 

Suy ra : P < (ab + bc + ca) [(ah + he + ca) 2 - 4(ah + he + ca) + 5] 

Bat t = ab + bc + ca .Taco 0<£< ^ a + ^ + c ) = —.. 

3 3 

Xet ham s6 f(t) = t(t 2 -At + 5) tren doan |o;^J 
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Co f'(t) = 3t 2 -8t +5 , f'(t) = 0< 


f(0) = 0 ,/(l) = 2 = -Suyra Max ftt) = /(l) = 2 

Vay MaxP = 2, dat dirge khi a = 0,6 = l,c = 1 hoac a = 1,6 = 0,c = 1. 


Bai toan 32. Cho cac so there a,b,c thoa man a > 6 > c va 
a 2 + 6 2 + c 2 =5 

Chiing minh rang (a-b)(b- c)(c - a)(ab + bc + ca)>-A 


Lol giai. 

Taco (a-6)(6-c)(c-a)(a6 + 6c + ca)>-4 <=> P := (a - b)(b - c)(a - c)(ab + be + ca) <4 (*). 

• Neu a6 + 6c + ea<0 thi P<0 suyra BDT duoc chiing minh. 

• Neua6 + 6c + ca>0, dat ab + bc + ca= x>0 taco : 

=,(a-6)(6-c) (o -c),<^ (1) 

Taco 4(a 2 + 6 2 +c 2 -ab-bc-ca) 

= 2(<z-c) 2 + 2(o-6) 2 + 2(6-c) 2 2(o-c) 3 +[(a-6) + (6-c)] 2 

= 2(a-c)* + (a-c) 2 = 3(a-c) 2 _ 

Suyra 4(5-x)> 3(a-c) 2 ,tu day taco x < 5 va a-c<^( 5-x) (2). 

Tir (1),(2) suyra ^ W(5-*) 3 

Lai co f(x) = 5-x) 3 ham so lien tuc tren doan [0;5]. 

f'(x) = yj5-x(5--x) ; f’(x) = 0=>x = 5;x = 2. 

Taco f(2) = 6y/3,f(0) = f(5) = 0 

Vay (*) = f{ 2 ) = 6>/3 , Minf(x) = f( 0) = 0 . 

nen suy ra P < => P<4. Vay (*) duoc chiing minh. 

Dau bang xay ra khi a = 2; 6 = 1; c = 0. 


2. Don bien nhtr ket hgp vdi ky thuat doi bien so. 


Bai toan 33. Cho a, b, c duong thoa man : 
Tim gia tri nh o nhat ciia bieu thiic 

P = 5(a + & + c) + -^-. 


Phan tich. Taco a 2 + 6 2 + c 2 = (a + 6 + cf -3{ab + bc + ca) 

dong thai ( ab + bc + caf > 3abc(a + b + c). Do do giita cac dai luomg 

(a + b + c),(ab + bc + ca), (afec) ton tai mot moi lien he ma ta quan tarn. 

Va de lam gon cac bieu thuc ta co the su dung phep doi bien so (dang an phu) nhu 
lai giai sau: 

Lol giai. Dat x = a + b + c,y = ab + be + ca => \ X > > ^ 

[ x 2 = 2y + 3 
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Mat khac ta co: (ab + bc + ca) > 3 abc(a + b + 
36x 


>P> 5x + ^ = 5x + 


■ ~ 3 ) 


Xet ham so F(x) = 5x + -vdi x>4% 


Taco: F'(x) = 


(x - 3)(5nc 6 + 15x 4 + 27x + 8 l) 


J_> 3x 
abc y 2 


Vi x > S => 5x 6 + 15x 4 + 27x + 81 > 0 => F'(x) = 0 <=> x = 3 . 
Lap bang bien thien ta co: MinF = F(3) = 18. 

Vay MinP = 18 khi \ X 3 <=>a = 6 = c = l. 
b = 3 


Bai toan 34. (HSG Tinh 12 - Nghe An 2010) . Cho cac so 

diromg a, b, c doi mot khac nhau thoa man dong thoi cac dieu 
kien ab + bc = 2 c 2 va 2a < cTim gia tri ldn nhat cua bieu thii'c 
b c 


P = - 


a-b b-c c- 


Phan tich. Nhan thay dang thuc a gia thief va bieu thuc P co dang dong bac, do 

do ta co the nghi den van dung each doi bien kieu \ a X ’° de don bieu thuc ba 

[6 = y.c 

bien ve bieu thuc hai bien. 


Loi giai. Dat 


b = y.c 


0 < x< — 

2 ^ 
xy + y = 2 


x-y y -i 
3x 2 + 8x +10 


0 Vx g 0; 


e -2 1-x 


b = —c 
3 

BINH LUAN. Thong thvrang phep doi bien so dvrac thuc hien vdi hai muc dich. 

• Lam cho bai toan co each nhin don gian horn duai dang an phu. 

• Lam giam so bien xuat hien trong bai toan ban dau. 

Sau day moi cac ban cung tiep tuc theo doi cac bai toan dl lam ro ho’n nhirng van de da 
neu. 

❖ Bai toan 35. Cho a,b,c la cac s 6 thuc duong thoa man 
(a + 2b){b + c) = 5 be va 2a > c Tim gia tri ldn nhat va nho nhat 

cua bieu thuc P = a . 


Loi giai. Dat 


. Tir dieu kien ban dau ta co: 
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|(x + 2)(l + 3') = 53' \y = 


[2x >y 

Khi do bieu thiic P = 


2x >» - < x < 2 
3-x 2 


2x > y 

; 2 +1 _ X s +X __ (3-x)(x 2 +l) 
xy (x + 2\ x(x + 2) 


, , (3-x)(x 2 +l) fi 1 

Khaosathamso f(x) = - r - v —.—- trendoan -;2 taco: 

V ; x(x + 2) ■ |_2 J 

,, , _ 3 25 \ i S 25 _ w fl 1 

2x 2(x + 2) 2x 2 2(x + 2) 2 V 2 J 


„ D 5 [6 = 2a , . 5 [a = 26 

Hay maxP = -o vaminP^-o 

y 2 \b = c 8 \c = 46 


Bai toan 36. Cho x,y,z la cac so thuc duong thoa man 

\ \ . Tim gia tri nho nhat cua bieu thiic 

a" 6^ 2c 

P = -^— + — 4 - _ c 

b + c c + a Va 2 +6 2 +c 2 


Loi giai. Bat — 

Khi do 


\x,y > 0 

r +3,2= l 


[x + y <1 

r-i 


P_ x | jjjH , I X 2 y 2 ~ ^ 2 I xy 

y(x + l) x(y + l) \jx 2 +y 2 +x 2 y 2 ^ xy(x+ l)(y+ l) 


CO f'(t) = - 


{Jt + 2) 3 


4 1 

Hay mini 3 = — + -j=. Dau “=” xay ra •» a = 6 = 2c. 



Bai toan 37. Cho a,6,c > 0 . Chung minh ring 
a + b + c + 9a6c > 

b c a (a + 6 + c)(a6 + 6c + ca) 


Loi giai. Ta co VT = ^ + - + — 


_9_ 

a b c a c b _ 
-+-+-+-+-+-+3 
6 c a c b a 
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Bat x = ^,y = - 
b c 

VT=x+y+z+ 


(x,y,z > 0 
1 xyz = 1 


(,x + y + z ) + 3(x + y + z) + 9 
Bat t = x + y + z=>t> 3. 

Xethamsb F(t) = t + ^—^~ - ,t> 3 co F'(t) = t +6t +21t „ >0W>3 

1 +3^ + 9 (t 2 +3t + 9) 

Lap bang bien thien ta co MinF(t) = F( 3) = 4 =>VT> 4 =>dpcm. 

Bau ‘=’ xay ra khi a = b = c. 


❖ Bai toan 38. Cho x,3 

thuc 

p -_?_ 

>,z> 0. Tim gia tri nho nhat cua bieu 

f x , y "l , x + y 

(x + y) 2 ' 

t(y + z) 2 (x + zf j 

\ 8 2 


Loi giai. 

Ta co : P = 



X y 

1 

z 

+ 2 

(wT 

£+1 ) 2 
V z 

( x + l) 2 

Z J 


-m 


Bat — = a,— = b. Khi do : P = —=-f a „ + b , 

2 2 (a + &)+(6 + l) 2 (a + 1) 2 , 

Theo bat dang thuc Cauchy-Schwarz, ta co : 

a b _ a 2 b 2 (a + b) 2 


(b +1) 2 (a +1) 2 a(b + 1) 2 b{a +1) 2 a(b +1) 2 + b(a +1) 2 
__ 2(a + b) 2 _^ 2.27 {a + bf _ 27 {a + bf 


2a(b +1)(6 +1) + 2b{a + 1)(6 +1) 2(2a + 26 + 2) 3 8(a + 6 + l) 3 

=> P> -—- 1+°^- 

8(a + 6 + 1) 8 

Bat t = (a+ 6 + 1), t > 0. Khaosathamso f(t) = ^ + G (0;+°°) 

Tac »K / 'W =/ ' (3) = l 

Vay minP = -<=>a = 6 = c 


♦♦♦ Bai toan 39. Cho cac so thuc khong am x,y,z thoa dieu kien 
xy-2(x + y)z-2 = 0. Tim gia tri lbnnhat cua bieu thuc 

p _J x ] y _zM (xy-6) 2 -4(x 2 +y 2 +8) 

[x 2 +2 y 2 +2 4) 2{2z 2 +l)(x + yf 


Loi giai. 

Bieu thuc da cho ket hop vdi gia thiet duoc bien doi thanh : 

p_J x | y z 2N | | x 2 y 2 -12xy + 4-4x 2 -4y 2 
[x 2 +2 y 2 +2 4) [4z 2 +2)(x + yf 

x + y z 2 ^* 2 ^ -4xy + 4-4(x 2 -2xy + y 2 ) 

+ y 2 +2 4 ) (4z 2 +2)(x 


^ x 2 +2 y 2 +2 


(4z 2 +2)(x + y) 2 
| (xy-2) 2 -4(x + y) 2 

(4z 2 +2)(x + yf 
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fxy-2) 
[x + y) 


= 3 +i^ 

^s 2 +2 y + 2 4) 4z +2 

Gia thiet dugc viet lai la : 

xy-2(x + y)z-2 = 0oxy-2xz-2yz-2 = 0 ol- — - — - — = 0 

y x xy 

Dat a = — ;b = — ;c = 2z . 
x y 

Luc do dieu kien gia thiet dugc viet lai: 2 ab + bc + ca = 1. 

1 

x 2 +2 (TV l + 2a 2 2ab + be + ca + 2a 2 (a + 6)(2a + c) 


2 + c 2 2(2 ab + bc + ca) + c 2 (2a + c)(26 + c) 

Tud6tac6 : ^ + -^ = ' + ™ I (^’X 1 ^) ~ 

l + 2a 2 1 + 2b 2 (a + 6)(2a + c)(26 + c) ]j( a + b) (2a+ c) (2b+ c) 

(l + 2a 2 )(l + 2b 2 ) 


~V(l + 2a 2 )(l + 2b 2 )(c 2 +2 ) ~ Vc 2 +2 
Dau dang thuc xay ra khi a = b. 

Tu danh gia nay ta co P < 


■sic 2 +2 16 c 2 + 2 

Xethams6 f(c) = -= J=- —+ 4^,c>0. 

W ^/772 16 c 2 +2 

r-p ' J-U \ 3C 1 2C 3c 

Taco: f '(c) =- v „ +-5--=-5- 

(2 + c 2 )Vc 2 +2 (c 2 +2) 8 ( c2+2 ) 8 

Dodo : f(c) > 0 <=> 3 c(c 2 + 2) 2 + 24c|Vc 2 + 2 - 4) < 0 » (c 2 +2~f +8^lc 2 +2 - 4 ) < 0 (l) do c>0. 

Dat t = Vc 2 + 2, t>J2. Khi do bat phuong trinh (l) trdthanh : 
t 4 + 8t-32<0<=>(t-2)(t 3 + 2t 2 + 4t + 16)<0<=> t >2 
Tu do ta co : Vc 2 + 2 <2<=>c 2 -2<0=>0<c<>/2 

Lap bang bien thien ta thay gia tri ldn nhat cua P - — dat dugc khi va chi khi: 


: = V2 


_ 2-V2 < 


x = y = 2 + V2 


Bai toan 40. Cho cac so thuc x,y,z thoa man 
x 2 + y 2 + z 2 = 2{xy + yz + zx) >0. Tim gia tri nho nhat cua bieu 
thuc 
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I*-«I .. Mi.,o 

jy 2 + 2xz ■ s lx 2 +2yz l 2xy + z ) 


\(x-zf=a 

Loigiai. Bat \(y-zf = b => a,b,c> 0 

[{y~* 

Khi do P = 



2a 2b f c 

= — i +— , +21n -- + 

2 ^a(b + c) 2 yjb(a + c) ya + b 


Suyra f(t)>f(0) = 2. Hay 


min P = 2 dat duac khi i . 

[z(z-4x) = 0. 

Bai toan 41. Cho a,b,c la 3 s6 thirc dircmg thoa 
man:a + 6-c>0, b+c-a> 0, c + a-b> 0 va 

(a + b + cf = A(ab + be + ca - 1). Tim GTNN cua bieu thuc 



Loi giai 1. 

{ x y z > 0 

’ ’ . Khi do: 

xy + yz + zxm 4 



http ://dethithpt.com - Website chuyen tai lieu de thi file word 




























<»(£ 2 -8)(£ 4 -4£ 2 +8) = 0<» 

Hay minS = 3^2 <=> a = c = 1,6 = 2. 

Loi giai 2. 

oat q=ct + nr + rn . 

\y + z \z + x yx + y 


* . Lap bang bien thien ta co ming(£) = g(2*j2) = 3>/2 

t = 2V2 ' P”? 


y + z z + x x + y 4t^y + z z + x x + y 


(y + z)(z + x) )J(z + x)(x + y) ]j(x + y)(y 
[xy + yz + zx) 


i) 


ta thay rang 


_ x 2 + y 2 + z 2 xyz ( 1 


+y y+z z+x) 


Ap dyng BDT AM-GM * W + *><* + ‘ 2 ~ 2*, + j* + 

2xy _ xy 


2(xy + yz + zx) xy + yz + zx 


Tircmg tu ta co , 


(z + x)(x + y) xy + yz + zx’ y(x + y)(y + z) xy + yz + zx 

' = ' “ 1 n6nQ> J x2+y ' +22 ~ 


Suy ra: 


]l(y + z)(z + x) ]j(z + x)(x + y ) ]j(x + y)(y + z) 
Suy raP > 


/x+y +z 
V 2 


Vx^ + y^ + z 2 
Bat £ = yjx 2 + y 2 + z 2 => £ > ^/xy + yz + zx = 2 . 

Xet ham so g(£) = ^- + 4 + y- 2 » khi do ta co 

g'(tymi+-r4 =^-4 ; S’'W = 0 <=> £ 6 -32£ 2 - 256 = 0 <=> £ = 2a/2 


Lap bang bien thien ta co ming(£) = g(2^2) = 3^2 
Hay minS = 3>/2 <=> a = c = 1,6 = 2. 


❖ Bai toan 42. (HSG Tinh 12 - Nghe An 2010) . Cho a,b,c la 

cac so there khong dong thbi 
(a + 6 + c) = 2(a 2 +6 2 +c 2 ) . 

bang 0 

thoa 

man : 

Tim GTLN va GTNN 

cua 

bieu 

there : 

p _ a 3 +b 3 + c 3 




(a + b + c)(a6 + be + ca ) 





Loi giai 1. Ta co : 

a 3 + 6 3 + c 3 = (a + 6 + c)[a 2 +b 2 +c 2 -ab-bc- ca) + 3a6c 
= (a + 6 + c)(a6 + 6c + ca) + 3a6c. 
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Do do : P = 1 + - 




(a + 6 + c)(a6 + 6c + ca) {x + cf 

+) Vdi c =0 thi P=1 . 

+) Vdi c + 0, tir gia thiet: (x - cf = 4ab < (a + bf = x 2 => — > ^ 

Dat - = t,t>-. 

’ c 2 

(t + lf 

Loi giai 2. 

Tir gia thiet: ab + bc + ca = + b + c) 2 - a 2 - b 2 - c 2 J 

Suy ra: ab + bc + ca = ^(a + b + cf 

4 (a 3 + 6 3 +c 3 ) 1 [/' 

Do do: P = — -r i = — ■ , 

(a + 6 + c) 16[va + fo + e, 


.Y + r^L_Y + r_ 

) 'ya + b + cj 1 y a 


a + b + c 
4b 

a + b + c 


y+z=4-x 
yz = x 2 - 4x + 4 


a + b + c 
Vi (y + z) 2 >4yz=>0<x<^ 


p = ^(* 3 +y 3 +z 3 ) = ^[x a +{y + zf - 3 yz{y + z)] 

=> P = ^(3x 3 - 12x2 + 12x + 16 ) 

Xethamsd /(x) = 3x 3 -12x 2 +12x + 16 vdi xe 0;^ 
x = 2 

=> f'[x) = 9x 2 -24x + 12 => f'{x) = 0 <=> _ 2 

X_ 3 

Ta tinh duoc f(o) = f( 2) = 16,/^|) = f j|j = ^ 
Suy ra Maxf{x) = Minf{x) = 16 = ■ 


MaxP = -^a = b = -,a* i 
9 4 

MinP = 1 <=> a = 0,6 = c ^ 0 


Bai toan 43. cho x,y,z la cac so thuc khong am va thoa man 
x + y + z = 1. Tim gia tri ldn nhat cua bieu thuc 

M = [x(y + z) + x + y][(x 2 + l)(y 2 +1) + x 2 z(z + 2)] 


Loi giai: Dat z +1 = a. Tir gia thiet ta co : 0<x,y <l<a va a + x + y = 2 
Khi do 

P <(ax + xy + ya)(a 2 x 2 +x 2 y 2 +y 2 a 2 +l) 

= (ax + xy + ya) I (ax + xy + ya) 2 - 4axy +1 I. 
= (ax + xy + ya)[(ax + xy + ya) 2 - 2axy(a + x + y) +1] ! 

Ma (x + y)a + xy(l - a) < ( a + x + ^ _ i (Vi 0<x,y<15a; a + x + y = 2) 

4 

nen axy > ax + xy + ya -1 
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Suy ra : P < (ax+ xy + ya) [(ax + xy + ydf - 4(ax + xy + yd) + 5] 
Bat t = ax + xy + ya . Ta CO 0 < t < ( ° + * + ^ |. 

Xet ham s6 f(t) = t(t 2 -4t+5) tren doan 

^ le ( 0: g) 

Co f'(t) = 3?-8t + 5 , f'(t) = Oo \ 


m = o ,/•(!) = 2 ,a|) = § • Suy ra Max f(t) = /(l) = 2 

Vay MaxP = 2, dat dugc khi x = 0,y = l,z = 0 hoac x = l,y = 0,z = 0. 


❖ Bai toan 44. ( Khoi A - 2011) . Cho x,y,z la ba so thuc thuoc 
doan [l;4] va x> y;x >z .Tim nhd nhat cua bieu thuc 

P= x + ^ + ^- 

2x + 3y y + z z + x 


Loi giai. Bat y = ax,z = bx=> a,b e . 

Bieu thuc P dugc viet lai nhu sau: 

D 1 a b 
2 + 3 cl a + b b 1 

^ P,(6) = '(^ + (6^ :jP ' (6) = 0 ^ (a + 6)2 ' a(6 + l)2= ° 
<=>(l-a)(& 2 -a) = 0=>6 = Va 


Bat t = 4a => t e |j[;lj • 

Xet ham so F(t) = —- — —+ 2. 

w 2 + 3 1 2 1 + t 


Ta co: 

F'(t) = -^—r + — ^;F'(t) = 0o2(2 + 3t 2 f -6t(l + tf =0 

(2 + 3?) (1 + t) 

<=> 18t 4 - 6? +12f 2 - 6t + 8 = 0 

Vit e j^; 1 J => 18C - 6t 3 +12t 2 - 6t + 8 > 0 => F'(t) > 0 Vt e ^i;l j 




34 
33 ‘ 


Vay MinF(t) =f{- 1 = — => MinP = — tai 
w UJ 33 33 ’ 

a = — b = — => x = 4 v = 1 z = 2 
4’ 2 ’ 


❖ Bai toan 45. ( HSG Tinh Nghe An nam 2014 ) Cho ba so 

thuc khong am thoa man a>b>c; 3 ab + 5be + lea < 9. 
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Tim gia tri nhd nhat cua P = —+ — 1 —- + — 1 —■ 
(a-bf (b-cf (c-af 


Loi giai. 

Taco: 81P >(3a& + 56c + 7ca)\ 

' (a-6) (6-c) (c-a) 

Dat a = c + x + y; 6 = c + x (x,y > 0), taco: 


9 P>x 2 (x + yf 


= 32 


x (x + y )Y (x + yf 


(x+yf 


32 J_ 1 
/ * 4 {x + y)‘ 

= 32f^TifetZ + ^T-2 = 

i y J Lx * + yJ 

=32 ^)*.[ 2+ _z_f_, 

Dat -^ = t(f>0) ,xethams6: f(t) = ^ + (2 + t) 2 -2,taco: 


/'(*) = - 


+ 2(t + 2)=>/' , (t) = 0<=>2t 4 +4t 3 -64 = 0 


ot = 2 . Lap bang bien thien ta co: P = - 


❖ Bai toan 46. 

Cho 

ba 

so thuc 

duang a,b,c 

thoa: 

yja — c +Jb-c =. 

fab 

1 c 

Tim 

GTNN 

cua bieu 

thuc 

p _ a | b | 

c 

c 2 




b+c c+a 

a + b i 

a 2 +b 2 





Loi giai. Dat a = xc,b = yc (x,y>l) 

• Thay x = 1 vao gia thiet ta co : -Jb-c = -Jb=>c = 0 khong thoa vi c > 0. 

• Thay y = 1 vao gia thiet ta co : Va-c = Va => c = 0 khong thoa vi c > 0. 

• Xet x,y > l .Thay vao gia thiet ta co : 

V^T + Vy 3 ! = 4xy ^x + y-2 + 2yj(x-l)(y-l) =xy 
^xy-x-y + l-2j(x-l)(y-l)+l = 0^^(x-l)(y-l)-l) 2 =0 
=> J(x-l)(y- 1) = 1 <» xy = x + y > 2 ^ => xy > 4. 

Bieu thuc P dugc viet lai nhu sau : 

p _ « , y , i , i _ * 2 , y 2 , i , i 

y +1 x + l x + y x 2 +y 2 xy + x xy + y x + y ( x + y) 2 -2xy 

p^ i x+ yf , 1 , 1 _ x y | 1 | 1 

2 xy + x + y x + y [ x + yf-2xy 3 xy x 2 y 2 -2xy 

_ x 3 y 3 - 2x 2 y 2 + 3xy - 3 
3(x 2 y 2 -2xy) 

Dat t = xy,t>4 

Xet ham s6 f(t) = f ~ 2 £ + ^ t ~ 3 -,(t>4) 
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0 W > 4 . 


Taco - f'(t\ - f4 ~ At * +e + 6 *~ 6 - t3 ( t ~ 4 ) + f + 6 (*~ 4 ) + 18 ? 

U (f-2tf (f-2tf 

Lap bang bien thien ta co : Minf(t) = f{4) = ^ 

Vay MinP = khi x = y = 2 hay a = b = 2c. 

3. Don bien nhcr ket hop voi ky thuat sap thir tu- cac bien. 

❖ Bai toan 47. Cho a,b,c> 0 thoa man: a + b + c = 3. Tim 
GTLN, GTNN cua bieu thuc P = a 2 + b 2 + c 2 + abc. 


Phan tich. 

Ta de dang nhan thay P = {a + bf +c 2 + ab(c - 2 ) = (3 -cf + c 2 -ab(2- c) 

Khi do ta muon don bieu thuc P ve bien c bang danh gia 

0 <ab< j = ^ ^ ■ Tuy nhien dau cua (2 - c) thay doi khi c e [ 0 ; 3] 

De giai quyet van de do, ta co the gia sit 
c = min{a, 6 ,c} =>3 = a + 6 + c>3c=>c<l 
Loi giai. Gia sir c = min{a,&,c} =>3 = a + 6 + c>3c=>c<l. 

1 3 _ c \ 2 

Tii' gia thiet ta co: 0 < ab < v ^ J va c e [0;l]. 

Ta CO : P = (3 - cf + c 2 -ab(2-c). 
f , (3 -cf 

Voi \ 0 - ab ^ 4 => —|c 3 - 3c +18) < P < 2c 2 - 6 c + 9. 

[ 2 -c > 0 

Bat f{c ) = i(c 3 - 3c +18),^(c) = 2 c 2 - 6 c + 9 . 

Khao sat ham so /(c),g(c),cs[ 0 ;l]. 

Taco Minf(c\ = 4 tai c = l,Maxg[c) = 9 tai c = 0. 

Vay MinP = 4 tai a = b = c = 1; MaxP = 9 tai (3;0;0) va cac hoan vi. 

Binh luan. Tir phan tich va loi giai bai toan tren, ta nhan thay viec sap thu tu cac 
bien phai thoa man hai dieu kien: 

• Thu nhat: Vai tro cua cac bien la nhu nhau (nghia la khi thay doi vai trd cua chung thi 
gia thiet va ket luan cua bai toan khong thay doi) 

• Thii' hai: Viec sap thu tu cac bien phai xuatphat tuy dinh giai torn nao: co the la do viec 
so sanh gap tro ngai ve dau nhu bai toan tren hay de don ve mot bien nao do... 

Sau day mbi cac ban ciing tham khao mot so bai toan de thay dupe nhieng muc dich khac 
nhau khi sap thu tu cac bien. 


Bai toan 48. Cho a, b, c la do dai ba canh cua tarn giac co 
chu vi bang 3. Tim gia tri nho nhat cua bieu thuc 
Q = 3(a 2 +b 2 +c 2 ) + 4a6c. 


Loi giai. Khong mat tinhtong quatta gia sir 0 <a<b<c. 
Taco: a + 6 + c = 3=>a + 6 = 3- c va c>l. 
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Matkhac a + 6>c=>3-c>c=>c<-=>ce 1;-|. 

2 |_ 2 J 

Ta co : Q = 3(a 2 + b 2 ) + 3c 2 + 4 abc = 3(3 - cf + 3c 2 - 2(3 - 2c) ab . 

Vi c< — =>3-2c>0. 

2 

Ta co : j * ab > c 3 -|c 2 +^~ 

Xet ham s6 F(c) = c 3 -|c 2 + y, c e [l;|j 

Ta co : F'(c) = 3c 2 -3c = 0 => |^ C 

Lap bang bien thien ta co : MinF{c ) = F(l) = 13. 

Vay MinQ = 13 tai (a;6;c) = (l;l;l). 


Bai toan 49. Cho cac s6 thuc a,b,c thoa man: 
a 2 +b 2 +c 2 = 9 . Chung minh rang 2(a + 6 + c) < 10 + abc . 


Loi giai. Ta co: 

(2(a + 6 + c)-a6c) 2 = (2(a + 6) + c(2-a&)) 2 <^(a + &) 2 +c 2 J|^4 + (2-a6) 2 J 
= (9 + 2a6)|^8-4a6 + (a6) 2 J = 2t 3 +t 2 -20t + 72 = f(t), vdi t = ab. 

Khong mat tinh tong quat, gia su : | a |<| b |<| c |, ta co : 9 = a 2 + b 2 + c 2 < 3c 2 => c 2 > 3 . 

Lai co : 2 | ab \< a 2 +b 2 = 9-c 2 < 6 =>|t l< 3 

Do do : Maxf(t ) = Max{f(-2)-,f(3)} = /(-2) = 100. Hay : P 2 < 100 . 

[-3;3] 

Dau “=” xay ra <=> ( a,b,c ) = (—1; 2;2) va cac hoan vi ciia no. 

♦♦♦ Bai toan 50. Cho cac so thuc khong am va khong co hai so 
nao dong thbi bang 0. Tim gia tri nho nhat ciia bieu thuc: 

P = (xy + yz + zx)(^^ + ^^ + ^—] 

__ V +y y +z z 2 +x 2 J _ 


Loi giai. Gia sir z = min{x;y;,z}. 

Khi do ta co x + y > 2z <=> xy + yz + zx > ^x + ^ ^ 

Lai co 



Dodo P>\x + -\\y + - 


+ D + N) H) HJ 


Dat x + ^ = a; y + ^ = b (a,6 > 0) 
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Taco P>ab[ , +-^- + -^-1 =— \ — + —+ —^ • Bat — = oc(x>0) khao sat ham so 

u +i “ b ] CfT« 6 ft) 6 

f(x) = * ^ +X +—,x > 0 tatimdugc Min f(x) = ^ . 

Vay Min P = ^ dat dugc khi a = 6, c = 0 va cac hoan vi cua no. 

❖ Bai toan 51. Cho cac s6 thuc khong am a, b, c thoa 
man a + b + c = 3. 

Tim gia tri ldn nhat cua bieu thuc 

P = (a 2 -a6 + 6 2 )(6 2 -6c + c 2 )(c 2 -ca + a 2 ) 


Loi giai. 

Khong mat tinh tong quat ta gia su 0 < a < b < c < 3 =; 
=> P < b 2 c 2 (b 2 - be + c 2 ) = b 2 c 2 [(6 + cf - 36c] 

Mat khac taco: 6 + c<a + 6 + c = 3=> 2 Jbe < 6 + c < 3 


a(a-6)<0 
a(a-c) < 0 


0 < be < - 
4 


-ab + b 2 < 6 2 
' - ca + c 2 <c 2 


Do do P < b 2 c 2 (9 - 36c) = -36V + 96 2 c 2 . 


Xethamso F(x) = -3a: 3 +9x 2 , x e => F'(x) = -9x 2 +18^c = 0 => ^ 

Lap bang bien thien ta co : MaxF(x) = F(2) = 12 => MaxP = 12 tai (a;6;c) = (0;1;2). 


Bai toan 52. Cho a, b, c la cac s6 thuc khong am thoa man 
(a + 6)(6 + c)(c + a) > 0 . Tim GTNN cua 


P = 


'3V3 J- 


Loi giai. 

Gia su a > max{6,c} . Ta co . 


ab + bc + ca I a(6 + c) 


16 + c a 


+ (6 + cf . a 6 + c 
\ 6 + c a 


Khao sat ham so g(t) = t + 3>/3 ^ 2 1 ^ vdi t > 2, ta tim dugc GTNN cua P bang 


i 7V2 


❖ Bai toan 53. (DH Vinh MO TST 2011-2012) . Cho cac 

so thuc a,b,c khong am doi mot khac nhau. Tim gia tri nho 
nhat cua bieu thuc 


(a-6) (6-c) (c- 


1. Gia su c = Min {a, 6, c} 


Loi giai 

Ta co : 
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A _ a 2 |6 2 ^ c2 _ {a-bf +(b-cf +(c-af +2(ab + bc + ca) 
2 

2 (a-bf +2(6-c)(a-c) + 2(a6 + 6c + ca) 


Ma : a& + &c + ca>(6-c)(a-c)<=>c(26 + 2a-c)>0 (dung ). Suy ra : A > (a-bf +2(fe-c)(a-c) 

( 1 ) 

T • , 1 1 1 

Lai co : B = -- +-- +-- = 

(a-bf (b-cf (a-cf 

(a-bf{b-4[a-cf (a-c)(b-c) K) 

Dat: (a-bf =u;(b-c)(a-c) = v . Tir ( 1 ) va (2) suy ra : 

5 + 2- + j^-j + 4^—jDat — = t,t>0. Xet 
hamso: f(t) = t 2 +At + 2 +5,taco : f'(t) = 2t + 4-^ = (t 2 + t- l) => f'(t ) = 0 <=> t = 1 + 

Lap bang bien thien cho ta : f(t ) > - j = 11 + ^'^ > ■ 

f c = 0 


P^(a i 2 k) [ 1 i u i 2 "|- “ + 2t; , u ( u + 2v ) , 2 ( u + 2v ) _ 


Vay MinP = 


11 + 5^5 


\(a-bf = ^ 1 ab (Hoachoanvi) 


a,b > 0 

Loi giai 2. Gia su c = Min{a,b,c } . Suy ra : b-c<b;a-c<a . Do do : 

_ a 2 + b 2 a 2 +b 2 a 2 +b 2 _ 

= ( a _ bf + + ^ = 


P>(a 2 +b 2 


(a-b) 
a + b 
( b a 

a + b -< 
b a 


1 1 

~^ 2+ ¥\ 


Dat: 


Xet ham so : f(t) = t 2 + -, f'(t) = 2t -- = 0 => t = 

W t- 2 /W (t-2f 


3 + V5 



ll + 5>/5 

2 

❖ Bai toan 54. Cho a, b, c la cac so thuc khong am co tong 

bang 1. 


Chung 

minh rang 

yja + (b-c) 

2 +^Jb + (c-af +yjc + (a-bf >>/3 . 


Loi giai. Do a, b, c co vai tro nhu nhau nen khong mat tinh tong quat ta gia su 
a>6>c=>ae-;l,ce0;— . 

L3’ J’ l 3j 

Taco: ^ a + (b-cf +^jb + (a-cf > ^2 (a + b) + (a + b- 2 cf = \l9c 2 -8c + 3 . 

=> W > V9c 2 -8c+ 3 +jc. 

Xet ham so F(c) = V9 c 2 -8c+ 3 + 4c ^0 < c < . 

Taco : F'(c) = ( 18c ~ 8 ) ^ + ^ 9c jj c + 3 = Q => V9c 2 -8c + 3 =Vc(8-18c) fc<-l(l) 
W 2^9c 2 -8c + 3 V H 9J W 
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Giai phuong trinh (1) va so sanh dieu kien ta duoc c = ^,c = 7 . 

Lap bang bien thien ta co : 

MinF(c) = 27(0) = pjjM = y/3^VT>S^ dpcm. 

Dau '=’ xay ra khi (a,b,c) la f-;-;0 1 va cac hoan vi. 

J K ’ 1,2 2 J\3 3 3 J 

❖ Bai toan 55. Cho a, b la cac so there thuoc [0;2]. 

Tim gia tri nhd nh at cua bieu there 

p= (^f + (^r + (^r _ 

Loi giai. Khong mat tlnh tong quat ta gia sir 0<a<6<c<2. 

Ter 0 < c-a < 2 =>— 

(o-4 4 

Tiep tuc ta co: 0 < c - b < 2 - b => — 1 —- > —-—- va 0 < 6 - a < 6 => —-—- > \ 

( b~4 (2-6) 2 ( a-bf 6 2 

Suyra P>^- +—-—- +—,V6 <=(0;2). 

b 2 (2-6) 4’ K ’ ’ 

Xethamso F(b) = \ + —-—- + —,V6e(0;2) 

V ^ b 2 (2-6) 4’ K ’ ’ 

Taco: F'(b) = ~4+ 2 _ = 0=>6 = 1. 

U (2-6) 3 

Lap bang bien thien ta co : MinF (6) = F (l) = ^ => MinP = ^ 

Dau " = " xay ra tai (a;6;c) = (0;1;2). 

4. Phuong phap tiep tuyen. 

Chu y. Neu duang thang y = ax + b la tiep tuyen cua do thi ham so y = fix) tai diem 
A(x 0 ;y 0 ) (A khong la diem uon) khi do ton tai mot khoang (a;/3) chua diem x 0 sao cho 
f(x ) > ax + 6, Vx e ( a;/3 ) hoac f{x) < ax + b, Vx e (a; p). Dang thuc xay ra khi va chi khi 


♦> Bai toan 56. Cho a, b, c duang thoa man : a + 6 + c = 1. 

, , a b c 9 

Chung minh bat dang thuc -+-+-> —. 

l + 6c 1 + ca l + a6 10 


Loi giai. Ta co 


i + fc 


4 + (l -G 


Hoan toan tuong ter, ta se chung minh 
4 a 46 4c 9 


a 2 -2a + 5 6 2 - 26 + 5 c 2 -2c + 5 10 


Xet ham so f(x) = 


4x 


*/•(*)- 


-4x“ + 20 


x 2 * + 5 (x 2 - 2x + 

Phuong trinh tiep tuyen tai diem co hoanh do x 0 = 

Luc do _= (3,-l) ! (l5-ll») s ( } 

x 2 -2x + 5 100 100(x 2 -2x + 5) V ’ 


_ 99x - 3 
100 


http ://dethithpt.com - Website chuyen tai lieu de thi file word 















Tii' ket qua tren thay x boi a,b,c ta dugc: 

4 a 4 b 4c ^99(a + 6 + c) — 9 

a 2 -2a+ 5 b 2 -26 + 5 + c 2 -2c + 5 “ 100 


= ^ (dpcm) 


❖ Bai toan 57. Cho a, b, c la do dai ba canh cua mot tam giac. 
Chung minh bat dang thiic 

1 , 1 , * 1 , 9 1 , 1 , 1 l 

a b c a+b+c (a + 6 b+c c + a) 

Loi giai. Chuin hoa a + b+c = 1 . Khi do bit ding thiic cin chiing minh la: 



Xet ham so f(x) = — — \ , phuong trinh tiep tuyen tai diem co hoanh do 
x 0 la y = 18x-3. 

\l = a+b + c>2a 

Do a,b,c la ba canh cua mot tam giac nen \ l = a + b + c>2b=> x<- 
\\ = a+b + c>2c 

Suyra f(x) - (l8x - 3) = ^ ~ ^ ^ ~ ^ > 0, Vx e |o; | j 
Tirdotaco: VT(*) = f(a) + f(b) + /-(c) < 18(a + 6 + c)-9 = 9 (dpcm). 


❖ Bai toan 58. Cho a,6,c>«£ thoa man a + 6 + c = l. . Chiing 

minh bat dang thiic —-— + —^— + —-— < — (*). 
_ & a 2 +1 6 +1 c 2 +l 10 v ’ _ 


Loi giai. 

Xet ham so f(x) = 


x 2 +l 
36x + 3 


. Phuong trinh tiep tuyen tai diem co hoanh do 


Xethieu = soyx> _A 

V ’ 50 50(x 2 +1) 4 

Dodo VT(*) = /-(a) + /-(6) + /-(c)<g(a + 6 + c) + A = A (dpcm). 


♦♦♦ Bai toan 59. (Japan MO 2002) Chiing minh rang vdi moi 
so thuc a,b,c khong am ta co bat dang thiic 

(b + c-af | (c + a-bf | (a + b-cf ^3 
_ {b + cf+a 2 (c + af+b 2 (a + bf +c 2 5 _ 


Loi giai. Chuan hoa a + b + c = 1 , bit ding thiic da cho tro thanh: 

(l-2a) 2 + (l-2a) 2 + (l-2a) > 3 

2a 2 - 2a + 1 2a 2 - 2a + 1 2a 2 - 2a + 1 _ 5 

Xet ham so f(x) = ^— 4x + l , pj^^g trinh tiep tuyen tai diem co hoanh do 

1 ,, -54x + 23 
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Dodo ffx) ~ 54x + 23 2 ( 54 ^- 27x * +1 ) 2(3x-l) 2 (6x + l) 

1 25 25(2x 2 -2x + l) 2b(2x 2 -2x + l) 

VT(*) = f(a)+f(b) + f (e) > -|f (*+ y + .)+3.§ = f (dpcm) 


>0 


❖ Bai toan 60. (USA MO 2003) Chung minh ring vdi moi s6 
thirc a,b,c khong am ta co bat dang thiic 

(6 + c + 2a) 2 | (c + a + 26) 2 | (q + fe + 2c) 8 
(6 + c) 2 +2q 2 (c + q) 2 +26 2 (q + 6) 2 +2c 2 


Ldi giai. Chuan hoa a + b + c = 1. Bat dang thiic can chiing minh tro thanh: 

( 1 + °)‘ » M M < 8 (*) 

3q 2 -2q +1 3b 2 -2b + l 3c 2 -2c + l [ ’ 

Xet ham so fix) = x +2x + 1 ? phuong trinh tiep tuyen tai diem co hoanh do 
3x - 2x + 1 
1 ,, 12x + 4 


Khido ( 4x + 1 ) ^ 0 ,Vxe(0;l) 

W 3 3(3* 2 -2x + l) V ' 

Nen Vr(*) = /■(«) +/•(fe) + /'(c)<y(a + 6 + c)-3.| = 8 (dpcm). 

♦♦♦ Bai toan 61. (Russia MO 2002) Cho cac so thuc duong 
a,b,c thoa man dieu kien q + 6 + c = 3. Chiing minh bat dang 
thiic 

_ 4a + 4b +4c >ab + bc + ca. _ 


Ldi giai. Ta CO 9 = [a + b + c) 2 = a 2 + b 2 +c 2 + 2[ab + bc + cq) 

Do do bit ding thiic cin chiing minh tro thanh 
a 2 +b 2 +c 2 + 24a + 24b + 24c > 9 (*) 

Xet ham so f(x) = x 2 + 2 4x, tiep tuyen cua ham so tai diem co hoanh do 
x 0 = 1 la y = 3x. 

Khido f(x)-3x = x 2 -3x + 24x = [4x -lj [x + 24x j > 0,Vx e (0; 3) 

Nen VT(*) = f(a) + f(b) + f(c)>3(a + b + c) = 9 (dpcm). 


❖ Bai toan 62. Cho cac so thirc duong a,b,c Chung minh bat 
dang thiic 

q b c > 9 

(6^T + (^of + (» + 6r - 4 (c + 6 + c)- 


Loi giai. Chuan hoa a + b + c = 1 . Bat dang thiic can chiing minh tro thanh 


(1 -«) 2 (1 ( 1 -c ) 2 " 4 


(*)• 


Xet ham so f(x) = -— X ^ , tiep tuyen cua do thi ham so tai diem co hoanh do 
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f(x)-^i= - 18x3+3to2 - 2to + 3 = ( 3x - 1 ) 2 (- 2x + 3 ) >0,Vx e (0;l) 
4 <l~xf 4(1 -x) 2 ^ ' 

Nen vr(*) = /-(a) + /(6) + /-(c)>^(a + 6 + c)-| = | (dpcm). 


5. Khao sat ham nhieu bien so. 

❖ Bai toan 63. Cho a, b, c dirong thoa man : a 2 + 6 2 + c 2 = 3. 
Tim gia tri nho nh at cua bieu there P = • 


Leri giai. 

Taxethamso f(x)= ^ 1 -l-ix 2 ,xe(0;^) 

3-V5 


Taco: f'(x) = 


(2-x 


(o;Va) 

x = le (0;\^}) . 

= ^ e (0;J5) 


Lap bang bidn thien ta co f(x) > f( l) = — 
Thay x bbi a, b, c vao ta duoc : P = 

Vay MinP = 3 tai a = b = c = 1. 


2 2-x 2 2 


2-6 2-c 2 2' 


❖ Bai toan 64. Cho cac s6 there a,6,c e[0;2], thoa man 
a + 6 + c = 3 . Tim gia tri Ion nhat va nho nhat cua bieu there 
P = a 2 + 26 2 + 3c 2 - 2a - 24c + 2060 


Leri giai: Ter a + 6 + c = 3=>a = 3-(6 + c) . Suy ra : 

P = [3 - (6 + c)] 2 + 26 2 + 3c 2 - 2[3 - (6 + c)] - 24c + 2060 = 36 2 + 26(c - 4) + 4c 2 - 28c + 2063 . 

Taco : P\ =66 + 2c-4, P\ =0=>6 = ^^ . Do0<c<2=>0<^^<-. 

6 6 3 3 3 

Ta co bang bien thien : 



Nhin vao bang bien thien ta thay : 

MaxP = M a x{P(0y,P(2)}=P(2) 

(Do P( 2) - P(0) = (4c 2 - 24c + 2067) - (4c 2 - 28c + 2063) = 4c + 4 > o) 

Lai CO : P(2) = f(c) = 4c 2 -24c + 2067. f’(c) = 8c-24 < 0,Vc e[0;2] => f(c) < f(0) = 2067 .Hay 
MaxP = 2067 <=> a = 1;6 = 2;c = 0 . 
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MinP b = p(- —-1 = —c 2 c + 2063 

[0;2] { 3 J 3 3 

Xet g{c) = ^c 2 -^c + 2063, cg[0;2], 

ta CO g'(c) = y c ~Y < ° ^ ~ = 2023 ' 

Hay MinP = 2023 o c = 2;6 = 0;a = 1. 


Bai toan 65. Cho cac so thuc duong x,y,z thoa man x > z . 
Tim gia tri nho nh at ciia bieu th uc 

r %z , y 2 , 2 (* + 3 z) 

y 2 +yz xz + yz x + 2 z 


Loi giai. 

Ta co 


y 2 -+ 


y +yz xz + yz y + 1 x + 1 x +2 

z y z 

Bat — = a\— = 6 => a6 = — >l=>l<ab< ——— => a + 6 > 2 . 
y z z 4 

Khi do: P - a i b , 2(a6 + 3) _ (a + 6) 2 +(a + 6)-2a6 , 2a6 + 6 
6 + 1 a + 1 a6 + 2 a6 + (a + 6) + l a6 + 2 




-2m + v 2 + v 2m + 6 
M + M + l M + 2 


Xet ham so f(u,v) = 

(v 2 +3v + 2) 9 

f'Ju,v) = -± -/-- < 0, Vm,m > 0 

J (m + m + 1) 2 (m + 2) 2 

Dodo 
Lai co 

4(v 4 -4m 3 -16i> + 64) . f v = 4 

S ' (V) ' (v + 2f(S+B)‘ * S ' (V) ' ° ~ ( ^ 4)( _16) ° = 2^2 

Lap bang bien thien ta thay ming(ii) = g(4) = g(2) = — 


Dau “=” xay ra < 

Hay minP = H 


a = b = 2 


[*« 

ja + 6 = 4 

ja = 6 

ja + 6 = 2 ^ L a = 6 = l 

|a = 6 

x = y = z hoac x = 2y = 4z. 


Bai toan 66. ( Khoi A - 2011) . Cho x,y,z la ba so thuc thuoc 
doan [l;4] va x > y;x > 2 .Tim nh o nhat cua bieu thuc 


2x + 3y y + z z + x 


Loi giai. 

• mu x = y,thi P(z) = - + — + — = - . 

v / 5 x + z x + z 5 
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• Neu x> y , taco : P'(z) = - y 2 

{y + z) 

=> P'(z) = 0 <=> (x + z) 2 y = x(y + zf 


,(x + z)~z _ -y 

(z + x) 2 (y + zf 

=> Z = yfxy <x 


X 

(W 


Lap bang bi6n thien ta My : P(z) > p(^) = ^- + ^ + ^ t = t*&2] 

Khao sat su bien thien cho ta : f(t ) > f( 2) = 

Dau “=” xay ra khi va chi khi x = 4; y = 1; z = 2. 

❖ Bai toan 67. Cho cac s6 thuc khong am a,b,c thoa man 

c <a,c <b. Chung minh r&ng f—) +[——1 > a +b +c 
^ b-cj ^ c-aj ab + bc + ca 


Ldi giai. 


Ta co 


[0<6-c<6 
|0 < a-c<a 


( a 2 +b 2 ) 

,, c>0 co: 

+ b) + ab 

2c[c(a + 6) + a&]-(a + 6)(c 2 + a 2 +6 2 ) 


, c 2 +(a 2 +6 2 ) 

Xethamso f(c) = - r -± — r --,c>0 co: 

v ’ c{a + b) + ab 


f'{c) = 


(ab + bc + ca ) 

2a6c + (a + 6)(c 2 - a 2 -6 2 ) (a + 6) 2 c + 2(a + 6)(c 2 - a 2 -6 2 ) 
(a6 + 6c + ca) 2 (a6 + 6c + ca) 

(a + 6)(ac + 6c + 2c 2 -2a 2 -26 2 ) 

2(a6 + 6c + ca) 2 


_ (a + fe)[a(c-a) + 6(c-6) + (c 2 ~6 2 ) + (c 2 ~« 2 ) 
2 (a6 + 6c + ca) 


<0 do 


Jc < 6 
[c < a 


Suy ra /-(c) < /(0) = 


-=-A ( 2 ) 


Lai co ^ + + —1 >—+ — (3) 

b a 2 2[6 aj b a W 

Tir (1), (2), (3) suy ra bat dang thuc duoc chung minh. 
\a = b 
1 c = 0 


Dau “=” xay ra < 


Bai toan 68. Cho ba so thuc duong a, b, c thoa man: 
abc + a + c = b. Tim gia tri ldn nhat cua bieu thuc: 


: 2 +1 6 2 +1 c 2 +l 


Loi giai. Taco a + c = 6(1-ac) > 0. 
Dethay ac + 1 => 0 < a < - nen b = ^ 

^ p _ 2 2(1 -acf | 3 

a 2 +1 (a + c) 2 + (1 - acf c 2 + 
2 , 2(a + c) 2 0 . 3 


Xet f(x) = 


a 2 +1 (a 2 + l)(c 2 +1) 

2 (x + cf 


x 2 +1 (x 2 + l)(c 2 +1) c 2 + 1 
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-2 vdi 0 < x <— 


_ 2 ( x2 + 2cx + 2c 2 +1) 3 

t{X) ~ (x 2 +l)(c 2 +l) 


/'<*) = 


-4c(x 2 + 2cx - 1) 
(x z +l) 2 (c 2 +1) 


f\x) = 0 <=> x 0 =-c + Vc 2 +l va /'(x) doidautu 


trenkhoang |^0: 

duang sang am khi x qua x 0 , suy ra /(x) dat cue dai tai x = x 0 
=> V6i Vxefo; -1: f (x) < 2 . 3 „ 2c 


Xet g(c) = 
g\c) 


c 2 +l-cVc 2 +l + c 2 +l Vc 2 +1 + c 2 +l 
vdi c>0 


Vc 2 +1 c 2 +l 

2(1-8c 2 ) - T , (c) = 0 » c = -^= (BicX)) 


- ) - = U » V = 

(c 2 +1) 2 (V c 2 +1 + 3c) 2V2 

2 24 10 


> Vc > 0: g(c)< g| 


. 2 V 2 J 3 9 3 


. Dau "=" xay ra khi 


6 = ^2 


2^2 


Vay gia tri ldn nhat cua P la —. 


6. Ket hop vdi viec sir dung Bo de. 


Bai toan 69. Cho x,y,z >0thoa man x+y+z>0. Tim gia 

tri nho nhat cua bieu thuc P = x +y +16 ^ 

(x + y + z) 


Bo de. Trade het ta co: x 3 + y 3 > ^ + (chung minh bang each bien doi tuong duang) 
4 

(x + y) 3 + 64z 3 _(a- zf + 64z 3 


Lol giai. Dat x + y + z = a. Khi do 4P > 

(vdi t = -, 0<t<l); 

Xet ham so f[t) = (l- tf + 64t 3 vdi £e[0;l]. 
CO f\t) = 3^64t 2 -(l-t) 2 ],f'(*) = 0<=>t = ^e[0;l] 

Lap bang bien thien => Minf(t) = — => 

( qoa] 81 

GTNN cua P la — dat duoc khi x = y = 4z > 0. 


- = (l-t)+ 64t 3 


Bai toan 70. (De chon doi tuyen QG du thi IMO 2005) . 

Cho a,b,c >0. 


Chung minh rang 


(a + bf (b + c) 3 (c + af 
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Bat dang thiic da cho tro thanh : 


(1 + x) 3 


Ap dung AM-GM ta co 
Ta cin CM bit ding thiic : 

Bo de: 


(i +yf (i +zf 

^ ^ 3s/- 


(l + x) 3 (l + x) 3 8 ” ]l8(l + x) e 2(1 + xf 

1 1 1 ^3 

(1 + x) 2 + (l + y) 2 + 0- + zf “4 

(x,y > o) 


(l + x) 2 (1 + yf l + *y 

Bo de nay dugc CM bang each bien doi tuong duong dua ve BBT hien nhien : 
xy(x - yf + (1 - xyf > 0 

Dodo: ^^4^^ = ^- + -^ = zjz + l) + l = z 2 + Z + l 
1 + xy (1 + 2 ) 2 + 1 (1 + 2) (1 + 2 ) 2+22 + 1 

Giasir: 2 = Max{x,y,z) => 1 = xyz < z 3 => 2 : > 1 

Xet ham so : f(z) = - +z + 1 ■ 

Suy ra : f(z) > f( 1) = 


Baitoan71. Cho a,b,c> 0. 

' • , i 2 a ZO 1 zc 

Chung minh rang .-+. I-+ -< 


Bo de : Vdi x,y> 0 thoa man xy < 1. Ta co bat dang thiic 

Chirng minh : 

Ta co 


l + x 2 1 + y 2 1 + xy 


1^2 x 2 + y 2 + 2 2 

, ■ --<-<=>^—- i -5-<- 

l + x 1 + y 1 + xy xy + x + y +1 1 + xy 

<=> xy(x 2 + y 2 ) + 2xy + x 2 + y 2 + 2 < 2x 2 y 2 + 2(x 2 + y 2 ) + 2 

<=> xy(x 2 + y 2 - 2xy) - (x 2 + y 2 - 2xy) < 0 <=> (x - yf {xy -1) < 0 (luon dung) 

Bang thiic xay ra khi xy = 1 hoac x = y > 0. 


Loi giai. 


xyz = 1. 


Bo x,y,z > 0 ;xyz = 1 nen gia Sli 2 > 1 => xy < 1 
Ap dung Bat dang thiic Cauchy-Shwarz ta co 



/ \‘ c / 1 — - /— - 

V 2 + 2(2 + 1 ) (2 + 1 ) V 2 +1 

Bang thiic xay ra khi x = y = z = 1 hay a = b = c. 
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Bai toan 72. Cho a,b,c > 0 . 


Bo de : Vdi x,y > 0 thoa man xy < 1. Ta co bat dang thuc 

Chu-ng minh : 

Ta co 


1 


1 + xy 


x 2 +y 2 + 2 


2 

~ 1 + xy 


l + x 1 + y 1 + xy x y + x + y +1 
<=> xy(x 2 +y 2 ) + 2 xy + x 2 + y 2 + 2 < 2x 2 y 2 + 2(x 2 +y 2 ) + 2 
++ xy(x 2 + y 2 - 2xy) - (x 2 +y 2 - 2xy) < 0 <=> (x - yf (xy -1) < 0 (luon dung) 
Dang thuc xay ra khi xy = 1 hoac x = y> 0. 

Jx,y,z > 0 


LM giai. Bat » = JI, y = ^,z = £ => { : 


xyz = l 


Gia svr xy < l => z > l 
Vi xy < 1 



Mat khac ta lai co: 


Nhu vay ta co : VT(l) < 


Ta co : F'(z) 


_ VT+z-a/2z _ 
M 1 + zf 


0=> Vl + 0-V2z = 0=>z = l. 


; . H „ 

1 + xy 


Lap bang bien thien ta co : MaxF = F(l) = JL => VT(l) < -JL => dpcm. 

Dau " =" xay ra khi x = y = z = l<=>a = 6 = c. 

❖ Bai toan 73. Cho a,6,ce^;3j. Tim gia tri ldn nMt cua 
bieu thuc 

P = ^ T + — + — 
a+b b+c c+a 


, ' ' ’ 11 2 

Bo de. Vdi 0 < xy < l ta co bat dang thuc-+-<- i= 

l + x 1 + y 1 + Jxy 


Chu-ng minh. Ta co + 

Loigiai. Dat x = —,y = y,z = 
a b 

Khido P = —+ —+ —. 

l+x 1+y 1+z 


1 _ 2 | ^ 2 
1 + y 1 + Jxy (x + l)(y + l)(^ + l) l + Jxy 

— =>x,y,ze — ,9 va xyz = 1. 
c L9 J 
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Khong mat tinh tong quat, gia su i < x < y < z < 9 . 

7 ' 2 Ji 1 

Do xyz = 1 nen z > l; xy < 1 . Khi do ap dung bo de ta co P < -=+— +- 

Vz+l 1 + z 

Dat 4z=t,t> 1. Khao sat ham s6 f(t) = -^- + —^—, t e|T;+oo). 

w t +1 1 + f L ’ 

Q Q. (n — Qf» 

Tatimduoc Max f(t) = <=> t = 3 hay MaxP = -<^\ 

’ [!;+“) W 5 ' 5 [6 = 3c. 


❖ Bai toan 74. Cho cac so thuc duong a,b,c thoa dieu kien 

a 2 + b 2 + c 2 = 2 

Tim gia tri ion nhat cua bieu thuc 

1 f a 4 b 4 + b 4 c 4 ) 


P = 


if ab t be 
J 2y2 + c 2 2 + a 2 ^ 


641 


Bo de. Ta co vdi moi x,y > 0 thi x 2 + y 2 > . 

Dau dang xay rakhi va chi khi x-y. 

Chu-ng minh. That vay , bit ding thuc da cho dupe biin ddi tuong duong trb thanh : 

2(x 2 +y 2 )>x 2 +2xy + y 2 o(x-y) 2 >0 

Loi giai. Ap dung bo de ta co : x 4 + y 4 > ——— 


Do do : 


a 4 b 4 +b 4 





Tu gia thi it ta co : ^ + —Ar = *——rr— -r-r —tv ^ rv- tv— r ~,—tv 

2 + c 2 2 + a (a +c ) + (6 +c ) (a 2 +fc 2 )+(a 2 +c 2 ) 

Ap dung bat dang thuc AM- GM ta co : 


2 + 6 2 ) + (a ! 

b 2 

a 2 + b 2 a 2 


2^|a 2 + c 2 )(ft 2 + c 2 ) ^(a 2 + 6 2 )(a 2 +c 2 


1 + d V- + -T ^T + 


' T + T < 2 ) 


be 

V2^2 + c 2 2 + a 2 


IW(M 


Do do ta co : P < 
b b 


MKIM 


_ 64'8U + aJ 


Dat t = - +—,t > 0. Xetham so f(t) = 
Ta co : f'(t) = - 




1 1 1 128 
\8 + 16 t 


V 8 + 16 ^ 


—t < 8 <=> t 7 + 2t 6 - 32 < 0 


•» (t - 2){t 6 + 4 f + 8 1 4 +16t 3 + 32t 2 + 64t +16) < 0 0 < t < 2 . 

Lap bang bien thien ta thay GTLN cua P = — dat dupe khi t = 2 va dau bang o cac danh 
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a = b = 


gia (l),(2) xay ra . Do do ta co : 



3 


♦♦♦ Bai toan 75. Cho a, b, c la cac so thuc khong am thoa man 
(a + b)(Jb + c)(c + a) > 0 va a > max{6,c} . Chung minh rang 
la + 11 f rr + I % la + 7(b + c) > 15 

V6 + c + 2 [Vc + a + Va+&J + V a > 2 


Loi giai. 

Bo de: Cho a, b, c la cac s6 thirc khong am thoa man (a + b)(b + c)(c + a) > 0 va a > max {b, c }. 


Chu-ng minh bo de: 

Ta co (1) 


(b + c)(a + c) \(b + c)(a + b) 
2ab 2 ab 


(b + c)(a + c ) 2^a(b + c)b(a + c ) bc + ac + 2 ab 

ac 2 (ab + ac) 


> 1 ; mat khac , ta lai co 
; tuong 


^ l 


(a + b)(b + c) bc + ba + 2 ac 


Suy ra 


ab 


]l(b + c)(a + c) ]l (b + c)(a + b) bc + ba + 2 ac 
lb I c fb + c 

\a+c \a+b V a 

Dau bang xay ra khi a = b = c hoac b = 0, a = c hoac c = 0, a = b 

Quay lai bai toan 

11 


g\t) 


, (V?T7-4)(2«* + 8^ + 2i) 

»■ = 


2 1 2 


Vay g\t) = 0»t = 3 vi t> 0. 

Lap bang bien thien, ta duoc GTNN cua g(t) bang f{ 3) = —. Tu day ta duoc 


'Ksh -V£ + Tifr s+ T 


7(h + c) 


I a 111 / b 
\b + c 2 IVc + a 


a + 7(b + c) 


a 111 b I c I 
\b + c 2 I Vc + a \ a + b 


Vay ta dirge 
dieu phai chung minh. 

7. Van dung ky thuat don bien co diin. 


. Do dau bang khong xay ra nen ta co 


❖ Bai toan 76. (Nghe An MO TST - 2010 ). Xet cac so thuc 
duong a, b,c thoa man abc = 1. Hay tim gia tri nho nhat cua 
bieu thuc 

P = a 3 b 3 + b 3 c a + cW-6(a + b + c) 


Loi giai: 
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Ta se chung minh : P(a,6,c) > p(a,Jbc,Jbc} . That vay : 
P(a,b,c)-P(a,yjbc,Jbc j = a 3 6 3 +a 3 c 3 -6(6 + c)-2a 3 [\/6c) +12 Jbc 

-a*[(VS)'-(^’J -e(Jb-rc)‘- 

= (>/ft-Vcj | a s (b i */bc i c) 6 >(\'7) v'c| [9a 3 .6c-6] = 

= (>/6-\/c) (9a 2 -6)>0 ( Voi gia su a = Max{a,b,c} => a>l ). 
Lai co : 

p(a,yfbc,yfbc ) = pfa,4=r^l = 2a%/a + - 6a - -^L,„ 

v ' \ y/a yja J a yja 

Dat 4a = t,(t > 1 ). Taco : f(t) = 2t 3 +^-6t 2 

Ta se chung minh : 2t 3 + ^ - 6t 2 - ^ > -15, V£ > 1 (*) 

That vay : (*) <=> 2t 9 - 6 1 8 +15 t d - 12 1 6 +1 > 0 . 

Xet ham so : g{t) = 21 9 - 6 t s +15 f - 12 1 5 +1, ta co : 

g’{t) = 18t 8 - 48t 7 + 90t 5 - 60t 4 = 6 1 4 (3t 4 - 8 1 3 +15 1 -10) = 6f .h(t) . 

Xet: h(t) = 3t 4 - 8t 3 + I5f-10, vt >1, co : 


h'(t) = 12 1 3 -24 1 2 +15; h"(t) = 36t 2 -48t = 0 


t = Q 



Lap bang bien thien ta thay : h'(t) > 6'jj^-j = ^ > 0 . 

Do do : h(t) > 6(1) = 0 => g'(t ) > 0 nen : g(t) > g(l) = 0. 


Bai toan 77. (MOSP 2001). Xet cac so thuc duong a, b,c 
thoa man abc = 1 Chung minh bat dang thuc 
(a + 6)(6 + c)(c + a) >4(a + 6 + c-l) 


Loi giai: 

Dat: P(a,6,c) = (a + 6)(6 + c)(c + a)-4(a + 6 + c-l) = 
a6(a + 6) + 6c(c + 6) + ca(c + a) - 4(a + 6 + c) + 6 
Ta se CM : P(a,b,c)>P[a,Jbc,Jbc ), that vay : 

P(a,b,c)~ P(a,Jbc,4bc^ = 

= ab[a + 6) + bc(b + c) + ca(c + a) - 4(6 + c) - 2 aVfoc [a + ^fbc^ - bc(2-Jbc^ + 8 Vfoc 
= 6c[6 + c-2-\/&cj-4[6 + c-2-s/6c) + a 2 [6-2-v/6c + c) + a(6 2 -26c + 6 2 ) 

= [^Jb - s[c j [6c + a 2 - 4] + a(6 - cf = = [y[b - Vc j |^6c + a 2 + a[ sfb + Vc) - 4j = 
= {4b-4c^ [6c + a 2 +a(6 + c) + 2%/a-4j 
= (Jb - 4c j [(a + 6) (a + c) + 2~Ja - 4 J 

Gia su : a = Max[a,6,c} => a > 1 , va : (a + 6)(a + c) > 4-Ja 2 bc = 44a >4. 

Vay: 
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P[a,b,c)>P(a,y[bc,4bc^ = = 2a-Ja + 8 + —^=-4a-JL = 2t 3 + -^--4t 2 -j + 8 = f(t), Vdi 

4a=t> 1). 

Taco: f'(t) = + 3-4t 2 ), 

lai co : g(t) = 3t 3 -4t 2 +3, 

CO : g'(t) = 9t 2 -8t = t(9t -8) > 0, Vt > 1 => g'(^) > g'(l) = 2 > 0 . 

Do do : f'(t) > 0, Vt > 1. Hay : f(t ) > f{\) = 0. BDT dirge CM. 
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Chmrng III. TUYEN CHON MOT SO BAITOAN BAT DANG TIII C 

Noi dung co ban cua chucmg gom 

• Lera chon va gidi thieu mot so bai toan bat dang there hay va kho, cung vdi do la qua trinh phan tich cac 
hudng tiep can bai toan va cac ldi giai doe dao. 

• Tuyen chon va gidi thieu mot so bai toan bat dang there ter cac de thi hoc sinh gidi mon Toan cap 
THCS, THPT va mot so bat dang there ter cac de thi vao ldp 10 chuyen toan trong mot so nam trd lai day . 

• Gidi thieu cac bai tap tong hop de cac em hoc sinh co the ter ren luyen. 

Chu de 11 

MOT SO BAT DANG THlfC HAY VA KHO 

Trong chu de nay, chung toi da tuyen chon va gidi thieu mot so bai toan bat dang thuc hay va kho, 
cung vdi do la qua trinh phan tich de di den hinh thanh ldi giai cho bai toan bat dang thuc do. Ter cac bai 
toan do ta se thay dupe qua trinh phan tich dac diem cua gia thiet bai toan cung nhu bat dang thuc can 
chung minh, ter do co nhung nhan dinh, dinh hudng de tim toi ldi giai va each trinh bay ldi giai cho mot 
bai toan bit ding thuc. 

Bai 1. Cho a, b, c la cac so there duong. Chung minh rang: 

be ca ab 1 1 % 

a 2 (b + c) b 2 (c + a) c 2 (a + b) _ 2a 2b 2c 

Phan tich va loi giai 

Trade het ta du doan dau dang thuc xay ra tai a = b = c. Co the noi day la mot bat dang thuc hay 
tuy nhien no khong there su kho. Quan sat bat dang thuc ta co mot each tiep can bai toan nhu sau 
Cach 1: Ter chieu cua bat dang thuc, y tudng dau tien la ser dung bat dang thuc Cauchy de danh gia. 

Nhung ta ser dung bat dang thuc Cauchy cho bao nhieu so? Be y ben ve trai bat dang thuc co chua ^ va 

a 

ben ve phai lai chua — nen ta ser dung bat dang thuc Cauchy cho hai so, ta cung can triet tieu cac dai 



ab 

a + b' 




be ca ab '1 1, , 1 

Hay —-r H--r H--r- >-1-1- 

a (b + c) b (c + a) c (a + b) 2a 2b 2c 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b — C. 

Cach 2: Y tudng thu hai la ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

be | ca [ ab _ (ab + be + ca) _ 

a 2 (b + c) b 2 (c + a) c 2 (a + b) abc|^a(b + c) + b(c + a) + c(a + b)J 
Bat dang thuc se dugc chung minh neu ta chi ra dugc 

(ab + be + ca) 111 

abc|^a(b + c) + b(c + a) + c(a + b)J 2a 2b 2c 

Bien doi ve trai ta dugc 

(ab + be + ca) (ab + be + ca) 111 

abc |^a (b + c) + b(c + a) + c(a + b)J 2abc(ab + be + ca) 2a 2b 2c 

Dieu nay co nghTa la bat dang thuc dugc chung minh. 

Cach 3: Y tucmg tiep theo la su dung phep bien doi tuang duang de chung minh bai toan. Chu y den 

be 1 ab + bc + ca 4 , , , , A i4 , , x 

phep bien doi —-r- + — = —-r—, khi do ta thu dugc bat dang thuc can chung sau 

a(b + c)aa(b + c) 


(ab + be + a 
2abc(ab + be - 


1 1 1 
’ 2a 2b 2c 


ab + bc + ca ab + bc + ca ab + be + ca > 3 1 1 1 

a 2 (b + c) b 2 (c + a) c 2 (a + b) 2 a b c. 


Bien doi ve trai ta lai dugc 


3 1 1 1 

—-1-1- 

21 a b c 


3 (ab + be + ca 1 


. Den luc nay ta dua bai toan can chung minh thanh 


1 1 
(b + c) b 2 fc + 


(a + b) 2abc 


Den day ta bien doi bat dang thuc bang each nhan ca hai ve vdi tich abc ta dugc 

be ca ab ^ 3 

- 1 - 1 -^ — 

ab + ca be + ab ca + be 2 

Bat dang thuc cuoi cung la bat dang thuc Neibitz. Dieu nay dong nghTa vdi viec bat dang thuc dugc 
chung minh. 

Cach 4: Ta tiep tuc phan tich tim ldi giai vdi y tudng doi bien, quan sat bat dang thuc ta nhan thay 
be 1 , 

—-- = —-y --, khi do bat dang thuc can chung minh dugc viet lai thanh 


iT + b t 

)2 f 1 + 1 l c : 


a b 

U c J 

v c a J 

v a b J 



Den day ta dat x = 


. Khi do bat dang thuc trd thanh 


x y z x+y+z 

-+ ^— +->--- 

y+z z+x x+y 2 

Bat dang thuc cuoi cung lam ta lien tudng den bat dang thuc Bunhiacopxki dang phan thuc 



y + z z + x x + y 2(x + y + z) 2 

Vay bat dang thuc dugc chung minh. Bang there xay ra khi va chi khi a = b = C. _ 

Bai 2. Cho a, b, c la cac so thuc duong. Chung minh rang: 

a | b | c > ^ 
b + 2c c + 2a a + 2b 

Phan tich va loi giai 

Cung nhu bai toan tren ta du doan dugc dang thuc xay ra tai a = b = c. Vdi bat dang thuc tren ta 
cung co mot so y tudng tiep can bai toan nhu sau 

Cach 1: Y tudng dau tien la danh gia bat dang thuc tren theo bat dang thuc Bunhiacopxki dang phan 
thuc. Khi do ta dugc 


b + 2c c + 2a a + 2b ab + 2ca be + 2ab ca + 2bc 3(ab + be - 


Bai toan se dugc hoan tat neu ta chi ra dugc 


- > 1, nhung danh gia nay chinh la 


(a + b + cj >3 y ab + be + caj. Bay la mot bit ding thuc quen thuoc. 

Nhu vay bat dang thuc dugc chung minh. 

Cach 2: Ta tiep tuc danh gia bat dang thuc vdi y tudng doi bien. Quan sat bat dang thuc ta hudng den 
viec doi bien lam don gian mau cac phan so. Cho nen rat tu nhien ta thuc hien phep dat 
x = b + 2c; y = c + 2a; z = a + 2b, khi do suy ra x, y, z > 0 . Thuc hien bieu dien cac bien cu theo 


... . . 4y + z-2x , 4z + x -2y 4x + y - 2z 

bien moi ta duoc a =-; b =-; c =- 

' 9 9 9 

Khi nay bat dang thuc can chung minh dugc viet lai thanh 

4y + z - 2x 4z + x - 2y 4x + y - 2z > 
9x 9y 9z 

4fy.z.x] lfz x v) 2 ^ 


9 lx y zJ 9 lx y 


De dang nhan ra — H-h — >3; —h — + — >3 theo bat dang thuc Cauchy. Do do ta dugc 

x y z x y z 


9 V x y zJ 9^x y z) 3 3 3 3 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = C. 

Cach 3: Bay gid ta thu danh gia bat dang thuc tren theo hudng danh gia mau cua cac cac phan thuc xem 
sau. Quan sat ta nhan thay b + 2c + b + 2a = 2 (a + b + c ), lai theo mot bat dang thuc Cauchy ta thay 


l- b + c I cho nen rat tu nhien ta thuc hien phep danh gia 


sau 





a a(b + 2a) 

a(b + 2a) 

b + 2c (b + 2c)(b + 2a) “ 

(a + b + c) 

Thuc hien tuong tu ta dugc 

b ^ b(c + 2b) c 

c(a + 2c) 

c + 2a _ (a + b + c) 2 5 a + 2b 

(a + b + c) 

Luc nay ta thu dugc bat dang thuc 

a b c ^a(b + 2a)4 

b(c + 2b) + c(a + 2c) 

b + 2c c + 2a a + 2b 

(a + b + c) 

De y la 

a(b + 2a) + b(c + 2b) + c(a + 2c) (a 2 +b 

+ c 2 ) + 2 (ab + be + ca) 

(a + b + c) 

(a + b + c) 

Vay bat dang thuc dugc chung minh. 


Bai 3. Cho a, b, c la cac sd thuc duong thoa man a + b + c = 
a | b 

1. Chung minh ring: 

_>i 

1+b-a 1+c-b 1+ 

a - c 


Phan ti'ch va loi giai 


De dang du doan dugc dang thuc xay ra tai a = b = c = —. Trade het ta ap dung gia thiet viet lai 

bit ding thuc cin chung minh thanh ——-1--— + —-— > 1. Day chinh la bit ding thuc trong 

c + 2b a + 2c b + 2a 

bai 2, do do ta co the chung minh bat dang thuc theo cac each nhu tren. Ngoai ra ta con co them gia thiet 
a + b + c = l,ta thu phan tich xem con co them y tudng nao khac khong? 

Cach 1: Di y la a + b + c = 1 ta co (a + b + c) = 1. Khi do ta cin biin ddi a + b + c lam xuit hien 

cac dai lugng , ^ . Vbi nhan dinh nay ta biin ddi dugc nhu sau 

Vc + 2b V a + 2c Vb + 2a 

a + b + c Jd (c + 2b) ^ *fb(a + 2c) + v /c(b + 2a) 

Vc + 2b^ V ' Va + 2c' / V ' Vb + 2a' / V ’ 


|_Vc + 2b v Va + 2c 

De y la theo bat dang thuc Bunhiacopxki ta dugc 


^a(c + 2b) + r- - = ^b(a + 2c) 


; + 2b a + 2c b + 2a 


2b) + b (a + 2c) + c (b + 2a) 


a b c (a + b + c 

c + 2b a + 2c b + 2a 3(ab + bc + 


Nhu vay luc nay ta dugc 




Ro rang day cung la mot danh gia dung theo bat dang thuc Bunhiacopxki dang phan thuc. Bieu nay dong 
nghTa vdi bai toan dupe chung minh. 

Cach 2: Cung tu gia thiSt a + b + c = lta duoc 1 + b - a > 0, suy ra---> 0. 

1 + b - a 


a 1 - (a - b) 

-— = afl -f 


De thay 1 - (a - b) < 1, do do ta co---> —-— = a (l + a - b) 

1 ' 1+b-a 1+b-a v ’ 

Ta thuc hien tuong tu duoc 

--->b(l + b-c);--->c(l + b-a) 

1+c-b ' ' 1 + a - b ' ' 

Cong theo ve cac bat dang thuc tren ta duoc 

- a -+- 13 -+-°->a(l + a-b) + b(l + b-c) + c(l + c-a) 

1+b-a 1+c-b 1+a-c v ’ v ’ 1 ’ 

Bai toan se duoc hoan tat neu ta chi ra duoc 

a(l + a-b) + b(l + b-c) + c(l + c-a)>l 

Hay a + b + c + a 2 + b 2 +c 2 - (ab + be + ca) > 1 

Chu y den danh gia a 2 + b 2 + c 2 > ab + be + ca ta thay danh gia cuoi cung luon dung. 
Vay bat dang thuc duoc chung minh. 


Bai 4. Cho a, b, c la do dai ba canh cua mot tarn giac. Chung minh rang: 

a 2 b 2 e 2 „ u 

-+-1-> a + b + c 

b+c-a c+a-b a+b-c 

Phan tich va 151 giai 

De dang du doan duoc dau dang thuc xay ra tai a = b = c. Vi a, b, c la do dai ba canh cua mot 
tarn giac nen taco b + c- a>0; c + a- b>0; a + b- a>0. Chu y den hinh thuc phat bieu cua bai 

toan ta co mot so y tuong chung minh nhu sau 

Cach 1: Cach phat bieu ve trai cua bat dang thuc lam ta lien tuong den ap dung bat dang thuc 
Bunhiacopxki dang phan thuc va ta co ket qua la 

a 2 b 2 c 2 ( a + b + c) 


b + c-a c + a-b a + b-c b + c-a + c + a-b + a + b-c 
Bay chinh la dieu ta can phai chung minh. 

Cach 2: Y tuong thu hai la su dung bat dang thuc Cauchy. Khi do ta duoc 

—--+ b + c - a > 2a; —--+ c + a - b > 2b;- 

b+c-a c+a-b a+b- 

Cong theo ve cac bat dang thuc tren ta duoc 
a 2 b 2 


- = a + b + c 


- + a + b- c>2c 


b+c-a c+a-b a+b-c 
a 2 b 2 


-ha + b + c>2^a + b + c^ 


Hay -- , , 

b+c-a c+a-b a+b-c 
Vay bat dang thuc duoc chung minh. 

Q 2 

Cach 3: Trade hit ta chung minh 


b+c-a ^ ' 

That vay, vdi a, b, c la do dai ba canh cua mot tarn giac nen bat dang thuc tren tuong duong vdi 




a 2 > (b + c - a^3a - (b + c)J 

<=> a 2 > -3a 2 + 4a (b + c) - (b + c) 2 <=> |^2a - (b + c)] >0 

Bat dang thuc cuoi cung luon dung, do do bat dang thuc tren duoc chung minh. 
Ap dung tuong tu ta duoc 

b 2 r 2 

-> 3b - (c + a);-> 3c - (a + b) 


-+-1->3(a + b + c)-2(a + b + c) = a + b + c 

b+c-a c+a-b a+b-c v ’ v ’ 

Vay bat dang thuc duoc chung minh. _ 

Bai 5. Cho a, b, c la cac s6 thuc duong thoa man abc = 1 . Chung minh ring: 

1 1 13 


a 3 (b + c) b 3 (c + a) c 3 (a + b) 


Phan tich va loi giai 

Be dang dvr doan duoc dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta nhan thay co 
mot so y tuong tiep bai toan nhu sau 

Cach 1: Y tuong dau tien la su dung bat dang thuc Cauchy. O day ta phan tich xem nen su dung cho may 

so. Bau tien ta chu y den dai luong — ben ve trai nen rat tu nhien ta nghi den bat dang thuc Cauchy cho 

a 3 

ba so, ta cung can phai lam triet tieu —-—. Be y den bao toan dau dang thuc ta co danh gia la 
b + c 

1 b + c 1 > 3 
a 3 (b + c) 4 2 2a 

Ap dung tuong tu ta co 


1 c + a 13 
— 77-7 "I-1 — — — j 

b 3 (c + a) 4 2 2b 


a + b 1 > 3 
h 4 + 2 _ 2c 


Luc nay cong theo ve cac bat dang thuc tren thi duoc 

1 1 1 abc3333 

a 3 (b + cj b 3 (c + aj c 3 (a + bj 2 2 2 2 2a 2b 2c 

,, 1 1 1 1113 

a b + c b c + a c a + b a b c 2 


Be y tiep ta lai thay 


- + - + -> 3.3 — = 3 
abc V abc 


a 3 (b + cj b 3 (c + aj c 3 (a + bj 2 
Nhu vay bai toan duoc chung minh. 

Cung svr dung bat dang thuc Cauchy nhvmg vbi hai so duong ta co the thuc hien duoc khong? Ta 

chu y den dai luong —, -. ben ve trai, neu muon danh gia ve — ta can khir duoc —, —. \ 

a 3 b + c a ' a b + c 


va nhu 




vay chu y den bao toan dau dang thiic ta se ap dung bat dang thiic Cauchy cho hai so duong do la 
l a(b + c] 

—7 -- va —-- - . Khi do ta duoc 


Ap dung tuong tu ta duoc 

1 b(c + 
b (c + a) 4 
Cong theo ve cac bat dang thuc tren ta duoc 
111 


1 

a(b + c) 

a 3 (b + c) 

4 

1 

c(a + b) 

+ v ’ > 


ab + be + ca 1 1 1 

~^r + ->-+-+- 

b) 2 a b c 


a 3 (b + c) b 3 (c + a) c 3 1 
De y den gia thiet abc = 1 ta duoc 

1 | 1 | 1 > 1(1 1 1 1 i\ 

a 3 (b + c) b 3 (c + a) c 3 (a + b) 2 ^a b cj 
Den day ta thuc hien tuong tu nhu tren. 

Cach 2: Chu y den gia thiet abc = 1 ta viet lai bat dang thuc can cluing minh 
1 | 1 | 1 ^ 3 

a 3 (b + c) b 3 (c + a) c 3 (a + b) 2 
abc abc abc 

JL_ 1 _ 

xJ 3 

Hay —^— + —! 5 — + —^-> - 

1111112 

- + - - + - -+— 

be c a a b 

Den day de don gian hoa ta dat x = — ; y = —; z = —, suy ra xyz = 1 va bat dang thiic can 
abc 

chiing minh duoc viet lai thanh 


y+z z+x x+y 2 
Den day ta co hai hubng xii ly bat dang thiic tren. 

Huong 1: Ap dung cac bat dang thiic Bunhiacopxki dang phan thiic va bat dang thiic Cauchy ta duoc 

x ; | y 2 | z 2 „ ( x + y + z ) = x + y + z . 3^/xyz 3 

y + z z + x x + y 2 (x + y + z) 2 “ 2 2 

Huong 2: Ap dung bit ding thiic Cauchy ta duoc 

> 2 . 


X 

+ y + z - 

y + z 

4 

y 2 

z + x , 

z + x 

+ 4 

z 2 

, x + y 

x + y 

2 



y + z _ 

'y + z 

4 

l y! 

z + x 


4 


x + y _ 

V x + y 

2 


Cong theo ve cac bat dang thiic tren ta duoc 




x + y + z 


> x + y + z 


y+z z+x x+y 2 

x 2 | y 2 | z 2 ^ x + y+ z > 3jy/xyz _ 1 

y+z z+x x+y 2 2 

Vay bat dang thuc dugc chung minh. 


Hay 


Bai 6. Cho a, b, c la cac so thuc duong. Chung minh rang: 

a 5 b 5 


2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 


Phan tich va loi giai 

Quan sat each phat bieu cua bai to an thi y tubng dau tien la su dung bat dang thuc Bunhiacopxki 


dang phan thuc va khi do ta dugc 

a 5 b 5 


(a 3 + b 3 + c 3 ) 2 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 a 3 + b 3 + c 3 + a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 

Nhu vay ta can chi ra dugc 

(a 3 +b 3 +c 3 ) > a 3 + b 3 + c 3 

a 3 + b 3 + c 3 + a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 3 

Hay 2 (a 3 + b 3 + c 3 j > a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 

D§ thly a 3 + b 3 > ab (a + b); b 3 + c 3 > be (b + c); c 3 + a 3 > ca (c + a) 

Cong theo ve cac bat dang thuc tren ta dugc 

2 (a 3 + b 3 + c 3 j > a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 
Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = C. 

q 5 

Y tuong thu hai la su dung bat dang thuc Cauchy, de y den dai lugng 


a + ab + b 


dai luong — ben ve phai, ta nghT den su dung bat dang Cauchy cho hai so duong, de y den dau dang thuc 

xay ra tai a = b = c va can triet tieu dugc a 2 + ab + b 2 nen ta chgn hai so do la 

a s a fa 2 + ab + b 2 j 

—--; —--. Khi do ta duoc 

a + ab + b 9 

a 5 a^a + ab + b j 

+ 9 


- > 2 . 


a 2 + ab + b 2 


+ ab + b j _ 2a 3 

_ 9 ~ X 


c^c + ca + a J 2c 3 
9 “X 


a + ab + b 
Ap dung tuong tu ta co 

b 5 b(b 2 + be + c 2 ) 2 b 3 c s 

-1-^ -J -" 

b 2 + be + c 2 9 3 c 2 + ca + a : 

*•,,,*. * a 5 b 5 c 5 

De don gian hoa ta dat A = —---— + —- - + —- - 

a + ab + b b + be + c c + ca + a 
Cong theo ve cac bat dang thuc tren ta dugc 

a(a 2 +ab + b 2 ) b(b 2 +bc + c 2 ) c^c 2 +ca + a 2 j 2^a 3 +b 3 +c 3 j 


3 




Phep chung minh se hoan tat neu ta chi ra dugc 

5 ^a 3 + b 3 + c 3 j - (a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 j a 3 + b 3 + c 3 


- > 30 


<=> 2 (a + b + c ) > a b + ab + b e + be + c a + ca 
Ben day ta thuc hien tuemg tu nhu each 1. Vay bat dang thuc dugc chung minh. 

Bai 7. Cho a, b, c la cac s 6 thuc duong thoa man a + b + c = 1. Chung minh ring: 

1 111 

—-- - -- + — + — + — _ 

a + b + c ab be ca 

Phan tich va loi giai 

Trade het ta du doan dang thuc xay ra tai a = b = c = ^. Quan sat bat dang thuc can chung minh 

ta nhan thiy cac biin diu nim dubi miu nen rlt tu nhien ta nghi d 6 n cac bit ding thuc Cauchy, 
Bunhiacopxki dang phan thuc 

Cach 1: Trade het ta tiep can bat dang thuc tren vdi y tudng danh gia bang bat dang thuc Cauchy. Be y 
den bao toan dau dang thuc ta co a 2 + b 2 + c 2 = ab + be + ca nen dau tien de tao ra dai lugng 
111 9 

ab + be + ca ta co danh gia quen thuoc la- 1 - 1 ->-. 

ab be ca ab + be + ca 

Bo do ta co bit ding thuc 

1 1111 9 

a 2 + b 2 + c 2 ab be ca a 2 + b 2 + c 2 ab + be + ca 
Nhu vay ta can phai chung minh dugc 

1 9 

--^-- + --, ->30 

a + b + c ab + be + ca 

Lai chu y den danh gia tuong tu nhu tren nhung ta can cong cac mau sao cho co the viet dugc thanh 
(a + b + c) dieu nay co nghia la ta can den 2 (ab + be + ca). Ben day ta hai hudng la: 


- Thu nhat la danh gia 


i-Vi ) 1 


danh gia nay khong xay ra dau dang thuc. 
- Thu hai la danh gia - 


2(ab + bc + ca) 

1 1 


l- V 2 J , Tuy r 


2 + b 2 + c : 

Bat dang thuc se dugc chung minh neu ta chi ra dugc 


ab + be + ca ab + be + ca 
7 


t-b + c) 


ab + be + ca 


Tuy nhien, de thay - 


- > ab + be + ca ab + be + ca < - 


Bo do ta dugc -> 21 

ab + be + ca 

Vay bat dang thuc dugc chung minh. 

Cach 2: Su dung bat dang thuc Bunhiacopxki dang phan thuc, chu y den dau dang thuc xay ra thi ta dugc 



a 2 + b 2 + c 2 3ab 3bc 3ca a 2 + b 2 + c 2 + 3 (ab + be + ca j 

16 


(a + b + cj H—(a + b + 


Bat dang thuc se dugc chung minh neu ta chi ra dugc 

2 f— + — + —)> 18 

31 ab be ca J 


Be y tiep bat dang th uc Bunhiacopxki ta dugc 

2 

3 l ab 


1 1 1 V 

— + — + — : 

ab be ca J 


ab + be + ca 1 


(a + b + c) 


Vay bat dang thuc dugc chung minh. 

Cach 3: Theo mot danh gia quen thuoc ta co 


Do do ta co bat dang thuc 


ab be ca ab + be + ca 
1 


1 1 1 1 ^ 

- 1 - 1 - 1 -^- 1 - 

a 2 + b 2 + c 2 ab be ca a 2 + b 2 + c 2 ab + be + ca 
Ap dung tiep danh gia tren ta dugc 

-4-- +---+- 1 - (a 2 + b 2 + c 2 + 2ab + 2bc + 2ca) > 9 

i- b + c ab + be + ca ab + be + ca J v ’ 

1 2 


Hay 


Mat khac ta lai co 


a 2 + b 2 + c 2 ab + be + ca 

7 


ab + be + ca 
Cong theo ve cac bat dang thuc tren ta dugc 


- 2 +b 2 +c 2 ab be ca 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = —. 


Bai 8. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 

a b c 


Phan tich va 151 giai 

Trubc het de mat dau can ta dat x = Va; y = Vb; z = Ve , khi do tir gia thiet ta co 


x + y + z = 3 va bat dang thuc duoc viet lai thanh — + — + — > 3 . Quan sat bat dang thuc va du 

y z x 

do an dugc dau dang thuc xay ra tai x = y = z = 1, ta co mot so y tubng tiep can bai toan nhu sau 
Cach 1: Tir each phat bieu ve trai ta nghT den sir dung bat dang thuc Bunhiacopxki dang phan thuc. Tuy 
nhien can chu y den gia thiet x 2 + y 2 + z 2 = 3, khi do ta co danh gia 

x 2 y 2 z 2 x 4 y 4 z 4 ( x + y + z ) 9 


xy yz zx xy+yz+zx xy+yz+zx 




Ta quy bai toan ve chiing minh 


- 2 -y- > 3 3 > x 2 y + y 2 z + z 2 x 

xy+yz+zx 

Ma theo bat dang thiic Cauchy ta dugc 

x 3 + xy 2 > 2x 2 y; y 3 + yz 2 > 2y 2 z; z 3 + zx 2 > 2z 2 x 

Do do ta co x 3 + y 3 + z 3 + x 2 y + xy 2 + x 2 z + xz 2 + y 2 z + yz 2 > 3 (x 2 y + y 2 z + xz 2 j 

Ma ta co dang thiic quen thuoc 

(x 2 + y 2 + z 2 ) (x + y + z) = x 3 + y 3 + z 3 + x 2 y + xy 2 + x 2 z + xz 2 + y 2 z + yz 2 

Do do ta dugc 

(x 1 + / + z ! )(x + y + z) > 3(x ! y + xz 1 + y*z) 

D6 y tiSp d6n gia thiSt x 2 + y 2 + z 2 = 3, ta co x + y + z > x 2 y + y 2 z + xz 2 

Ma ta co x + y + z < ^3^x 2 + y 2 + z 2 j = 3 suy ra 3 > x 2 y + y 2 z + z 2 x. 

Vay bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a = b = c = 1. 

Cach 2: Cung tu each phat bieu ve trai ta nghi den danh gia bang bat dang thiic Cauchy, tuy nhien khi ap 

dung true tiep ta can chii y lam triet tieu cac mau so va danh gia ve binh phuong ciia cac bien. Do do ta 

danh gia nhu sau 


— + x 2 y > 2x 2 ; — + y 2 z > 2y 2 ; — + z 2 x > 2z 2 
y z x 

Cong theo ve cac bat dang thiic tren ta dugc 

— + — + — + x 2 y + y 2 z + z 2 x > 2x 2 + 2y 2 + 2z 2 = 6 
y z x 


Hay — + — + — > 6 - (x 2 y + y 2 z + z 2 x) 

y z x v ’ 

Bai toan se dugc chiing minh neu ta chi ra dugc 

6 - (x 2 y + y 2 z + z 2 x j > 3 hay 3 > x 2 y + y 2 z + z 2 x 
Den day ta lam nhu each thii 1. 

Cach 3: Cung ap dung bat dang thiic Cauchy, tuy nhien trong tinh huong nay ta binh phuong hai ve trade 

Dat A = — + — + —, khi do ta duoc 

y z x 


A 2 = 

Den day ta chii y den each ghep cap sau 

x 4 x 2 y x 2 y 

y z z 


x y y z z x 

—+ —+- 

z x y 


Z Z X Z X 2 ^ . 2 

— +-+-+ y" > 4z 

x 2 y y 


Cong theo ve cac bat dang thiic tren ta dugc 

A 2 +(x 2 + y 2 + z 2 ) > 4 


) & 4 (x 2 + y 2 +z 2 ) <=>A 2 >9<=>A>3 




Hay 


>3 


y z x 

Vay bat dang thuc dugc chung minh. Dang thiic xay ra khi va chi khi a = b = c = 1 

Cach 4: Trong cac hubng tiep can tren ta deu thuc hien danh gia sau qua trinh doi bien ma quen di mot 

danh gia quan trong la 2\fb < b +1, khi do ta co ———. Day la mot danh gia cung chieu ma van 

Vb b +1 

bao toan dau dang there, ta thu thuc hien tiep xem sao 
Theo bat dang thuc Cauchy ta co 

a + b + c > 2a + 2b + 2c 

Vb Vc Va b + 1 c + 1 a + 1 

2a 2b 2c 

Bat dang thuc se duoc chung minh neu ta chi ra duoc-1-1-> 3. Nhin each phat 

b+lc+la+1 

bieu cua bat dang thuc ta nghT den bat dang thuc Bunhiacopxki dang phan thuc. 

Theo bat dang thuc Bunhiacopxki dang phan thuc ta co 

2a 2b 2c 2(a + b + c) 6(a + b + c) 

-1-1->--- - — > —-- - — 

b + 1 c + 1 a + 1 ab + be + ca + 3 ^ ^ _|_ g 

6(a + b + c) 

Ta can chung minh duoc —--— = 3 

(a + b + c) +9 

Hay2^a + b + c) =(a + b + c)"+9<»(a + b + c) =9<»a + b + c = 3 

Ddng thiic cuoi cung chinh la gia thiet. V^y bat dang thuc dugc chung minh, _ 

Bai 9. Cho a, b, c la cac so thuc khong am bat ki. Chung minh rang: 

a 2 + b 2 + c 2 + 2abc +1 > 2 (ab + be + ca) 

Phan ti'ch va ldi giai 

Trubc het ta du doan dugc dau dang thuc xay ra tai a = b = c = 1, quan sat bat dang thuc ta nghT 
den mot so y tudng tiep can nhu Su dung nguyen li Dirichlet, su dung tinh chat cua tarn thuc bac hai, su 
dung bat dang thuc Cauchy,..., bay gib ta di phan tich tung y tubng de tim lbi giai cho bai toan. 

Cach 1: Trubc het ta thay ta de y den dang thuc xay ra tai a = b = c = 1 dieu nay co nghTa la khi dang 
thuc xay ra thi a -1; b -1; c -1 cung bang 0, ngoai ta trong bat dang thuc chua cac dai lugng 

ac, be, abc,... nen ta nghT den tich c(a-l)(b-l), tuy nhien ta chua the khang dinh dugc tich do co 

khong am hay khong nen ta su dung nguyen li Dirichlet. 

Theo nguyen li Dirichlet trong ba so a -1; b -1; c - 1 luon ton tai hai so cung dau, khong mat tinh 

tong quat ta gia su hai do la a -1; b -1, khi do ta co 

(a-l)(b-l)>0oc(a-l)(b-l)>0o abc - ac - be + c > 0 

Khi do ta co 

a 2 + b 2 + c 2 + 2abc +1 = (a - b) + (l - c) +2 (abc - ac - be + c) + 2 (ab + be + ca) 

D§ thiy (a - b) + (l - c) +2 (abc - ac - be + c) > 0 nen ta co 

(a-b) +2ab + (l-c) +2c + 2abc-2ac-2bc + 2(bc + ca) > 2(ab + bc + ca) 

Suy ra a 2 + b 2 + c 2 + 2abc + 1 > 2 (ab + be + ca) 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 





Cach 2: Be thay bat dang thuc co bac hai doi vdi moi bien do do ta co the viet lai bat dang thuc ve dang 
da thuc bien a, con b va c dong vai trd tham so 
Ta viet lai bat dang thuc can chung minh la 

a 2 + 2 (be - b - c) a + b 2 + c 2 - 2bc +1 > 0 

Xet f(a) = a 2 + 2 (be - b - c) a + b 2 + c 2 - 2bc +1 

Quan sat da thuc f(a) ta nhan thay neu be - b - c > 0 thi khi do ta luon co f(a) > 0, tuc la 
a 2 + 2 (be - b - c) a + b 2 + c 2 - 2bc +1 > 0. 

Bay gib ta xet trubng hop sau be - b - c < 0 

Khi do ta co = (be - b - c) - (b 2 + c 2 - 2bc + l) 

Be y den he so cua hang tir bac hai la so duong nen de f(a) > 0 thi ta phai chi ra dupe 
= (be - b - c) - (b 2 + c 2 - 2bc +1) < 0 
Hay bc(b-2)(c-2)-l<0 

Be y den be - b - c < 0 ta duoc (b -1) (c -1) < 1, luc nay xay ta cac kha nang sau 
- Ca (b-l); (c - lj cung nho hon 1 hay ca b, c deu nho hon 2, khi do theo bat dang thuc Cauchy ta 
duoc 


/ \ (b + 2 - b) / \ (c + 2 — cV 

b(2 - b) < ----— = 1; c(2 - c) < ---- = 1 

Suy ra be (b - 2) (c - 2) < 1 nen ta co be (b - 2) (c - 2) -1 < 0. 

- Trong hai so (b - l); (c - 1 j co mot so lbn hon 1 va mot so nho hon 1 khi do trong b, c co mot so lbn 
hon 2 va mot sb nho hon 2 suy ra be (b - 2) (c - 2) < 0 nen ta cung co be (b - 2^ (c - 2^ -1 < 0. 


Nhu vay ca hai kha nang deu cho A < 0 nen bat dang thuc duoc chung minh. Vay bai toan duoc 
chung minh xong. 

Cach 3: B§ tMy theo bit ding thuc Cauchy ta co danh gia 

2abc +1 = abc + abc +1 > 3-\/a 2 b 2 c 2 

Luc nay ta duoc bit ding thuc a 2 + b 2 + c 2 + 2abc + 1 > a 2 + b 2 + c 2 + 3>/a 2 b 2 c 2 . 

Ta can chi ra duoc a 2 + b 2 + c ! +3^W >2(ab + be + ca^. Be lam mat can bac 3 ta co 
the dat a 2 = x 3 ; b 2 = y 3 ; c 2 = z 3 , khi do bat dang thuc duoc viet lai thanh 


x 3 + y 3 + z 3 + 3xyz > 2 (^/x 3 y 3 + \Jy 3 z 3 + Vz 3 x 3 j 
Be y den danh gia 2-^/xy < x + y khi do ta viet duoc 

2 Ux V + 7y 3 z 3 + Vz 3 x 3 J < xy (x + y) + yz (y + z) + zx (z + z) 
Bat dang thuc se duoc chung minh xong neu ta chi ra duoc 

x 3 + y 3 + z 3 + 3xyz > xy (x + y) + yz (y + z) + zx (z + z) 
Khai trien va phan tich ta duoc bat dang thuc 

xyz > (x + y- z)(y + z-x)(z + x-y) 

Bay la mot danh gia dung quen thuoc. Vay bat dang thuc dupe chung minh. 

Cach 4: Ngoai cac each giai nhu tren ta cung co thi tham khao them each giai sau: 



Ta viet lai bat dang thuc can chung minh la 

(a + b + c) + 2abc +1 > 4 (ab + be + ca) 

Bat a + b + c = k, khi do ta cin phai chung minh 

k 2 + 2abc +1 > 4 (ab + be + ca) <=> 4 (ab + be + ca) - k 2 < 2abc +1 

Ta dl dang chung minh dugc abc < (a + b - c) (b + c - a) (c + a - b) hay 

abc < (k - 2a) (k - 2b) (k - 2c) <=> 4k (ab + be + ca) - k (a + b + c) < 8abc 
<=> 4 (ab + be + ca) - k 2 < 

Nhu vay de hoan tat chung minh ta chi can chi ra dugc 

QoKn (9-2k)abc 

— < 2abc +1 <=> '--< 1 


Theo bat dang thuc Cauchy ta co abc < 


a + b + c 
3 


= — nen can chung minh 
27 


(9-2k) abc (9 - 2k) k 3 (9-2k)k 2 

k 27k _ 27 “ 

+ Neu 9 — 2k < 0, bat dang thuc tren hien nhien dung. 

+ Neu 9 - 2k > 0, khi do ap dung bat dang thuc Cauchy ta dugc 


(9 - 2k)k 2 


= 1 


27 27 

Vay bat dang thuc dugc chung minh. _ 

Bai 10. Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 3 . Chung minh ring: 

a b c ^ 3 

-1-1-k — 

ab + 3c be + 3a ca + 3b 4 

Pha tich va loi giai 

Trubc het ta du doan dugc dau dang thuc xay ra tai a = b = c = 1. Quan sat each phat bieu cua 
bai toan tanghT den su dung cac bat dang thuc Bunhiacopxki, Cauchy,.... Chu y den dau dang thuc xay ra 
ta co cac y tudng tiep can bai toan nhu sau 

Cach 1: Y tudng dau tien la su dung bat dang thuc Bunhiacopxki dang phan thuc, khi do ta dugc 

abc a 2 b 2 c 2 

-1-1-— —--1---1--- 

ab + 3c be + 3a ca + 3b a 2 b + 3ac b 2 c + 3ab c 2 a + 3bc 

(a + b + c) 


a b + b e + c a + 3 (ab + be + ca I 


Ta can chung minh 


(a + b + c) 


->i 

I 4 


ib + bc + ca + 3 (ab + be 4 
Hay ta can chung minh 

4 (a + b + c) >3 (a 2 b + b 2 c + c 2 a) + 9 (ab + be + ca) 

<=> 4 (a 2 + b 2 + c 2 ) > 3 (a 2 b + b 2 c + c 2 a) + ab + be + ca 
Ma ta co a 2 + b 2 + c 2 > ab + be + ca, do do dl hoan tit chung minh ta cin chi ra dugc 
3 (a 2 + b 2 + c 2 ) > 3 (a 2 b + b 2 c + c 2 a) 




Nhan thay trong bat dang there can chung minh, ve trai co bac 2 va ve phai co bac 3, do do trudc het 
taddngbachai ve. Chuy dingiathiSt a + b + c = 3 taco 

3 (a 2 + b 2 + c 2 ) > 3(a 2 b + b 2 c + c 2 a) 

<=> (a + b + c)(a 2 +b 2 + c 2 ) > 3(a 2 b + b 2 c + c 2 a) 

<=> a 3 + b 3 + c 3 + ab 2 + be 2 + ca 2 > 2 (a 2 b + b 2 c + c 2 a) 

<=>a(a-b) + b(b-c) + c(c-a) >0 

Bat dang there cuoi cung hien nhien dung. 

Hoac ta co the chung minh theo bat dang there Cauchy nhir sau 

a 3 + ab 2 > a 2 b; b 3 + be 2 > b 2 c; c 3 + ca 2 > c 2 a 

Cong theo ve cac bat dang tren ta cung duoc dieu phai chung minh. 

Vay bai toan duoc chung minh xong. 

Cach 2: Trong bai toan co gia thiet a + b + c = 3 va trong bat dang there cung xuat hien cac so 3. Vay 
thi cac so 3 do an y gi hay khong? 

Bi y ta thiy ab + 3c = ab + c (a + b + c) = (a + c) (b + c), ap dung tuong ter ta viit lai duoc 
bat dang there can chung minh la 

a + b + c > 3 
(a +b)(b + c) (a + b)(e + a) (e + a) (a + b) 4 

Ben day ta co cac hudng xer li bat dang there tren 
+ Hudng 1: Bien doi tuong duong bat dang thuc tren ta duoc 

a + b + c > 3 
(a + c)(b + c) (a + b)(c + a) (c + a)(a + b) 4 

<=> a (a + b) + b (b + c) + c (c + a) > 'j (a + b) (b + c) (c + a) 

<=> 4 (a 2 + b 2 + c 2 + ab + be + ca ) > 3 (3 - a) (3 - b) (3 - c) 

<=> 4 ^9 - ab - be - ca) > 3 ^27 -9(a + b + c) + 3 (ab + be + ca) - abc J 
<=> 36 - 4(ab + be + ca) > 9 (ab + be + ca) - 3abc 
<=> 36 + 3abc > 13 (ab + be + ca) 

Bat dang thuc cuoi cung ta thay co ser xuat hien cua cac dai luong ab + be + ca; abc va chu y den 
chiiu cua bit ding thuc ta di y din abc > (a + b - c) (b + c - a) (c + a - b) hay 

abc > (3 - 2a) (3 - 2b)(3 - 2c) <^> 3abc + 9 > 4 (ab + be + ca) 

<=> 3abc + 36 > 4 (ab + be + ca) + 27 
Ben day de hoan tat chung minh ta can chi ra duoc 

4 (ab + be + ca) + 27 > 13 (ab + be + ca) <=> ab + be + ca < 3 

Vi 9 = (a + b + c) >3 (ab + be + ca) => ab + be + ca < 3. Nhu vay bai toan duoc chung minh 
xong. 

+ Hudng 2: Bi don gian hoa bit ding thuc ta dat x = b + c; y = c + a; z = a + b, khi do ta duoc 
x + y + z = 6. 

Bat dang thuc can chung minh duoc viet lai thanh 

y+z-x z+x-y x+y-z 3 

--+-- +---> - 

xy yz zx 2 




+ Huang 3: Tu dai luong - 


ta lien tucmg den ky thuat them - bdt trong bat dang thuc 


(a + c)(b + c) 

Ap dung tuang tu ta dugc 
b 

(a + b)(c + a) 


i- ab + 2ac 3a 

””8 _ T 


b b + be + 2ab > 3b c c + ca + 2b< 

(a + b)(c + a) + 8 “ 4 ’ (b + c)(a + b) + 8 

Goi ve trai cua bat dang thuc la A, khi do cong theo ve cac bat dang thuc tren ta dupe 
. a 2 + ab + 2ac b 2 + be + 2ab c 2 + ca + 2bc ^ 3 (a + b + > 
8 8 8 4 


f (ab + be + ca) 


Bai 11 . Cho a, b, c la cac sd thuc duong bit ki. Chung mil 

lh rang: 


a 2 b 2 c 2 ^ la 2 + b 2 


c 2 +a 2 

b c a V 2 ]l 

2 V 

2 


Phan ti'ch va loi giai 

Cach 1: Trade het ta du do an dau dang thuc xay ra tai a = b = c, quan sat bat dang thuc ta nhan thay ve 
trai chua cac can bac hai, do do ta hudng den danh gia lam mat cac can bac hai. Tuy nhien neu ta su dung 

danh gia 2 (a 2 + b 2 ) > (a + b) thi se thu dupe bit ding thuc ngugc chi6u. Nen ta nghT d6n binh phuang 


hai ve, co dieu neu khai trien theo phep bien doi tuong duong thi van con can bac hai. Ap dung mot danh 
gia quen thuoc ta co 



Chu y ben ve trai xuat hien dai lupng — + — + — nen ta se danh gia theo bat dang thuc 
b c a 

Bunhiacopxki dang phan thuc, tuy nhien ta can danh gia la xuat hien a 2 + b 2 + c 2 . Khi do ta dupe 






a 2 + b 2 + c 2 _ a 4 + b 4 + c 4 > ( a + b + c ) 

b c a a 2 b b 2 c c 2 a a 2 b + b 2 c + c 2 a 

Den day ta can chung minh dugc 

fa + b + C ) / 7 r 

\--- ’—> J3(a 2 +b 2 +c 2 ) 

a b + be + ca ' ' ' 

Hay (a 2 + b 2 + c 2 j >3 (a 2 b + b 2 c + c 2 aj 

Nhan thay ^a 2 + b 2 + c 2 j >3 ^a 2 b 2 + b 2 c 2 + c 2 a 2 j 

Do do ta dugc (a 2 + b 2 + c 2 j >3 (a 2 b 2 + b 2 c 2 + c 2 a 2 j (a 2 + b 2 + c 2 j 

Ma theo bat dang thuc Bunhiacopxki thi 

(a 2 b 2 + b 2 c 2 + c 2 a 2 )(a 2 + b 2 + c 2 ) > (a 2 b + b 2 c + c 2 a) 2 

Do do ta dugc (a 2 + b 2 + c 2 j >3 (a 2 b + b 2 c + c 2 a) 

Vay bai toan dugc chung minh xong. 

Cach 2: Bay gib ta thu danh gia tu ve trai sang ve phai dong thbi lam xuat hien cac can bac hai nhu ve 

a 2 a 2 + b 2 

phai xem sao? De y den phep bien doi — + b =-, khi do ta se su dung bat dang thuc Cauchy de 

b b 

danh gia, chu y den dang thuc xay ra tai a = b = c nen de triet tieu b b mau ta cong them vao 2b, nhu 
vay ta se dugc + — + 2b > 2^2 ^a 2 + b 2 j . Do do ta co danh gia 


a a“ + b 

— + 3b =- 

b b 


+ 2b > 2^2 (a 2 +b 2 ) 


Thuc hien tuong tu ta dugc bat dang thuc 

a 2 b 2 

— + — 

b c 

Phep chung minh se hoan tat neu ta chi ra dugc 

2^(.* + b*) + 2^(b* + c*) + 2,|2(c* + a>)-3(» + b + c) 


|- 3 (a + b + > 2^2 ^a + b j + 2^2 ^b + c j + 2^2 + a 


a 2 +l> 2 

h2+ ° 2 , l 

1 c 2 + a 2 

1 2 \ 

2 \ 

2 


la 2 + b 2 

b2+c2 +l 

fc 2 + a 2 

1 2 

2 + )l 

2 


Hay 


D6n day thi don gian hon rbi, d6 y d6n bit ding quen thuoc 2 (x 2 + y 2 1 > (x + y j , khi do ta dugc 


a 2 + b 2 > a + b jb 2 + c 2 ^ b + c |c 2 + a 2 ^ c + a 
2 ~ 2 


Cong theo ve cac bat dang thuc tren ta dugc 


a 2 + b 2 + , 

|h 2 + c 2 

jc 2 + a 2 

1 2 V 

2 VI 

2 


Vay bat dang thuc dugc chung minh. 

Cach 3: Chu y la dang thuc xay ra tai a = b = c va trong cac bien co cac luy thua bac 2, do do ta thu 
bien doi hai ve de lam xuat hien cac dai lugng kieu (a - b| ; (b - c) ; (c - a| . 



( a ~ b ) 2 


Trade het ta bien doi ve trai, de y la-2a + b = -—, nhu vay ta se duoc 

b b 

a 2 b 2 c 2 (a-b) (b-c) (c-a) 

-2a + b +-2b + c +-2c + a = --— + --— + --— 

b c a b c c 

D„d6su y ra^ + ^ = ^ + ^ + fc^-(a + b + c). 

bcab c c v ’ 

Nhu vay de bat dang thiic tucmg ducmg thi ta phai bat a ve phai dai luong (a + b + c) va luc nay ta 


can bien doi bieu thiic 
hien(a-b) ; (b-cj ; (c-a) . 


la 2 + b 2 

|bw + , 

1 c 2 + a 2 

1 2 + i 

2 V 

2 


Ta de y den phep bien doi 
thi ve phai trb thanh 


. I a+b a + b 
2 


( a ~ b ) 2 

2^2 ^a 2 + b 2 J + 2 (a + b) 


, hoan toan tuong tu 


a - b) 


±1 


2^2 (a 2 +b 2 ) +2 (a + b) 2^2(b 2 + c 2 ) + 2(b + c) 2^2(c 2 + a 2 ) + 2(c + a) 


Den day ta chi can chi ra dugc- 


b 2^2 ^a 2 + b 2 ) + 2(a + b) 


> 0, ro rang danh gia nay hoan 


toan dung. Tuongng tu ta trinh bay dugc lbi giai nhu sau: Bat dang thiic can chiing minh tuong duong 
vdi 


-2a + b H-2b + c H-2c + a ^ 

b c a 


|a 2 + b 2 

l h2+c2 + 1 

1 2 + ^i 

2 \ 


:-a) 

a 2 + b 2 a + b 

1 b 2 + c 2 b + c , 

1 c 2 + a 2 c + a 

c i 

2 2 + i 

2 2 V 

2 2 


b- b f, ( b - c ) 2 , (c-)\ b-hf , b-c) 2 

b c c 2^2 ^a 2 + b 2 ) + 2(a + b) 2^2^b 2 + c 2 ) + 2(b + c) 


2^2 ^c 2 + a 2 ) + 2(c + a) 


1 1 

-L /V) — 

1 1 

b 2^2 + b j + 2 ^a + b^ 

+ l D C / 

c 2^2(b 2 +c 2 )+2(b + c) 


2^2 (c 2 + a 2 ) + 2 (c + a) 


<» (a -b) 




Bat 


^ 2^2 + b j + 2 ^a + b^ 

1 _ 1 
c 2^2(b 2 +c 2 ) + 2(b + c) 


c 2^2 (c 2 + a 2 j + 2 (c + a) 
Chung minh se hoan tat neu ta chi ra dugc A, B, C > 0. That vay 


A = --- 


2 _M 


a + b + 2a + b 


->0 


b 2^2 (a 2 + b 2 ) +2(a + b) 2^(a 2 + b 2 ) + 2(a + b) 

Hoan toan tuong tu ta co B, C > 0. Vay bai toan dugc chung minh xong. 

Cach 4: Bay gib ta thu bien doi tu ve phai sang ve trai xem sao, b day ta can lam mat cac can bac hai. Be 
thuc hien dugc bien doi do ta nghT den danh gia 2^a 2 + b 2 j > (a + b) nhung tiec la danh gia nay lai 
ngugc chieu. Mot each khac do la sir dung danh gia kieu 2^/xy < x + y, danh gia nay cimg chieu nen ta 
tap trung theo hubng nay. Nhu vay ta can viet dugc & + ^ sao cho xuat hien tich cua hai dai lugng va 


sau khi danh gia thi xuat hien —. Be y ta thay 

b 


+ b I 2 t 2 s + b I 9 T~2 7 " 1 f a 

J-= Ja 2 + b 2 -< Va 2 + b 2 - ab <- 

V 2 V 2 2 ^ 


t- b | = — — + 2b - a 
' 2 b 


l b 2 


Ap dung tuong tu ta dugc 

j b 2 + c 2 

i 2 “ 2 | 

Cong theo ve cac bat dang thuc tren ta dugc 

if a 2 b ; . , . 

—-1-1-ha + b + c > 

2 b 


c + a 
2 


'b“ + c 

w~ 


Hay 


-1-1-ha + b + c>2, 

b c a 


c" + a 

W 


Ben day ta trinh bay hoan toan tuong tu nhu each thu nhat. 


Cach 5: Be y ta thay 


a - b 
a + b 


| b 2 - c 2 
b + c 

2 b 2 


- = a- b + b- c + c- a = 0 nen ta dugc 


a + b b + c c + a a + b b + c c + a 
2a 2 | 2b 2 | 2c 2 _ a 2 + b 2 | b 2 + c 2 | c 2 + a 2 
a+b b+c c+a a+b b+c c+a 
Theo bat dang thuc Cauchy ta co 


Suy ra 


AA + A at b +C i2 


2a 2 


2b 2 


a+b b+c c+a 



Ma theo bat dang thuc Bunhiacopxki dang phan thuc ta co - 

„ ^ , a 2 b 2 c 2 a 2 +b 2 b 2 +c 2 

Do do ta duoc -1-1->-1-b 

b c a a+b b+c 
Phep chung minh se hoan tat neu ta chi ra duoc 


a 2 + b 2 | b 2 + c 2 |C 2 +a 2 s 

fa 2 + b 2 l 

fb 2 +c 2 

1 c 2 +a 2 

a+b b+c c+a \ 

2 V 

2 + i 

2 


Den day thi ap dung bat dang thuc Cauchy ta duoc 

a 2 + b : 


Ap dung tuong tu ta thu duoc 


a + b 
b 2 


- > 


b 2 j(a + b) 
2 


b + c 


a + b 

'b 2 + c 2 _ c 2 + a 2 
2 ’ c + a 


c + a 

Ur 


Cong theo ve cac bat dang thuc tren ta thu duoc 


a 2 + b 2 | b 2 + c 2 | c 2 + a 2 ^ , 

|a 2 +b 2 , 

|b 2 +c 2 

1 c 2 + a 2 

a+b b+c c+a V 

2 V 


2 


Vay bai tom duoc chung minh xong. _ 

Bai 12. Cho a, b, c la cac s6 thuc duong bit ki. Chung minh ring: 

— + — + — > Va 2 + b 2 - ab + Vb 2 + c 2 - be + Vc 2 + a 2 - ca 
b c a 

Phan tich va loi giai 

Bat dang thuc tren da duoc chung minh bang each su dung bat dang thuc Cauchy, bay gio ta tim 
hieu xem ngoai each lam do thi con each chung minh nao khac khong? 

Cach 1: Quan sat bat dang thuc ta nhan thay dau hieu su dung bat dang thuc Bunhiacopxki dang phan 
thuc, khi do ta duoc 

a 2 b 2 c 2 , 

— + — + — >a + b + c 
b c a 

Bat dang thuc se duoc chung minh neu ta chi ra duoc 

a + b + c > Va 2 +b 2 - ab + Vb 2 + c 2 - be + Vc 2 +a 2 - ca 
Tuy nhien danh gia tren khong dung, nen ta se di sang hudng khac. 

Nhd lai each danh gia tao ra dai luong Va 2 + b 2 - ab ta co 

— -a + b + b = f a2+b2 ~ ab +bl>2Va 2 +b 2 -ab 


Ap dung tuong tu ta duoc 

- + — + — + a + b + e> 2>/a 2 + b 2 - ab + 2>/b 2 + c 2 - be + 2>/c 2 + a 2 - c 


b c a 
Nhu vay ta can chi ta duoc 


2 — h -1-^ -1-+ a + b + c 


Va day la mot danh gia hoan toan dung. Vay bat dang thuc duoc chung minh. 

Cach 2: Tuong tu nhu bai toan tren ta nhan thay bat dang thuc co the chung minh duoc bang phep bien 


doi tuong duong, de y ta thay-2a + b = 

b 


(a-b) 




a 2 - ab + b 2 


V a 2 - ab + b 2 -= — — -— = — , ^ - 

2 Va 2 -ab + b 2 + a ^ b Wa 2 -ab + b 2 +2a + 2b 
2 

Do do ap dung tuong tu ta duoc bat dang thuc tuong duong vdi 


(a-b)_ + (b-c 
b c 


3(a-b) 3(b-c) 

Wa 2 + b 2 - 2ab + 2 (a + b) 4>/b 2 + c 2 - be + 2 (b + c) 
3(c -a) 

H- , - 

4Vc 2 + a 2 - ca + 2 (c + a) 


1 

3 

+ (b-c) 2 

1 


3 

b l 

s/a 2 + b 2 - 2ab + 2 (a + b) 

+ c ) 

c 

4\lb 2 + c 2 

-be +2^b + c) 


b 4>/a 2 +b 2 - ab +2 (a + b) 

bA . , 3 - 

c 4Vb 2 +c 2 -be+2(b + c) 

C-1- . 3 _ 

c 4vc 2 +a 2 -ca+2^c + aj 

Chung minh se hoan tat neu ta chi ra duoc A, B, C > 0. That vay 

. 1 3 4>/a 2 + b 2 - ab + 2a + b _ 

A =- 1 -= — , -> 0 

b 4va 2 + b 2 - ab + 2 (a + b) 4va 2 + b 2 - ab + 2 (a + b) 

Hoan toan tuong tu ta co B, C > 0. Vay bai toan duoc chung minh xong. 

Bai 13. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

Vbc Vea Vab < 3 
a + 3 Vbc b + 3\[c& c + 3\[a b 4 

Phan ti'ch va loi giai 

Cach 1: Du doan dau dang thuc xay ra tai a = b = c, suy nghT dau tien khi quan sat bat dang thuc do la 
tim each lam mat can bac hai b cac bieu thuc, tuy nhien de y den chieu bat dang thuc ta thay chi co the 
lam mat can o cac tir thuc bang bat dang thuc Cauchy con o mau thi lai khong thuc hien duoc. 

Quan sat kT cac dai luong trong moi phan thuc ta nhan thay %bt— ---, dieu nay goi y 

a + 3vbc a , o 

Wc 


cho ta dat in phu dang x = ,— . Ap dung tuong tu bit ding thuc duoc viit lai thai 

Vbc 




1 


1 


1 


I — + 3 i — + 3 ,—4 + 3 

Vbc y/ca y/ab 


B6n day ta dat x y = —==; 

Vbc y/ca 


Vab 


khi do ta dugc xyz = 1. 


Bat dang thuc can chung minh trd thanh-1-1-< — 

x + 3 y + 3 z + 3 4 

Quan sat bat dang thuc dugc tao thanh ta co cac hudng chung minh bat dang thuc tren 
+ Hudng 1: Bien doi tuong duong bat dang thuc ta dugc 

4(x + 3)(y + 3) + 4(y + 3)(z + 3) + 4(z + 3)(x + 3)<3(x + 3)(y + 3)(z + 3) 

<=> 4 (xy + yz + zx) + 24 (x + y + z) + 108 < 3 (xyz + 3xy + 3yz + 3zx + 8x + 9y + 9z + 27^ 

<=> 24 < 5 (xy + yz + zx) + 3 (x + y + z) 

Ap dung bat dang thuc Cauchy ta dugc 

5 (xy + yz + zx) > 15.y/x 2 y 2 z 2 =15; 3 (x + y + z) > 9.y/xyz = 9 
Cong theo ve cac bat dang thuc tren ta dugc 5 (xy + yz + zxj + 3 (x + y + zj > 24 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 

+ Hudng 2: Su dung bat dang thuc Bunhiacopxki dang phan thuc, nhung trudc het ta can doi chieu bat 
dang thuc 

1 1 l 1 ' 3 x y z 3 

-1-1-< — <=>-1---1-> — 

x + 3 y + 3 z + 3 4 x + 3 y + 3 z + 3 4 

Khi do ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

x , y , z + ^ + 

x+3 y+3 z+3 x+y+z+9 

(Vx + y/y + y/z) 3 

Ta can chung mii|| -— > _ hay 

x+y+z+9 4 

4 ^x + y + z + 2y/xy + 2y/yz + 2y/zx j >3 (x + y + z + 9^ 

<=>x + y + z + 8 |y/xy + y/yz + y/zx j > 27 
Ap dung bat dang thu Cauchy ta dugc 

8 |y/xy + y/yz + y/zx ) > 8.3.^/y/x" 2 y 2 z 2 =24; x + y + z > 3.y/xyz = 3 
Cong theo ve cac bat dang thuc tren ta dugc 

x + y + z + 8 ^y/xy + y/yz + y/zx j > 27 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 

Cach 2: Tu hudng thu hai cua each 1, ggi y cho ta doi chieu bat dang thuc nhu sau 
Bat dang thuc can chung minh tuong duong vdi 

a + b + c > 3 
a + 3y/bc b + 3y/ca c + 3y/ab 4 

B6n day ta co thl ap dung bit ding thuc Cauchy dang 2y/xy < x + y cho cac can thuc d mlu, khi 
do ta dugc 



a b c > 2a 2b 2c 

3>/bc b + 3>/ca c + 3Vab 2a + 3b + 3c 3a + 2b + 3c 3 + 3b + 2c 

2a 2b 2c 3 

-1-1-^ — 

2a + 3b + 3c 3a + 2b + 3c 3 + 3b + 2c 4 


Ta can chung minh 


x = 2a + 3b + 3c 
Bat \ y = 3a + 2b + 3c = 
z = 3a + 3b + 2c 


2a = ~(3y + 3z - 5x) 
2b = ~(3z + 3x - 5y) 
2c = ~(3x + 3y - 5z) 


Khi do bat dang there tren duoc viet lai thanh 

3y + 3z - 5x 3z + 3x - 5y 3x + 3y - 5z > 3 

4x 4y 4z 4 

Hay 3 f — + — + — + — + — + —1-15 > 3 

vy x z y z xj 

Bat dang thuc cuoi cung luon dung theo bat dang thuc Cauchy. 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 


Bai 14. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 


b 2 + 1 c 2 + 1 a 2 + 1 


>1 

2 


Phan tich va loi giai 

Cach 1: Be dang du doan duoc dau dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta thay 
co danh gia b 2 + 1 > 2b, tuy nhien danh gia nay cho ta mot bat dang thuc nguoc chieu. Chinh dieu nay 
goi y cho ta su dung ki thuat Cauchy nguoc dau. Khi do ap dung ta dang thuc Cauchy ta duoc 

a 2 _ 2 a 2 b 2 > 2 a 2 b 2 _ 2 a 2 b 

b 2 + 1 _ a _ b 2 +1 _ a ~^b~~ a 

. . . b 2 ^ . 2 b 2 c c 2 ^ 2 c 2 a 

Hoan toan tuong tu ta duoc —-> b"-; —-> c- 

' c 2 +l 2 a +1 2 

Khi do ta co bat dang thuc 

a 2 b 2 


b 2 + 1 c 2 + 1 a 2 + 1 

Ta can chung minh a 2 + b 2 


- > a 2 + b 2 + c 2 - 


a 2 b + b 2 c + c 2 a 


a b + be + c a > 3 
2 ~ 2 ' 


Khi do ta co a + b + c > - 
a 2 + b 2 


fc - 


Be y den a + b + c = 3 suy ra a 2 + b 2 + c 2 > 3, khi do ta co 

l- b 2 + c 2 3 

- 1 - 

2 2 

i 2 b + b 2 c + c 2 a ^ a 2 + b 2 + c 2 a 2 b + b 2 c + c 2 a 3 
->-+ - 

2 2 2 2 

Phep chung minh se hoan tat neu ta chi ra duoc 

a 2 + b 2 ■ 

2 

Danh gia tren la mot danh gia ta da tung gap va co the chung minh duoc bang phep bien doi tuong 
duong 


ab + bc + ca 3 3 2 . 0 2 2 n 2 

-+ ->-oa +b +c >a b + b c + c a 

2 2 2 





a 2 + b 2 + c 2 > a 2 b + b 2 c + c 2 a <=> (a + b + c) (a 2 + b 2 + c 2 j > 3 (a 2 b + b 2 c + c 2 a j 

<=>a(a-b) + b(b-c) + c(c-a) >0 

Bat dang thuc cuoi cung luon dung. 

Hoac su dung bat dang thuc Cauchy 

a 2 + b 2 + c 2 > a 2 b + b 2 c + c 2 a <=> (a + b + c) (a 2 + b 2 + c 2 j > 3 (a 2 b + b 2 c + c 2 a) 

<=> a 3 + b 3 + c 3 + ab 2 + be 2 + ca 2 > 2 (a 2 b + b 2 c + c 2 a j 
D 6 thiy a 3 + ab 2 > 2a 2 b; b 3 + be 2 > 2b 2 c; c 3 + ca 2 > 2c 2 a . Cong theo v 6 cac bit ding thuc ta 

dupe danh gia nhu tren. Vay bat dang thuc dupe chung minh. 

Cach 2: Ve trai cua bat dang thuc gpi y cho ta su dung bat dang thuc Bunhiacopxki dang phan thuc, do 
do ta co danh gia sau 

a 2 b 2 c 2 ^ (a + b + c) 

-1—^-I—^^~ - 

b+1 c+1 a +1 a" + b + c +3 

Phep chung minh se hoan tat neu ta chi ra duoc 

(a + b + c) 3 , \ooo 

—---— > - o 4 ab + be + ca > a + b“ + c + 9 

a 2 + b 2 + c 2 + 3 2 1 ’ 

Ma a + b + c = 3 suy ra a 2 + b 2 + c 2 > 3 nen a 2 + b 2 + c 2 + 9 > 12, suy ra ta duoc 
ab + be + ca > 3, day la mot danh gia sai. Do vay each dung true tiep khong dem lai hieu qua. Bieu nay 
co nghTa la ta can bien doi trubc roi mbi co the su dung duoc bat dang thuc Bunhiacopxki. 

Ta bat dau vdi gia thiet, nhu tren ta suy ra duoc a 2 + b 2 + c 2 > 3, cho nen khi ap dung bit ding 
thuc Bunhiacopxki dang phan thuc ta can lam xuat hien dai luong a 2 + b 2 + c 2 . Khi nay ta duoc 

a 2 b 2 c 2 a 4 b 4 c 4 fa +b +c j 

—9-1 o-1 ^- — —r— -1--1 — - ^ —-— -——--— - 

b+1 c+1 a +1 ab +1 be +1 ca +1 ab + be + ca + 3 

(a 2 + b 2 + c 2 ) 2 3 

Bai toan quy ve chung minh —\ -> - 

ab + be + ca +3 2 

Hay 2 (a 2 + b 2 + c 2 ) >3 (a 2 b 2 + b 2 c 2 + c 2 a 2 + 3^ 


Theo mot danh gia quen thuoc ta co ^a 2 + b 2 + c 2 j >3 (a 2 b 2 + b 2 c 2 + c 2 a 2 j 

Va tu a 2 + b 2 + c 2 > 3 ta suy ra duoc ^a 2 + b 2 + c 2 j > 9 . 

Cong theo ve hai bat dang thuc tren ta duoc 

2 ^a 2 + b 2 + c 2 j >3 ^a 2 b 2 + b 2 c 2 + c 2 a 2 + 3j. 

Vay bat dang thuc duoc chung minh. 

Cach 3: Sau hai each lam nhu tren, ta thu tiep can vbi bat dang thuc vbi each doi bien xem sao. Be y den 
gia thiet a + b + c = 3 ta can lam xuat ien so 3 trong cac phan so 

a 2 _ 3a 2 _ 3a 2 

b 2 +1 3b 2 + 3 3b 2 + a + b + c 

Nhin phan so sau khi bien doi ta khong tim thay y tudng doi bien. 

Tuy nhien tua + b + c = 3 suy ra a 2 + b 2 + c 2 > 3, khi do ta co 
a 2 ^ 3a 2 

b +1 3b + a + b + c 


Hoan toan tuong tu ta duoc 



3b' 


b 2 +1 c 2 +1 a 2 +1^ 3b 2 + a 2 + b 2 + c 2 3c 2 + a 2 +b 2 

Den day ta thay dugc y tuang doi bien va each doi bien hap H nhat do la 
3a 2 3b 2 3c 2 


a + b + c a + b" + c a + b + c 


suy rax + y + z = 3 


b +1 c +1 a +1 y+ 1 z +1 x +1 


Phep eh ung minh se hoan tat neu ta chi ra dugc 


y + 1 z + 1 x +1 2 


Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

Bai 15. Cho a, b, c la cac s 6 thuc duong bit ki. Chung minh ring: 

(a 2 + 2j (b 2 + 2j (c 2 + 2j > 9 (ab + be + ca) 

Phan tich va loi giai 

Cach 1: De dang du doan dugc dang thuc xay ra tai a = b = c = 1. Theo mot danh gia quen thuoc ta co 
9 (ab + be + ca) < 3(a + b + c) . Nhu vay ta can chung minh 

(a 2 + 2 ) (b 2 + 2)(c 2 + 2 ) > 3(a + b + c) 

Quan sat bat dang thuc tren ta nghi den bat dang thuc Bunhiacopxki. Nhu vay ta can danh gia tu 
(a + b + c) lam xuat hien a 2 + 2 , de y ta thay 

(a + b + c) < (a 2 +1 + 1 ) (l + b 2 + c 2 ) = (a 2 + 2 ) (l + b 2 + c 2 ) 


Phep chung minh se hoan tat neu ta chi ra dugc 

3 (a + 2^1 + b +c j < ^a +2j^b + 2^c +2^ 
o 3^1+ b 2 + c 2 ) < (b 2 + 2 )(c 2 + 2 ) 

Bien doi tuang duong ta thu dugc 

3^1 + b + c j < (b + 2 j ^c + 2 j 3 + 3b J + 3c < b c + 2b + 2c + 4 

b 2 c 2 - b 2 - c 2 +1 > 0 (b 2 - 1 ) (c 2 - 1 ) > 0 


Nhu vay ta chi can chi ra dugc ^b 2 - lj^c 2 -1 j > 0, tuy nhien vi vai tro cua a, b, c nhu nhau nen 
theo nguyen li Dirichlet thi trong ba so a 2 — 1; b 2 -1; c 2 -1 luon ton tai hai so cung dau va ta hoan toan 
co the gia su hai so do la b 2 -1; c 2 -1. Nhu vay bai toan dugc chung minh xong. 

Ngoai ra ta cung co the danh gia tu (a + b + c) lam xuat hien a 2 + 2 theo bat dang thuc 

Bunhiacopxki nhu sau (a + b + c) < (V 2 + 2 j 

Phep chung minh se hoan tat neu ta chi ra dugc 





(b 2 +2)(c 2 +2)>3 


( b+c ) 2 


Bien doi tuong duong bat dang thuc tren ta dugc 

b 2 + c 2 + 2b 2 c 2 - 6bc + 2 > 0 <=> (b - c) 2 + 2(bc -1) 2 > 0 
Bat dang thuc cuoi cung luon dung. Do vay bai toan dugc chung minh xong. 

Cach 2: Voi cac bat dang thuc khi ma ta khong the tim ra dugc ngay each danh gia thi tot nhat ta nen 
khai trien no ra neu co the, voi bai toan nay khi khai trien ta dugc 


a 2 b 2 c 2 + 2(a 2 b 2 +b 2 c 2 + c 2 a 2 ) + 4(a 2 +b 2 + c 2 ) + 8 > 9(ab + bc + ca) 

Chu y ben ve phai co dai lugng ab + be + ca va neu danh gia ve trai ve ab + be + ca thi dugc 
a 2 + b 2 + c 2 > ab + be + ca; a 2 b 2 +1 + b 2 c 2 +1 + c 2 a 2 +1 > 2 ^ab + be + ca) 

Khi do ta dugc 

a 2 b 2 c 2 + 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 4 (a 2 + b 2 + c 2 ) + 8 > a 2 b 2 c 2 + 2 + 8 (ab + be + ca) 

Ma theo bat dang thuc Cauchy ta lai co 


a 2 b 2 c 2 + 1 + 1 > 


3^/a 2 b 2 c 2 


9abc 9abc 
3^£b^ _ a + b + c 


D6 y d6n danh gia (a + b + c) + 9abc > 4 (a + b + c) (ab + be + ca) 


Ta dugc 


a + b + c 


> 4 (ab + be + ca) - (a + b + c) , khi do ta co 


a 2 b 2 c 2 +1 +1 > 4 (ab + be + ca) - (a + b + c) 


Do do ta dugc 

a Vc ! + 2 (a V + bV + c 2 a 2 ) + 4 (a 2 + b 2 + c 2 ) + 8 

> 4 (ab + be + ca) + 4 (ab + be + ca) + 4 (a 2 + b 2 + c 2 ) - (a + b + c) 

> 4 (ab + be + ca) + 4 (ab + be + ca) + ab + be + ca =9 (ab + be + ca) 

Vay phep chung minh hoan tat. 

Cach 3: Ngoai cac each tren ta co the tham khao them each su dung nguyen li Dirichlet nhu sau: 

Trong ba so a 2 — 1; b 2 -1; c 2 -1 luon ton tai hai so cung dau. Khong mat tinh tong quat ta gia su 


hai s6 do la a 2 -1; b 2 -1, khi do ta dugc 

(a 2 -l)(b 2 -l)>0» a 2 b 2 - a 2 - b 2 +1 > 0 

Ta co 

(a 2 + 2) (b 2 + 2) (c 2 + 2) = a 2 b 2 c 2 + 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + 4 (a 2 + b 2 + c 2 ) + 8 
= c 2 (a 2 b 2 - a 2 - b 2 +1) + (2a 2 b 2 + 2) + (3b 2 c 2 + 3) 

+ (3c 2 a 2 + 3)+ 3 (a 2 + b 2 +c 2 ) + (a 2 +b 2 ) 

> (2a 2 b 2 + 2) + (3b 2 c 2 +3) + (3c 2 a 2 +3)+ 3 (a 2 + b 2 + c 2 ) + (a 2 + b 2 ) 
Ap dung bat dang thuc Cauchy ta co 

2a 2 b 2 + 2 > 4ab; 3b 2 c 2 + 3 > 6bc; 3c 2 a 2 + 3 > 6ca; 
a 2 + b 2 > 2ab; 3 (a 2 + b 2 + c 2 ) > 3 (ab + be + ca) 



Cong theo vi cac bit ding thuc tren ta dupe 

^2a b + 2j + ^3b c + 3j + ^3c a +3^ + 3 ^a + b + c j + ^a + b j > 9 ^ab + be + ca^ 
Suy ra (a 2 + 2j ^b 2 + 2j ^c 2 + 2 j > 9 (ab + be + ca) 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. _ 

Bai 16. Cho a, b, c la cac sb there duong thoa man a + b + c = 1. Chung minh ring: 


b ! 

Loi giai 


\ > V82 


Du doan duoc dau dang thuc xay ra tai a = b = c = —. Quan sat bat dang thuc ta nhan thay bat 

dang thuc co chua cac can bac hai va bieu thuc trong can bac hai lai chua bien dubi mau.. Do do de tim 
duoc lbi giai cho bai toan ta co cac dinh hubng sau: 

- Loai bo cac can bac hai bing cac bit ding thuc phu. 

Dua toan bo cac dai luong trong can vao cung mot can thuc. 

Binh phuong hai ve. 

Bay gib ta di tim hieu xem ta co the tiep can bat dang thuc tren nhu the nao tu cac dinh hubng tren. 
Cach 1: D6 loai bo cac can bac hai trong trubng hop biiu thuc dubi diu can duoc viit dang tbng, ta 
thubng dung bat dang thuc Bunhiacopxki, rat may trong trubng hop nay ta co danh gia cung chieu. Chu y 
den dau dang thuc xay ra ta duoc 


82 a 2 + 4| = J(l + 9 2 ) 

{a 2 +\ 

) J 

11 a J r 

{ a , 

1 VI 


Ap dung tuong tu ta duoc 182 b 2 + — > b + —; 182 c 2 + — > c 


b’ 


Khi do ta duoc 


'82 a 2 + —- + 


Hay 


'82 b H—— + 82 c H—— > a + b + c H-1-1— 


. j_ 

’ V82 


fa + b + c 


Phep chung minh se hoan tat neu ta chi ra duoc 
9 9 9 


hr 


- + — + -> y[82 hay a + b ■+ 
a b 


h ® + ® + ®*82 

a b c 


Chu y den gia thiet a + b + c = 1 kit hop vbi mot danh gia quen thuoc ta co 
Q Q Q Q Q 

- = 81 


a b c i 

Nhu vay danh gia cuoi cung dung. Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi 

khi a = b = c = —. 

3 

Cach 2: De dua toan bo cac bieu thuc vao trong cung mot dau can ta chu y den bat dang thuc phu: Vbi a, 
b, x, y la cac so thuc duong ta luon co: 

r 

Trubc het ta chung minh bat dang thuc phu 
That vay, binh phuong hai ve ta duoc 


V b2 + y 2 & yl( a + h f + ( x + y) 2 




a 2 + x 2 + b 2 + y 2 + 2.Va 2 + x 2 .-^/b 2 + y 2 > (a + b) + (x + yj 

<=> ^a 2 + x2 )(b 2 + y 2 ) > ab + xy <=> (a 2 + x 2 j^b 2 + y 2 j > (ab + xy) 

Bat dang thuc cuoi cung la bat dang thuc Bunhiacopxki, do do bat dang thuc tren dung. 
Ap dung bat dang thuc tren ta duoc 



Phep chung minh se hoan tat neu ta chi ra duoc 

(a + b + C ) 2 + (j- + i + ij >82 


That vay, tu gia thiet a + b + c =1 suy ra (a + b + c) = 1 va theo bat dang thuc Cauchy ta co 

9 

a + b + c 

Do do ta duoc (a + b + c) + f —+ ^ + -1 - ^2 




Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c 
Ngoai ra ta cung co the chung minh danh gia tren theo each sau 
Ap dung bat dang thuc Cauchuy ta co 


1 

3' 



Cung theo bat dang thuc Cauchy ta lai co. 



80 

9 


Do do ta suy ra (a + b + c) + j > 91 ^ j = 82 

Den day bai toan duoc chung minh. 

Cach 3: Ngoai hai each lam tren, ta thu binh phuong hai ve cua bat dang thuc, tuy nhien de y rang each 
lam nay khong lam mat het cac dau can. 


Dat A = 




, khi do ta duoc 




Quan sat cac tich dudi dau can ta lien tudng den bat dang there Bunhiacopxki va chu y den dai luong 


a 2 + + b 2 + + c 2 + ta co cac danh gia sau 

a b c 

Ap dung bat dang there Bunhiacopxki ta co 


, 2 1 ¥ 2 1 1 

b+ d c+ ?> 


ab + — = ab + — 


be + — 
be 


= be + — 
be 


A 2 > a, 2 + b 2 + c 2 H—— H—— H—— + 21 ab + be + c& -\ —-—h -—I- 

a b c 

= (a + b + c) +[ — i-1 — | > (a + b + c) + 

v ' i a b c 


Hay A > V82 . Vay bat dang there duoc chung minh. _ 

Bai 17. Cho a, b, c la cac so there duong thoa man a (a + b + c) = 3bc. Chung minh rang: 

(a + b) + (a + c) + 3(a + b)(a + c)(b + c) < 5(b + c) 

Loi giai 

Du doan duoc diu ding there xiy ra tai a = b = c, Quan sat bit ding there tren ta co mot sd nhan 
xet nhu sau: 

Bat dang thuc co ba bien nhemg chi co b, c co vai trd nhu nhau, do vay ta co gang quy bat dang 
thuc hai bien bang phep dat an phu. 

Bat dang thuc co ser xuat hien cua cac dai luong a + b; b + c; c + a, cho nen ta cung co the doi 
bi6n x = a + b; y = b + c; z = c + a. 


Gia thiet a (a + b + c) = 3bc ta co the viet duoc thanh (a + b) (a + c) = 4bc, khi do co the ser 

dung cac bat dang thuc Cauchy hoac mot so bat dang thuc phu de danh gia 
Ter cac nhan xet do ta co mot so y tudng chung minh bat dang thuc nhu sau 
Cach 1: Trade het ta viet lai gia thiet 

a (a + b + c) = 3bc o a 2 + ab + be + ca = 4bc <=> (a + b) (a + c) = 4bc 
Luc nay ta dat x = a + b; y = a + c thi duoc xy = 4bc 
Be y den danh gia 





x 3 + y 3 = (x + y) (x 2 - xy + y 2 ) < ^2(x 2 +y 2 ). |jx - y)' + xy 

= ^2 (x - y) 2 + 2xy . (x - y) 2 + xy] = ^2 (b - cf + 8bcJ. [(b - c)' + 4bc] 
= J 2 |jb + c) + 4bcj. (b + c) < .^4 (b + c) . (b + c) = 2 (b + c) 

Do do ta dugc (a + b) + (a + c ) 3 <2(b + c) 3 

Ta cin chiing minh (a + b)(a + c) (b + c) < (b + c) . 

That vay (a + b) (a + c) (b + c) = 4bc (b + c) < (b + c) (b + c) = (b + c) 

Vay bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a = b = c. 

Cach 2: Dat x = b + c; y = c + a; z = a + b, suy ra 


b+c-a . c+a-b a+b-c 
=-; b =-; z =- 


Khi do gia thiet dugc viet lai thanh 


3 x 2 -(y-z) 2 


<=> x = y +z -yz 


(y + z j -x 

4 4 

Bat dang thiic can chiing minh dugc viet lai thanh 

y 3 + z 3 + 3xyz < 5x 3 <=> (y + z) (y 2 + z 2 - yz) + 3xyz < 5x 3 <=> x (y + z ) + 3yz < 5x 2 

Tir gia thiet x 2 = y 2 + z 2 - yz suy ra x 2 > yz va 2x > y + z 
Dieu nay dan den 3x 2 > 3yz va 2x 2 > x (y + z). 

Cong theo ve hai bat dang thiic tren ta dugc 5x 2 > x (y + z) + 3yz. 

Vay bai toan dugc chiing minh xong. 

Cach 3: Bit ding thiic cin chiing minh dugc vi6t lai thanh 

(a + b) 3 (a + c) 3 3 (a + b)(a + c)(b + c) 

(b + c) (b + c) (b + c) 

Dat x = a + ^ ; y = & + C , bit ding thiic cin chiing minh trb thanh tro thanh 
b + c b + c 

x 3 + y 3 + 3xy < 5 

Ta co 

a + b a + c (a + b) (a + c) a(a + b + c) + bc 2a(a + b + c)-2bc 


b + c b + c 


(b+c) 


( b+c ) 


(b+c) 


Do do ta dugc 


xy +1 = - 


Hb)' 


a + b + a + c 


(b+c) 


Suy x d + y = x + y nen x 3 + y 3 + 3xy < 5 <=> x + y + 3xy < 5 


(x + y) 2 < 2 (x 2 + y 2 ) = ^±1 < ^ + ^ ^ =^x + y<2^xy<l 


Mata co _, , , 

2 2 8 

Do do ta dugc x + y + 3xy < 5 . Vay bai toan dugc chiing minh xong. 





Cach 4: Gia thiSt dugc viit lai thanh 

a (a + b + c) = 3bc <=> a 2 + ab + be + ca = 4bc <=> (a + b) (a + c) = 4bc 
Ap dung bat dang thuc Cauchy ta co 

3bc = a (a + b + c) > 3aVabc =^> a < Vbc 

Ta co 

(a + b) + ^a + c^ = ^a + b^a + c^2a + b + cj + ^b — ^2a + b + c^ 

< 4bc ^2 Vbc + b + cj + (b - c) ^Vbc + b + cj 
= ^Vbc + b + cjjjb - c) + 4bc j = ^Vb + Vc j (b + c) <2^b + c) 

Lai co (a + b) (a + c j (b + c) = 4bc (b + c) < (b + c j (b + c) < (b + c) 

Cong theo ve hai bat dang thuc tren ta dugc bat dang thuc can chung minh. _ 

Bai 18. Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh rang: 

a 2 (b + c) b 2 (c + a) c 2 (a + b) ^ 

_ bVb + 2cVc cVc + 2a Va aVa + 2bVb _ 

Phan ti'ch va 151 giai 

Trubc het ta du doan dau dang thuc xay ra tai a = b = c. Quan sat bat dang thuc ta nhan thay, de 
don gian hoa ta cin thuc hien phep d6i biin x = aVa; y = bVb; z = cVc, tuy nhien ta khong thi d6i 

biin o cac tir si, do do ta cin phai biin dii tir si sao cho xuit hien cac dai lugng aVa; bVb; cVc, 
nhung bien doi theo each nao day? Chu y den chieu cua bat dang thuc ta co danh gia 

a 2 (b + c) > 2a 2 Vbc , de y den gia thiet abc = 1, nen ta thay Vbc bang —j=, khi do ta dugc 

V a 

a 2 (b + c) > 2a 2 Vbc = 2a Va = 2x, ap dung tuong tu ta co bit ding thuc 

&2 ( b + c ) , b2 ( c + a ) | c 2 (a + b) ^ 2a 2 Vbc | 2b 2 V^V | 2c 2 V^b 

bVb + 2cVc cVc + 2a Va aVa + 2bVb bVb + 2cVc cVc + 2aVa aVa + 2bVb 
2aVa + 2bVb + 2cVc _ 2x + 2y + 2z 

bVb+2cVc cVc+2aVa aVa+2bVb Y + 2z z + 2x X + 2 Y 

Bay gio ta can chi ra duoc ——-1-—-1--— > 1. 

y + 2z z + 2x x + 2y 

Ben day ta co hai hubng de chung minh bat dang thuc tren 

+ Huong 1: Su dung bat dang thuc Bunhiacopxki dang phan thuc. 

Ta co 

x y z x 2 y 2 z 2 ( x + Y + z ) 

y + 2z z + 2x x + 2y x(y + 2z) y(z + 2x) z(x + 2y) 3(xy + yz + zx) 

(x + y + z) 

Theo mot danh gia quen thuoc ta nhan thay .--—, > 1. 

3 (xy + yz + zx) 

Do do ta co ——-1---1--— > 1, tuc la bai toan duoc chung minh. 

y + 2z z + 2x x + 2y 

+ Huong 2: Tiep tuc doi bien de don gian hoa cac mau so 





Bat m = y + 2z;n = z + 2x; p = x + 2y khi do ta suy ra 

4n + p - 2m 4p + m - 2n 4m + n - 2p 

x =-=-; y = —-; z =-— 

9 9 9 

Bat dang thuc can chung minh dugc viet lai thanh 

4n + p - 2m 4p + m - 2n 4m + n - 2p 


9m 


9n 


9 P 


Hay 


, f n p m\ f p n i+ ^ . _ 
4 —+ —+ — + — + — + — >15 
^m n p J ^m p n y 


Banh gia cuoi cung luon dung vi theo bat dang thuc Cauchy ta luon co 

P 


4 f— + — H 

^m n 


p n m 
m p n 


Vay bat dang thuc dugc chung minh. 

Bai 19. Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 3 . Chung minh ring: 


1 


_<* 

-2 4 


1 1 

—o-o-1 --- 1 

a+b +2 b +c +2 

Phan ti'ch va 151 giai 

Bau tien ta du doan dau dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta co thay de 

de danh gia hon ta can doi chieu bat dang thuc, khi do ta dugc bat dang thuc sau 

a 2 + b 2 b 2 + c 2 c 2 + a 2 3 

- + - + - > - 

2 


a + b + 2 b 2 + c 2 + 2 c 2 +a 2 +2 

Ben day ta co cac hudng tiep can bat dang thuc tren nhu sau: 

+ Hudng thu nhat: Su dung bat dang thuc Bunhiacopxi dang phan thuc. Tuy nhien de su dung dugc danh 
gia do ta can viet cac tu so thanh binh phuong dung. Nhu vay each thu nhat la ta viet bieu thuc 


- hoac - 




a" + b + 2 a + b“ + 2 a" + b + 2 ’ a + b + 2 a" + b + 2 

Ta tiep can vdi tung trudng hgp 

- Trudng hgp bien doi bieu thuc theo each thu nhat va ap dung bat dang thuc Bunhicopxki ta thu dugc bat 
dang thuc sau 

a 2 + b 2 b 2 + c 2 c 2 + a 2 2(a + b + c) 

—-^- 1 -^^- 1 -^^- — -/. „-“-7T- 

a+b +2 b+c+2 c+a+2 2la+b+cj + 6 

Bat dang se dugc chung minh neu ta chi ra dugc 

2^a + b + c) > 3^a 2 + b 2 + c 2 j + 9 

Ket hgp vdi gia thiet a + b + c = 3 thi bat dang tren trd thanh 3 > a 2 + b 2 + c 2 , ro rang danh gia 
tren la sai. 

- Trudng hgp bien doi bieu thuc theo each thu hai va ap dung bat dang thuc Bunhicopxki ta thu dugc bat 
dang thuc sau 


a 2 + b 2 b 2 + c 2 c 2 + a‘ 

-- 1 - 1 - 

ct+b+2 b+c+2 c+ct+2 

Bat dang se dugc chung minh neu ta chi ra dugc 




Bat dang thiic tren tuang duong vdi 

2^(a 2 +b 2 )(b 2 +c 2 ) + ^(b 2 +c 2 )(c 2 +a 2 ) + ^(c 2 +a 2 )(a 2 +b 2 )j>a 2 +b 2 +c 2 +9 
Quan sat cac dai lugng ve trai ta nghi den bat dang thiic Bunhiacopxki, tire la ta co 
^a 2 + b 2 j(b 2 + c 2 j > b 2 + ca 
^b 2 + c 2 )(c 2 + a 2 j > c 2 + ab 
yj( c 2 + a 2 j (a 2 + b 2 j > a 2 + be 
Cong theo v6 ba bit ding thiic tren ta duoc 

2 ^(a 2 + b 2 ) (b 2 + c 2 ) + ^(b 2 + c 2 ) (c 2 + a 2 ) + J(c 2 + a 2 ) (a 2 + b 2 )) 

> 2 (a 2 + b 2 + c 2 + ab + be + ca j 
= a 2 + b 2 + c 2 + ^a + b + = a 2 + b“ + c 2 + 9 

Nhir vay bat dang thiic duoc chiing minh xong. 

+ Huong thii hai: Tiep tuc vdi bat dang thiic Bunhiacopxki dang phan thiic nhung ta can tao ra binh 
phuong dung tren cac tii so, khi do ta co cac each sau 


Bien doi bieu thiic - 


1 + V^ ( K \ 2 2 ( a + b ) 

a 2 + b 2 (a + b) + 2 2 


, ap dung tuang tu va sir 


dung bat dang thiic Bunhiacopxki ta duoc bat dang thiic 

a 2 + b 2 b 2 + c 2 c 2 + a 2 


a 2 + b 2 + 2 b 2 + c 2 + 2 c 2 + a 2 + 2 


4 (a + b + c) 


Ta can chiing minh duoc 
8 ( a + b + c) >3 


/ ,2 2(a + b) , , 2 2(b + c) , ,2 2(c + a) 

( a+b ) + -hH b+c ) + -k^ + (-4 

/ >.2 2(a + b) . >2 2(b + c) , ,2 2(c + a) 

( a+b ) + -kF- + ( b+c ) + w- + ( c+a ) + vvr 


/ \ 2 / \ 2 / \ 2 2(a + b) 2(b + c) 2(c + a) 

Hay 24 > (a + b) + (b + c) + (c + a) + + _i_L + J_1 

ong duong ti 

( a - b ) 2 ( 


Bien doi tuang duong ta thu duoc 


l a 2 + b 2 


b 2 + c 2 


Ben day ma ta chi ra duoc ^ -1 > 0; --1 > 0; --1 > 0 thi bai toan duoc 

a + b b + c c+ a 

chiing minh hoan tat. Vi vai tro ciia a, b, c nhu nhau nen de dan gian hoa ta nen sap thii tu cac bien, khi 
do chi can chiing minh hieu nho nhat khong am la duoc. 




Gia su a > b > c, khi do ta dugc - 


. Khi do xay ra cac truong hop 


Neu a 2 + b 2 < 6 thi bat dang thuc hien nhien dung. 


» Neu a 2 + b 2 > 6, khi do ta dugc - 


-1 < 0, nhu vay nhan dinh tren hoan toan sai va ta phai 


hubng khac. Tuy nhien sau mot qua trinh bien vat va ma dirng tai day thi hoi phi, ta nen thu xem vdi 
a 2 + b 2 > 6, co khai thac dugc gi khong? 

De thay vdi a 2 + b 2 > 6 ta dugc 
1 1 


1 3 

< — vaa + b<3=>b<—, khi nay ta dugc 


a 2 + b" + 2 8 

1 1 1 1 _ 10 10_5 

+ 2 + b 2 +2 " 8-b 2 + b 2 +2 " i6 + b 2 (6-b 2 ) < 16 " 8 


a 2 + b 2 + 2 b 2 + c 2 + 2 

cung dung. Nen bai toan cung dugc chung minh. 


— < —. Vay trong truong hgp nay bat dang thuc 
f 2 4 


Bai 20. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a b c a+b b+c 

-+—+->-+-+ 1 

b c a b+c a+b 


Phan tich va 151 giai 

Trudc het ta du doan dang thuc xay ra tai a = b = c. Quan sat bat dang thuc ta nhan thay chua the 
su dung dugc ngay cac cac bat dang thuc Cauchy hay Bunhiacopxki. Vdi nhung bai toan nhu the nay thi 
y tudng dau tien co the la bien doi tuong duong vi bat dang thuc co hinh thuc khong qua cong kenh phuc 
tap. 

Cach 1: Dau tien vdi y tudng bien doi tuong duong, ta quy dong va dugc bat dang thuc sau: 
a (a + b) (b + c) b (a + b) (b + c) c (a + b) (b + c) 
b c a 

> (a + b) + (b + c) + (a + b) (b + c) 

Khai trien cac ve ta dugc 

a(a + b)(b + c) b(a + b)(b + c) c(a + b)(b + c) 


a c o n ab b 3 . 2 , 2 be b e 

—-ha + ab + acH-1-hb + ab + c H-1- 

b c c a a 

Va (a + b) + (b + c) + (a + b) (b + c) = a + 3b + c + 3ab + 3bc 
Nhu vay bat dang thuc se dugc chung minh neu ta chi ra dugc 

a 2 c ab 2 b 3 be 2 b 2 c ^ 2 0 , , 

b c c a a 

Quan sat danh gia tren ta nghi den bat dang thuc Cauchy 

a 2 c b 3 , b 2 c ab 2 . 2 a 2 c c 2 b b 3 c 2 b ^ ., 

be ac baca 

Cong theo v6 cac bit ding thuc tren ta dugc 

a 2 c ab 2 b 3 be 2 b 2 c ^ 01 2 0 n n 

-1-1-1-1-^ 2b + 2ab + ab 

b c c a a 

Nhu vay bat dang thuc dugc chung minh. 

Cach 2: Tu y tudng bien doi tuong duong nhu tren ta co nhan xet 





a + b b + c (a + b) + (b + c) + 2 (a + b) (b + c) (a + 2b + c) 
b + c a + b (a + b) (b + c) ab + b 2 + be + ca 

Quan sat chieu bat dang there ta lien tudng den bat dang thuc Bunhiacopxki dang phan there. Van de 
la ta trien khai ve trai nhu the nao de khi ap dung bat dang thuc tren thi co ve phai nhu tren. De y la trong 
phep bien doi tren ta da cong them vao ve trai vdi 1 va chu y den ser xuat hien cua 2b nen ta co danh gia 
sau 

a b 


- + 1 = 


Ter hai ket qua tren ta dupe 


a 2 b 2 c 2 b 2 
— + — + — + — 
ab be ca b 

a b c _ 
—i 1 h 1 > 


a 


(a + bj (b + cj 

ab + be ca + b 2 

i + b b + c _ 

_ -+-+ 2 

b + c a + b 


^a + 2b + cj 
ab + be + ca + b 2 


Hay — + — + — > a + ^ ^ + C + 1. Bieu nay co nghTa la bat dang thuc dupe chung minh. 

bcab+ca+b 

Cach 3: Quan sat bat dang thuc ta nhan thay theo bat dang thuc Cauchy thi 

a b c^ 0 a + b b + c 1 ^ _ 

— + — + - > 3;-+-+1 > 3 

b c a b+c a+b 


Va lai thay 

a + b b + c 
b+c a+b 

Nen ta se chung minh : 


(a + b) +(b + c) -2(a + b)(b + c) ( a_c ) 

(a + b) (b + c) (a + b) (b + c) 

- 2. Bat dang thuc nay tuong duong vdi 


- 3 > - 


a + b 


a-b | b-c | c-a > ( a ~ c ) 
b c a (a + b)(b + c) 

Be y rang b-c = b- a + a- c,dodota viet lai dupe bat dang thuc tren thanh 


a-b 

b 


c-a c-a. 


+ b)(b4 


Hay 


a -b)(c -b) 


+ b)(b 4 


Tiep tuc khai trien va thu gon ta dupe 

<=> b (c - a) (b 2 + ab + be) > a (a - b) (b - c) (a + b) (b + c) <=> (b - ac) > 0 
Bat dang thuc cuoi cung luon dung hay bai toan dupe chung minh xong. 


Bai 21. Cho a, b, c la cac s6 thuc khong am thoa man ja + b)(b + c)(c + a) > 0 . Chung minh ring: 
a(b + c) b(c + a) c(a + b) 


i- be 4 


c 2 + ca + a“ a 2 + ab + b 2 


- > 2 


Phan tich va loi giai 

Cach 1: Co the noi day la mot bat dang thuc kho, ngay ca bude dau du doan dau dang thu xay ra. Bat 
dang thuc tren xay ra dau dang thuc khong chi tai a = b = c ma con tai a = b, c = 0 va cac hoan vi. 


Quan sat bat dang thuc ta nhan thay khong the danh true tiep dupe mau vi cac dai lupng a 2 ; b 2 ; c 2 troi 
hon cac dai lupng ab; be; ca. Do do d! co thi dua ra cac danh gia hop li ta cln biln ddi cac phan thuc 



trade. Chu y la ta co the dua mot trong hai thira so tren tir xuong mau, nhung ta chon dua b + c vi dudi 
mau co b 2 + be + c 2 = (b + c) - be. Khi nay ta dupe 

a (b + c) a (b + c) a 


b 2 + be + c 2 ( b + c ) 2 _ bc ( b + c ) - - 


be 

b + c 

Den day ta thay co the ap dung bat dang thuc Bunhiacopxk dang phan thuc duoc nen ta lai bien doi 
nhu sau 

a (b + c) a 2 (b + c) a 2 


b + be + c a (b + c) -abc a (b + c)- 


abc 
b + c 


Hoan toan tuong tu ta co 

b(c + a) 




c + ca + a , / \ abc a + ab + b 

b c + a- 

v ’ c + a 

Khi do theo bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

a (b + c) b(c + a) c(a + b) 

b 2 + bc + c 2 c 2 + ca + a 2 a 2 + ab + b 2 

a 2 b 2 


c(a + b) - 


a + b 


, abc , i \ abc . 
he) — - blc + al-c(a + 


b + c 


b )- 


abc 


(a + b + c) 


2 (ab + bc + ca) - abc —-— + — -1-— 

v ’ i^a + bb + cc + f 


Phep chung minh se hoan tat neu ta chi ra duoc 

(a + b + c) 


/ , , X .fl 

1 1 ^ 

2 ab + bc + ca - abc -+ 

--+- 

v ’ l^a + b 

b + c c + a J 


<=>(a + b + c) > 4(ab + bc + ca) - 2abc— - h—- — + — — 

v ' v ' l v a + bb + cc + 

<=> a 2 + b 2 + c 2 + 2abc —--1—-— + —-— > 2 (ab + bc + ca) 

l a + b b+c c+a v ’ 


Theo bat dang thuc dang -+—+—>- 

x y z x+y+z 

a 2 + b 2 + c 2 + 2abc f 


- taduoc 


1 + + 1 " 
, + b b + c c + a y 


> a 2 + b 2 + c 2 + - 


Ta cin chi ra duoc a 2 + b 2 + c 2 + —— > 2(ab + bc + ca), bit ding thuc nay tuong duong 
a + b + c v ' 


vdi a 3 + b 3 + c 3 + 3abc > a (b + c) + b (c + a) + c (a + b). 
Khong mat tinh tong quat ta gia su a > b > c . Khi do ta co 



(a - b) (a + b - c) + c (a - c) (b - c) > 0 

a 3 + b 3 + c 3 + 3abc > a (b + c) + b (c + a) + c (a + b) 

Nhir vay bat dang there tren dupe chung minh. Dau dang thuc xay ra khi a = b = c. 

Cach 2: Bat dang thuc can chung minh co cac dai luong bac hai lien quan den a 2 + b 2 + c 2 hoac 
ab + be + ca, do do ta thu tim moi lien he vdi cac dai luong nay xem sao. Be y la ta se chi tim moi lien 
he ab + be + ca thoi vi nhu each 1 thi a 2 + b 2 + c 2 troi hon nen muon danh gia theo chieu tang len la 
rat kho. Be y ta nhan thay 

b 2 + be + c 2 + ab + ca + ca = (b + c) (a + b + c) 


Nhu vay y tubng la lam dudi mau xuat hien tong b" + be + c 2 + ab + c + ca, dieu nay co the 
thuc hien dupe bang each nhan ca tir va mau vdi ab + be + ca roi su dung danh gia Cauchy. Nhu vay ta 
se lam nhu sau 

a(b + c) a(b + c)(ab + be + ca) 4a (b + c)(ab + be + ca) 


b +bc + c (b 2 + bc + c 2 )(ab + bc + ca) (b 2 + be + c 2 + ab + be + ca) 

4a (ab + be + ca) 

(b + c)(a + b + c) 

Hoan toan tuong tu ta dupe 

a(b + c) b(c + a) c(a + b) 

b 2 + be + c 2 c 2 + ca + a 2 a 2 + ab + b 2 

4a(ab + bc + ca) 4b(ab + bc + ca) 4c(ab + bc + ca) 


(b + c)(a + b + c) (c + a)(a + b + c) (a + b)(a + b + c) 

Phep chung minh se hoan tat neu ta chi ra dupe 

4a(ab + bc + ca) 4b(ab + bc + ca) 4c(ab + bc + ca) 

(b + c)(a + b + c) (c + a)(a + b + c) (a + b)(a + b + c) 

Be y ta viet lai bat dang thuc tren thanh 

a b c ^ (a + b + cf 

-1-1-> —-r 

b + c c + a a + b 2(ab + bc + caj 

Banh gia tren dung theo bat dang thuc Bunhiacopxki dang phan thuc. 

Bo vay bat bat dang thuc dupe chung minh. 


Bai 22. Cho a, b, c la cac so thuc duong thoa man dieu kien a + b + C = 3. Chung minh ring 

: + a 

IT 


a + b b + c c + a | , / . . 1 1 1 

—+ —+ —| >4(ab + bc + ca)l- + - + 7 


Phan tich va loi giai 

Ta nhan thay each phat bieu cua bat dang thuc co dang A 2 > 4BC, vdi 

. f a + b b + c c + a^l \ „ f 1 1 1 

t C a b y 1 ' U b 2 c 2 

Nhan xet nay kha dac biet, no giup ta lien he vdi danh gia quen thuoc cua bat dang thuc Cauchy 
dang (x + y) > 4xy vdi x, y > 0. Bo do mot each tu nhien ta dua ra cac hudng tiep can bat dang thuc 
tren la: 




+ Thu nhat: Bieu dien A = X + Y, vdi X, Y la hai dai lugng thlch hap de co dugc bat dang thuc 
A 2 > 4XY, tir do chung minh XY > BC. Trade het ta trien khai A va BC nhu sau 


A = —+ - 


c b b a ... b a c b c a ab be ac 

-1-1-1— = X + Y; BC = - + — + — + — + - + - + — + — + — 

bcab abbcacc a b 


* , , - ^ , , ab be ac , v ,, , a b c b c a ^ 

Be y thay trong BC co cac hang tu —; —; — va trong X + Yco —, —; —, —; —, —. Do do ta chon 

c 2 a 2 b 2 c c a a b b 

X va Y sao cho tlch XY co chua cac hang tir ^^, ta co the chon nhu sau 

c a b" 


X = 


Y = 


b b 


Tu cac nhan xet tren ta co cac ldi giai nhu dudi day 


Ap dung bat dang thuc Cauchy ta dugc 
b + b+c + c+ 
a b 


= 11— + —+i-| + |— + — + 7^11 

a b J 


r \r u u \ r , , , 

, , . , a c c b b a / . . \1 1 1 

chung minh —l-1— —l— H— >lab + bc + ca) — + — + — 

v c a bji^c a b ) v 7 ^a b c 


That vay, bat dang thuc tren tuang duang vdi 


ab be c b 

-+-+ — + — 4 

b c a b c 


ac a 

V + c 


ab b a b be c . c ac ^ b 

c 2 c be a a 2 b a b 2 a 

a 2 _ a a a 2 + be - ac - ab ^ . ( a_ ^ ) )( a_c )^ r , 

be b c be be 

Vi vai tro cua a, b, c trong bat dang thuc nhu nhau, nen khong mat tinh tong quat ta gia su 
a > b, a > c. Do do bat dang thuc cuoi cung dung. 

Vay bat dang thuc duoc chung minh. Dau dang thuc xay ra khi a = b = c = 1. 

+ Thu hai: Bieu dien BC = ^ • CD vdi D la mot dai lugng thich hop de co duoc bat dang thuc 


B 


D 


B 


4BC <-1- CD , tu do chung minh-1- CD < A. Ta tim D nhu sau: 


D 

c + a ab + be + ca 
h_ b D 


D| ^7 + 4 + 
b 2 


Xet hieu A-CD =-h 

D c 

Be y la khi xem b la mot bien thi he so cua b la — + — - & + C , nhu vay de thu bieu thuc ta co the 

a c D 

cho he so cua b bang 0 hay chon D = ac . Tir cac nhan xet tren ta co cac ldi giai nhu dudi day 
Theo bat dang thuc Cauchy ta co 


, / . . \f 1 1 O ab + bc + c 

4lab + bc + ca) — + —7 + ^- S. - 

v 7 l^a b c J \_ ca 


Ta can chung minh - 


1 

+ —-4- 
b 

(a-b)(b-c) 

Bien doi tuang duong bat dang thuc tren ta duoc --Y- L > 0, Vi vai tro cua a, b, c trong 

bat dang thuc nhu nhau, nen khong mat tinh tong quat ta gia sir a > b > c . Do do bat dang thuc cuoi 
cimg dung. 

Vay bat dang thuc duoc chung minh. Dau dang thuc xay ra khi a = b = c = 1. 








Phan ti'ch va 151 giai 

Trade het ta du doan dang thuc xay ra tai a = b = c, nen khi do tir gia thiet ta thay dupe 


— = 16a => a = —, do do dang thuc xay ra tai a = b = c = —. 
a 4 '4 

Bau tien ta bat dau vdi gia thiet — + — + — <16(a + b + c). That vay, theo mot danh gia quen 
a b c v ' 

thuoc ta dupe 

1 i i ab + bc + ca (ab + bc + ca) 3(a + b + c) 

16 a + b + c )>- + - + - =-= -^-7-' >-b- 

v ' a b c abc abc(ab + be + caj (ab + bc + caj 

1 8 

Hay —-r- < —. Nhu vay ta co gang chung minh dupe 

6 (ab + be + caj 9 


- ~ 1- - V H- - jT ^ -7-T 

|a + b + + cjj |b + c + ^2^b + ajj |c + a + ^2^c + bj j 6 (ab + bc + caj 

Be chung minh dupe dieu do ta can chi ra dupe |a + b + ^j‘2 (a + cj j > A va ta phai xac dinh 

dupe A. Bieu nay lam ta lien tudng den bat dang thuc Cauchy theo hubng tu trung binh cong sang trung 
binh nhan. 


Be y den dau dang thuc xay ra tai a = b = c = — khi do ta thay a + b = 

4 

Bo do ap dung bat dang thuc Cauchy cho ba so duong tren ta co 


Hay 


Hoan toan tuong tu ta co 

1 


a + b + ^2 (a + cj = a + b + ° + C > 3^- 

27 (a + bj(a 


I a + c _ a + c 

a + bj(a + cj 
~2 


(a + b +A ^(7T7)) 3 ~ 27 ( a+b )( a+c ) 


(b + c +% /^Ak)) 3 _27 (b + c)(b + a )’ ( c + b+ ^(^j) 3 “27(c + a)(c + b) 

1 4(a + b + cj 


Cong theo cac bat dang thuc tren ta dupe 
1 1 


|a + b + ^2(a + cjj |b + c + ^2(b + ajj |c + a + ^2(c + bjj 


27 a + b b + c c + a 




Phep chung minh se hoan tat neu ta chi ra dugc 


Mat khac ta d 6 dang chung minh dugc 


4 (a + b + c) 


27 (a + b)(b + c)(c + a) 6 (ab + bc + ca) 
Hay 8 (a + b + c) (ab + be + ca) < 9 (a + b)(b + c)(c + a) 


Danh gia tren ta mot danh gia dung 
Do do 

1 


a 


-b+^(i77)) s (btct^M)' (c + a+^7b)) 3 ~ 6 ( ab+bc+ca ) 


Nhu vay bat dang thuc duoc chung minh. Dau dang thuc xay ra khi a = b = c = —. 

' _‘_4_ 

ai 24. Cho a, b, c la cac so thuc duong thoa man dieu kien abc = 1. Chung minh rang: 

1 i i (a + b + c ) 3 

_ 1 + a 3 1 + b 3 1 + c 3 _18_ 

Phan tich va loi giai 

De dang du doan dugc dau dang thuc xay ra tai a = b = c = 1, quan sat dai lugng ve trai va chieu 
bat dang thuc ta nghT den viec doi chieu bat dang thuc. Khi do bat dang thuc can chung minh tuong 
duong vdi 

_ a 3 b 3 c 3 (a + b + c) 

1 + a 3 1 + b 3 1 + c 3 18 

„3 „3 

De y rang abc = 1 thi 


1 + a 3 abc + a 3 be + a : 


<»18 —^—+-- + —'—- +(a + b + c) >54 

^1 + a 3 1 + b 3 l + c 3 J 1 > 

q 2 

nen bat dang thuc tren trd thanh 


18 


+ ( a+b+c ) 3 ^ 54 


^bc + a 2 ca + b 2 ab + c 2 

Lai cung tu abc = 1 ta co (a + b + c) > 27abc = 27, do do phep chung minh se hoan tdt n 6 u 

, , a 2 b 2 c 2 ^ 3 

ta chi ra dugc -- H-- H-- > — 

be + a ca + b ab + c 2 

Ve trai cua danh gia tren co dau hieu ap dung bat dang thuc Bunhiacopxki dang phan thuc. Luc nay 
ta dugc 


(a + b + c) 


be + a 2 ca + b 2 ab + c 2 a 2 + b 2 + c 2 + ab + be + ca 


Va ta can chi ra dugc - 


(a + b + c) 


a 2 + b 2 + c 2 + ab + be + ca 2 

mot danh gia sai. Do do ta khong the tach ra chung minh nhu tren dugc. 

Tuy nhien de y den khi a = b = c = 1 thi 

18(a + b + c) / ,3 

--—^-= (a + b + c) =27 

aT + b + c + ab + be + ca v ’ 

Bi 6 u nay ggi y cho ta su dung bit ding thuc Cauchy dang x + y > 2^/xy . 

Khi do ta dugc 


> — hay ab + be + ca > a + b + c , day la 





Nhu vay ta chi can chi ra rang 2 (a 2 + b 2 + c 2 j > a 2 + b 2 + c 2 + ab + be + ca 

B&t ding there tren tuong duang vdi (a - b) + (b - c) + (c - a) > 0, la mot bit ding there 
hien nhien dung. 

_ Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra khi a = b = c = 1. _ 

Bai 25. Cho a, b, c la cac s6 there duang thoa man diiu kien abc = 1. Chung minh ring: 

1 1 1 „ 1 
a+b+4 b+c+4 c+a+4 2 

Phan tich va 151 giai 

Be dang der doan dau dang thuc xay ra tai a = b = c = 1. Ter gia thiet va bat dang can chung 
minh deu ggi y cho ta phep doi bien 

+ Y tuong ther nhat la a = x 3 ; b = y 3 ; C = z 3 d6 ser dung mot danh gia quen thuoc la 

x 3 + y 3 + 4 > xy (x + y) + 4xyz > xy (x + y + 4z) 


+ Y tuong thu hai ta doi bien dang a = —;b = —;c = — hoac a = —;b = —;c = —.. 

y z x yz zx xy 

Cach 1: Bat a = x 3 ; b = y 3 ; C = z 3 , ter gia thiSt abc = 1 suy ra xyz = 1 

Bat dang thuc can chung minh tro thanh 

1 1 11 

-1-1-^ — 

x 3 + y 3 + 4 y 3 + z 3 + 4 z 3 + x 3 + 4 2 

Be y ta thay x 3 + y 3 + 4 > xy (x + y^ + 4xyz > xy(x + y + 4z^, ap dung tuong ter ta dua bat dang 

thuc cin chung minh tro thanh 





1 


1 


xy(x + y + 4z) yz(y + z + 4x) zx(z + x + 4y) 2 


x + y + 4z y + z + 4x z + x + 4y 2 

4z 4x 4y . _ 

-1-1-< 2 

x + y + 4z y + z + 4x z + x + 4y 

_ 4z 4x 4y ^ 

<=> 3-1-1-> 1 

x + y + 4z y + z + 4x z + x + 4y 

x + y y + z z + x 

<=>--— + —--+-> 1 

x + y + 4z y + z + 4x z + x + 4y 


x + y + 4z y + z + 4x z + x + 4y 

Ap dung bat dang thiic Bunhiacopxki dang phan thiic ta dugc 


I- x)(z + x + 4y) 


2|x +y +z 1 + 10 (xy + yz + zx j 
B6 chiing minh A > 1, ta cdn chiing minh 

4 (x + y + z) >2^x 2 + y 2 + z 2 j + 10(xy + yz + zx) <=> x 2 + y 2 + z 2 > xy + yz + zx 
Bat dang thiic cuoi cung dung vdi moi x, y, z > 0. 

Bat dang thiic dugc chiing minh. Dau dang thiic xay ra khi va chi khi a = b = c. 

Cach 2: Bat a = —;b = —;c = — khi do bat dang thiic dugc viet lai thanh 


xz + y 2 + 4yz xy + z 2 + 4zx yz + x 2 + 4xy 2 
Bat dang thiic tren tuong duong vdi 


- 4zx yz + x 2 + 4xy 


Ta tach ra chiing minh hai bat dang thiic s 


xz + y 2 + 4yz xy + z 2 + 4zx yz + x 2 + 4xy 2 

zx , x y , y z ^ 1 

xz + y 2 + 4yz xy + z 2 + 4zx yz + x 2 + 4xy 2 

Trade het ta chiing minh bat dang thiic thii nhat 

Be thay theo bat dang thiic Bunhiacopxki dang phan thiic ta dugc 


xz + y 2 + 4yz xy + z 2 + 4zx yz + x 2 + 4xy x 2 + y 2 + z 2 + 5 (xy + yz + zx) 


Ta can chi ra dugc 



2 (x + y + z) > x 2 + y 2 + z 2 + 5 (xy + yz + zx) 

<=> (x + y + z) >3 (xy + yz + zx) 

Danh gia cuoi cung la mot danh gia dung, do vay bat dang there thu nhat duoc chung minh. 
Cung theo bat dang there Bunhiacopxki dang phan there ta co 

zx + xy + yz 
xz + y 2 + 4yz xy + z 2 + 4zx yz + x 2 + 4xy 

(xy + yz + zx) 

x 2 y 2 + y 2 z 2 + z 2 x 2 + 5 (x 2 yz + xy 2 z + xyz 2 ) 

Ta can chi ra duoc 


2 (xy + yz + zx) > x 2 y 2 + y 2 z 2 + z 2 x 2 + 5 (x 2 yz + xy 2 z + xyz 2 ) 

<=> (xy + yz + zx) > 3 (x 2 yz + xy 2 z + xyz 2 ) 

Danh gia cuoi cung la mot danh gia dung, do vay bat dang thuc thu hai duoc chung minh. 
Vay bai toan duoc chung minh xong _ 

Bai 26. Cho a, b, c la cac so thuc duong thoa man dieu kien a + b + c = — + — + —. 

a b c 

Chung minh ring: (a + b - c) (b + c - a) (c + a - b) < 1 


Phan ti'ch va loi giai 

Quan sat bat dang thuc nhan thay neu ve trai la mot so am thi bat dang thuc hien nhien dung. Nhu 
vay ta chi can chung minh cho trudng hop ve trai duong la duoc. 

Bai toan co gia thiet rat phuc tap nen trudc het ta danh gia gia thiet trudc. Quan sat hai ve cua gia 


thiet ta nghT den danh gia (a + b + c 


xfl 1 l) 
\a b c J 


—l- — > 9. Do do ta nhan hai ve cua gia thiet vdi 


(a + b + c) va ap dung danh gia tren ta suy ra duoc a + b + c > 3. Bay gib ta can chung minh duoc 
(a + b-c)(b + c- a)(c + a-b)<l. Be don gian hoa bai toan ta co the dat 
x = b + c-a; y = c + a-b; z = a + b- c vakhi nay ta cin chung minh xyz < 1 vbi gia thiSt mbi la 
x + y + z > 3 

Vbi gia thiet va ket luan nhu vay ta thay kho co the dua ra duoc cac danh gia hop li, do do ta nghT 
den viec su dung tiep gia thiet ban dau va vbi each doi bien nhu tren ta viet lai duoc gia thiet la 


Z Z Z ^9 

x + y + z =-1-1-. Su dung bat dang thuc Cauchy de danh gia ta duoc 

x + y y + z z + x 


2 2 2 

x + y + z =-+-1- 

x+y y+z z+x 


1 | 1 | 1 
>/xy Vyz >/zx 


Hay yfx + -Jy + \[z > \fxiyz (x + y + z). Den day ta cung chua the chi ra duoc xyz < 1 

Be y den dang thuc xay ra tai x = y = z = 1 nen theo danh gia Cauchy ta co 

x+y+z+3 r r r 
— ^-> Vx + Vy + Vz 

Ket hop vbi tren ta duoc 

x + y + z + 3 ^ ^ X y Z ^ x + y + z)ox + y + z + 3> 2-y/xyz (x + y + z) 


D6 y lai co x + y + z > 3 nen 2(x + y + x)>x + y + z + 3 nen ta duoc 




2 (x + y + z) > 2^/xyz (x + y + z) => 2 > 2^/xyz <=> xyz < 1 
Den day bai toan dugc chung minh 

Ngoai ra cung tir each phan tich nhu tren ta co the chung minh theo phuong phap phan chung nhu 
sau 

Gia su xyz > 1. Khi do theo bit ding thuc Cauchy ta dugc 

2 2 2 1 1 1 
x + y + z— + + pIS I —— 

x + y y + z z + x ^ xy ^ yz ^/zx 

Hay a/x + -Jy + \[z > -^/xyz (x + y + z j , vi xyz > 1 nen Vx + \Jy + \fz > x + y + z 

Tuy nhiem cung theo bat dang thuc Cauchy ta dugc Vx < ~~»thiet lap cac danh gia tuong tu ta co 

x + y + z + 3 r r r 

-- >Vx+yy+Vz >x + y + z^>x + y + z<3 

2 2 2 9 

Matkhac x + y + z =-1-1->-=>x + y + z>3 

x + y y + z z + x x + y + z 

Mau thuan nay chung to dieu gia su tren la sai, do vay xyz > 1. Nhu vay bat dang thuc tren dugc chung 
minh, dau dang thuc xay ra khi a = b = c = 1. 

Nhan xet: Ta co the su dung phuong phap phan chung theo huang nhu sau 
Gia su xyz < 1, khi do tir gia thiet cua bai toan suy ra 

(x + y + z} (xy + yz + zx} = 2(x + y + z} + 2 (xy + yz + zx} + xyz (x + y + z} 

Theo bat dang thuc Cauchy va ket hop vai gia sir ta lai co 

xy + yz + zx > 3 \Jx 2 y 2 z 2 >3] x + y + z>3 

Do do 


2(x + y + z} (xy + yz + zx} + ^2 



3 

2 (x + y + z} 

(xy + yz + zx} 

2 (x + y + z} 

9 

(xy + yz + zx} 


> xyz(x + y + z} 

Cong theo ve a bat dang thuc tren ta dugc 

(x + y + z} (xy + yz + zx} >2 (x + y + z}+ 2 (xy + yz + zx} + xyz (x + y + z} 

Dieu nay mau thuan vai dang thuc tren, do do dieu gia sir la sai. Nhu vay bat dang thirc tren dugc chung 
minh. _ 


Bai 27. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

a b c 


Va 2 + 8bc Vb 2 + 8ca Vc 2 + 8ab 


>1 


Phan tich va loi giai 

Bat dang thuc tren da dugc chung minh bang bat dang thuc Bunhiacopxki dang phan thuc. Bay gib 
ta di phan tich xem co them each chung minh nao khac nua hay khong? 

Cach 1: Nhan thly bit ding thuc co chua can bac hai, do do nen ta co th6 danh gia lam mlt cac dlu can 
bac hai thi co hoi se cao hon. Tuy nhien cac danh gia mau thuc deu khong dem lai hieu qua. Do do mot 
each tu nhien ta nghi den phep doi bien. Chu y la ta co the doi bien cac mau thuc cung co the doi bien cac 
phan thuc. O day ta chgn each doi bien ca phan thuc. 





■m 


- 8bc 




. Khi do dugc 


V c 2 + 8ab 


a 2 + 8 be 8bc 1 - x 2 

T , , b 2 y 2 c 2 z 2 

Hoan toan tuong tu ta dugc-=--;-=--. 

8ca 1 - y 8ab 1 - z 

«do ta du W - yyr• jry = ni ° (®- :x ')( 1 - y 2 )( x - ■= 512x W 

Bit ding there cin chung minh trb thanh x + y + z > 1. 

Vbi gia thiet va bat dang thuc nhu tren, de chung minh dugc bai toan ta can khai thac dugc tong 
x + y + z, do do ta nghi den phuong phap phan chung. 

Gia suO<x + y + z<l. Khi do ta dugc 

(l-x 2 )(l-y 2 )(l^y)>[(x + y + z) 2 -x ! ][(x + y + z) 2 -yJ[(x + y + z) ! - Z s ] 

Hay (l-x 2 )(l-y 2 )(l-z 2 ) > (x + y)(y + z)(z + x)(2x + y + z)(x + 2y + z)(x + y + 2z) 

De thay 

(x + y)(y + z)(z + x) > 8xyz 
(x + y + z + x) (x + y + z + y) (x + y + z + z j > 64xyz 
Do do ta dugc (x + y) (y + z) (z + x) (2x + y + z) (x + 2y + z) (x + y + 2z) > 512x 2 y 2 z 2 
Suy ra ^1 - x 2 - y 2 — z 2 j > 512x 2 y 2 z 2 , dieu nay trai vdi gia thiet. 

Vaykhongthico 0<x + y + z<l,tuclax + y + z>l. 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 


Cach 2: De y ta thay 


Va 2 + 


8bc 


, hoan toan tuong tu ta nghi den dat an phu 


be ca ab 

x = —; y = —; z = — => xyz = 1 
a 2 b 2 c 2 


Khi do bit ding thuc cin chung minh trb thanh , ^ + —/===ifit 1 

Vl + 8x V 1 + 8y VI + 8z 

Dlthiy (l + 8x)(l + 8y)(l + 8z) = 1 + 8 (x + y + z) + 64 ( xy + yz + zxj + 512xyz. 

Theo bat dang thuc Cauchy ta suy ra dugc (l + 8xj (l + 8y) (l + 8z) > 3 6 
Bat dang thuc can chung minh tuong duong vbi 

^yjl + 8x.yll + 8y + yjl + 8y.Vl + 8z + Vl + 8z.Vl + 8x) > (l + 8x)(l + 8y)(l + 8z) 
<=> 8(x + y + z) + 2^(l + 8x)(l + 8y)(l + 8z) (Vl + 8x + yjl + 8y + Vl + 8z J > 510 
Ap dung bat dang thuc Cauchy ta co 

8(x + y + z)>8; ^1 + 8x^1 + 8y ) (l + 8z) > 3 3 

Vl + 8x + -<Jl. + 8y + Vl + 8z > 3.^/VT+ 8x*Vl + 8y.Vl + 8^ > 9 


Do do ta dugc 



!^1 + 8x)(l + 8y)(l + 8z) ^\Jl + 8x + 


Vay bat dang thuc dugc chung minh. 

Cach 3: Be y theo bat dang thuc Bunhiacopxki ta co 


< i —-Ft' Uva 2 + 8bc + bvb 2 + 8ca + eye 2 + 8ab 

Vva 2 + 8bc \l b 2 + 8ca yc 2 + 8ab yb ' 

Mat khac cung theo bat dang thuc Bunhiacopxki ta dugc 

aVa 2 +8bc + bVb 2 + 8ca + cVc 2 + 8ab = Vay/a 3 + 8abc + VWb 3 + 8abc + Vca/c 3 + 8abc 


t- b + c)(a 3 + b 3 + c 3 + 24abcj 


Ta chung minh dugc (a + b + c) > a 3 + b' + c 3 + 24abc nen ta dugc 


Suyra (a + b + c) < 


2 + 8bc + bvb 2 + 8ca 


/ a +8bc v b +8ca yc +8abg 


Hay / , + / 9 + I , & 1 

Va 2 + 8bc Vb 2 +8ca Vc 2 +8ab 

Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra khi a = b = c. _ 

Bai 28. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

1 1 1 > 3 

a (b + l) b(c + l) c(a + l) yjabc |l + x/abc j 

Phan tich va 151 giai 

Bat dang thuc nay da dugc trinh bay trong trong chu de ky thuat su dung bat dang thuc Cauchy. 
Trong phep chung minh do ta chua hieu dugc tai sao lai nhan them mot dai lugng vao bieu thuc ve trai. 
Thuc chat each doi bien do xuat phat tu each chung minh thu nhat dubi day 


a(b + lj b(c + lj c(a + lj 

, , ,, abc + 1 be 1 b(c + l) a + 1 

Be y la v -r- = —-- + v -1 

a(b + lj b + 1 a(b + lj b + 1 a(b + lj 

Nhan them vao bieu thuc P dai lugng abc +1 va ap dung tuong tu ta dugc 

P ( 1+abc) = Mm) + Mm) + f(m) + ^±i Jl±V + 

2 a + 1 b + 1 c + 1 a(b + lj b(c + lj c(a + lj 

Ap dung bat dang thuc Cauchy ta dugc 

Mm) + Mm) + Mm)>3^ 

a+1 b+1 c+1 

, a + \ + ^ + \ + . C + 1 > 33^ 

a(b + l) b(c + l) c(a + l) Vabc 


Do do ta dugc 



I - 31 <y(abc) — yj abc +1 j 

(abc +1) P > + 33|— - 3 = - -= -^ <=> P > - 

v abc yabc i 


Do do ta dugc 


a (b + l) b(c + l) c ( a + l) ^/abc |l + \Jabc j 

Nhu vay bat dang thiic dugc cluing minh. Dau dang thiic xay ra khi a = b = C. 

Cach 2: Bat abc = k 3 , khi do tdn tai cac s6 thuc duong x, y, z sao cho 

ky , kz kx 

a = — ;b = —;c = — 
x y z 

Khi do bat dang thiic can chiing minh tucmg duong vdi 

1 1 1 ^ 3 

kyfkz + ^| kzfkx + ^ kxfky + ^| k(k + l) 


Hay 


x ^y J J z^ x 

x y z > 3 

y + kz z + kx x + ky k + 1 
Ap dung bat dang thiic Bunhiacopxki ta dugc 

x y z x 2 y 2 z 2 

-1-1-— —7-r H-7-r H-7-r 

y + kz z + kx x + ky x(y + kzj yfz + kxj zfx + kyj 
(x + y + z) 

x (y + kz) + y (z + kx) + z (x + ky) 

( x + y + z ) ^ 3 

(k + l)(xv + yz + zx) k + 1 

Vay bat dang thiic dugc chiing minh. Dau dang thiic xay ra khi a = b = c. _ 


Bai 29. Cho a, b, c la cac so thuc duong tuy y. Chiing minh rang: 


f \ 

a 


' b ] 


c 1 

v b + 2c , 


^ c + 2a j 


^a + 2bJ 


Phan tich va loi giai 

D§ drag du doan dugc ding thiic xiy ra tai a = b = c. Quan sat v6 trai ciia bit ding thiic la t 
lien tudng den mot danh gia quen thuoc la x 2 + y 2 + z 2 > ^ (x + y + zj , khi do ta dugc 


C \ 

a 

2 

' b ] 

2 

( c > 

2 

1 >-l 

( 1 \ 

a + b + c 

v b + 2c j 


^ c + 2a j 


^ a + 2b j 

1 3l 

v b + 2c c + 2a a + 2b y 


Phep chiing minh se hoan tat neu ta chi ra duoc-1-1-> 1 

b + 2c c + 2a a + 2b 

Be chiing minh dugc bat dang thiic tren ta co each hudng sau day 
+ Hudng 1: Ap dung bat dang thiic Bunhiacopxki dang phan thiic ta dugc 


b + 2c c + 2a a + 2b 


ycl + b + C j 

3(ab + be + c 





Theo mot danh gia quen thuoc ta duoc (a + b + c j > 3 (ab + be + ca), do do ta dupe 

a b c 

- 1 - 1 -> 1 

b + 2c c + 2a a + 2b 
Vay bat dang thuc ban dau dupe chung minh. 

+ Huong 2: Thuc hien doi bien nhu sau: Bat x = a + 2b; y = b + 2c; z = c + 2a, khi do ta dupe 

x - 2y + 4z 

a =---; 

9 

Khi do bat dang thuc can chung minh trb thanh 

x - 2y + 4z y - 2z + 4x z - 2x + 4y v 
9y 9z 9x 

Ap dung bat dang thuc Cauchy ta co 

^ + Z> 2; ^ + -> 2; - + -> 2; 3f- + - + ^ |>9 

yx zy xz ^yzxj 

Cong theo ve cac bat dang thuc tren ta dupe danh gia cuoi cung. 

Vay bai toan dupe chung minh xong. _ 


Bai 30. Cho a, b, c la cac s6 thuc duong thoa man a 3 + b 3 = c 3 . Chung minh ring: 

a 2 + b 2 - c 2 > 6(c - a) (c - b) 

Phan tich va loi giai 

Quan sat gia thiet va bat dang thuc can chung minh ta nhan thay vai tro nhu nhau cua hai bien a, b. 

. O O O a 3 b 3 , , 9 

Hon nua tu gia thiet a + b = c , ta thu duoc-1-= 1. Ben day de don gian hoa ta co the dat 

c 3 c 3 

3/ b ' 

x = —; y = — va nhu vay gia thiit duoc viit thanh x 3 + y 3 = 1 vdi 0 < x, y < 1. 
c c 

Ta bien doi de viet lai bat dang thuc theo bien mbi nhu sau 

Bat dang thuc can chung minh tuong duong vbi — + —— 1 > 61 1 — — If 1 — — I, luc nay ta 

C c 2 l C A c) 

dupe bit ding thuc cin chung minh la x 2 + y 2 -1 > 6 (l - x) (l - y). 

Tu gia thiSt ta cin lam xuit hien tich (l - x) (l - y) 

B6 y tu gia thiSt ta dupe x 3 y 3 = (l - y 3 - x 3 j = (l - x)(l - y+ x + x 2 + y + y 2 j 
Theo bit ding thuc Cauchy ta co 1 + x + x 2 > 3x; 1 + y + y 2 > 3y, do do 


x 3 y 3 > 9xy(l-x)(l-y) O xy > 3^(l-x)(l-y) 

Lai tu gia thiit ta dupe 

x 2 +y 2- l = x 2 (l — x) + y 2 (l-y)> 2xy^(l — x)(l-y) >6(l-x)(l — y) 

Hay x 2 + y 2 -1 > 6(l-x)(l-y) , vi dau dang thuc khong xay ra nen ta dupe bat dang thuc 
x 2 + y 2 -l>6(l-x)(l-y). 

Vay bit ding thuc ban diu dupe chung minh. 


Bai 31. Cho a, b, c la cac so thuc duong thoa man abc = 1 . Chung minh rang: 

(a 3 + b 3 j (b 3 + c 3 j (c 3 + a 3 j > 2^2 ^2 + a 3 b 3 + b 3 c 3 + c 3 a 3 + a 3 + b 3 + c 3 j 


Phan tich va 151 giai 





Trade het ta der doan dang there xay ra tai a = b = c = 1. Quan sat bat dang there ta thay cac bien 
deu co luy thera bac ba nen de don gian ta co the doi bien 

Bat x = a 3 ;y = b 3 ;z = c 3 , khi do ta co xyz = 1. Bat dang there can chung minh trd thanh 


(x + y)(y + z)(z + x) > 2^2(2 + xy + yz + zx + x + y + z) 

Be y den gia thiet xyz = 1 ta viet lai dirge bat dang there nher sau 

(x + y)(y + z)(z + x)>2^2( xyz + xy + yz + zx + x + y + z +l) 

<=> (x + y)(y + z)(z + x) > 2^2 (x + l)(y + l)(z +1) 

Binh phuong hai vita deroc |^(x + y)(y + z)(z + x)J > 8 (x + l)(y + l)(z + l) 

Ben day ta nghT den viec ghep theo cap de chung minh. Be y ben ve trai co dai luong x + y va ta 
can bien doi lam xuat hien x +1, nen ta sir dung bat dang thuc Buniacopxki 


Ap dung bat dang thuc Bunhiacopxki ta dupe (x + yj |^x H— J > (x + l) hay ta dupe bat dang 

thuc (x + y) (x + xz) > (x + l) <=> x 2 (x + yj (l + zj > (x + lj 
Tuong ter ta duoc cac bat dang thuc 

y 2 (y + z) (l + x) >(y + l) j z 2 (z + x) (l + y) >(z + l) 

Nhan theo ve cac bat dang thuc tren ta duoc 

x 2 y 2 z 2 (x + y) (y + z) (z + x) (l + x) (l + y) (l + z) > (x + l) (y + l) (z + l) 

Hay (x + y) ( y + z ) ( z + x ) -( 1 + x ) ( 1 + y ) ( 1 + z ) 

Mat khac ta lai co 

(l + xj (l + y) ( 1 + z ) > (l + x)(l + y)(l + z).8 A /xyz = 8(l + x)(l + y)(l + z) 

Bo do ta duoc bat dang thuc |^(x + y j (y + z j (z + x )] > 8 (x +1) (y + l) (z + l) 

Bat dang thuc duoc chung minh. Bau dang thuc xay ra khi a = b = c. _ 

Bai 32. Cho a, b, c la cac s6 thuc duong thoa man abc = 1. Chung minh ring: 

111 2 


( a + l) 2 (b + l) 2 (c +1) 2 (a + l)(b + l)(c + l)' 


Phan tich va 151 giai 

B§ drag du doan duoc bit ding thuc xiy ra tai a = b = c = 1. Quan sat bit ding thuc ta nhan 
thay khong the danh true tiep bang bat dang thuc Cauchy hay Bunhiacopxki duoc. Bo do ta tinh den 
phuong an biin ddi bit ding thuc trade. Ter gia thiit gpi y cho cho ta cac each ddi biin nhu 

x t y z , w x 2 . y 2 z 2 , w yz . zx xy 

a = —;b = —;c = — hoac a = — ;b = — ;c = — hoac a = —;b = —;c = — 

y z x yz zx xy x 2 y z 2 

Be y den tinh doi xemg cua bat dang thuc ta loai each doi bien ther nhat vi no bien bat dang thuc 

doi xemg thanh bat dang thuc hoan vi se gay kho khan hon. Trong hai each doi bien con lai ta eru tien 
chon each thu ba vi cac bien deu nam dubi mau nen khi bien doi thi cac luy thua se duoc dua len ter va co 
hoi se ro rang hon. Hy vong ta se gap may man vbi nhan dinh nay. 

Bat a = —; b = —; c = —, khi do bat dang thuc can chung minh trd thanh 

z 2 x 2 y 2 




(xy + z 2 ) 2 (zx + y 2 ) 2 (yz + x 2 )* (xy + z 2 )(zx + y 2 )(yz + x 2 ) 
De y den bat dang thuc Bunhiacopxki taco [xy + z 2 ] < (x 2 + z 2 ) ( y 2 + z 2 ) 


Suy ra 


(xy + z 2 )' (x 2 + z 2 )(y 2 + z 2 ) 


. Hoan toan tuong tu ta duoc 


(xy + z 2 ) (zx + y 2 ) (yz + x 2 ) 


z 

y s x 

(x 2 +z 2 )(y 2 +z 2 ; 

) + (x 2 +y 2 )(z 2 +y 2 ) ' (y 2 +x 2 )(z 2 +x 2 ) 

x 4 (y 2 + z 2 ) + y 4 ( 

z 2 + x 2 ) + z 4 (x 2 + y 2 ) 


(x 2 +y 2 )(x 2 +z 2 )(y 2 +z 2 ) 

Cung theo danh gia nhu tren 

(xy+ z 2 )(zx + y 2 )(yz + x 2 ) < (x 2 + y 2 )(y 2 + z 2 )(z 2 + x 2 ) 

T ,, . , 2 x 2 y 2 z 2 ^ 2 x 2 y 2 z 2 

Khl do ta CO 7 - 77 - 77 - 7 > 7 - 77 - 77 - 7 

(xy + z 2 ) (zx + y 2 ) (yz + x 2 ) (x 2 + y 2 )(y 2 + z 2 )(z 2 + x 2 ) 

Do do ta duoc bat dang thuc 

z 4 y 4 x 4 2 x 2 y 2 z 2 

- 1 --- 1 - 1 --- 

(xy + z 2 )' (zx + y 2 )' (yz + x 2 )' (xy + z 2 )(zx + y 2 )(yz + x 2 ) 

^ x 4 (y 2 + z 2 ) + y 4 (z 2 + x 2 ) + z 4 (x 2 + y 2 ) + 2 x 2 y 2 z 2 

“ (x 2 + y 2 ) (x 2 + z 2 ) (y 2 + z 2 ) 

x 4 (y 2 + z 2 ) + y 4 (z 2 + x 2 ) + z 4 (x 2 + y 2 ) + 2 x 2 y 2 z 2 

Ta c4n chung minh — -,— . ,-—. ,-, -> 1. 

(x' + y ! )(x 2 + z 2 )(y 2 +z 2 ) 

De y ta phan tich duoc 

X 4 (y 2 + z 2 ) + y 4 (* 2 + X 2 ) + z 4 (x 2 + y 2 ) + 2x 2 y ! z 2 = (x 2 + y 2 )(x 2 + z 2 )(y 2 + z 2 ) 

x 4 (y 2 + z 2 ) + y 4 (z 2 + X 2 ) + z 4 (x 2 +y 2 ) + 2x 2 y 2 z 2 

Dod6 —- ! 2 2 w 2 A \ A - = 1 - 

(x+y )(x+z)(y+z) 

Nhu vay bat dang thuc ban dau duoc chung minh. Dau dang thuc xay ra khi a = b = c = 1. 

Nhan xet: Day thuc su la mot bat dang thuc kho va qua trinh phan tich tim lai giai cung co phan may 
man. Tuy nhien neu ta khong giam suy nghi den cac kha nang co the xay ra thi may man do se khong den 
voi ban than. 

Ngoai ra cac ban co the tham khao them each giai khac sau 
Vi abc = 1 nen trong ba so a, b, c luon co hai so nam cung phia so voi 1. 

Khong mat tinh tong quat ta gia sit hai so do la a va b. 

Khi do taco (l - a) (l - &) > 0 <=> a + b < 1 + ab = c + ^ 


Do do ta dupe 



& + lj^& + l^c + l^ — (l ci b cibj yc — 2^1 + ctbj ^1 + c j < - 

i 


Ap dung bat dang thuc Bunhiacopxki ta co 

1 1 1 


(l + a) (l + fe) (l + a&)(l + -| (l + a&)[l + 


Do do ta duac 


^1 + ab^^a, + b^ (l + ab^^a, + b^ 1 + ab c + 1 
1 1 2 


(l + a/ (l + &) 2 (l + c) 2 (l + a)(l + &)(l + c) 

,• 1 c _ c(c + l) + l + c 

~ c + 1 + (c + l) 2+ (c + l) 2 (c+lf 

Nhu vay bat dang thuc ban dau duac chung minh. Dang thuc xay ra khi a = b = C = 1 
Bai 33. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 3 b b 3 c c 3 a 


a 4 + a 2 b 2 + b 4 b 4 + b 2 c 2 + c 4 c 4 + c 2 a 2 + a 4 


-<% 


Phan tich va loi giai 

Quan sat bat dang thuc ta nhan thay co the rut gon dupe cac bien co bac 1 d tu moi phan so sau khi 
danh gia mau so bang each ap dung bat dang thuc Cauchy cho hai so duong 

a 4 + a 2 b 2 > 2a 3 b 
a b ^ a b a 

a 4 + a 2 b 2 + b 4 2a 3 b + b 4 2a 3 + b 3 

Tuong tu ta dupe 

a 3 b b 3 c c 3 a _ a 3 b 3 ac 3 


Dodo 


a + a b + b b + be + c c + c a + a 
Phep chung minh se hoan tat neu ta chi ra dupe 

a 3 b 3 

—o- x H-7- t- H- 

2a 3 - b 3 2b' 

Bien doi tuong duong bat dang thuc tren ta dupe 

a 3 b 3 


2a + b 2b + c 2c + a 


<!<=>- 


2c + a 
b 3 


2a 3 + b 3 2b 3 + c 3 2c 3 + a 3 2a 3 + b 3 2b 3 + c 3 2c 3 + a 3 

Den day ta co hai hudng de chung minh bat dang thuc nhu sau 
+ Hudng 1: Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dupe 

b 3 c 3 a 3 b 6 c 6 a 6 


2a + b 2b + c 2c + a 2a b + b 2b c + c 2c a + a 

^a 3 + b 3 + c 3 j 

a 6 + b 6 + c 6 + 2a 3 b 3 + 2b 3 c 3 + 2c 3 a 3 

Vay bat dang thuc dupe chung minh. Dau dang thuc xay ra tai a = b = c. 

+ Hudng 2: Ta don gian hoa bit ding thuc blng each dat x = a 3 ; y = b 3 ; z = c 3 
Bat dang thuc can chung minh dupe viet lai thanh 




Bat m = — ;n = — ;p = — => mnp = 1. Khi do bat dang there can chiing minh tro thanh 

y z x 


2m + 1 2n + 1 2p + 1 

Hay ta can chung minh 

(2m + l) (2n + l) + (2n + l) (2p + l) + (2p + l) (2m + l) > (2m + l) (2n + l) (2p + l) 
<»2(a + b + c)>6 

Banh gia cuoi cung luon dung theo bat dang thuc Cauchy va mnp = 1. 

Vay bai toan dugc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c. _ 


Bai 34. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

+ b + c) ab + be + ca 
"~ab^ + a 2 + b 2 + c 2 2 


Phan tich va 151 giai 

Bu doan dang thuc xay ra tai a = b = c. Quan sat bat dang thuc bat dang thuc co dai luong 
(a + b + c) lam ta lien tuong den hang dang thuc 

(a + b + c) = a 3 + b 3 + c 3 + 3 (a + b) (b + c) (c + a) 

B§ dang chiing minh dugc (a + b)(b + c) (c + a j > 8abc. 

Bo do ta dugc (a + b + c) > a 3 + b 3 + c 3 + 24abc. 

Khi do ta dugc bat dang thuc 

(a + b + c) ab + be + ca a 3 + b 3 + c 3 + 24abc ab + be + ca 

-- — + — ->-+ —-- 

abc ^ a 2 + b 2 + c 2 abc a 2 + b 2 + c 2 

Phep chiing minh se hoan tat neu ta chi ra dugc 

a 3 + b 3 + c 3 + 24abc ab + be + ca ^ _ 0 a 2 b 2 c 2 ab + be + ca ^ , 

abc a + b + c be ca ab a~ + b 2 + c 

Theo bat dang there Bunhiacopxki dang phan there ta dugc 

a 2 b 2 c 2 ^ ( a + b + c ) a 2 + b 2 + c 2 _ 

be ca ab ab + be + ca ab + be + ca 

B6 hoan thanh chiing minh ta cin chi ra dugc 

a 2 + b 2 + c 2 . ab + be + ca ^ , a 2 + b 2 + c 2 ab + be + ca ^ _ 

- + 2 + — ---- > 4 «-+ —---- > 2 

ab + be + ca a + b + c ab + be + ca a + b + c 

Theo bat dang there Cauchy thi bat dang there cuoi cung hien nhien dung. 

Nhu vay bat dang there dugc chiing minh. Bau dang there xay ra tai a = b = c. 


Bai 35. Cho a, b, c la cac so thuc duong thoa man abc = 1 . Chiing minh rang: 

3(a 4 b 4 +b 4 c 4 +c 4 a 4 ) 8a s gb 3 gc 3 


(be + a) (ca + b) (ab + c) 


Phan tich va 151 giai 





Trade het ta du doan dang there xay ra tai a = b = c = 1. Quan sat bat dang there nhan thay dai 
luong a 4 b 4 + b 4 c 4 + c 4 a 4 co bac 8 nen ta can danh gia dai luong do ve dai luong bac thap hon. Theo 
mot danh gia quen thuoc ta co 

a 4 b 4 + b 4 c 4 + c 4 a 4 > a 2 b 2 c 2 (a 2 + b 2 + c 2 j = a 2 + b 2 + c 2 
3 (a 4 b 4 + b 4 c 4 + c 4 a 4 ) 

Do do ta co —--——--- L > 3 

a" + b + c 

Nhu vay bat dang there se dupe chung minh neu ta chi ra dupe 

8a 3 8b 3 8c 3 ^ 0 


Hay 


be + a J (ca + 
b 3 


b) (ab 4 


(be + a) (ca + b) (ab 4 
Be y den abc = 1, ta viet bat dang thuc tren thanh 


8 I 


b 6 

(l + b 2 l 


Bat x = a 2 ; y = b 2 ; z = c 2 => xyz = 1, khi do bit ding thuc tren trd thanh 
x 3 | y 3 | z 3 ^ 3 
(l + x) 1+ (l + y) 1+ (l + z) 1_ 8 
Ap dung bat dang thuc Cachy ta dupe 

x 3 x 3 1 > 3 x 2 

(l + x) 3+ (l + x) I+ 8“2(l + x ) 2 




! ( 1+y ) 2 


(l + z) (l + z) 8 2 (l + z)' 


i> 8 - 

8 2 I 


Do do ta dupe 


2x 


2y 


2z 


8 2 


(i + x) 2 (i + y) 2 ( 1 + z ) 

l 

(i + x)' (i + y)' ( 1 + z ) 2 4 (y z + 1 ) 2 (zx + l)" (xy + i) 2 

Dat m = xy; n = yz; p = zx => mnp = 1, bat dang thuc tren trd thanh 

1 1 13 

-+-+-> - 

4 


(i+x) (i+y) (i +z y 

Nhu ay phep chung minh hoan se hoan tat neu ta chung minh dupe 

x 2 y 2 z 2 3 1 1 

4 


>3 

4 


( m + 1 ) 

1 


(n + i) ( P + l)‘ 
1 


mn + 1) hi (mn + 1) — + 1 


1 

mn +1 



Mat khac ta lai co 




mn + 1 (p + l) P + 1 (p + l) 4(p + l) 4 4 


Dodo 


1 


1 


1 


a) b + ^(b + c)(a + b) c + .^(c + a)(b + c) 


> la bat dang thuc dung 

(m + 1) (n + 1) (p + i; 4 

Suy ra bat dang thuc ban dau duoc chung minh. Dau dang thuc xay ra tai a = b = c = 1. 

Bai 36. Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 1. Chung minh ring: 

a b c 

a + Va + bc b + Vb + ca c + Vc + ab 

Phan tich va loi giai 

De dang du doan duoc dang thuc xay ra tai a = b = c = ^. Quan sat bat dang thuc ta nhan thay 
cac hang tir trong can chua dong bac, do do chu y den gia thiet a + b + c = 1 ta co the viet duoc 
a + be = a (a + b + c) + be = (a + b) (c + a). Be khu duoc can bac hai dubi cac mau so ta chu y den 

bat dang thuc Cauchy hoac Bunhiacopxki. Tuy nhien de y den chieu bat dang thuc ta chon each su dung 
bat dang thuc Bunhiacopxki 

Trade het ta viet lai bat dang thuc can chung minh la 

_ _b_ 

t- yj{a + b)(c + a) b + .^(b + c)(a + b) 

Den day ta ap dung bat dang thuc Bunhiacopxki thi duoc cac tradng hop sau 
+ Truong hop 1: ^(a + b)(c + a) > a + Vbc => a + ^(a + b)(c + a) > 2a + Vbc 

+ Tradng hop 2: ^(a + b)(c + a) > Vab + Vac =^> a + .^(a + b)(c + a) > a + Vab + Vac 

Ta di kiem tra xem trong hai tradng hop tren thi tradng hop nao co danh gia hop li 
- Vdi danh gia a + ^(a + b)(c + a) > 2a + Vbc , ap dung hoan toan tuong tu ta duoc 

a + b + c < a + 4) + c 

a + Va + be b + Vb + ca c + Vc + ab 2a + Vbc 2b + Vca 2c + Vab 

Phep chung minh se hoan tat neu ta chi ra duoc 

a | b | c < ^ 

2a + Vbc 2b + Vca 2c + Vab 

B6n day d6 don gian hoa bai toan ta co th6 dat x = Va; y = Vb; z = Vc , khi quy bai toan v6 chung 
minh 

x 2 y 2 z 2 

-2-'-2-1- 2 - — 1 

2x 2 + yz 2y 2 + zx 2z 2 + xy 

De co nhung danh gia tiep theo ta nghT den doi chieu bat dang thuc thanh 

y z + zx + x y > i 

2x 2 + yz 2y 2 + zx 2z 2 + xy 

Den day ta lai ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

(xy + yz + zx) 


Y z 


x y 


2x + yz 2y + zx 2z + xy 2 (x 2 yz + xy 2 z + xyz 2 1 + x 2 y 2 + y 2 z 2 + z 2 x 2 




Bieu nay cho thay bat dang there tren dugc chung minh. 

- Vdi danh gia ^ a + b)(c + a) > Vab + Vac =^> a + + b)(c + a) > a + Vab + Vac , khi do ta 

j a < a _ Va 

a + Va + be a + Vab+Vac Va + Vb + Vc 

Hoan toan tuong tu ta co 

b < Vb c Vc 

b + Vb + ca Va + Vb + Vc c + Vc + ab Va + Vb + Vc 

Nhu' vay cong theo ve ba bat dang thuc tren ta dugc bat dang thuc can chung minh, _ 


Bai 37. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

a (b + c) b(c + a) c(a + b) 


^bc(b 2 + c 2 ) yj ca(c 2 + a 2 ) ^ab(a 2 + b 2 ) 


> 3 ^ 


Phan tich va 151 giai 

Trubc het ta du doan dau dang thuc xay ra tai a = b = c. Quan sat bat dang thuc ta nhan thay co 
cac huemg danh gia bat dang thuc nhu sau. 

Banh gia moi phan so bang each thay tu so bang dai lugng nho hon 
Banh gia mau bang each thay cac mau boi cac dai lugng lbn hon 
Banh gia dong thdi ca tu va mau 

Cach thu nhlt ta chu y d6n danh b + c > 2\jbc bi6n ddi bit dang thuc thanh 
a (b + c) b(c + a) c(a + b) 

^bc(b 2 + c 2 ) ^ca(c 2 + a 2 ) ^ab(a 2 + b 2 ) VtV 
Phep chung minh se hoan tat neu ta chi ra dugc 

2a ■ 2b hay 

Va 2 + b 2 Vb' 


Vb + c Vc +a V a+b Vb +c V c+a Va +b 

Tuy nhien day lai la mot danh gia sai 

Be y la ta can phai danh gia lam sao bat dang thuc thu dugc cang don gian cang tot, do do ta uu 
tien danh gia lam mat di cac can bac hai dubi mau. Nhu vay ta chgn each danh gia thu hai trade. Chu y la 
ta can phai thay mau bdi mot dai lugng lbn hon, do do rat tu nhien ta nghT den bat dang thuc Cauchy dang 

2 V*y ^ x + y va can phai bao toan dau dang thuc nen ta se ap dung cho hai so 2bc; b 2 + c 2 , each 
danh gia nay co cam giac hgp li vi ve phai co so V 2 . Nhu vay luc nay ta se dugc 
2^2bc(b 2 + c 2 ) ^ 2bc + b 2 + c 2 = (b + c) . Ap dung tuong tu ta thu dugc bit ding thuc 

a (b + c) b(c + a) c(a + b) 2a 

b + c 



A>c( b2 + c 2 ) c 2 + a 2 ) ^2ab (a 2 + b 2 ' 


| 2b | 2c 
c + a a + b 


Nhu vay phep chung minh se hoan tat neu ta chi ra dugc 

2 a + 2b _|_ 2c > ^ ^ a + b + c > 3 
b+c c+a a+b b+c c+a a+b 2 

Be y danh gia cuoi cung la bat dang thuc Neibizt quen thuoc va viec chung minh no hoan toan 
don gian. 


Bai 38. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

a 2 + b 2 + c 2 + ab 2 + be 2 + ca 2 + 9 > 5 (a + b + c) 


Phan tich va 151 giai 




Trade het ta du doan dugc dau dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta 
nhan thay day la mot bat dang thuc hoan vi do dai lugng ab 2 + be 2 + ca 2 . Ro rang bat dang thuc hoan vi 
bao gib cung kho xir ly hon bat dang thuc doi xung. Cho nen neu doi xung hoa dugc dai lugng 
ab 2 + be 2 + ca 2 thi co hoi chung minh bai toan se lbn hon. 

Be y la theo bat dang thuc Bunhiacopxki dang phan thuc ta co 

a 2 b 2 b 2 c 2 c 2 a 2 (ab + bc + ca) 2 


ab + be + ca = 

a b 

Nhu vay sau danh gia nay ta co bat dang thuc 

a 2 + b 2 + c 2 + ab 2 + be 2 + ca 2 + 9 > a 2 + 

Phep chung minh se hoan tat neu ta chi ra dugc 

o + be + ca) 


a + b + c 
(ab + be + 


2 +b 2 +c 2 


- 9 > 5 (a + b + c) 


a + b + c 

Bat dang thuc tren chua cac dai lugng a 2 + b 2 + c 2 ; ab + be + ca; a + b + c va chung lien he vbi 
nhau bbi hang dang thuc (a + b + c) = a 2 + b 2 + c 2 + 2 (ab + be + ca) do do de don gian hoa ta dat 
x = a + b + c; y = ab + be + ca khi do a 2 + b 2 + c 2 = x 2 - 2y va luc nay bat dang thuc dugc viet lai 


x 2 - 2y + — + 9 = 5x <^> (x - 3f + --— > 0 

x v 7 x 

Danh gia cuoi cung luon dung do x la so duong. Vay bai toan dugc chung minh xong. 
Nhan xet: Ngoai each chimg minh nhu tren ta co the tham khao them cac sau day 
Dat x = a - 1 ; y = b — , 1 ; z = c-1, khi do ta co x; y, z > -1 

Bat dang thuc can chung minh dugc viet lai thanh 

2 (z 2 + y 2 + z 2 ) + 2 (xy + yz + zx^j + xy 2 + yz 2 + zx 2 > 0 

Dey la 

2 (a: 2 + y 2 + z 2 ) + 2 (xy + yz + zx^j + xy 2 + yz 2 + zx 2 

= {x + y + z) + y 2 (x +1) + 2 r 2 (y + 1) + x 2 (z + l) 

Vi X] y\ z > -1 nen x + l\ y + 1; z +1 > 0 do do 

(x + y + z^j + y 2 (x +1) + 2 : 2 (y + 1) + x 2 (z +1) > 0 
Hay bat dang thuc dugc chung minh. 


Bai 39. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

ab 2 be 2 ca 2 

-+-+- 

cab 


f a + b +c > 2J(ab + be' 


Phan tich va loi giai 

De dang du doan dugc dau dang thuc xay ra tai a = b = c. Quan sat bat dang thuc ta thay ve 
phai chua can bac hai nen ta can phai danh gia lam mat can bac hai trubc, chu y den chieu cua bat dang 

thuc ta sir dung bat dang thuc Cauchy dang 2^/xy < x + y . Nhu vay neu ta sir dung ngay bat dang thuc 
Cauchy thi dugc 


4 


ab 3 + be 3 + ca 3 


- + - + - | < ab 3 
b c 


-be 3 




Co dieu khi danh gia bang bat dang thuc Cauchy thi cac dai luong dua ra can phai dong bac. Do do 
danh gia nhu tren khong duoc hop li. 

Nhir vay de danh gia duoc ta can phai bien doi bat dang thuc trudc, chu y la hai dai luong trong 
can co bac 4 va 0, do do ta cd dua vl cung bac 2 blng mot phep biln ddi, chlng han 


•JE 


ab 3 + be 3 + ca 3 


b 

c 



b 

c 


Khi nay ta co danh gia 




b c a J 

a b 


(ab 3 + be 3 + ca 3 ) 
be 

Phep chung minh se hoan tat neu ta chi ra duoc 

fab 3 + be 3 + ca 3 ) fa b cl ab 2 be 2 ca 2 2 2 2 

be fb c aj c a b 

Bien doi tuong duong bat dang thuc tren ta duoc 

ab 2 a . 2 be ab~ be ca 2 . 2 2 

-+ c + — + ca + b +-<-+-+-+ a + b + c 

c b a c a b 

a 3 ca 2 a(b-a)(a-c) 

•e> a 2 - — + —— ca > 0 <^> —-^- ^>0 

b b b 

B6n day ta hoan toan co th6 gia svr trong ba s6 a, b, c thi a la s6 nlm giua. Do do bit ding thuc 
cuoi cung luon dung. 

Vay bai toan duoc chung minh xong. 


Bai 40. Cho a, b, c la cac so thuc duong thoa man abc = 8. Chung minh rang: 

---+---< - 

2b + c + 6 2c + a + 6 4 


2a + b + 6 


Phan tich va loi giai 

Trudc het quan sat ky gia thiet abc = 8, nhin co ve thly hoi la mlt vi ta thucmg gap gia thi It kiiu 
abc = 1. Do do suy nghT dau tien do la tim each dua ve gia thiet abc = 1 va vi the ta svr dung each doi 
biln a = 2x; b = 2y; c = 2z, khi do ta duoc xyz = 1 va luc nay bit ding thuc cln chung minh duoc 


viet lai thanh 

1 1 1 ^ 1 
2x + y + 3 2y + z + 3 2z + x + 3 2 

Din day ta co mot sd y tudng tilp can bai toan tren. 

Cach 1: Dau tien ta du doan duoc dau dang thuc xay ra tai x = y = z = 1. Be y den chieu cua bat dang 
thuc ta lien tudng den bat dang Cauchy hoac Bunhiacopxki dang phan thuc. Tuy nhien d day ta nen ap 
dung cho may sd? 

Chu y la vdi x = y = z = 1 thi 2x + y + 3 = (x + y + l) + (x + 2 ), do do ta co the danh gia 
nhu sau 

1 

2x + y + 3 4 f x + y + 1 x + 2j 

Hoan toan tuong tu ta thu duoc bat dang thuc 

1 1 1 
- 1 - 1 - 

2x + y + 3 2y + z + 3 2z + x + 3 

if 1 1 1 1 i. 

< —-1-1-1-1-1- 

4 fx + y + 1 y + z + 1 z + x + 1 x + 2 y + 2 z + 2 J 




Phep chung minh se hoan tat neu ta chi ra dugc 

1 1 1 


1 


1 


1 


x+y+1 y+z+1 z+x+1 x+2 y+2 z+2 

Den day ta tach ra chung minh hai bat dang thuc sau 

1 1 1^,111 

x+2 y+2 z+2 

1 1 


<2 


x+y+1 y+z+1 z+x+1 

1 


Vdi gia thiet xyz = 1 thi bat dang thuc 
bang phep doi bien. 


x+y+1 y+z+1 z+x+1 


< 1 dugc chung minh 


Bay gia ta tap trung chung minh bat dang thuc —--1---1--— < 1 

x+2 y+2 z+2 


Bat dang thuc tren tuang duang vdi-1-1-> 1 

x+2 y+2 z+2 

Ap dung bat dang thuc Cauchy dang phan thuc ta dugc 


x , y , Z + A + 

x+2 y+2 z+2 x+y+z+6 

Va ta can chi ra dugc | Vx + -Jy + Vz j >x + y + z + 6<=> yjx y + -Jyz, + Vzx > 3 

Ro rang danh gia cuoi cung dung theo bat dang thuc Cauchy. Do do bai toan dugc chung minh. 
Cach 2: Cach phat bieu cua bat dang thuc can chung minh lam ta lien tudng den bat dang thuc 


- < - 
2 


2 x + y +3 2y + z +3 2z + x +3 
Do do de dua ve dang nhu tren ta co the dat x = m 2 ; y = n 2 ; z = p 2 khi do tu xyz = 1 ta suy ra dugc 
mnp = 1 va bit ding thuc dugc viit lai thanh 


1 


1 


1 


2m + n +3 2n + p +3 2p + m +3 
Bat dang thuc nay da dugc chung minh trong chu de thu hai. 


<1 

2 


Bai 41. Cho a, b, c la cac so thuc duong thoa man abc = 1 . Chung minh rang: 

a 4 b b 4 c c 4 a > 3 
a 2 +l + b 2 +l + c 2 +l " 2 


Phan tich va loi giai 

De dang du doan dugc dau dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta nhan 
thay tren tir moi phan so co chua cac luy thira bac chan. Do do rat tu nhien ta nghT den su dung bat dang 
thuc Bunhiacopxki dang phan thuc. Tuy nhien trade khi ap dung ta can khu thua so bac le trade. 

Cach 1: Chu y den gia thiet abc = 1, ta viet lai dugc bit ding thuc nhu sau 
a 4 b 4 c 4 3 

—1 - 1 —..- 1 — n -— — 

a c + ac b a + ab c b + be 2 
Ap dung bat dang thuc Bunhiacopxki ta dugc 


a 3 c + ac b 3 a + ab c 3 b + be a 3 c + b 3 a + c 2 b + ab + be + ca 
Phep chung minh se hoan tat neu ta chi ra dugc 




a 3 c + b 3 a + c 2 b + ab + be + ca 2 

Hay 2 (a 2 + b 2 + c 2 ) >3 (a 3 c + b 3 a + c 3 b + ab + be + ca) 

Bien doi tuong duong bat dang thuc tren ta dugc 

2 (a 4 + b 4 + c 4 ) + 4 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 3 (a 3 c + b 3 a + c 3 b) + 3 (ab + be - 
De thay theo mot danh gia quen thuoc ta co 

a 2 b 2 +1 > 2ab; b 2 c 2 + +1 > 2bc; c 2 a 2 +1 > 2ca 


=> a 2 b 2 + b 2 c 2 + c 2 a 2 

1 + 3 > 2 (at 

> + be + ca) 


Ma ab + be + ca > 3>/a 2 b 2 c 2 = 3 suy ra a 2 b 2 + b" 

! c 2 + c 2 a 2 > ab + 

be + ca 

Do do ta dugc 3 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) > 3 (ab 

+ be + ca) 



Chiing minh se hoan tat neu ta chi ra dugc 




2 (a 4 + b 4 + c 4 ) + a 2 b 2 + 

■ b 2 c 2 + c 2 a 2 

> 3(a 3 c + b 3 a H 

hc 3 b) 

That vay, theo bat dang thuc Cauchy ta dugc 




a 4 + a 4 + a 4 + b 4 > 4a 3 b; b 4 + b 4 + b 4 + c 4 

> 4b 3 c; c 4 + c 4 

+ c 4 + a 4 

=^> a 4 + b 4 + b 4 > a 3 b + b 3 c + c 3 a 




Va 




a 4 + a 2 b 2 > 2a 3 b; b 

4 + b 2 c 2 > 2b 3 c; c 4 + c 2 a 2 > 2c 3 a 

=> a 4 + b 4 + c 4 + a 2 b 2 + 

■ b 2 c 2 + c 2 a 2 

> 2a 3 b + 2b 3 c -4 

- 2c 3 a 

Cong theo ve hai ket qua tren ta dugc 




2(a 4 + b 4 + c 4 ) + a 2 b 2 + 

■ b 2 c 2 + c 2 a 2 

> 3(a 3 c + b 3 a H 

hc 3 b) 


Vay bai toan dugc cluing minh. 

ft r 3;^b f 

Cach 2: Khi quan sat bat dang thuc ta nghi den la danh gia -<- , dang tiec la danh gia nay cho 

a +1 2a 

mot bat dang thuc ngugc chieu. Chinh dieu nay ggi y cho ta sir dung ky thuat Cauchy ngugc dau. 

Bien doi va ap dung bat dang thuc Cauchy ta dugc 

a b 2 i a b 2 i a b 2 i ab 

-= a b-> a b-= a b- 

a 2 +1 a 2 +1 2a 2 

TT , . b 4 c . . 2 be c 4 a ^ 2 ca 

Hoan toan tuong tu ta duoc —-> be-; —-> c a- 

' b 2 +1 2 c 2 +1 2 

, a 4 b 4 c 4 ^ 2 i ! 2 2 ab + bc + ca 

Khi do ta dugc —-h —-h —->ab + bc + ca- 

a c + ac b a + ab c b + be 2 

Phep chiing minh se hoan tat neu ta chi ra dugc 

2 , , 2 2 ab + bc + ca 3 

a b + b"c + c a-> - 

2 2 

2 (a 2 b + b 2 c + c 2 aj > 3 + ab + be + ca 
a 2 b + b 2 c + c 2 a > 3^/a 2 b.b 2 c.c 2 a = 3 


De thay ab + bc + ca>3Va b.b c.c a = 3 

Va ta cin chi ra dugc a 2 b + b 2 c + c 2 a > ab + be + ca 

Ap dung bit ding thuc Cauchy ta co a 2 b + a 2 b + b 2 c > 3-\/a 4 b 4 c = 3ab 
Thiet lap cac bat dang thuc tuong tu va cong theo ve ta dugc 

3 (a 2 b + b 2 c + c 2 aj > 3 (ab + be + ca) 



Hay a 2 b + b 2 c + c 

2 a > ab + be + ca 

Vay bai toan duoc chung minh xong. 


Bai 42. Cho a, b, c la cac so thuc duong thoa 

nan a + b + c = 3 . Chung minh rang: 

a 4 

b 4 c 4 ^ 3 

(b + c)(b 2 +c 2 j + 

a)(c 2 + a 2 ) ' (a + b)(a 2 +b 2 )“4 


Phan ti'ch va loi giai 

Trade het ta du doan dau dang there xay ra tai a = b = c = 1. Quan sat bat dang thuc ta nhan thay 


cac dau hieu su dung bat dang thuc Bunhiacopxki dang phan thuc, su dung ki thuat danh gia mau,.... 

Cach 1: Suy nghi dau tien khi quan sat bat dang thuc do la dau hieu ap dung bat dang thuc Bunhiacopxki 
dang phan thuc. Nhu vay khi do ta duoc 

a 4 b 4 c 4 

(b + c)(b 2 +c 2 ) {< + a)(b : 2 + a 2 ) (a + b)(a 2 + hi 2 ) 

(a 2 +b 2 +c 2 ) ! 

~ (b + c )(b 2 + c 2 ) + (c + a)(c 2 +a 2 ) + (a + b)(a 2 + b 2 ) 

Nhu vay ta can chi ra duoc 

_ (a 2 + b 2 +c 2 ) 2 _ > 3 

(b + c)(b 2 + c 2 ) + (c + a)(c 2 +a 2 ) + (a + b)(a 2 + b 2 ) “ 4 

Be y ta thay khi khai trien mau thi xuat hien dai luong a 3 + b 3 + c 3 va danh gia dai luong do theo 
kieu a 3 + b 3 + c 3 < ? rat phuc tap. Do do danh gia mot each true tiep nhu vay co ve khong dem lai hieu 
qua. Nhu vay de ap dung co hieu qua ta nen bien doi bat dang thuc ve mot dang khac. 

Chu y la tai cac mau xuat hien tich cua hai dai luong do do ta se dua mot dai luong len tren tu so. 
Khi do ta co cac each bi6n d6i la 



De y rang sau khi ap dung thi ta thu duoc bieu thuc la tong cac mau so, do do chu y den gia thiet 
a + b + c = 3 thi ta chon each bien doi thu hai. Khi nay bat dang thuc can chung minh duoc viet lai 
thanh 



Den day ap dung bat dang thuc Cauchy ta duoc 



Phep chung minh se hoan tdt n6u ta chi ra duoc 



Nhu vay sau mot so bude danh gia ta dua duoc ve mot bat dang thuc co ve don gian hon va bat 
dang thuc can chung minh luc nay cung co dau hieu ap dung bat dang thuc Bunhiacopxki dang phan thuc, 
khi do ta duoc 




a + b + c 


vb“+c vc +a v a +b vb“ + c + va + c + va + b" 


Va ta can chiing minh dugc Vb 2 + c 2 + Va + c 2 + Va 2 + b 2 < 3v2 , tuy nhien danh gia nay lai sai vi 

Vb + c + Va + c + Va + b > ^y— ^a + b + b + c + c + a^ = 3 V 2 . 

Nhu vay de dam bao cac danh gia dung chieu ta can nang luy thira cua cac phan so len, do do ta co 
danh gia 


|- b => 1— (a + b + b -t 


Vb 2 + c 2 Vc 2 + a 2 Va 2 + b 2 a 2 Vb 2 + c 2 + b 2 ^ 

Mat khac theo bat dang thiic Bunhiacopxki ta dugc 

a 2 Vb 2 +c 2 + b 2 Va + c 2 + c 2 Va 2 +b 2 


< y|a 2 + b 2 + c 2 )[a 2 (b 2 + c 2 ) + b 2 (c 2 + a 2 ) + c 2 (a 2 + b 2 ] 


a 2 Vb 2 + c 2 + b 2 Va + c 2 + c 2 Va 2 + b 2 V 2 (a 2 + b 2 - 


Ta can chi ra dugc - 


Be y ta nhan thay 


he 2 a 2 b 2 +b 2 c 2 +c 2 a 2 


a 2 + b 2 + c 2 > ^3^a 2 b 2 +b 2 c 2 +c 2 a 2 ); Va 2 +b 2 +c 2 > a + ^j~~ C = ^ 

Nhan theo ve hai bat dang thuc tren ta dugc dieu phai chiing minh. 

Cach 2: Co the thay bai toan tren da dugc chiing minh xong, tuy nhien lai qua vat va trong viec tim lbi 
giai. Co mot dieu de nhan ra la neu bai nay dugc ra trong mot ki thi ma thbi gian co han thi each nhu tren 
se lay het thbi gian ciia cac bai toan khac. Co phai dang co mot each giai khac ngan ggn hon hay khong? 
Ta thir quan sat ky lai bat dang thiic mot lam nua xem sao? Ta nhan thay trong moi phan thiic thi tii co 
bac 4 va mau co bac 3, chii y den gia thiet a + b + c = 1 thi ta co the dong bac nhu sau 
a 4 b 4 c 4 ^ a + b + c 


(b + c)( b 2 +c 2 j (c + a^c : 


Do do ta hubng den don gian hoa cac mau so, dieu nay lam ta nghT den chiing minh mot danh gia 
kieu (x + yj ^x 2 + y 2 j < 2 ^x 3 + y 3 j. Bay la mot danh gia chiing minh dugc bang phep bien doi tuong 
duong. Bay gib ta thir ap dung danh gia do xem sao 

a 4 b 4 c 4 


(a + b)(a 2 + b 2 j 


2(b 3 + c 3 ) 2(c 3 + a 3 ) 2(a 3 + b 3 


Phep chiing minh se hoan tat neu ta chi ra dugc 



a 4 b 4 c 4 > a + b + c 

2(b^ + 2(^ + 2 prf)- — 

Bat dang thuc nay co the chung minh dugc bang each ap dung dong thoi bat dang thuc 


Bai 43. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 


1 3,3 

1 b3 

° 3 

la + b + c 

5a 2 + (b + c) ^ 

5b 2 + (c + a) 2 ]j 

5c 2 + (a + b) ’ 

3 


Phan ti'ch va 151 giai 

Trade het ta du doan dau dang thuc xay ra tai a = b = c. Quan sat bat dang thuc can chung minh 
ta thay dugc su phuc tap cua bai toan. Suy nghT dau tien khi dgc bai toan do la khu dugc cac can bac hai 
ben ve trai, tuy nhien d day ta khong nen binh phuong vi bieu thuc trong can tuong doi cong kenh. Nhu 
vay ta can mot danh gia de co the khu het cac can bac hai hoac mot danh gia ma dua ve chi mot can thuc. 
Chu y den chieu cua bat dang thuc can chung minh ta nghi den bat dang thuc Bunhiacopxki. Mat khac 
chu y den tong a + b + c ben ve phai vi the ta can danh gia sao cho co the rut ggn dugc a + b + c. Tu 
cac nhan xet do ta co: 

Ap dung bat dang thuc Bunhiacopxki thi 


a 3 

1 b3 

1 c ’ 

y5a 2 +(b + c) ^ 

5b 2 + (c + a) ^ 

5c 2 + (a + b) 


< (a + b + c) 


^5a 2 +(b + c) 5b 2 +(c + a) 5c 2 +(a + b) 

Nhu vay phep chung minh se hoan tat neu ta chi ra dugc 

a 2 b 2 c 2 1 

-:—t"-—l-— — 

5a 2 + (b + c ) 5b 2 + (c + a) 5c 2 + (a + b) ^ 

Ben day ta de y lai thay 5a 2 + (b + c) = 5a 2 + b 2 + c 2 + 2bc va chu y den dau dang thuc xay ta 
co co 5a 2 + (b + c) = (a 2 + b 2 + c 2 ) + ^2a 2 + be) + ^2a 2 + be), khi nay ta nghi din bit dSng thuc 

Bunhiacopxki dang phan thuc. Nhu vay ta can co tren tu ^3a j , dieu nay ta hoan toan co the lam dugc. 
Khi nay ta se dugc 


5a 2 + (b + c) ^ (a 2 + b 2 + c 2 ) + ^2a 2 + be) + ^2a 2 + be) 
a 2 2a 2 


9 l a 2 + b 2 + c 2 2a 2 + be 


Hoan toan tuong tu ta thu dugc 

b 2 


1 ' 

b 2 

+ 2b 2 1 


c 2 

! 2c 2 

9 ( 

<a 2 +b 2 +c 2 

2b 2 + ac J 

5c 2 + (a + b) 9 

^a 2 + b 2 + c 2 

2c 2 + ab y 


5a 2 + (b + c) 5b 2 + (c + a) 5c 2 +(a + b) 9 l 2a + bc 2b“+ca 2c +ab 


<- 1-t 
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... x , , i i !L 2 a 2 2 b 2 2 c 2 1 

Bay gia ta can phai chung mmh duoc —14--- 1 --- 1 --- < — 

9 ^ 2 a 2 + be 2 b 2 + ca 2 c 2 + ab J 3 

■ , . 4 . 4 2 a 2 2 b 2 2 c 2 

Bat dang thuc do tuong duong vai — - 1 --- 1 ---< 2 

2 a + be 2 b + ca 2 c + ab 

r . , r , , , be ca ab 

Ben day ta doi chieu bat dang thuc va dugc —-- 1 --- 1 ---> 1 

2 a + be 2 b + ca 2 c + ab 
Theo bat dang thuc Bunhiacopxki dang phan thuc thi 

be ca ab ^ (ab + bc + ca) 

—2- 1 -4- 1 -2-— -—-“—;--r — 1 

2a + be 2b + ca 2c + ab ab + be + ca + 2abc (a + b + c J 

Nhu vay danh gia cuoi cung la mot danh gia dung. 

Do do bat dang thuc ban dau dugc chung minh. Dau dang thuc xay ra tai a = b = c. _ 

Bai 44. Cho a, b, c la cac so thuc duong thoa man dieu kien ab + bc + ca = 3. Chung minh rang: 

(a + b 2 ) (b + c 2 ) (c + a 2 j > 8 

Phan tich va 151 giai 

Quan sat bat dang thuc ta thay ben ve phai co cac dai luong a + b 2 ; b + c 2 ; c + a 2 va ta can tim 

duoc mot dai luong trung gian ma cac danh gia phai cung chieu, do do suy nghi dau tien la dong bac cac 
hang tir trong moi dai luong tren. Be thuc hien duoc viec nay ta de y den bat dang thuc Bunhiacopxki. 
Luc nay ta duoc ta 

(a + b 2 )(a +l) > (a + b) ; (b + c 2 )(b +l) > (b + c) ; (c + a 2 )(c +l) > (c + a) 

Nhan theo ve ta duoc 


(a + b 2 )(b + c 2 }( c + a 2 )(a +l)(b +l)(c +l) > ^(a + b)(b + c)(c + a)J 
fa + b 2 )fb + c 2 )fc + a 2 ) > [( a + b )( b + c )( c + a )T 


Phep chung minh se hoan tat neu ta chi ra duoc 


(a + l)(b + l)(c -( 


a + b)(b + c)(c + a) 
(a + l)(b + l)(c +l) 


Trong cac danh gia tren ta chua su dung den gia thiet. Ta can phai su dung gia thiet cho cac danh 
gia tiep theo. Nhan thay ta chua the su dung ngay duoc gia thiet nen ta can bien doi gia thiet ve mot dang 
khac trude. That vay, tu gia thiet ab + be + ca = 3 ta de dang suy raa + b + c>3va abc < 1. 

De thay 


Nhu vay ta can chi ra duoc 


(a + b) (b + c) (c + a) = (a + b + c) (ab + be + ca) - abc = 3 (a + b + c) - abc > 8 
Do do tu gia thilt ta suy ra duoc (a + b) (b + c) (c + a) > 8 
(a + b)(b + c)(c + a) 

Nhu vay ta can chi ra duoc - (-7 -A- 4 - > 1 

(a + l)(b + l)(c + l) 

Hay (a + b) (b + c) (c + a) > (a + l) (b + l) (c + l) 

De y den cac phep bien doi 

(a + b) (b + c) (c + a) = 3 (a + b + c) - abc > 8 
(a +1) (b +1) (c +1) = abc + ab + bc + ca + a + b + c + l 


Ta co 



(a + b)(b + c)(c + a )-(a + l)(b + l)(c + l) 

= 3 (a + b + c) - abc - (abc + be + be + ca + a + b + c + 1 ) 
= 2 (a + b + c) - 2 abc -4 > 2 - 2 abc > 0 
Do do suy ra (a + b) (b + c) (c + a) > (a + l) (b + 1 )(c + l) 

Nhu vay bat ding thuc duoc chung minh. Dau dang thuc xky ra tai a = b = c = 1 . 


Bai 45. Cho a, b, c la cac so thuc duong thoa man a + b + c = abc . Chung minh rang: 

b c a 3 


aVb 2 +1 bVc 2 +1 eVa 2 +1 2 


Phan tich va loi giai 

Tu gia thiet cua bai toan la a + b + c = abc suy ra — + — + — = 1 . Khi nay suy nghi hit sue 

ab be ca 

tu nhien la dat x = —; y = —; z = —. Do do gia thiet cua bai toan trb thanh xy + yz + zx = 1 va bat 
abc' 
dang thuc can chung minh duoc viet lai la 

x y z % 3 

' 2 


y + 1 vz + 1 Vx 

Vbi gia thi6t xy + yz + zx = 1 ta thiy duoc 

= V x2 + xy + yz + zx = ^(x + y)(x 


Tuong tu ta duoc Jy 2 + 1 = ^(y + z)(y + x); -v/z 2 +1 = ^j(z + x)(z + y) 

x 2x 


De y tiep ta lai co theo bat dang thuc Cauchy thi 


Hoan toan tuong tu ta duoc 

y 


^(y + x)(y + z) x + 2y + z 


Vy 2 +1 Vz 2 +1 Vx 2 +1 ^/(y + x)(y + z) ^(z + x)(z + y) ^(x + y)(x + z) 

^ 2x 2y 2z 

y-1-1- 

x + 2y + z x + y + 2z 2x + y + z 
Phep chung minh se hoan tat neu ta chi ra duoc 


2x 


2y 


2z 


x + 2y + z x + y + 2z 2x + y + z 2 

Vbi bat dang thuc tren thi su dung bat dang thuc Bunhiacopxki dang phan thuc la hop li nhat. That 
vay, ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

2x 2y 2z 2x 2 2y 2 2z 2 

-1-1-= —-r H--r H-7-r 

x + 2y + z x + y + 2z 2x + y + z xfx + 2y + zl ylx + y + 2z] z(2x + y + z] 

^ 2(x + y + z) 2 ^ 2(x + y + z) 2 _ 3 

(x + y + z) +xy + yz + zx , , 2 (x + y + z) 2 

(x + y + z) - 3 

Nhu vay bai toan duoc chung minh xong. Dau dang thuc xay ra tai a = b = c = . _ 

I Bai 46. Cho a, b, c la cac sb thuc duong thoa man a, b, c > 1 ; a 2 + b 2 + c 2 =4 
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Chung minh rang: 


2 Va -1 + Vb“ -1 + Vc -1 


Phan tich va loi giai 

Khi quan sat bat dang there can chung minh thi suy nghi dau tien la doi bien lam mat cac can bac 
hai. Tu suy nghi do ta dat x = Va 2 - 1 ; y = Vb 2 - 1 ; z = Vc 2 -1 . Khi do ta suy ra 


a = Vx +1; b = Vy + 1; c = Vz +1. 

Gia thiet cua bai toan duoc viet lai thanh x 2 + y 2 + z 2 = 1. Bat dang there can chung minh trb 

1 | 1 | 1 < 9 

Vx 2 + X y[f~+l Vz 2 +1 2(x + y + z) 

Hay (x + y + z) f ^ ^ < — 

Ta viet ve trai cua bat dang thuc tren thanh 


x + y + z + y + z + z + x + x + y 

/x 2 +1 Jy 2 +1 Vz 2 +1 Vx 2 +1 Jy 2 +1 Vz 2 +1 


Luc nay ta du doan 

y + z z + x x + y „ y + z z + x x + y 

-p— + -/=— + -j== < 3 va -f— + - TT = + -r== < 3 

Vx +i vy +1 \ l z +1 V* +1 vy +1 vx +i 

Quan sat ki cac bieu thuc tren va chu y den chieu cua bat dang thuc ta nghi den danh gia co the dua 
cac dai luong vao trong cung mot can bac hai. Be thuc hien dieu nay ta lien tudng den bat dang thuc 


Bunhiacopxki dang a + b + c < 3 ^a 2 + b 2 + c 2 j 


Vx 2 + i Vy 2 + 1 


3x + 3y + 3z 
V 2x 2 + y 2 + z 2 x 2 + 2y 2 + z 2 x 2 + y 2 + 2z 2 


, ap dung tuong tu ta duoc 


1 3x 2 


3y 2 


3z 2 

< 3 

1 2 x 2 +y 2 + 

z 2 + x : 

2 + 2 y 2 + 

z 2 x : 

2 + y 2 - 

h 2 z 2 2 


Vx 2 + 1 V y 2 +l vz 2 + 1 2 

Nhu vay bat dang thuc se duoc chung minh neu ta chi ra duoc 

y + z z + x x + y 

m k m ■ 

Vx 2 + i V y 2 + 1 vz 2 + 1 

Bieu nay co the thuc hien ho an toan tuong tu nhu tren 

y + z + z + x + x + y < 3(y + z ) 2 + 3(z + x ) 2 + 3(x + y ) 2 

Vx 2 +1 Vy 2 + 1 ^/ z 2 _|_ i ]j 2x 2 + y 2 + z 2 x 2 + 2y 2 + z 2 x 2 + y 2 + 2z 2 




3(y + z) 

De dang chung minh dirge — 7 s -^—- < 3 


2 x 2 + y 2 + z 2 ^x 2 +y x 2 + z' 


Tuong tu ta dirge 



Phan tich va loi giai 

Cach 1: Trade het ta du doan dugc dang there xay ra tai a = b = c = 1. Quan sat bat dang there ta nhan 
thay ca hai ve deu chera cac dai lugng a + 1 ; b + 1 ; c + 1 , do do ta bien doi bat dang there bang each chia 

ca hai ve cho (a + ij (b +1) (c: + lj. Khi do bat dang there dugc viet lai thanh 


a 

1 h 

1 0 ,3 

(a + l)(c + l) ]j 

(a + l)(b + 1 ) ' ]j 

(c + l)(b + 1 ) 2 


Den day ta thay co hai hubng danh gia la 

- Huong ther nhat ta sir dung bat dang thuc Bunhiacopxki dua cac dai lugng trong can ben ve trai vao 
trong cung mot can bac hai thi dugc 


a + l)(c + l) ^(a + l)(b + 1 ) ^ (c + l)(b + 1 ) 

3a 3b 


(a + l)(c + l) (a + l)(b + l) (c + l)(b + l) 

Nhu vay ta quy bai toan ve chung minh 

a b c < 3 

(a + l)(c + l) (a + l)(b + l) (c + l)(b + l) 4 
Bat dang thuc tren tuong duong vdi 

4 |^a (b +1) + b (c +1) + c (a +1)J < 3 (a +1) (b +1) (c +l) 

<=> 3abc + 3>ab + bc + ca + a + b + c 
Nhan thay danh gia tren khong dung. 

- Huong ther hai la ap dung bat dang thuc Cauchy theo chieu ter trang binh nhan sang trang binh cong. 
Chu y den dau dang thuc xay ra tai a = b = c = 1 ta co 


a.l ^ 1 

f a + 1 ] 

(a + l)(c + l) 2 

^a +1 c + lj 


Hoan toan tuong tu ta dugc 


1 b - 1 ! 

' 1 + b ] 

N 

I c - 1 \ 

^ C + 1 1 

|(a + l)(b + 1 ) 2 l 

^a +1 b + lj 

(c + l)(b + 1 ) 2 I 

^ c +1 b + lj 





Cong theo ve cac bat dang thuc tren ta dugc 


i 

1 b , I 

(a + l)(c + l) ^ 

(a + l)(b +1) ^ 


Vay bai to an dugc chung minh xong. 

Cach 2: Nhan xet tuong tu nhu tren nhung ta hubng theo danh gia lam ve trai xuat hien nhan tir chung la 
1 trong trong 3 dai lugng do vdi mong muon co the giam xuong con hai bien. Chu y den chieu bat dang 
thuc ta co 

(b + lj + (c +1 j < ^(a +1^ |^b +1 + b (c +1^J 

Khi do ta dugc 

yja ,(b + lj + ^b(c +l) + < ^a + l^b + 1 + b(c +1)J + ^ c(a +l) 

Bat dang thuc se dugc chung minh neu ta chi ra dugc 


Vbc + 2b +1 + Vc < 3 yb + 1 )( c + il 


Ben day neu ta dua dugc cac dai lugng dudi dau can ben trai vao trong mot can thuc thi co hoi se 
cao hon, tuy nhien cung tuong tu nhu tren ta thu lam xat hien them nhan tu chung de rut ggn xem sao. 
Chu y la ben ve phai chua hai dai lugng b + 1; c + 1 nen ta se co danh gia ve trai ve mot trong hai dai 

lugng tren. 

- Trade hit ta danh gia v 6 b + 1, di y la (be + 2b + l) + (c + l) = (b + l) (c + 2), do do ta cSn lam 
xuat hien c +1 de khi bat dang thuc Bunhiacopxki ta dugc (be + 2b + l) + (c + l). 


la Vc = Ve + I.a , khi do ta duoc 

V c +1 


Be y la 


Phep chung minh se hoan tat neu ta chi ra dugc 


^[(bc + 2b +1) + 1 


_ l(b + l)(c + 2) 

(2c + !) 

“V c + 1 


iMira 3^/c+1 / \ / \ / \2 

f ^4(c + 2)(2o + l)<9(c + l) 

Banh gia cuoi cung luon dung theo bat dang thuc Cauchy. Vay bai toan dugc chung minh xong. 

- Bay gid ta thu danh gia ve c +1, khi do theo bat dang thuc Bunhiacopxki ta co 

a/ be + 2b + 1 + \[c = l.x/bc + 2b +1 + l.Vc < ^(l + c)(be + 2b +1 +1) 

Va ta can chi ra dugc Vbc + 2b + 2 < + ^ <=> be < b + 1. Tuy nhien danh gia cuoi cung khong 


dung, do do hudng danh gia nay khong hgp li, _ 

Bai 48. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

111 
a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 


9 

(a + b + c) 

Phan tich va 151 giai 

Be dang du doan dau dang thuc xay ra tai a = b = c. Quan sat bat dang thuc tren ta nghT den danh 
gia quen thuoc 
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f ab + b b + be + c 


Va ta can chi ra dugc 


2 a + b + c + ab + be + ca < 


- b + c < ab + be + ca 


Dang tiec danh gia cuoi cung lai la mot danh gia sai. Nen ta phai tim hubng danh gia khac. 

Quan sat ky bat dang thuc tren ta thay dugc su lien quan giua cac mau so vbi cac dai lugng 
a 2 + b 2 + c 2 ; ab + be + ca , ta thu xem co moi lien he nao hay khong? 

De y ta thay ^a 2 + ab + b 2 j + ^c 2 + be + ca j = a 2 + b 2 + c 2 + ab + be + ca , dieu nay dan den 

a 2 + b 2 + c 2 + ab + be + ca a 2 + ab + b 2 + c 2 + be + ca . c (a + b + c) 

-2-2- = -2-2- = 1 + ^-f 

a+ab + b a+ab + b a+ab + b 

Hoan toan tuong tu thi ta dugc 

/ 2 . ,2 . 2 . , . ,_ \( 1 . 1 . 1 } 


a + b + c + ab + be + ca 


a + ab + b b + be + c c + ca + a 


— 3 + (a + b + c 


Nhu vay bay gib ta can chung minh dugc 


h ab + b b + be - 


a + ab + b b + be + c c + ca + a 


De y tiep dai lugng 


—, theo bat dang thuc 


a+ab + b b + be + c c + ca + a 
Bunhiacopxki dang phan thuc ta co 

c | a | b > (a + b + c) _ a + b + 

a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 (a + b + c) (ab + be + ca) ab + be - 
Nhu vay phep chung minh se hoan tat neu ta chi ra dugc 

(a + b + c) 9 (a 2 + b 2 + c 2 + ab + be + ca) 


h 3(ab + be + ca) 


Den day thi ta nghT den su dung bat dang thuc Cauchy de danh gia. De y la khi dau dang thuc xay 
ra thi 2 (a 2 + b 2 + c 2 ) + ab + be + ca = 3 (ab + be + ca) nen ap dung bit ding thuc Cauchy ta dugc 


3 (ab + be + ca) 2 a + b + c 


i- (ab + be + ca)J 


ab + be + ca) + 2 a + b" + c 



Vay bai toan dugc chung minh xong. 


Bai 49. Cho a, b, c la cac si thuc duong thoa man a + b + C = 1. Chung minh ring: 

Va 2 + abc Vb 2 + abc Vc 2 + abc _ 1 

-1-1-< — . 

c + ab a + be b + ac 2 vabc 

Phan ti'ch va loi giai 

De dang du doan dugc dau dang thuc xay ra khi va chi khi a = b = c = ^. Nhan thay cac dai 

lugng trong can va a cac mau chua dong bac nen suy nghT dau tien do la dong bac cac dai lugng do. De y 

den gia thiet a + b + c = lta thay 

a 2 + abc = a 2 (a + b + c) + abc = a (a + b) (a + c) 
c + ab = c (a + b + c) + ab = (a + c) (b + c) 

Hoan toan tuong tu 

b 2 + abc = b (a + b) (b + c); c 2 + abc = c (a + c) (b + c) 
b + ac = (a + b) (b + c); a + be = (a + b) (a + c) 

Khi do bit ding thuc cin chung minh trb thanh 

^a(a + b)(a + c) ^b(b + c)(a + b) ^c(a + c)(b + c) i 

(c + a)(c + b) (a + b)(a + c) (a + b)(b + c) 2 Vabc 

^bc(a + b)(a + c) b^ac(b + c)(a + b) c^ab(a + c)(b + c) i 

X- ^ _ - 


Hay 


^c + a)(c + b) (a + b)(a + c) (a + b)(b-t ^ 

Quan sat bat dang thuc tren ta lien tuong den bat dang thuc Cauchy, de y la 

be (a + b) (a + c) = c (a + b).b (a + c) = b (a + b).c (a + c) 

Trong hai cac viet tren ta chgn each viet thii nhat vi khi su dung bat dang thuc Cauchy dang 
2-y/xy < x + y thi khong tao ra cac dai lugng co chua cac binh phuong (Nen nhb la cac binh phuong 
bao gib cung troi nhat trong cac dai lugng bac 2). Khi do ap dung bat dang thuc Cauchy ta dugc 

r— -— 7 b (a + c) + c (a + b) a b + 2bc + ca 

V bc (a + b) (a + c) < ^ Z =- 2 - 

Ap dung tuong tu ta dugc 

a^bc(a + b)(a + c) b^ac(b + c)(a + b) c^ab(a + c)(b + c) 

(c + a)(c + b) (a + b)(a + c) (a + b)(b + c) 

a(ab + 2bc + ca) b(ab + bc + 2ca) c(2ab + bc + ca) 

2(c + a)(c + b) 2(a + b)(a + c) 2(a + b)(b + c) 

Phep chung minh se hoan tat neu ta chi ra dugc 

a(ab + 2bc + ca) b(ab + bc + 2ca) c(2ab + bc + ca) 

(c + a)(c + b) (a + b)(a + c) (a + b)(b + c) 

Hay 

a (a + b) (ab + 2bc + ca) + b (b + c) (ab + be + 2ca) + c (c + a) (2ab + be + ca) 

< (a + b) (b + c) (c + a) 

Vi trai cua bit ding thuc co bac 4 con vi phai co bac ba nen ta co thi ding bac la 




a (a + b) (ab + 2bc + ca) + b (b + c) (ab + be + 2ca) + c (c + a) (2ab + be + ca) 

< (a + b)(b + c)(c + a)(a + b + c) 

Trien khai va rut gon ta dupe 

a 3 (b + c) + b 3 (c + a) + c 3 (a + b) + a 2 b 2 + b 2 c 2 + c 2 a 2 + 5 (a 2 bc + ab 2 c + abc 2 j 
< a 3 (b + c) + b 3 (c + a) + c 3 (a + b) + 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 j + 4 (a 2 bc + ab 2 c + abc 2 j 
Hay abc (a + b + c) < a 2 b 2 + b 2 c 2 + c 2 a 2 , day la mot danh gia dung 


Vay bat dang there dupe chung minh. Dau dang there xay ra tai a = b = c 


1 

3' 


Bai 50. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

(a + b + c) (a + b - c) (b + c - a) (c + a - b) < 27a 2 b 2 c 2 


Phan tich va loi giai 

Cach 1: Du doan dau dang thuc xay ra tai a = b = c. Dau tien ta nhan thay neu ve trai cua bat dang thuc 
am thi bat dang thuc hien nhien dung. Nhu vay ta chi can chung minh cho trudng hop ve trai khong am 
la dupe. 


Xet trudng hop (a + b - c) (b + c - a) (c + a - b) > 0 , khi do dl dang chung minh dupe 

(a + b - c) > 0 ; (b + c - a ) > 0 ; (c + a - b) > 0 . 

Quan sat bat dang thuc can chung minh thi y tudng tiep can dau tien la doi bien, ta co the dat 
x = a + b-c; y = b + c-a; z = c + a- b suy ra ta dupe 


a =-; b 

2 


(x, y,z > o) 


x + y i = y + z 

2 ’ 2 

Khi do bat dang thuc can chung minh duoc viet lai thanh 

64xyz(x + y + z) < 27 (x + y) (y + z) (z + x) 

Theo mot danh gia quen thuoc ta co 3xyx (x + y + z) < (xy + yz + zx) 


Do do ta dupe 64.3xyz (x + y + z) < 64 (x + y + z) (xy + yz + zxj 
Phep chung minh se hoan tat neu ta chi ra dupe 

64^x + y + z) (xy + yz + zx) <3.27(a + b) (b + c) (c + a) 

Liy can bac hai hai v6 ta dupe 9 (x + y) (y + z) (z + x) > 8 (x + y + z) (xy + yz + zx) 

Day la mot danh gia dung quen thuoc. Do do bai toan dupe chung minh 

Cach 2: Quan sat bat dang thuc can chung minh ta lien tudng den bat dang thuc Cauchy, khi do neu ap 
dung true tiep thi ta co 27 (a + b - c)(b + c - a)(c + a - b) < (a + b + c) nen bai torn quy ve chung 


minh (a + b + c) < 27 2 a 2 b 2 c 2 , tuy nhien danh gia do la mot danh gia sai. Do do ta khong the ser 
dung true tiep bat dang thuc Cauchy nhu vay dupe mi can bien doi bat dang thuc trade. 

De y ta thay khi dang thuc xay ra thi a (b + c - a) = b (c + a - b) = c (a + b - c) va lai co 

a(b + c-a) + b(c + a-b) + c(a + b-c) = 2 (ab + be + ca) - (a 2 + b 2 + c 2 ) 

Do do ta nghT den ap dung bat dang thuc Cauchy cho ba so tren, khi do ta dupe 

27abc(a + b - c)(b + c - a)(c + a - b) < j^a(b + c - a) + b(c + a - b) + c(a + b - c)J 




Hay 27abc(a + b - c)(b + c - a)(c + a - b) < ^2^ab + be + ca) - (a 2 + b 2 + c 2 
Khi do ta dugc 

27abc (a + b - c) (b + c - a) (c + a - b) (a + b + c) 

< ^2 (ab + be + ca) - (a 2 + b 2 + c 2 jJ (a + b + c) 

Phep eh ling minh se hoan tat neu ta chi ra dugc 

|j2(ab + bc + ca)-(a 2 + b 2 + c 2 )J (a + b + c) < 9 3 a 3 b 3 c 3 

L&y can bac ba hai v6 ta dugc (a + b + c) |j2 (ab + be + ca) - (a 2 + b 2 + c 2 < 9abc 
Khai trien va rut ggn ta dugc 

a 3 + b 3 + c 3 + 3abc > a 2 (b + c) + b 2 (c + a) + c 2 (a + b) 

<=> abc > (a + b - c) (b + c - a) (c + a - c) 

Bat dang thuc cuoi cung la mot bat dang thuc dung. 

Bat dang there dugc chung minh. Dau dang thuc xay ra tai a = b = C. _ 

Bai 51. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

(a-b-c) (b-c-a) (c-a-b) 1 

2a 2 + (b + c) 2b 2 + (a + c) 2c 2 + (a + b) 2 

Loi giai 

Trubc het ta du doan dau dang thuc xay ra tai a = b = c. Quan sat bat dang thuc ta thay co the 
tiep can theo hubng sir dung cac bat dang thuc Cauchy, Bunhiacopxki,... 

Cach 1: Dau tien ta nhan thay tai cac mau so cua cac phan thuc co chua cac dai lugng binh phuong 
(a + b) , (b + c) , (c + a) . Chu y den chieu cua bat dang thuc ta co danh gia quen thuoc 

(a + b) <2 ^a 2 + b 2 j khi do mau se trb thanh 2 ^a 2 + b 2 + c 2 j. Hoan toan tuong tu ta thu dugc bat 
dang thuc 

(a-b-c) (b-c-a) (c-a-b) (a-b-c) + (b-c-a) + (b-c-a) 

2a 2 + (b + c) 2 + 2b 2 + (a + c) 2 + 2c 2 + (a + b) 2 2a ' + 2b ' + 2c ' 

Phep chung minh se hoan tat neu ta chi ra dugc 

(a-b-c) + (b-c-a) + (b-c-a) \ 

2a 2 + 2b 2 + 2c 2 2 

Hay (a-b-c) +(b-c-a) + (b-c-a) >a 2 + b 2 +c 2 


Trien khai va thu ggn ta dugc a 2 + b 2 + c 2 > ab + be + ca. Danh gia cuoi cung dung vdi mgi a, 
b, c. Vay bat dang thuc dugc chung minh xong. 

Cach 2: Quan sat bat dang thuc ta nhan thay dau hieu sir dung bat dang thuc Bunhiacopxki dang phan 
thuc, khi do ta co 


(a-b-c) (b-c-a) (c-a-b) 

2a + (b + 2b + ^a + 2c + ^a + bj 

(a + b + c) 

2^a + b +cj + ^a + b^~ + ^b + cj + + a^ 





Ta can chung minh dugc 


(a + b + c) i 

2 + b + c j + (a + b^ + ^b + cj + a^ 2 

Hay 2^a + b + c) > 2 ^a 2 + b 2 + c 2 j + (a + b) + (b + c) + (c + a) 

Khai trien va thu gon ta dugc ab + be + ca > a 2 + b 2 + c 2 , day la mot danh gia sai nen ta dung 
chung minh theo each nay a day. 

Do khong the su dung bat dang thuc Bunhiacopxki true tiep nen ta can bien doi bat dang thuc 
trubc xem co the su dung dugc hay khong? Tuy nhien ta se bien doi each nhu the nao day? Trade het ta 
tim moi lien he cua cac dai lugng trong moi phan thuc thi thay rang 

(a-b-c) a 2 +(b + c) - 2 a(b + c) 

2 a + ^b + 2 a + ^b + c^ 

Nhu vay ta se co 

(a-b-c) ^ a 2 + (b + c) - 2 a(b + c) ^ a 2 + 2 a(b + c) 

2 a + (b + c j 2 a + ^b + 2 a + ^b + 

Va neu ap dung tuong tu thi ta thu dugc 

(a-b-c) (b-c-a) (c-a-b) ^ 

2 a 2 + (b + c) 2 b 2 + (a + c) 2 c 2 + (a + b) 
a 2 + 2 a (b + b“ + 2 b ^c + a^ 

2 a 2 + (b + c ) 2 2 b 2 + (c + a ) 2 

a 2 + 2 a(b + c) b 2 + 2 b(c + a) c 2 + 2 c(a + b) 5 

2 a 2 + (b + c) 2 b 2 + (c + a) 2 c 2 + (a + b) 2 

Be y den chieu bat dang thuc ta thay khong the su dung bat dang thuc Bunhiacopxki dang phan 
thuc dugc. Cung chu y den chieu cua bat dang thuc ta nghT den mot danh gia kieu 2a 2 + (b + c j >?. 

Vi khi dau dang thuc xay ra thi 2a 2 ^ (b + c j nen ta khong su dung bat dang thuc Cauchy ma nghT den 
bat dang thuc Bunhiacopxki dang co ban. Khi do chu y den dau dang thu xay ra ta co danh gia 
|^2a 2 + (b + c) J (2 + 4) > |^2a + 2 (b + c) J = 4 (a + b + c) . 

Va ap dung hoan toan tuong tu ta thu dugc 

a 2 + 2 a(b + c) b 2 + 2 b(c + a) c 2 + 2 c(a + b) 

2 a 2 + (b + c ) 2 2 b 2 + (c + a ) 2 2 c 2 + (a + b ) 2 

3 a 2 + 2 a (b + c) + b 2 + 2 b (c + a) + c 2 + 2 c (a + b) 

2 (a + b + c ) 2 

3 (a + b + c) + 2 ^ab + bc + caj 


c 2 + 2c (a + b) 1 
2c 2 + (a + b) 2 



Phep chung minh se hoan tat neu ta chi ra dugc — 


Hay 


< - 
2 


3 (a + b + c) + 2 (ab + bc + ca) 5 
(a + b + c) 

(a + b + c) + 2 (ab + bc + ca) 5 
(a + b + c) ^ 

Bi 6 n dbi tuong duong bit ding there tren ta dugc (a + b + c) >3 (ab + be + ca 
Banh gia cuoi cung dung vdi moi a, b, c. Vay bat dang there dugc chung minh. 

Bai 52. Cho a, b, c la cac so thuc thoa man a. b. ce^; 1 j. Chung minh rang: 

2 < a + b [ b + c | c + a < 3 
1 +c 1 +a 1 +b 

Phan tich va loi giai 

Be dang du do an dugc bat dang thuc ben trai xay ra dau bang tai a = b = c = ^ va bat dang thuc 

ben phai xay ra dau bang tai a = b = c = 1. Quan sat bat dang thuc ta thay co the don gian hoa bang 
each doi bien va ta co the doi bien bang each sau 


Bat x = a + l; y = b + l; c = z + l, khi do ta dugc x, y, z e | —; 2 
Bat dang thuc can chung minh dugc viet lai la 


Bay gib ta di chung minh temg bat dang thuc 

, . ,, _ x+y -2 y+z -2 z+x -2 

+ Truoc het ta cherng minh 2 <- 1 - -- 1 - 

z x y 

? X“hv _ 2 X^V^Z _ 2 r r ? 

Be y la-h 1 =-, do do hoan toan tuong tu ta viet lai bat dang thuc tren nhu sau 


Hay 


5<(x + y + z-2^ 


Bat t = x + y + z, theo mot danh gia quen thuoc thi 


Nhu vay ta dugc 


x y z x+y+z t 

( x+y+z - 2 )Jl + I + l)>( t - 2 ).| 


9(t-2) 9 

Phep chung minh se hoan tat neu ta chi ra dugc —-- > 5 <=> t > — 

3 3 3 9 

Tuy nhien day la mot danh gia dung vi t = x + y + z> — + — + — = — 
Vay bat dang thuc ben trai dugc chung minh. 



x + y- 2 y + z- 2 z + x- 2 

+ Chung minh ---b -+-< 3 

z x y 

Ta viet lai bat dang thuc nhu sau 

[£ + zyz + 4' 

U xj yj { z x ) x y z 

Ro rang ta khong the su dung cac bat dang thuc Cauchy hay Bunhiacopxki. Trong tinh huong nay 
ta de y den phep sap thu tu cac bien de quy bat dang thuc ve bat dang thuc it bien hon. 

3 

Khong mlt tinh t 6 ng quat, ta gia su — < x < y < z < 2 . Khi do tase co 


( 2 ~y)( xi ~ 2 y). 


2xy 


Do do ta duoc — + — . Hoan to an tuong tu ta duoc 

y x 2 x 


z y 2 y 

Cong theo ve cac bat dang thuc tren ta duoc 

u 

4 y 2 222 2 y 2 

Ta can chung minh xH - b — + — < 3 H-1-b-<=>xH-b — < 3 + - 

x2y xyz x2 z 

Bat dang thuc cuoi cimg la mot bat dang thuc dung vi 


-Vf- + -W- + -1 ! 

xj ^z y J ^z x) 


x-l)(x- 2 ) 2 

-^- -<0«>x + —<3 


-< 1 <- 
! z 

Vay bat dang thuc ben phai duoc chung minh. Dau dang thuc xay ra tai a = b = c = 1. 


Bai 53. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

( 2 a + b + (a + 2 b + cj (a + b + 2 c^ 


2 a 2 


2 b 2 


2 c 2 


Phan tich va loi giai 

Trubc het ta du doan duoc dau dang thuc xay ta tai a = b = c. Quan sat ky bat dang thuc ta co 
mot so nhan xet nhu sau 

- Bat dang thuc dong bac 0. 

Bat dang thuc co cac phan thuc lien quan den cac dai luong binh phuong. 

Trong moi phan thuc ta thay a cac tu va mau co su lap lai cua cac dai luong. 

Tir nhung nhan xet tren ta co each huong tiep can bai toan nhu sau. 

Cach 1: Bat dang thuc dong bac 0, nen y tucmg dau tien la doi bien theo huong chuan hoa 


Dat x = - 


3a 


--; y =-, ^ -- 

a+b+c a+b+c a+b+c 

Khi do ta duoc 


3b 


3c 


khi do ta co x + y + z = 3. 



3b 


(2a 4 


( 2.3a 
^a + b 4 


a4b4c a4-b4-c 


/ 3a 1 

2 / 

1 { 3b 

\ 2 

+ 3 b 1 

I v a4-b4-c J 

(a4b4c 

a 4- b 4- cj 


2a 2 + (b 4- c 

Ap dung tucmg ter ta dirge bat dang there can cluing minh trd thanh 

(2x + y 4- z) 2 (x 4- 2y + z) 2 (x 4- y + 2c) 2 
2x 2 4- (y 4- z) 2 2y 2 4-(z4-xf 2z 2 4-(x4-yf 


(2x 4 
2x 2 4- 


h +z ) 


Hay 


Hay 


3 + y 


2x 2 4-(3-x) 2y 2 4- (3 - y) 2z 2 4-(3-z) 

x 2 4- 6x 4- 9 y 2 4- 6y 4- 9 z 2 4- 6z 4- 9 


- < 8 


< 8 


3x - 6x 4- 9 3y - 6y 4- 9 3z - 6z 4- 9 
Den day ta thay cac phan there co dang nhir nhau doi vdi moi bien nen ta der doan la 

x 2 4- 6x 4- 9 ^ 

-< mx 4- n 

3x 2 - 6x + 9 

Be tim mvanta co the sir dung phuong phap he so bat dinh hoac la each sau day 
x 2 + 6x + 9 _ 1 1 | 2 (2x + 3 ) < 4 (x 4- 1) 

3x 2 -6x + 9 3 2 + (x-l) 2 3 


Ap dung hoan toan tuong ter ta duoc 

x 2 + 6x + 9 | y 2 + 6y + 9 | z 2 + 6z + 9 < 4 ( x + y + z + 3 ) _ 

3x 2 - 6x 4- 9 3y 2 - 6y + 9 3z 2 - 6z + 9 3 

Vay bat dang thiic duoc chrmg minh. 

Cach 2: Ter nhan xet cac phan thiic lien quan den cac dai hrong binh phuong nen ta ther phan tich cac ter 
ra xem co moi lien he gi vdi mau khong? Khai trien ter so ta duoc 

(2a + b + c) = 4a 2 4-4a (b 4-c) 4-(b 4-c) 

Mat khac quan sat bat dang thiic ta nhan thay can phai doi chieu bat dang thiic trade, nen ta nghT 
(2a 4 b 4 c) 

den phep bien doi k —-- —, khi do de doi chieu bat dang thiic ta can tim k sao cho 

2a 2 4 (b 4- c) 

3k - 8 > 0 va day ta chon k nguyen thi cang tot. 

Trade het ta ther vdi k = 3 thi duoc 


^ (2a + b + c) 6a 2 +3(b + c) -(2a + b + c) 2(a-b-c) 

2a 2 4- (b + c) 2a 2 4- (b 4- c) 2a 2 4- (b 4- c) 

Nhu vay ta thay k = 3 thi phep bien doi tuong doi dep, ta can there hien tiep cac phan thiic con lai 
de xem co danh gia duoc gi hay khong? Be y la neu khong the danh gia duoc thi ta ther tiep vdi cac so 
khac ldn hon. 

Ap dung tuong ter ta duoc bit ding thiic cin chiing minh trd thanh 



a -b -c 


-a-c 


c - a - 


^_y_>i 

' 2 


2a + (b + cj 2b + (c + a^ 2c + (a + b^~ 

Day chinh la bat dang thuc da dugc chung minh trong bai 51, ta co the trinh bay lai mot each nhu 


Ap dung bat dang thuc co ban (x + yj <2 (x 2 + y j, ta dugc 

(a-b-c) (b-c-a) (c-a-b) (a-b-c) + (b-c-a) + (b-c-a) 


2 a 2 + (b + c) 2 b 2 + (a + c) 2 c 2 + (a + b) 2 a + 2 b + 2 c 

(a - b - c) + (b - c - a) + (b - c - a) j 

Ta can chung minh v - ’ - v - ’ - ’ > - 

2 a 2 + 2 b 2 + 2 c 2 2 

Hay (a-b-c) + (b-c-a) + (b-c-a) > a 2 + b 2 + c 2 

Trien khai va thu ggn ta dugc a 2 + b 2 + c 2 > ab + be + ca, danh gia cuoi cung dung. 

Vay bat dang thuc dugc chung minh. 

Cach 3: Chu y den su lap lai cua cac dai lugng a, b + c trong ca phan thuc thu nhat nen ta co the viet lai 
dugc 


( 2 a + b + c j 


2 

( 2 a + b + c) 


2 a 2 + (b + c) 

2 *(y 

2 n ’ 9 / \ 2 

2 a + (b + cj 

"feb 


Hay 


Nen de don gian hoa ta co the dat x = — + C hoac x = ———. Trade het ta tiep can vdi vdi each 
a b + c 

dat thu nhat. 

Hoan toan tuong tu ta dat duoc x = ^ + c ; y = ° + a ; z = & + ^ . Khi do bat dang thuc can 
a b c 

chung minh trd thanh 

aqa 2 ,(»f. 

X 2 + 2 y 2 + 2 z 2 + 2 

( x ~ 1 ) 2 , (y- 1 ) 2 , Mf y 

x 2 + 2 y 2 + 2 z 2 + 2 2 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

(x-t) 2 (y~l) 2 ( z -1) 2 (x + y + z-3)" 

x 2 + 2 y 2 + 2 z 2 + 2 x 2 + y 2 + z 2 + 6 

(x + y + z-3) 1 

Ta can chung minh A-----—— > — 

x + y + z + 6 2 

Hay 2 (x + y + z - 3) > x 2 + y 2 + z 2 + 6 

Hay (x + y + z- 6 ) + 2(xy + yz + zx -12^ > 0 (*) 

De thay, theo bat dang thuc Cauchy ta dugc 



xy + yz + zx = - 


b+c c+a c+a a+b a+b b+c 


a b _ b c 

J [( a+b )( b+c )( c+a )I 

V abc 


Do do bit ding thuc (*) la bit ding thuc dung 
Vay bat dang thuc duoc chung minh. Dau dang thuc xay ra tai a = b = C. 

Vdi each dat thu hai, hoan toan tuong tu ta viet duoc bat dang thuc can chung minh thanh 

(2x + l) 2 | (2y +1) 2 | (2z + l) 2 ^ 2 (x-l) ! | 2 (y-l) 2 ^ 2 (z-l) 2 ^ 

2 x 2 +1 2 y 2 +1 2 z 2 +1 2 x 2 +1 2 y 2 + z 2 + 2 

Tuy nhien vdi each doi bien nay, sau cac danh gia ta thu duoc xy + yz + xz < 12. Ban doe tu 
kiem tra xem danh gia ta thu duoc co dung khong. 


Bai 54. Cho a, b, c la cac so thuc duong thoa man dieu kien abc = 1. Chung minh ring: 

a 3 + 1 b 3 +1 c 3 +1 ^ _ r——- 

, = +■■ r- / 2 vab + be + ca 

Va 4 +b + c Vb 4 +c + a vc 4 +a + c 

Phan ti'ch va loi giai 

De dang du doan duoc dau dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta nhan 
thay cac dai luong trong can bac hai dudi cac mau chua dong bac, chu y den gia thiet abc = 1 ta co the 
ddng bac la a 4 + b + c = a 4 + abc (b + c j = a ^a 3 + b 2 c + be 2 j. Tuc la khi do ta duoc 

Va 4 + b + c = ^a ^a 3 + b 2 c + be 2 j . Lai thay bat dang thuc chua can dudi mau, nen ta can danh gia 
lam mat can bac hai, Chu y den chieu bat dang thuc lam ta lien tudng den bat dang thuc Cauchy dang 
2 ^xy <x + y. Nhu vay dudi mau can co mot tich hai dai luong dong bac, de y tiep ben ve phai co 
2 -y/ab + be + ca nen ta co thS dua xudng dudi miu, do do ta se co tich 
2^a 3 + b 2 c + be 2 j ^a 2 b + abc + ca 2 j . Den day ap dung bat dang Cauchy thi ta duoc 

a 3 +1 _ a 3 +1 _ 

2 ~ ~ 


2^a 4 + b + c.Vab + be 


> - 


(a + b e + be j (a"b + abc + ca 

_ a 3 +1 _ 

f- b 2 c + be 2 + a 2 b + abc + ca 2 


De y tiep ta thay 


Do do ta duoc - 


a 3 +1 = a 3 + abc = a (a 2 + be j 
a 3 + b 2 c + be 2 + a 2 b + abc + ca 2 = (a 2 + be j (a + b + c) 
a 3 +1 ^ a 3 + abc a 


2-\/a 4 + b + c.Vab + be 4 
Ap dung hoan toan tuong tu ta duoc 
b 3 +1 


c +1 


2\lb 4 +c + a.Vab + be + ca a + b + c 2>/c 4 + a + c.Vab + be + ca a + ^ 
Cong theo vi ba bit ding thuc tren ta duoc 

_ a 3 +1 _ _ b 3 +1 _ _ c 3 +l 

2\l a 4 + b + c.Vab + be + ca 2>/b 4 + c + a.Vab + be + ca 2^1 c 4 + a + c.Vab + be 4 




Hay 


a 3 +1. b 3 +1 c 3 +1 ^ _ r— — - 

v+a— —- - ■ j£ jg 2Vab + be + ca 

va 4 + b + c Vo+c+a v c 4 +a + c 

Vay bat dang thuc duoc chung niinh. Dau dang thuc xay ra tai a = b = c = 1. _ 

Bai 55. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung niinh rang: 

/_a + 3_ + fb+T + [c + 3_ ^ 


|_ Va + bc Vb + ca yc + ab _[ 

Phan tich va loi giai 

Trade het ta du doan dage dau dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta 
nhan thay bat dang thuc co chua can bac hai nen suy nghT dau tien do la tim each loai bo cac dau can, de 
lam dieu nay ta co the binh phuong hai ve, nhung each lam nay khong lam mat het cac dau can ma con 
lam cho bat dang thuc them phuc tap, ta cung khong the dua cac phan thuc dubi dau can vao cung mot 
can bang bat dang thuc Bunhiacopxki vi se tao ra mot bat dang thuc nguoc chieu. Do do ta nghT den su 
dung bat dang thuc Cauchy de danh gia, khi do ta duoc 

+ m i + jnn > 3 j l ( a+3 )( b+3 )( c+3 ir 

Va + bc Vb + ca Vc + ab VV la + bcj(b + ca)(c + abj 
Phep chung minh se hoan tat neu ta chi ra duoc 

(a + 3)(b + 3)(c + 3) _ 

(a + bc)(b + caj(c + ab) 

Hay (a + 3 j (b + 3 j (c + 3 j > 8(a + be)(b + caj(c + abj. Tuy nhien de chung minh duoc danh 

gia nay lai hoi kho, nen ta tarn dung y tudng nay tai day. 

Nhu vay de chung minh bat dang thuc tren ta can phai co nhung bien doi trade. Ta viet lai bat dang 
thuc can chung minh thanh 


Be y den gia thiet a + b + c = 3, khi do ta viet duoc a + 3 = (a + b) + (a + c) do do ta se duoc 


|2(a + 3)_ h 

•(a + a + b + c) _ jj a + b ( 

a + c ^ 

V a + bc V 

a + bc V ^ a + be 

a + bc y 


Den day ap dung bat dang thuc quen thuoc J2 Ix + y 1 > Vx + gy , ta duoc 


| 2 ( a + 3)_ 

|2^a + a + b + cj l~i 

^ a + b a + c ^ 


1 a + b 

1 a + c 

/a + bc V 

a + bc ^ 

v a + be a + be j 

\H 

a + bc V 

a + bc 


Vc + ab Vc + ab 


Ap dung tuong tu ta duoc 

1 2(b + 3j > I b + a + f b + c j^( c + > I c + a + I c + b 

Vb + ca Vb + ca Vb + ca’Vc + ab Vc + ab Vc + ab 

Cong theo ve ba bat dang thuc tren ta duoc 

| 2 M , j 2 M , l 2 ^ 3 ) 

V a + bc v b + ca_V. c + ab 

> la + b + la + c + Ib + a + b + c + c + a + jc + b 

Va + bc Va + bc Vb + ca Vb + ca Vc + ab Vc + ab 

Luc nay xuat hien cac phan thuc trong can co cung tu so nen ta ghep lai theo nhom, khi do ta se 





V a + b V a + b ^ 

— , + , > 

V a + bc Vb + ca 

Ap dung tuang tu ta dugc 

Vb + c 


Wa + b 


2\f2\la, + b 2V^Va + b 


f be 4 




^/( a + b )( 14 


2 yfe 

Vc + 1 


2^2 

s/b + ca Vc + ab Va +1 
Cong theo ve cac bat dang thuc tren ta dugc 


Va + b + Va + b + Vb + c + Vb + c + Vc + a + Vc + a > 2 V 2 + 2 V 2 + 2 V 2 ^ 

Va + be Vb + ca Vb + ca Ve + ab Va + be Ve + ab Ve +1 Va +1 Vb +1 

|2(a + 3) |2(b+3) |2(c + 3) 2V2 2^2 2v5 

do ta co J- 1 - 4 1- 1 - ■» I-> • , ~h i— — •T' ! 

V a + bc V b + ca V c + ab Vc + 1 Va +1 Vb + 1 

Phep chung minh se hoan tat neu ta chi ra dugc 

2 V 2 2 V 2 2 J 2 1 1 1 3 

Vc+i + V^+I + Vb^i “ y VV7I + V^+I + Vb^I “ V 2 

That vay, ap dung bat dang thuc Bunhiacopxki ta dugc 

111 ^ _9_>_9__ JB_ 

Ve +1 Va +1 Vb +1 Va +1 + Vb +1 + Ve +1 ^3 (a + b + c + 3 j V 2 

Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = c = 1. _ 

Bai 56. Cho a, b, c la cac so thuc duong thoa man dieu kien ab + be + ca = 3. Chung minh rang: 
a + 2b b + 2c c + 2a 


2a + 4b + 3c 2b + 4c + 3a 2c + 4a + 3b 


<1 


Phan tich va loi giai 

Quan sat bat dang thuc thi suy nghi dau tien do la doi chieu bat dang thuc va de thuc hien dieu nay 
ta co phep bi6n ddi tuong duong sau 

2(a + 2b) 2(b + 2c) 2(c + 2a) 


Hay 


Hay 


2a + 4b + 3c 2 
2(a + 2b) 


2b + 4c + 3a 2 
2(b + 2c) 


2c + 4a + 3b 2 
2(c + 2a) 
2c + 4a + 3b 2 

_>1 

3 


<2 


2a + 4b + 3c 2b + 4c + 3a 2c + 4a + 3b 
Bat dang thuc co dau hieu su dung bat dang thuc Bunhiacopxki dang phan thuc nen trade het ta ap 
dung bat dang thuc Bunhiacopxki dang phan thuc thi dugc 

c 2 a 2 b 2 

-— H-— H-- 

2a + 4b + 3c 2b + 4c + 3a 2c + 4a + 3b 


c (2a + 4b + 3c j a (2b + 4c + 3a j b (2c + 4a + 3b j 

(V^+^+V ?) 2 


3 (a 3 + b 3 + c 3 ^ + 6 (ab + be + ca^ 

Phep chung minh minh se hoan tat neu ta chi ra dugc 




(V^+Vb^+V?) 2 

3 (a 3 + b 3 + c 3 ) + 6 (ab + be -4 


Hay V a b + V b e + V c a > ab + be + ca 

Be eh ling minh bat dang there tren ta ap dung bat dang there Cauchy va de y den gia thiet 
ab + be + ca = 3 thi dugc 


Va 3 b 3 +Vb 3 c 3 +Vc 3 a 3 

= |\/a 3 b 3 + Vab j + |Vb 3 c 3 + Vbc j + |Vc 3 a 3 + y[ca j - ^Vab + Vbc + Vea j 

> 2 (ab + be + ca) - |Vab + Vbc + Vea j 

> ab + be + ca + 3 - ^3 (ab + be + ca) = ab + be + ca 

Vay bat dang there dugc chung minh xong. Dau dang there xay ra tai a = b = C = 1. _ 

Bai 57. Cho a, b, c la cac so thuc duong thoa man dieu kien a 2 b 2 + b 2 c 2 + c 2 a 2 > a 2 b 2 c 2 . 
a 2 b 2 bV cV -^3 

c 3 (a 2 + b 2 ) a 3 (b 2 +c 2 ) b 3 (c 2 +a 2 ) 2 

Phan tich va 151 giai 

Du doan dugc dau dang thuc xay ra tai a = b = c = ^3 . Trade het ta viet lai gia thiet thanh 

\ = 1, do do rat tu nhien ta nghT den phep doi bien. 
a b“ c 

Bat x = —, y = —, z = —. Khi do gia thiet dugc viet lai la x 2 + y 2 + z 2 >1 va bat dang thuc 


duoc viet lai thanh-1-1->- 

' _ y 2 + z 2 z 2 +x 2 x 2 + y 2 ^ 2 

Quan sat bat dang thuc tren ta nghi den bat dang thuc Bunhiacopxki dang phan thuc, khi do ta dugc. 


y +z z +x x + y" x y“ + z + y z + x + z x + y 


Ta can chung minh dugc - 


2 + x 2 ) + z(x 2 + y 2 ) 2 


Hay 2 (x + y + z" 


) 2 ^R 


y +z + y z +x 1 + zIx + y“ 


Den day ta can danh gia ve phai sao cho xuat hien x + y + z , ser dung bat dang thuc Cauchy ta 



Tuong tu ta cung co 





x + y + z I.\X + y +z 


x +r + z -v x +y 


Cong theo ve cac bat dang thuc tren ta dugc 


x y +z + y z +x +z x +y 


t-y 2 +z 2 ).Vx 2 +y 2 +z 2 


Cuoi cung ta can chung minh dugc 


' < 2 x + y + z ) <z>l<x" 


Danh gia cuoi cfl.ng la ro$t danh gia dung. Vgy bai toan d ugc chung minh xong. 

Bai 58: Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

r ^-— + / -j— + A— > -^= (Va + Vb + Vc| 

Vb + c Va + c Va + b v2 ' ' 

Phan tich va loi giai 

Trudc het ta du doan dugc dau dang thuc xay ra tai a = b = c, Quan sat bit ding thuc ta nhan 
thay co mot so nhan xet sau 

Bat dang thuc co dau hieu su dung bat dang thuc Bunhiacopxki dang phan thuc 
Bat dang thuc chua cac can bac hai nen ta nghT den bat dang thuc Cauchy 
Bay la bat dang thuc dong bac nen ta nghT den phep doi bien 
Tu nhung nhan xet tren ta di tim hieu cac hudng tiep can bai toan nhu sau 
Cach 1: Trudc het ta bat dau vdi bat dang thuc Bunhiacopxki dang phan thuc thi dugc danh gia 

„ U „ (Va+Vb + Vc) 


Nhu vay phep chung minh se hoan tat neu ta chi ra dugc 

(V^+x/b + V^) x n 

f-j ~r (va + Vb + Vc 

x/a + b + x/b + c + vc + a x/2 ' ' 

Hay x/2 |x/a + x/b + x/c j > x/a + b + x/b + c + x/c + a 

Tuy nhien danh gia cuoi cung lai la mot danh gia sai, do do ta khong the dung dugc true tiep nhu 
vay, dieu nay lam ta nghT den viec bien doi bat dang thuc trudc. 



Do do bat dang thuc dugc viet lai thanh 



theo bat dang thuc Bunhiacopxki ta dugc 



( U \( 1 1 1 V 9(a + b + c) 

(a + b + c) -fora - ■ + +» * I - I - I - 

Wb + c Va + b va + eg Va + b + Vb + c + Vc + a 

Phep chung minh se hoan tat neu ta chi ra dirge 

9fe + b^. + + , i + 

Va + b + vb + c + Vc + a ' ' v2 ' ' 

De y la theo bat dang thuc Cauchy ta dirge 

Va + b + Vb + c + Vc + a < ^3.2.(a + b + c) 

Do do ta co 

9(a + b + c) ^ 9(a + b + c) 


Va + b + Vb + c + Vc + a ^3.2.(a + b + c) 




Suy ra ta dugc , a + , + , C > '<V= [ Va + Vb + Vc ) 

Vb + c Va + c Va + b V2 ' ' 

Vay bat dang thuc dugc chung minh xong. 

Cach 2: Bay gia ta thu ap dung bat dang thuc Cauchy xem co chung minh dugc bai toan khong. De y ta 
thay cac phan so co mau chua cac can bac hai va ta phai danh gia sao cho bat dang thuc thu dugc cung 
chieu vbi bat dang thuc can chung minh. Dieu nay lam ta lien tudng de bat dang thuc Cauchy dang 

2-Jxy < x + y. Chu y den dau dang thuc xay ra ta viet lai bat dang thuc can chung minh thanh 
1 f a + b + c Y || 

V2a + V2b + V2c t Vb + c Va + c Va + b J 2 

Luc nay ta can danh gia cac mau theo kieu |V2a + V2b + V2c j Vb + c < ?. De y la khi khai 
triln thi | V2a + V2b + V2c j Vb + c = V2a.Vb + c + ^2 b + V 2 c j Vb + c . Do do theo bit ding 
thuc Vx + yfy < ^2 (Y + y) va bit ding thuc Cauchy ta dugc 

V 2 b + V2c < 2Vb + c; V2a.Vb + c <- 


| V2a + V2b + V 2 c j Vb + c = V2a-Vb + c + (Jzb + V2c j Vb + c 
1 + 2Vb + c.Vb + c 
2a 


, 2a + b 4 

YT 


2a + 5b + 5c 
2 


Tir do suy ra 


Ap dung tuong tu ta co 

b 


(V2V + V2b+V2c)Vb-t 
2b 


2a + 5b + 5c 


2c 


2b + 5c + 5a 


|V2a + V2b + yflc 

cong theo ve cua cac bat dang thuc tren thi dugc 


|V2a + V2b 4 


+ V2c) Va + b 2c + 5a + 5b 


Den day 




2c 


V2a + V2b + V2c v Vb + c Va + c Va + b J 

^ 2a 2b 

^- 1 - 1 - 

2a + 5b + 5c 2b + 5a + 5c 2c + 5a + 5b 

Phep chung minh se hoan tat neu ta chi ra dirge 

2a 2b 2c 1 

-1-1-> — 

2a + 5b + 5c 2b + 5a + 5c 2c + 5a + 5b 2 

That vay, theo bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

2a 2b 2c 

- 1 - 1 - 

2a + 5b + 5c 2b + 5a + 5c 2c + 5a + 5b 


2a + 2b + 2c + lOab + lObc + lOca 


Vay bat dang thuc dugc chung minh xong. 


a + b + c a+b+c a+b+c 
Bat dang thuc can chung minh tuong duong vdi 
3 

a + b + c f a , b , c 1 


. Khi do ta dugc x + y + z = 3 


l Vb + c Va + c Va + b J V 2 i a + b-t- 


Va + Vb + Vc j 


Jy + z Vz + x dx + y 


= (Vx + 7y + Vz) 


Ket hgp vdi dieu kien x + y + z = 3, bat dang thuc trd thanh 


= (Vx +yfy + Vz) 


Vt 3 

De dang chung minh dugc > . ” -V. - lj vdi 0 < t < 3 

\ 3 t \2 4V2 

Ap dung bat dang thuc tren ta dugc 

r~~— + —j=¥= + —j== ^ + Vy + Vz) + ^ r (x + y + z-3) 

V3-x V 3 ~y V3-z V2 ' ’ 4V2 

= + Vy + Vz) 

Vay bat dang thuc dugc chung minh xong. _ 

I Bai 59. Cho a, b, c la cac so thuc duong thoa man ab + be + ca = abc. Chung minh rang: 


I b 2 c 2 a 2 U b 2 c 2 J 

Phan ti'ch va loi giai 

D§ dang du doan dugc bit ding thuc xiy ra tai a = b = c = 3. Quan sat gia thiSt bai toan ta co 

the viet ab + be + ca = abc lai thanh — + — + — = 1. Dieu nay ggi y cho ta phep doi bien 
abc 




x = —; y = —; z = —, tir do suy rax + y + z = l. Luc nay bat dang there can chung minh tro thanh 
a b c 

x 2 2 z 2 

— + — + — > 3 [x 2 + y 2 + z 2 V Den day ta co cac each chung minh nhir sau 
z x y ' t 

Cach 1: Y tuemg there nhat la sir dung bat dang there Bunhiacopxki dang phan there, tuy nhien ta khong 
nen sir dung true tiep vi ben ve phai co x 2 + y 2 + z 2 troi hem (x + y + zj . Do do ta se bien doi ve trai 
sao cho khi ap dung co the rut gon dupe dai lupng x 2 + y 2 + z 2 . Ter nhan dinh do ta dupe 

x 2 y 2 z 2 x 4 y 4 z 4 ( x + y + z ) 

Z x y X 2 z y 2 x z 2 y x 2 z + y 2 x + z 2 y 

Phep chung minh se hoan tat neu ta chi ra dupe 


x + y +z 


- > 3(x 2 + y 2 + z 2 ) 


xz+yx+zy 
Hay x 2 + y 2 + z 2 > 3 (x 2 z + y 2 x + z 2 yj 

De dong bac hoa bat dang thuc ta chu y den x + y + z = 1, nen bat dang thuc tren tro thanh 
(x + y + z) (x 2 + y 2 + z 2 ) > 3 (x 2 z + y 2 x + z 2 y) 

Hay x 3 + y 3 + z 3 + xz 2 + yx 2 + zy 2 > 2 ^x 2 z + y 2 x + z 2 yj 

Ap dung bat dang thuc Cauchy ta dupe 

x 3 + xz 2 > 2x 2 z; y 3 + yx 2 > 2 y 2 x; z 3 + zy 2 > 2 z 2 y 
Cong theo vi ba bit ding thuc tren ta dupe 

x 3 + y 3 + z 3 + xz 2 + yx 2 + zy 2 > 2 ^x 2 z + y 2 x + z 2 yj 

Phep chung minh hoan tat. Dang thuc xay ra khi va chi khi a = b = c = 3 . 

Cach 2: Bien d 6 i tuemg duemg bit ding thuc va chu y din x + y + z = lta dupe 

^ + L + ^> 3 (x 2 + y 2 + z 2 ) 


<=>-1- ——I-(x + y + zj > 3(x + y + z j - (x + y + zj 

<» — + — + -— (x + y + z) > 3 (x 2 + y 2 + z 2 j - (x + y + z) 


y-x z-y 


->(x-y) + (y - z) +(z-x) 


> ( x 'A(^“ 1 ) + ( y - z ) 2 (^“ 1 ) + ( z -A(^- i )-° 


Vix + y + z = l nen —; —; — > 1. Do do bat dang thuc cuoi cung dung, 
x y z 

Phep-ohung minh hoan tat. Dang thuc xay rakhi va chi khi a == c = 3. 


Bai 60: Cho a, b, c la cac so there duemg thoa man a 2 + b 2 + c 2 = 3. Chung minh rang: 
a b c 1 

a 2 + 2b + 3 b 2 + 2c + 3 c 2 + 2a + 3 “ 2 


Phan tich va loi giai 





Be dang du doan dugc dau dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta lien 
tudng den danh gia quen thupc a 2 + 2b + 3 = a 2 + 1 + 2b + 2 > 2a + 2b + 2 
Ap dung tucmg tu ta dugc 

a b clfa b 


+ 2b + 3 b 2 + 2c + 3 c 2 + 2a, + 3 2 ^ a, + b +1 b + c + 1 c + a + 1 

a b 


Nhu vay ta can chung minh 

a+b +1 b+c +1 c+a +1 

Be co cac danh gia hop ly trudc het ta doi chieu bat dang thuc 
That vay, bat dang thuc tren tuong duong vdi 

b 


1 -- 


- + 1 -- 


- + 1 -- 


a+b+1 b+c+1 c+a+1 

tt b + 1 c + 1 a +1 

Hay -+-+-> 2 

a+b+1 b+c+1 c+a+1 

Bat dang thuc tren lam ta lien tudng de bat dang thuc Bunhiacopxki dang phan thuc 

b + 1 c + 1 a +1 

- 1 - 1 - 

a+b+1 b+c+1 c+a+1 

( b+i ) z , ( c+i f , ( a+i f 

(b +1^ ^a + b +1^ ^c +1^ (b + c +1^ ^a + l^c + a + lj 
(a + b + c + 3) 

(a + l)(a + e +.l) + (b + l)(b + a +1) + (c + l)(c + b +1) 
Phep chung minh se hoan tat neu ta chi ra dugc 

(a + b + c + 3) 

(a + l)(a + c +1) + (b + l)(b + a +1) + (c + l)(c + b +1) 

Be y den gia thiet a 2 + b 2 + c 2 = 3 ta co 

(a +1) (a + c +1) + (b +1) (b + a + l) + (c + l) (c + b +1) 

= a + b + c + ab + be + ca + 3^a + b + c^ + 3 

= ^a 2 + b 2 + c 2 ) + ab + be + ca + 3 (a + b + c) + ^ ^ (a + b + c + 3) 

Khi do ta dugc 

(a + b + c + 3) (a + b + c + 3^ 

(a + l)(a + c + l) + (b + l)(b + a + l) + (c + l)(c + b + l) i( a + b + c + 3 ) ! 

Vay bat dang thuc dugc chung minh xong. 


Bai 61. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

b a 


3V2 


Vab + b 2 Vbc + c 2 Vca + a 


Phan ti'ch va 151 loi giai 

Quan sat bat dang thuc ta nhan thay y tudng su dung bat dang thuc Bunhiacopxki dang phan thuc 
de danh bieu thuc ve trai hoac la su dung bat dang thuc Cauchy de danh gia mau, nhung trudc het de co 
nhung danh gia dam bao dau dang thuc ta du doan dau dang thuc xay ra tai a = b = c. 

Bau tien ta tiep can vdi bat dang thuc Bunhiacopsxki dang phan thuc. Be y la ta khong nen su 
dung true tiep vi khi do dudi mau co cac dai lugng mu 2 nen se troi hon. Bo do ta se danh gia nhu sau 




a + b + c 


V777 + ^3*aVab + #4- Wbc + c“ + cVca + „■ 

Nhu vay phep chung minh se hoan tat neu ta chi ra dugc 

(a + b + c) 2 > 3^2 

aVab + b 2 + bVbc + c 2 + cVca + a 2 ^ 

Be de dang han ta chu y den danh gia mau trade. Chu y den dau dang thuc xay ra thi ta co 
2b = a + b . Do do ap dung bat dang thuc Cauchy ta co 

^Vi), 2b + (a + b) = ^3b 

Hoan toan tuong tu ta dugc 

/7 77 , 7 7 / 7 a 2 + 3ab b 2 + 3bc c 2 + 3ca 

avab + b + bVbc + c + cVca + a <--1-- 1 - t — 

2V2 2sj2 2V2 

Khi do ta se dugc 

(a + b + c) (a + b + c) 

aVab + b 2 + bVbc + c 2 + cVca + a 2 a" + 3ab>- b 2 +.3bc^ ,c 2 + 3ca 

2 J2 2J2 2^2 


la + b + cl 3 

Va nhu vay ta can phai chung minh dugc —-------> —. Hay 

a + 3ab + b“ + 3bc + c + 3ca 4 

(a + b + c) >3 (ab + be + ca), danh gia nay la mot danh gia dung, do do bit dang thuc dugc chung 
minh. 

Bay gid ta thu tiep can vdi bat dang thuc Cauchy vdi danh gia cac mau xem sao. Be y la 
Va 2 + ab = ^ ja (a + b), tich nay lam ta lien tudng d 6 n bit ding thuc Cauchy dang quen thuoc 

2^/xy < x + y. Chu y ddn dlu ding thuc xly ra ta dugc 

^7(777) < 2b+ ( 2 a+b ) = ^b 

Ap dung tuong tu ta dugc 

a b a 2&\f2 2 bV 2 2 cV 2 

— , = H- , = H- 1 = 7-1-1- . 

vab + b 2 vbc + c 2 vea + a 2 a + 3b b + 3c c + 3a 
Phep chung minh se hoan tat neu ta chi ra dugc 

2a V 2 + 2bV2 + 2cV2 > 3 V 2 ^ a + b + c > 3 
ci + 3b b + 3c c + 3a 2 a + 3b b + 3c c + 3a 4 
Ap dung bat dang thuc Bunhiacopxki dang pham thuc ta dugc 

a | b [ c ^_ (a + b + c ) 2 _ 

a + 3b b + 3c c + 3a a 2 + b 2 + c 2 + 3ab + 3bc + 3ca 

(a + b + c) 3 

Ta cln phai chung minh dugc —--—---> — 

a + b + c + Sab + 3bc + 3ca 4 

Hay 4 (a + b + c) > 3 (a 2 + b 2 + c 2 + 3ab + 3bc + 3ca) 

Khai trien va thu ggn ta dugc a 2 + b 2 + c 2 > ab + be + ca, day la mot danh gia dung. Vay bai 
toan cung dugc chung minh 



Nhan xet: Trong bai toan tren thi hai y tuang tiep can la nhu nhau, chi khac nhau a cho la dung cong cu 
gi truac thoi. Ngoai ra ta co the dungphuang phap doi bien de chung minh bat dang thuc 
a + b + c > 3 
a + 3b b + 3c c + 3a 4 
Dat x = a + 3b] y = b + 3c; z = c + 3a. Tie do suy ra 


x - 3y + 9z _ y - 3z + 9x ' _ z-3x + 9y 

28 ’ 28 ’ a ~ 28 



Phan ti'ch va loi giai 

Quan sat bat dang thuc ta thay co cac y tucmg tiep can la su dung bat dang thuc Cauchy, bat dang 
thuc Bunhiacopxki,... 

Cach 1: Trade het ta bat dau vdi bat dang thuc Cauchy, tuy nhien ta khong the su dung true tiep de danh 
gia ve trai hay ve phai vi se tao ra mot danh gia sai, do do ta bien doi tuang duang bat dang thuc can 
chung minh trade 





a b c 

- + — + - 

b c a 





Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = C . 
Cach 2: Cung nhu tren ta bien doi bat dang thuc can chung minh tuong duong vdi 


/ 2 l 2 2 

ac+ba+ca / 

+ b + - 

^ ( ab + be + ca ] 

v abc J ' 


' [ abc J 


Hay (a 2 c + b 2 a + c 2 bj > abc (a + b + c) (ab + be + ca) 

Den day tu ^a 2 c + b 2 a + c 2 b j danh gia ve (a + b + c); (ab + be + ca) thi ta su dung bat dang thuc 
Bunhiacopxki, khi do ta co 

(a 2 c + b 2 a + c 2 bj (c + b + a) > (ab + be + ca) 

(a 2 c + b 2 a + c 2 b j ^ j > (a + b + c) 

Nhan ve vdi ve 2 bat dang thuc nay ta dugc 

(a 2 c + b 2 a + c 2 a j (a + b + c) ^ j > (ab + be + ca) (a + b + c) 

Hay (a 2 c + b 2 a + c 2 aj . (a + b + c) + + ca j + be + ca) (a + b + c) 

Hay (a 2 c + b 2 a + c 2 a) > abc (ab + be + ca) (a + b + c) 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = C . 

Bai 55. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

(a + 3 j ^b + 3 j ^c + 3j > 4 ^a + b + c +1^ 

Phan ti'ch va 151 giai 

Trudc het ta du doan dugc dau dang thuc xay ra tai a = b = c = 1, quan sat bat dang thuc ta 
thay dau hieu su dung bat dang thuc Bunhiacopxki. 

Cach 1: De y la a 2 + 3 = a 2 + 1 + 1 + 1, Do do ap dung bat dang thuc Bunhiacopxki ta co 




Nhu vay ta dugc 




(a 2 + 3)(b 2 +3)(c 2 + 3)>4 


(b. 


(a 2 +3) > 4(a + b + c + l) 2 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = C = 1. 
Cach 2: Ngoai ra ta cung co the ap dung bat dang thuc Bunhiacopxki nhu sau 


(a 2 +l + l + l) 


b + c + 1 | fb+c+1 


Hay 4 ^a 2 + 3 j 


i+ (b+c+if 


Ta can chung minh 


That vay, bien doi tucmg duang ta dugc 

(b 2 + 3 ) (c 2 + 3 ) > 4' 1 - 1 - ^ + C + 


) 2 

>4(a + b + c + l) 

(b + c + if 

(b 2 + 3) (c 2 + 3) > 41^1 + - ^-L 

<=> 3b 2 c 2 +5(b 2 +c 2 )- 8 (b + c)- 8 bc + ll> 0 
«- 2(b + c-2 ) 2 +(b-c ) 2 +3(bc-l ) 2 >0 


Bat dang thuc cuoi luon dung, do do ta co 


(a + 3^b + 3j^c + 3j > 4 


(a + 3 j > 4 ^a + b + c +1^ 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = C = 1. 


Bai 56. Cho a, b, c la cac so thuc duong thoa man a + b + c = 9 . Chung minh rang: 

a 3 + b 3 b 3 + c 3 c 3 + a 3 
-+-+-> 9 

_ ab + 9 be + 9 ca + 9 _ 

Phan tich va 161 giai 

Quan sat bat dang thuc ta nhan thay tu cua cac phan thuc chua cac dai lugng a 3 +b 3 , 
b 3 + c 3 , c 3 + a 3 . Chu y din chilu cua bit ding thuc, cac dai lugng do lam ta lien tudng din bit ding 

thuc 4 ^x 3 + y 3 j > (x + y) , ngoai ra chu y din tich ab co thl danh gia vl (a + b) . Bay gib ta thu 
xem cac phan tich do co the gia quyet dugc bai toan khong? 

Cach 1: Su dung bit ding thuc quen thuoc 4 ^x 3 + y 3 j > (x + y) ta co 

a 3 + b 3 _ 4(a 3 +b 3 ) ^ (a + b ) 3 

ab + 9 4ab + 36 4ab + 36 
Mat khac, theo bat dang thuc Cauchy ta co 

4ab<(a + b) va(a + b) + 36>12(a + b) 


Do do ta dugc 




a 3 +b 3 _ 4 ( a ° +b °j > ( a + bj 
ab + 9 4ab + 36 + b ) 2 + 36 


> a + b 


36 (a + b) 

(a + b) + 36 
36 (a + b) 
12 (a + b) 


a + b — 3 


b 3 + c 3 .. _ c 3 + a 3 ^ 

-> b + c - 3; -> c + a - 3 

be + 9 ca + 9 


Ap dung tuang tu ta co 

Cong ve theo ve ba bat dang thuc tren, ta dugc 

a 3 + b 3 b 3 +c 3 c 3 + a 3 / , x . . 

-+-+-> 2 a + b + c -9 = 9 

ab + 9 be + 9 ca + 9 ' ' 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = C = 3 . 


Cach 2: Su dung bat dang thuc quen thuoc 4(x 3 + y 3 1 > (x + y) ta co 


a 3 + b 3 


a + t 


ab + 9 4ab + 36 
Ap dung bat dang thuc Cauchy ta dugc 
(a + b ) 3 4 a b + 6 


ab 9 
~ 6~2 


+ 3 > 3\ 3 


( a + b j 4ab + 6 _ 3 a + b 
4ab + 36 24 2 


Do do ta dugc 


Tuong tu ta co 


4ab + 36 24 

a 3 +b 3 ^ 3(a + b) ab 9 
be+ 9 “ 2 6 2 

b 3 +c 3 ^ 3(b + c) be 9 c 3 + a 3 ^ 3(c + a) ca 9 
2 ’ ca + 9 


be+ 9 2 6 2 ca + 9 2 6 2 

Cong ve theo ve ba bat dang thuc tren va ket hgp vdi danh gia quen thuoc , ta dugc 

a 3 + b 3 b 3 + c 3 c 3 + a 3 / . \ ab + be + ca 27 

-+-+-> 3 a + b + c- 

ab + 9bc + 9ca + 9 v ’ 6 2 

, v (a + b + c) 97 

> 3(a + b + c) - --' - = 

1 ’ 18 2 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 3 . 


Bai 57. Cho a, b la cac s 6 thuc duong thoa man a + b +1 = 3ab . Chung minh r5ng: 

3a 3b 1_1 

b(a + l) a(b + l) a 2 b 2 

Loi giai 


-<X 


Bien doi bieu thuc ve trai ta dugc 
_ 3ab 3ab 


Hay 


b 2 (a +l) 

P = 


l 1 b + (a +1) a + (b + l) \ \ 

(b +l) a 2 b 2 b 2 (a + 1) a 2 (b + l) a 2 b 2 

ball 


b ^a + 1 ^ a (b + 1 ^ b ^a + 1 ^ a ^b + 1 ^ 


Dat x = —; y = —, tu gia thiet ta suy ra x + y + xy = 3 
a b 




Ap dung bat dang there Cauchy ta co 

3 = x + y + xy>xy + 2^/xy <=> xy + 2-Jxy - 3 < 0 <=> |^/xy -1 j y + 3 j < 0 
Tu do ta suy ra xy < 1. Khi do ta co 

p = + = x f J_ + = xy x + y + 2 = xy j3-^) + 2 _ 

x + 1 y + 1 yX + 1 y + 1 J (x +l)(y + l) (xy + x + y) + 1 

xy (5 - xy) - (xy ) 2 + 5xy [" ( x y )' + 2x y “l] + 3xy +1 

4 ~~ 4 4 

_ “(xy-l) +3xy + 1 ^ 3 + 1 

~~ 4 ~~ ~T 

Bai toan dupe chung minh xong. 

Bang thuc xay ra khi va chi khi x = y = 1 hay a = b = 1 
Bai 58. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 3 | b 3 | c 3 ^ (a + b + c ) 2 

_ b + 2c c + 2a a + 2b _9_ 

Phan tich va loi giai 

Be dang du doan duoc dau dang thuc xay ra tai a = b = c. Quan sat bat dang thuc tren ta nhan 
thay cac dau hieu su dung bat dang thuc Bunhiacopxki dang phan thuc hoac ky thuat them bdt trong bat 
dang thuc Cauchy. Bay gib ta di tim lbi giai theo cac dinh hubng neu tren 
Cach 1 : Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

a 3 b 3 c 3 a 4 b 4 c 4 (a +b +c ) 

b + 2 c c + 2 a a + 2 b ab + 2 ca be + 2 ab ca + 2 bc 31 ab + be + ca) 

Phep chung minh se hoan tat neu ta chi ra duoc 

(a 2 + b 2 + c 2 j (a + b + c) 

3(ab + bc + ca) 9 

That vay, ta can chu y hai bat dang thuc quen thuoc 

a 2 + b 2 + c 2 > ^ (a + b + c) > ab + be + ca 

Tu do ta co 


(a 2 +b 2 +c 2 ) (a 2 + b 2 + c 2 )(a + b + c) (a + b + c) 

3(ab + bc + ca) 9(ab + bc + ca) 9 


Bat dang thuc da duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 
Cach 2 : Ap dung bit ding thuc Cauchy ta duoc 


a 3 

a 3 1 

(b + 2 c) 

> 3 ? a3 a3 . 

(b + 2 c) 

b + 2 c 

+ b + 2 c + 

27 

\b + 2 c b + 2 c 

27 

b 3 

+ b 3 + l 

t \ 2 

A + 2 a) 

J b ’ b3 1 

(c + 2 a) 

c + 2 a 

c + 2 a 

27 

V c + 2 a c + 2 a 

27 

c 3 

c 3 

(a + 2 b) 


(a + 2 b) 

a + 2 b 

a + 2 b 

27 

V a + 2b a + 2b 

27 


Cong theo ve cac bat dang thuc tren ta duoc 





2 C 3 (b + 2c) (c + 2a) (a + 2b) 


Hay 


b + 2c c + 2a a + 2b 27 27 27 

a s ^3 c 3 ll(a 2 + b 2 + c 2 ) - 2(ab + be + ca) 


b + 2c c + 2a a + 2b 
Ta can chung minh dugc 


Hay 


11 (a 2 + b 2 + c 2 ) - 2(ab + be + ca) (a + b + c) 
27 ~~ 9 

11 (a 2 +b 2 + c 2 )-2(ab + bc + ca) > 3 (a + b + c) 


Trien khai va thu gon ta dugc a 2 + b 2 + c 2 > ab + be + ca. Bat dang there cuoi cung luon dung. 

Vay bat dang there da dugc chung minh. _ 

Bai 59. Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh rang: 

a 3 | b 3 ( c 3 ^3 
(l + b)(l + c) (l + c)(l + a) (l + a)(l + b)“4 
Phan tich va loi giai 

De dang du doan dugc dau dang thuc xay ra tai a = b = c = 1. Bat dang thuc nay da dugc chung 
minh bang ky thuat them bdt trong chu de ve bat dang thuc Cauchy. 0 day ta trinh bay them each ser dung 
bat dang terc Bunhiacopxki dang phan thuc. 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

a 3 b 3 c 3 


(l + b)(l + c) (l + c)(l + a) (l + a)(l + b) 

(a 2 + b 2 + c 2 ) 2 


a (l + b)(l + c) + b (l + c) (l + a) + c (l + a) (l + b) 
(a + b~ + c ) 

2 (ab + be + ca) + a + b + c + 3abc 
Phep chung minh se hoan tat neu ta chi ra duoc 

_ (a 2 +b 2 +c 2 ) _ > 3 

2 (ab + be + ca) + a + b + c + 3abc 4 

Hay 4(a 2 +b 2 +c 2 ) > 6 (ab + be + ca) + 3 (a + b + c) + 9abc 

That vay, ap dung bat dang thuc Cauchy ta dugc 

(a 2 +b 2 +c 2 ) >(ab + bc + ca) > 3abc(a + b + c) = 3 (a + b + c) 

Do do ta co 

6 (ab + be + ca) + 3 (a + b + c) + 9 < 6 (ab + be + ca) + (ab + be + ca) +9 
Ta can chung minh dugc 

6 (ab + be + ca) + (ab + be + ca) + 9 < 4 (ab + be + ca) 

(ab + be + ca) - 2 (ab + be + ca) - 3 > 0 
(ab + be + ca + 1 ) (ab + be + ca - 3) > 0 


Hay 

Hay 




Banh gia cuoi cung luon dung vi ab + be + ca > 3v a b e = 3 . 

Bfitdang thuc dadugfc pfruftg minh. Bangthuc xay rakhi va chi khi a?b'=c = l, 

Bai 60. Cho a, b, c la cac s 6 thuc duang thoa man — + — + — = 3. Chung minh ring: 

a 2 b 2 c 2 


l + J(a + b) +abc Jh 


l(b + c'j +abc l + -y(c 


Phan tich va loi giai 

Be dang du doan dugc dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta nhan thay 
dugc su phuc tap cua bai toan. Be chung minh dugc bat dang thuc tren ta can phai dan gian hoa dugc cac 
can thuc a cac mau so, dong thbi khai thac that kheo leo cac gia thiet cua bai toan. Quan sat ky gia thiet 

va bat dang thuc can chung minh ta nhan thay neu ta danh gia duoc ve trai ve dai luong —; —; — thi 

a b c 

xem nhu bai toan duoc giai quyet. Be thay tu gia thiet ta co the suy ra duoc — + — + — < 3; abc > 1. 

a b c 

Bay gib ta di tim each danh gia cac mau 

Cach 1: Ap dung bat dang thuc Cauchy vao gia thiet ta dugc 

„ 1 11. 3 , _ 


hyj^a + b'j +abc 1 + ^a + b^ +1 


Be y la khi a = b = lthi (l + a + b)=l-(a + b) + (a + b) Ldodoap dung bat dang thuc Cauchy 


hb) +1 — ./(l + a + bll- 


^1 + a + b) + 1 — (a + b) + ^a + b^ 


a + b + 1 - 1 < v 


l + J(a + b) +abc 


Hoan toan tuong tu ta dugc 
1 


l + ^|(a + b) +abc 1 + J(b + c) + abc 1 + ^c + a) +abc 


11 1 1 


c + a 



1 


1 


1 | 1 | 1 < 3 

a+b b+c c+a 2 

That vay, theo mot danh gia quen thuoc ket hop vbi gia thiet ta dupe 

1 ' 1 ' 1 afi + i + i,^ 


Ta can chung minh 


a+b b+c c+a 2^a b 
Bat dang there dupe chiing minh. Bang there xay ra khi va chi khi a = b = c = 1. 

Cach 2: Be y thay co so 1 b dubi mau nen de de danh mau hon ta co the ap dung bat dang there 
Bunhiacopxki dang phan thuc de tach so mot ra khoi mau so. Chu y den dau dang thuc xay ra ta dupe 


1 _ 1 (l + sf 1 

f \ 

1 -L 9 

1 + -^(a T b] + abc 1 + ^(a + b] + abc 

^|(a + b] +abc 


Be y lai thay trong mau so co chera dai lupng abc nen neu ta danh gia dupe [a + bj ve ab thi 
co the dat dupe nhan ter chung. Ap dung bat dang thuc Cauchy ta co (a + b] > 4ab, khi do ta dupe 


y/(a + b) 3 + abc -\J( a + b)4ab + abc ^ ab(4a + 4b + c) 

Bay go de triet tieu can bac hai ta de y den bat dang thuc Cauchy dang 2-Jxy < x + y . Chu y la 
can bao toan dau dang thuc nen ta co 

1 3 


^ab (4a -f 


* 


e + 4b + c] ^9ab (4a + 4b + c] ^ l 9a, b 4a + 4b + c 
Mat khac lai theo bat dang thuc Bunhiacopxki dang phan thuc ta co 

1 _ 1 (4 + 4 + lf 1 


Bo do ta dupe 


4 4 1 

_ —i-1— 

4a + 4b + c 81 4a + 4b + c 81 ^ a b c 
1 13 1 


16 32ab 96 


4 4 1 

—i-t- — 

abc 


l + ^(a + b) +abc 
Ap dung tuong ter ta dupe 

1 1 

l + ^(a + b] +abc l + ^|(b + c] +abc l + ^(c + a] +abc 


3 3(1 1 1)9(111 


' 16 321 ab be ca 96 a b c 


a + a(t + t + tWi 


Ta can chung minh .... 

16 32 ^ab be ca 

That vay, Ap dung hai bat dang thuc quen thuoc ta dupe 

1 1 1 


J3 


1 1 

H b 2 + c 2 


= 3; 


A + AfT + ± + !) + A 


Ter do suy ra . 

16 32 ^ab be ca 

Bit ding thuc dupe chung minh xong. 


ab be ca 


1 1 A 

-1-t- — 5 

a b c y 






- > 12 


Bai 61. Cho a, b, c la cac s 6 thuc duong thoa man a + b + c = 1. Chung minh ring: 

a 2 + b 2 + 2 b 2 + c 2 + 2 c 2 + a 2 + 2 

- 1 - 1 - 

a + b-ab b + c-bc c + a-ca 

Phan ti'ch va loi giai 

Cach 1: Quan sat bat dang thuc ta nhan thay cac mau so khong dong bac, chu y den gia thiet cua bai toan 
ta viet lai dupe 

a 2 + b 2 + 2 a 2 + b 2 + 2 


Be y la 


(a + b) (a + b + c) - ab a 2 + b 2 + ab + be + ca 
a 2 + b 2 + 2 . 2 - ab - be - ca 


- 1 = - 


a 2 + b 2 + ab + be + ca a 2 + b 2 + ab + be + ca 
Khi do ap dung tuong tu ta duoc bat dang thuc can cluing minh trd thanh 

2 - ab - be - ca 2 - ab - be - ca 2 - ab - be - ca 


>9 


a 2 + b" + ab + be + ca b 2 + c 2 + ab + be + ca c 2 + a 2 + ab + be + ca 
Bat dang thuc co cac tir giong nhau nen ap dung mot danh gia quen thuoc ta duoc 

2 - ab - be - ca + 2 - ab - be - ca + 2 - ab - be - ca 

a 2 + b 2 + ab + be + ca b 2 + c 2 + ab + be + ca c 2 + a 2 + ab + be + ca 

9 (2 - ab - be - ca) 


2 a 2 


h3 ^ab + be 4 


Phep chiing minh se hoan tat neu ta chi ra dupe 

2 - ab - be - ca _ ^ 

2 (a 2 4- b 2 4- c 2 ) 4- 3 (ab 4- be 4- ca) 

Be de triet tieu cac dai lupng am tren tir so ta chu y den (a 4- b 4- c) = 1, khi do ta co 

2 - ab - be - ca _ 2(a + b 4- c ) 2 - ab - be - ca ^ 

2 (a 2 4- b 2 4- c 2 ) 4- 3 (ab 4- be 4- ca) 2 (a 2 4- b 2 4- c 2 ) 4- 3(ab 4- be 4- ca) 

Vay bat dang thuc dupe chiing minh. Bang thuc xay ra khi a = b = c = ^. 

Cach 2: Ket hop vdi gia thiet ta co bien doi nhu sau 

a 4- b - ab = (a 4- b) (a 4- b 4- c) - ab = a 2 4- b 2 4- ab 4- be 4- ca 

Bo do ta co 

a 2 + b 2 4- 2 a 2 4- b 2 4- 2 


a + b-ab a 2 + b 2 + ab + be + ca 
a +1 


b 2 +l 


Ap dung tuong tu ta dupe 

b 2 + c 2 + 2 


2 + b 2 + ab + be + ca a 2 + b 2 + ab + be + ca 
b 2 +1 c 2 + 1 


b + c-bc b 2 + c 2 + ab + be + ca b 2 + c 2 + ab + be + ca 
c + ba + 2 c +1 a +1 


c + a-ca c 2 + a 2 + ab + be + ca c 2 + a 2 + ab + be + ca 
Mat khac theo bat dang thuc Cauchy ta dupe 




a 2 + b 2 + ab + be + ca c 2 + a 2 + ab + be + ca 
4 (a 2 +1) 


Ap dung tuang tu ta dugc 


2 a + b + c + 


b 2 +l 


2 ^ab + be 4 


a 2 +(a + b + c) 


b 2 +l 


b“ + c 2 + ab + be + ca b“ + a 2 + ab + be + ca 


c +1 


c 2 +1 


b 2 + c 2 + ab + be + ca c 2 + a" + ab + be + ca 
Cong theo ve cac ket qua tren ta dugc 

a 2 +b 2 +2 + b 2 +c 2 +2 + c 2 +ba + 2 ^ 12 
a + b-ab b + c-bc c + a-ca 

Vay bat dang there dugc chung minh. Dang there xay ra khi a = b = c = ^. 


Bai 62. Cho cac s 6 thuc thoa man a, b, c e (0; 1) va abc = (l - a) (l - b) (l - c). 

. a 2 + b 4 b 2 + c 4 c 2 + a 4 15 
Chung minh rang:- 1 - 1 -> — 


Phan tich va loi giai 

Quan sat bat dang thuc ta nhan thay can phai doi bien de lam mat di cac dau tru ben ve phai, do do 
rat tu nhien ta nghi den phep doi bien x = a-b; y = b — 1 ; z = c- l, tuy nhien quan sat ky gia thiet thi 

ta co the bien doi 


abc 


{ w v (l-a)(l-b)(l-c) 

= (i- a )(i-b)(i-c) -LL! = 1 


,, .. l-a 1 - b 1-c 

Den day ta dat x =-; y =-; z =-. 

abc 

Khi do ta co xyz = 1 va a = —-—; b = —-—; c = —— 

1 + x 1 + y 1 + z 

Do xyz = 1 nen trong cac so x, y, z co hai so nam cung phia so vdi 1, gia ser hai so do la x va y. 

1 + z 


Khi do ta co (x-l)(y-l)>0<=>x + y<l + xy = - 

Ap dung bat dang thuc Bunhiacopxki ta dugc 
1 1 ' 1 


(l + x ) 2 (l + y ) 2 (i + xy )h + x | (l + xy )h + y 


(l + xy)(x + y) (l + xy)(x + y) 1 + xy 1 + z 


a 2 + b 2 + c 2 


(i + x) (l + y) (l + q 

z | 1 dl + 4 + 1 ( 2 z-l ) 2 ^ 3 ^ 3 

S l+^ + (l + z) 2 “ (l + z ) 2 _ 4(l + z) 2+I_i 




Bat dang thvrc tren viet lai dugc thanh 

V.2 „2 


a b c q . , s 15 

— + — + — + a 3 + b 3 + c 3 > — 

b c a 8 


Ap dung bat dang thvrc Bunhiacopxki ta dugc 

a 2 b 2 c 2 a 4 b 4 c 4 fa +b +c ) 

b c a a 2 b b 2 c c 2 a a 2 b + b 2 c + c 2 a 

Ma cung theo bat dang there Bunhiacopxki dang phan thvrc ta dugc 

a 2 b + b 2 c + c 2 a < + b 2 + c 2 ) (a 2 b 2 + b 2 c 2 + c 2 a 2 ) 

<^(a 2 +b 2 +c 2 )(a 2 +b 2 +c 2 ) 2 

Tvr do suy ra 

b ° a ^i(a ! +b 2 +c 2 )(a 2 +b ! +c 2 ) 2 


Mat khac ta lai co 


Do do ta dugc 


(a 3 + b 3 + c 3 ) (a + b + c) > (a 2 + b 2 + c 2 j 
3^a + b + cj>^a + b + c^ 


3 (a 3 + b 3 + c 3 j > (a 2 +b 2 + c 2 ) 3 > (-1 a 3 + b 3 + c 3 > j 

_ , , , , „ 4 a 2 b 2 c 2 3 3 3 3 15 

Tu cac ket qua tren ta duoc-1-1-+ a +b +c > — + — = — 

' b c a 2 8 8 

Vay bat dang thuc dugc chvmg minh. Dang thuc xay ra khi va chi khi a = b = c = 


Bai 63. Cho a, b, c la cac so thuc duong thoa man 0 < a, b, c < 1 va ab + be + ca = 1 . Chung minh 
ring: 


a 2 + b 2 


b 2 + c 2 


(l - a 2 )(l - b 2 ) (l-b 2 )(l-c 2 ) (l - c 2 )(l - a 2 

Phan tich va loi giai 

Quan sat bat dang thuc ta nhan thay dugc su phvrc tap cua bai toan, de co cac danh gia hgp ly truoc 

het ta du doan dau dang thuc xay ra tai a = b = c = ~^=. Bat dang thuc co tinh doi xvmg nen ta se di 

V 3 

phan tich mot bieu thuc roi ap dung tuong tu 
a + b 


Quan sat bieu thuc - 


ta thay dugc dau hieu su dung bat dang thuc quen thuoc 


(l-a 2 )(l-b 2 ) 

2 ^a 2 + b 2 j > (a + bj , nhu vay tren tir xuat hien binh phuong dung nen rat tu nhien ta nghT den bat 

dang thuc Bunhiacopxki dang phan thuc. Tuy nhien de y la ta viet mau so thanh 1 - a 2 - b 2 + a 2 b 2 lai 
troi hon nen muon danh gia ve dai lugng Ion hon se rat kho khan. Tvr do ta nghi den viec tim ra moi lien 

he giua tvr va mau. De y la ta chvmg minh dugc ^1 - a 2 j^l - b 2 j < (l - abj , nen ta can danh gia tvr so 




v<§ (1 - ab) hoac (l + ab) . Nhan thly - 


2 +b 2 1 _ (l + a 2 )(l + b 2 ) 


, nen chu y den bat 


/ v / v , s2 (l + a 2 )(l + b 2 ) (l + ab) 

dang thuc Bunhiacopxki ta lai co (l + a 2 )(l + b 2 ) > (l + ab) suy ra - AA - A > -- — 

(l _a )(l _ b ) (l-ab) 


Bay gib ta bien doi tuong tu xem ta se thu dugc ket qua nhu the nao? 
Bat dang there can eh ling minh tuang duang vdi 


2 


(l-a 2 )(l-b 2 ) (l-b 2 )(l-c 2 ) (l-c 2 )(l-a ^ 

(l + a 2 )(l + b 2 ) (l + b 2 )(l + c 2 ) (l + c 2 )(l + a 2 ) 

( 1 - a2 )( 1 - b> ) (l- b 2 )(l-c 2 ) 2 (l-c 2 )(l-a 2 ) 

(l + a 2 ) (l + b 2 ) (l + ab) 

(l-a 2 )(l-b 2 ) (i_ab) 2 

(l + b 2 )(l + c 2 ) (l + bc) (l + c 2 )(l + a 2 ) (l + ca) 

(l-b 2 )(l-c 2 ) (l — be) 2 (l-c 2 )(l-a 2 ) (l-ca) 2 

Cong theo ve cac bat dang thuc tren ta dugc 


Theo phan tich nhu tren ta co - 


Ap dung tuong tu ta dugc 


(l + a 2 )(l + b 2 ) (l + b 2 )(l + c 2 ) (l + c 2 )(l + a 2 ) (l + abf (l + bcf (l + ca ) 2 
(l _ a 2 ) (l - b 2 ) + (l - b 2 ) (l - c 2 ) + (l - c 2 ) (l - a 2 ) ~ (N-do)^ + (iT-bc) 2 " + (l--ca)^ 

Ap dung bat dang thuc Cauchy ta dugc 

(l + ab) (l + bc) (l + ca) (l + ab) (l + bc) (l + ca) 

(l-ab) (l-bc) (l-ca) ^(l-ab) (l-bc) (l-ca) 

Nhu vay phep chung minh se hoan tat neu ta chi ra dugc 

(l + ab) 2 (l + be) 2 (l + ca) 2 ^ ^ 

(l-abf (l-bc) 2 (l -ca) 

Hay ta cin chung minh (l + ab) (l + be) (l + ca) > 8 (l - ab) (l - be) (l - ca). 

Bat x = ab; y = be; z = ca, khi do x, y, z > 0 va x + y + z = 1. Bit ding thuc cin chung 
minh trb thanh (l + x) (l + y) (l + z) > 8 (l - x) (l - y) (l - z), tuong duong vdi bit ding thuc sau 
9xyz > 7 (xy + yz + zx) - 2 


Ta de dang chung minh dugc x 2 + y 2 + z 2 H-— > 2 (xy + yz + zx). 

x + y + z v ' 

Ma x + y + z = 1 nen ta suy ra dugc 9xyz > 4 (xy + yz + zx) - l.Vix + y + z = l nen 
3 (xy + yz + zx) < 1, do do 4 (xy + yz + zx) -1 > 7 (xy + yz + zx) - 2 
Biiu nay din tdi 9xyz > 7 (xy + yz + zx) - 2. 

Nhu vay bat dang thuc ban dau dugc chung minh xong. 





Loi giai 

Cach 1: Bat dang thuc can chung minh co tinh doi xung giua cac bien, do do ta khong mat tinh tong quat, 
tagiasul<c<b<a<2. Khi do de thay 


(b - a)(b - c) < 0 

Hay b 2 < b (a + c) - ac. Tir day ta suy ra 

b 3 < b 2 (a + c) - abc <[b(a + c)- ac J (a + c) - abc = b (a + c) - ac (a + c) - abc 
Nhu vay ta can chung minh 

a 3 + c 3 + b (a + c) - ac (a + c) - abc < 5abc 
Hay(a-c) (a + c) + b(a + c) < 6 abc 

Be y rang do a, b, c e [1; 2] nen a<2<2c<b + c,tudo dan den 0 < a - c < b 
Nhu vay ta co 

( a -c ) 2 ( a + c ) + b(a + c) 2 < b(a - c)(a + c) + b(a + c) 2 

= 2 ab (a + c) < 2 ab ( 2 c + c) = 6 abc 

Vay bat dang thuc duoc chung minh. Dau dang thuc xay ra tai a = 2; b = c = 1 va cac hoan vi cua no. 

Cach 2: Bat dang thuc can chung minh tuong duong vbi 

a 2 b 2 c 2 

— + — + — <5 
be ca ab 

Bat dang thuc can chung minh co tinh doi xung giua cac bien, do do ta khong mat tinh tong quat, ta 
gia su 1 < c < b < a < 2 . Khi do de thay 

(c-b)(b 2 -a 2 )> 0 

. 3 i 2 i 2 2 , b 2 , b a a 

Tu do suy ra b < cb + ba" - a c hay — < —l- 

ac a c b 

„ , c 2 ^ c 2 c , a 2 ^ 2 a ^ 2 c 

Mat khac ta cung co — < — = — va — < — < — 

ab ac a be be b 

Tu cac danh gia tren ta thu duoc 

^ + ^ + rl<fb + a l + f'-+-] 

be ca ab ^a bj ^c a J 

Vi b < a < 2 nen —>lva — >1>—.Do vay f — - ll f — - —1 > 0 hay — + — 

a b 2 ^ a J^b 2 J b a 2 




Vay bat dang thuc duoc chung minh. Dau dang thuc xay ra tai a = 2; b = c = 1 va cac hoan vi cua no. 


Bai 65. Cho a, b, c la ca 

c s 6 thuc duong thoa man---+---f 

1 >i. 


a + b +1 b + c +1 

c + a +1 

Chung minh rang: 

a + b + c > ab + be + ca 



Loi giai 





Quan sat bat dang thuc ta thay gia thiet la mot bat dang thuc nen de co cac danh gia hop 11 ta can 
nghi den viec danh gia lai bat dang thuc gia thiet trade. Quan sat gia thiet ta thay co dau hieu su dung bat 
dang thuc Bunhiacpxki nen ta thu xem co danh gia duoc hay khong. 

Cach 1: Trade het ta de y den cac mau so, de dong bac ta ap dung bat dang thuc Bunhiacopxki thi duoc 
(a + b + l) (a + b + c 2 ) > (a + b + c) , hoan toan tuong tu ta duoc 

1 1 1 

- 1 - 1 - 

a+b +1 b+c +1 c+a +1 

( a + b + c2 ) , (b + c + a 2 ) [ (c + a + b 2 ) 

(a + b + c 2 )(a + b +l) (b + c + a 2 )(b + c + 1 ) + a + b 2 j(c + a + 1 ) 

^ (a + b + c 2 ) | (b + c + a J j | (c + a + b ! ) (a + b + c 2 ) + (b + c + a z ) + (c + a + b 8 ) 

(a + b + c) (a + b + c) (a + b + c) (a + b + c) 

(a + b + c 2 ) + (b + c + a 2 ) + (c + a + b 2 ) 

Do do ta duoc 1 < v -' v - [ v - ’ 

(a + b + c) 

Hay (a + b + c ) 2 < (a + b + c 2 ) + (b + c + a 2 ) + (c + a + b 2 ) 

Hay a + b + c > ab + be + ca 

Vay bat dang thuc duoc chung minh xong. Dau dang thuc xay ra tai a = b = c = 1. 

Cach 2: Cung bat dau vdi gia thiet nhung ta bien doi tuong duong dieu kien ta duoc 
1 1 1 . ' 


a+b +1 b+c +1 c+a +1 


1 


- + 1 - 


1 


- + 1 -- 


1 


a+b +1 b+c +1 c+a +1 

a+b b+c c+a 

O-+-+-< 2 

a+b +1 b+c +1 c+a +1 

Ve trai cua gia thiet lam ta lien tudng den bat dang thuc Bunhiacopxki dang phan thuc 

a+b b+c c+a 

- 1 - 1 - 

a+b +1 b+c +1 c+a +1 

(a + b) (b + c) (c + a) 

(a + b)(a + b + l) (b + c)(b + c + l) (c + a)(c + a + l) 
(a + b + b + c + c + a) 


Tir do suy ra 


(a + b) +(b + c) +(c + a) +2 (a + b + c) 
(a + b + b + c + c + a) 


(a + b) + (b + c) + (c + a) + 2 (a + b + c) 

Hay (a + b + b + c + c + a) <2^(a + b) + (b + c) +(c + a) +2(a + b + c)J 
Bien doi tuong duong va thu gon ta duoc 

ab + be + ca < a + b + c 
Vay bat dang thuc duoc chung minh xong. 



Nhan xet: Ngoai hai each nhu tren ta co the tham khao them, each chung minh phan chung sau day: Gia 
sit ton tai cac so duong a, b, c thoa man 

---+--- 1 ---> 1 va a + b + c < ab + be + ca 

a + b + 1 b + c + 1 c + a + \ 


Tit do suy ra 
Khi do ta co 


1 < 


ab + bc + ca 
a + b + c 


1 

a + b +1 


ab + bc + ca 


, ab + bc + ca 

a + b + - 

a + b + c 


Ap dung tuong tie ta duac 


ab + bc + ca 

(a + b}(a + b + c} + ab + bc + ca 


ab + bc + ca 

(a + + 6 + c) + ab + be + ca 


ab + bc + ca 

(b + + b + c^ + ab + be + ca 

+ ab + bc + ca 

(^c + a ^ ^a + b + + ab + be + ca 


Hay 

a 2 + ab + b 2 + b 2 + be + c 2 

(a + b^(a + b + c^ + ab + bc + ca (b + c^a + b + cj + ab + be + ca 

c 2 +ca +a 2 

[c +a'j[a + b +cj +ab + bc + ca 

Mat khac 


a + ab + b + b + be + c 

(a+ b}(a + b + c} +ab + bc + ca (b + cj(^a + b + cj + ab + be + ca 

c 2 +ca + a 2 3 (a + b) 

-|-> —.--- L - 

(c + a^(a + b + c^ +ab + bc + ca 4 (a+ b^(a + b + c^ +ab + bc + ca 
+ 3 (b + c ) 2 + 3 (c + a) 2 

4 (b +c^a + b + cj +ab+ bc +ca 4 (c +a}(a+ b + c} +ab+ bc +ca 
3^a + b + c) 

2 [a + b + cj +3 (ab + bc + ca} 

Tit do ta duac 1 > 1 (vo li). Vay dieu gia sit la sai. 

Vay bat dang thirc duac chitng minh. Dau dang thirc xay ra tai a = b = c = 1. 

Bai 66 . Cho a, b, c thoa man a > 4; b > 5; 7 > c > 6 ; a 2 + b 2 + c 2 = 90. Chung minh ring: 
_a + b + c > 16_ 


Phan tich va 161 giai 





Quan sat gia thiet cua bai toan thi y suy nghi dau tien la doi bien, khi do ta thuc hien dat 
a = x + 4, b = y + 5, c = z + 6, suy ratadugc x, y, z > 0. 

Tir gia thiet a 2 + b 2 + c 2 = 90, ta dugc 

(x + 4) + (y + 5) + (z + 6) = 90 hay x 2 + y 2 + z 2 + 8x + lOy + 12z = 13 
Gia su ta co x + y + z < 1, ma x, y, z > 0 suy ra x 2 + y 2 + z 2 <1 
Ta co: 

x 2 + y 2 + z 2 + 8x + lOy + 12z = (x 2 + y 2 + z 2 j + 8 (x + y + z) + 2 (y + z) + 2z 

< 1 + (8 + 2 + 2^(x + y + z^ < 1 + 8 + 2 + 2 = 13 

Dieu nay vo li, vi vay x + y + z > 1 

Do do ta co a + b + c = 4 + x + 5 + y + 6 + z>15 + x + y + z>16 

Bai toan dugc chung minh xong. Dang thuc xay ra khi va chi khi a = 4; b = 5; c = 7. 

Ngoai ra tu gia thiet a > 4; b > 5; 7 > c > 6; a 2 + b 2 + c 2 = 90, nen ta se co cac dieu kien 
4<a<9;5<b<8;6<c<7.Tu cac dieu kien tren ta co 


4<a<9=>(a-4)(9-a)>0<=>a> 
5<b<8=^(b-5)(8-b)>0^b> 
6<c<7=>(c-6)(7-c)>0<=>c> 


a 2 + 36 
13 

b 2 +40 
13 

c 2 + 42 


a + b" + c + 42 + 36 + 40 


Cong ve theo ve cac bat dang thuc tren ta dugc 
a + b + c > 

13 

Bai toan dugc chung minh xong. _ 

Bai 67. Cho a, b, c la cac so thuc duong thoa man = 1 • Chung minh rang: 

a 2 b 2 c 2 

1 | 1 | 1 
V5a 2 + 2ab + 2b 2 ylbb 2 + 2bc + 2c 2 V 5c 2 + 2ca + 2a 2 3 


1 


Ldi giai 

Ap dung bat dang thuc Bunhiacopxki vao gia thiet ta dugc 

1 1 1 1 lfl 1 1 

a b e 3^a b b 

Mat khac ta co 5a 2 + 2ab + 2b 2 = (2a + b) + (a - b) > (2a + b) 
Suy ra V5a 2 + 2ab + 2b 2 = 2a + b 

Do do ta dugc 


1 1 

-1- 

b b 


< V3 


, 1 ^ai + 1 

V 5a 2 +2ab + 2b 2 2a + b 9 l a b 


Chung minh tuong tu ta dugc 
1 


V5b 2 + 2bc + 2c 2 9 l b C J yjbc 2 + 2ca + 2a 2 
Cong theo v6 cac bit ding thuc tren ta dugc 


1 


> 1 [ 1 + 2 
9 l c a 






1 | 1 | 1 < l(l | 1 | l"|< S 

x/5a 2 +2ab + 2b 2 x/5b 2 + 2bc + 2c 2 x/5c 2 + 2ca + 2a 2 3 U b cj 3 


Vay bat dang thuc dugc chung minh. Dang there xay ra khi va chi khi a = b = c 


■JL 


Bai 68. Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh rang: 

x/ a 2 + 1 + x/ b 2 + 1 + x/ c 2 +1 




Phan tich: Bat dang thuc can chung minh dugc viet lai thanh 

Va 2 +1 + x/b 2 +1 + x/c 2 +1 < V 2 (a + b + c) 

Chu y d6n danh gia Va 2 + 1 + x/ 2 a < ^2 ^a 2 + 1 + 2a j = x /2 (a + l) 

Lol giai 

Ap dung bat dang thuc Bunhiacopxki ta co Va 2 + 1 + x/2a < ^2^a 2 + 1 + 2a j = x /2 (a + l) 

Ap dung tuong tu ta co x/b 2 +l + x/2b <x/2(b + l); x/c 2 +1 + x/2c < x /2 (c +1) 

Cong theo ve cac bat dang thuc tren ta dugc 

Va 2 + 1 + x/b" + 1 + x/c 2 + 1 + x/2a + x/2"b + x/2c < x /2 ^a + b + c + 3^ 

Hay x/a 2 + 1 + x/b 2 +1 + x/c 2 +1+ <x^(a + b + c + 3^-x/2 |x/a + x/b + x/c j 

Mat khac theo bit dang thuc Cauchy ta co x/a + x/b + x/c > 3x/x/abc: = 3 
Nen 

x£ (a + b + c + 3) - x /2 |x/a + x/b + x/c j < x /2 ^a + b + c + 3^ — 3x/2 
= x /2 (a + b + c) 

Do vay ta dugc x/a 2 +1 + x/b 2 +1 + x/c 2 +1 < x /2 (a + b + c) 

„ . x/a 2 + 1 + x/b 2 +1 + x/c 2 +1 x /2 (a + b + c) r- 

Suy ra ta dugc -<---- = x/2 

a+b+c a+b+c 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 


Bai 69. Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 3. Chung minh rang: 

a 2 b 2 c 2 ^ 

I = H— 1 H— 1 7Z 1 

x/b 3 + 8 x/c 3 +8 x/a 3 +8 


Phan tich: Dau dang thuc xay ra tai a = b = c = 1. Khi do chu y den danh gia theo bat dang thuc 
Cauchy x/b 3 + 8 = ^(b + 2 )(b 2 -2b + 4) < b _b + 6 


2 

Loi giai 


Ap dung bit ding thuc Cauchy ta co x/b 3 + 8 = ^/b + 2 j (V 2 - 2b + 4 j < 

m , 3o a 2 -a + 6 3 ^ c 2 - c + 6 

Tuong tu ta co a + 8 <---; c + 8 <--- 

Khi do ta dugc bat dang thuc sau 

a 2 b 2 c 2 


2a 2 


2b 2 


b 2 - b + 6 


2c 2 


x/b 3 +8 x/c 3 +8 x/a 3 + 8 b-b + 6 c-c + 6 a-a + 6 


2 





_ x , , . , a 2 b 2 c 2 4 1 

Ta can chung mmh —-h —-h —-> — 

b-b + 6 c-c + 6 a-a + 6 2 

That vay, ap dung bat dang there Bunhiacopxki dang phan thuc ta dirge 


b-b + 6 c-c + 6 a-a + 6 a + b + c - ^a + b + cj +18 
(a + b + c) i 


Ta can chi ra dirge 

Hay 
Hay 
Hay 

Bit ding thuc cudi cung dung vi (a + b + c) >3 (ab + be + ca) = 9=>a + b + c>3 
Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1 _ 

Bai 70. Cho cac s6 thuc a, b, c e [0; 11. Chung minh ring: —--1---1--— > 3abc 

' L J 2 -a 2-b 2-c 


a 2 + b 2 + c 2 - (a + b + c j +18 2 

2^a + b + c) > a 2 + b 2 + c 2 - (a + b + c) +18 
(a + b + c) + (a + b + c) -12 > 0 
(a + b + c + 4^(a + b + c - 3) > 0 


Phan tich: Be y den danh gia a + 1 > 2a <=> 2a - a < 1 <=> a (2 - a j < 1 <=> --> a , do do bai 

toan quy ve chung minh a + b + c>3abc. Vdi gia thiet a, b, c e [0; 1] ta thu dugc danh gia 
a 2 + b 2 + c 2 < 3 nen 3 (a + b + c) > (a 2 + b 2 + c 2 ) (a + b + c) > 9abc. 

Lol giai 

Theo bat dang thuc Cauchy ta co 

a 2 +1 > 2a <=> 2a - a 2 < 1 «> a (2 - a) < 1 <» —— > a 


Ap dung tuong tu dugc 


Do do ta dugc 


>b; >c 

2-b 2-c 


-+-+-> a + b + c 

2 -a 2-b 2-c 

a + b + c > 3abc 


Ta can chung minh 
That vay, do a, b, c e [0; 1] nen ta co a 2 + b 2 + c 2 <3 
Ap dung bat dang thuc Cauchy ta suy ra 

3(a + b + c) > (a 2 + b 2 + c 2 ) (a + b + c) > 3^/a 2 b 2 c 2 .3v/abc = 9abc 
Hay a + b + c > 3abc 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 


Bai 71. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang: 

1 | 1 | 1 < 27 

1 - ab 1 - be 1 - ca 8 


Loi giai 


Tir gia thiet a + b + c = lta suy ra abc < —. 

27 

Bat dang thuc can chung minh tuong duong vdi 



Hay 


(l - ab) (l - be) + (l - be) (l - ca) + (l - ca) (l - ab) 27 
(l - ab)(l - bc)(l - ca) 8 

3 - 2(ab + be + ca) + abc (a + b + c) 27 
1 - (ab + be + ca) + abc (a + b + c) - a 2 b 2 c 2 8 
Hay 8^3-2(ab + bc + ca) + abcJ < 27^1 - (ab + be + ca) + abc - a 2 b 2 c 2 J 
Hay 

3 -11 (ab + be + ca) + 19abc - 27a 2 b 2 c 2 > 0 

<=> 4^3 + 19abc-27a 2 b 2 c 2 J > 11.4 (ab + be + ca 
Tir bat dang thuc quen thuoc (a + b - c) (b + c - a) (c + a - b) < abc suy ra 
(l - 2a) (l - 2b) (l - 2c) < abc 
Hay 11.4 (ab + be + ca) < 11 (l + 9abc) 

Ta can chung minh 41^3 + 19abc - 27a 2 b 2 c 2 J > 11 (l + 9abc) 

That vay, bat dang thuc tren tuong duong vdi 

(l - 27abc)(l + 4abc) > 0 

Bat dang thuc cuoi cung dung do abc < . 

Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = ^ 
Bai 72. Cho cac so thuc duong a, b thoa man a 2 + b 2 < a + b . Chung minh rang: 

VlO + 3 


Phan tich: D6 y la a + b < a + b <^> a - 


i a + 2b = a — +2 b 


i khi do phan tich a + 2b theo 


Ta bien doi gia thiet nhu sau 


a + b" < a + b <=> 


Bieu thuc ve trai dupe viet lai nhu sau 


a + 2b = a — +2 b 


Ap dung bat dang thuc Bunhiacopxki ta dupe 


a-— +2 b —— <1 + 2 a-- + b-- <5.- 


a — +2 b — 




‘I* 


3 VlO + 3 

Suy ra a + 2b < + — = --- 

Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi 

5 + VlO , 5 + 2-y/lO 

a =-; b =-. 

_ 5 _ 5 _ 

Bai 73. Cho a, b la cac s6 thuc ducmg thoa man a + b > 3. Chung minh ring: 

3a 2 + 4 b 3 + 2 9 

-+-> - 

_ 4a b 2 2 _ 

^ x , ,, 3a + 4 b 3 + 2 3a 1 n 2 . . j , . . 

Phan tich: Be y la-1- : — =-1-1- b H-, den day ta nghi den su dung bat dang thuc 

4a b 4 a b 

Cauchy. 

Bieu thuc P dugc viet lai nhu sau 


Loi giai 


3a + 4 b + 2 3a 1 . 2 

-+-= — + —+ b + — 

4a b 2 4 a b 2 
Ap dung bat dang thuc Cauchy va gia thiet ta dugc 

= A + b + b> 3 A.b.b=^;“ + ^ = ^>2 

4 a V 4 a ’b 2 4 4 V b 2 4 4 2 2 2 2 

Cong theo ve cac bat dang thuc tren ta dugc 

al 2 bbab 3 9 

—+ —+ — + — + — + — + — > 1 + +2 = - 
4a b 2 4422 2 2 


Hay 


3a +4 b + 2 _ 


4a b 2 
Vay bat dang thuc dugc chung minh. 

fa 1 


2 


Bang thuc xay ra khi va chi khi 


4 a a = 2 

a + b = 4 <=> A 

b = 2 

2 b L 


Bai 74 . Cho a, b, c la cac s6 thuc duong thoa man a 4 + b 4 + c 4 < 3 . Chung minh ring: 

Va 2 + b 2 + Vb 2 + c 2 + Vc 2 + a 2 ^ 0 . £ 

1 

1 1 . 1 . 1 

1 3 + 3 + 3 

fa + b) fb + c) fc + a) 


Va + b" + Vb" 


+ c +V c +a" 


< 3 yfe ^ 


Phan ti'ch: Chu y den dau dang thuc xay ra, ta quy bai toan ve chung minh hai bat dang thuc sau 

JLJ_ + -J_ + AjZ*4s 

yfa + b) fb + c) fc + a) ^ 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta dugc 

Va + b + Vb + c + Vc + a iS 6 fa + b + c j < ^6^3^a + b + c j" < 3 V 2 

Mat khac ta lai co 





[(x 3 +y 3 +z 3 )(x + y + z)] > (x 2 + y 2 + z 2 )" ; x 2 + y 2 + z 2 > ( X + ^ +Z ) 


Do do ta dugc 
Ap dung ket qua tren ta dugc 


3 3 3 \ 2 x-+y +z 

x 3 + y 3 + z 3 ) >1---< 


1 1 1 

2 

>1 

1 i 1 i 1 

(a + b) (b + c) (c + a) 

3 

(a + b) (b + c) (c + a) 


Ma theo bat dang thuc Cauchy ta dugc 

1 1 1 1 1 1 

(a + b) 2 (b + c) 2 (c + a) 2 2(a 2 +b 2 ) 2(b 2 + c 2 ) 2(c 2 + a 2 ) 

9 9 ^ 9 


4(a 2 + b 2 +c 2 ) 4^3(a 4 +b 4 + c 4 ) 4^9 4 


111 

-3~ " l - 3 - 1 

(a + b) (b + c) (c + a) 


1 3 __9_ 

'3 4 ~~ 64 


Suy ra 


111 

;- J " l - J " l -g 

a + b) (b + c) (c + a) 


_ j/3 
2 


Tu cac ket qua tren ta dugc 

7a 2 +b 2 + Vb 2 +c 2 + Vc 2 + a 2 ^ 3^2 _ g ^ ^ 
$3 
2 


1 1 1 

- 3 ~^ - 3 ^ -' 

^a + b) (b + c) (c + a) 


Bat dang there dugc chung minh. Bang there xay ra khi va chi khi a = b = c = 1. 


Bai 75. Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 3. Chung minh rang: 

1 1 1 < 1 
1 + a (b + c) 1 + b (a + c) 1 + c (a + b) abc 


Lol giai 

Ap dung bat dang thuc Cauchy cho gia thiet ta dugc 


Khi do ta co 


3 = ab + be + ca > 3^)(abc) => abc < 1 

1.1 1 


l + a 2 (b + c) abc + a 2 (b + c) a(ab + bc + ca) 

Chung minh tuong tu ta dugc 

_ 1 _ < _ 1 _ ; _ 1 _ < _ 1 _ 

1 + b 2 (c + a) b(ab + be + ca) 1 + c 2 (a + b) c (ab + be + ca) 

Cong theo ve cac bat dang thuc tren ta dugc 



l + a 2 (b + c) l + b 2 (a + c) l + c 2 (a + b) 

—- (- + - + -! = - 1 

bc + ca^a b c J ab + b( 


ab + be + ca _ 1 
ab + be + ca abc abc 


ab + bc + ca^a b cj ab + bc + ca abc 
Vay bat ding thuc dugc chung minh. Ding thuc xiy ra khi va chi khi a = b = c = X 


Bai 76. Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh rang: 

2 2 2 

-2-1---1--- - 

(a 2 +1 j + b 4 +1 (b 2 +1 j + c 4 +1 (a 2 +1 j + b 4 +1 


Phan tich: B6 y din danh gia (a +1 j + b + 1 = a + b + 2a + 2 > 2a b + 2a + 2 

Ldi giai 

Ap dung bat dang thuc Cauchy ta dugc 

^a 2 + + b 4 +1 = a 4 + b 4 + 2a~ + 2 > 2a 2 b 2 + 2a 2 + 2 

Ap dung tuong tu ta dugc 

2 2 2 


^ci + lj + b +1 +1 j + c +1 +1 j + b +1 

i i 


Ta can chung minh 


ab + a +1 be + b + 1 ca + c" +1 

i i 

- = 1 


ab + a + 1 be + b +1 ca + c“ +1 


Cach 1: Do abc = 1 => a 2 b 2 c 2 = l,nentadat a 2 = —; b 2 = —; c 2 = — (x;y;z > o) 

y z x ' ' 

Khi do ta co 


1 


1 


1 


1 


1 


z y x z y x 

yz | xz , yy _ 1 

xy + yz + zx xy + yz + zx xy + yz + zx 
Cach 2: Do abc = 1 => a 2 b 2 c 2 = 1, nen ta dugc 

1 1 1 a 2 b 2 c 2 1 b 


ab + a + 1 bc + b + 1 ca + c + 1 a 2 b 2 + a 2 + a 2 b 2 c 2 b 2 c 2 + b 2 + 1 c 2 a 2 b 2 + b 2 c 2 + b 2 

= b 2 c 2 | 1 | _b^ 

b 2 c 2 + b 2 + 1 b 2 c 2 + b 2 + 1 1 + b 2 c 2 + b 2 

thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 


Bat dang 


-=:| 


Bai 77. Cho a, b, c la cac so thuc duong tuy y . Chung minh rang: 

a 2 ( b 2 | c 2 ^ 1 

(2b + c)(2c + b) (2c + a)(2a + c) (2a + b)(2b + a) 3 


Phan tich va loi giai 

Du doan dugc dau dang thuc xay ra tai a = b = c. bI y din chilu cua bit ding thuc va cac mlu 
s6 ta lien tuong din bit ding thuc Cauchy dang 4xy < (x + y] . Khi do ta dugc 


(2b + c)(2o + b)<(A4^ = !(A 


4 


4 




Ap dung tucmg tu ta dugc 


(2c + a)(2a + c) < 9 l c + a ) . (2a + b)(2b + a) < + ^ 


Khi do ta dugc bat dang thuc 


(2b + c)(2c + b) (2c + a)(2a + c) (2a + b)(2b + a) 


4 f a i [ b 1 ( c 

t — - + - + - 

9 Ib+cJ c+a la+b 


Phep chung minh se hoan tat neu ta chi ra dugc 


( V 

a | 

f_q\ 

( \ 2 

( C 

l b + cj + 

v c + a ) 

U + b y 


That vay, ap dung bat dang thuc Bunhiacopxki ta dugc 


a ' 


r b ^ 


( \ 
c 

2 >! 

( a + b + c ^ 

^b + c ; 


l c + a; 


v a + b y 

1 3 

v b + c c + a a + bj 


Ma ta de dang chung minh dugc 


a + b + c > 3 
b+c c+a a+b 2 


a ^ 

2 

r b ] 

2 

^ c ^ 

2 , \2 

^b + c ; 


v c + a y 


^ a + j 

1 3 [^2 J 


Vay bat dang thuc dugc chung minh xong. _ 

Bai 78. Cho a, b, c la cac so thuc duong thoa man a 3 + b 3 + c 3 < 3 . Chung minh rang: 

ab + be + ca < 3 
\/.3 + c + a, \/.3 + b 2 


Phan tich va loi giai 

Du doan dugc dau dang thuc xay ra tai a = b = c = 1. Be y ta khong the thay 3 bdi dai lugng 
a 3 + b 3 + c 3 vi dai lugng nay co so mu cao se gay kho khan cho cac danh gia tiep theo. Do do trude het 
ta can don gian hoa gia thiet. Ap dung bat dang thuc Cauchy ta dugc 

3(a + b + c)<(a 3 +b 3 +c 3 ) + 6<9=>a + b + c<3 
1 / \2 

Va ab + be + ca < — (a + b + c j < 3 

De don gian hoa bat dang thuc ta can khu cac can bac hai, chu y den chieu bat dang thuc ta lien 
tudng den bat dang thuc Bunhiacopxki 


ab be ca 

V 3 + c V 3 + a >/ 3 + b 


< (ab + be -t 


ab be ca 
3 + c 3 + a 3 + b 


< J ab + be + ca 

(a + c) + (b + c) (b + a) + (c + a) (b + c) + (b + a j 
Den day ap dung mot danh gia quen thuoc ta dugc 




ab 

be 


ca 


(a + c) + (b 4 

c) (b + a) + (c + 

a) + (l 

+ c) + (b + a) 




ab + 

ab + be + be + 

ca + ca j 


_4 l 

a + c 

b+c b+a c+a 

b + c b + aj 



a + b + 

’ 4 


„ „ , f ab 

Do OO tel QITOC — 

^ be + ca 

.T<® 

^ ab + be + 

ca < 3 

IV3 + C 

V 3 + a V 3 + b 

J “ 4 

V3 + c V3 + a 

a/ 3 + b ~ 2 

Vay bat dang thuc duoc chung minh xong. 




Bai 79. Cho a, b, c la cac so thuc duong thoa 
1 , 1 

man ab 

c = 1. Chung minh ring: 

, 1 

1 

2 ^a 3 +1 j + b 3 

+ c 3 2^b 3 +1) + 

3 , „ 3 

c + a 

2 (c 3 +1 j + a 3 + b 3 

2 


Phan tich va loi giai 

Quan sat bat dang thuc can chung minh thi suy nghi dau tien la doi bien nham dan gian hoa bat 
dang thuc. Tuy nhien a day ta khong dua vao gia thiet abc = 1 de doi bien, ma ta chu y den cac dai 
luong 2 (V 3 + lj; b 3 + c 3 , co nghia la ta nghi den danh gia theo bat dang thuc Cauchy cho hai so, nen de 

danh gia khong xuat hien cac can bac hai thi ta doi bien theo each dat a 3 = x 2 , b 3 = y 2 , c 3 = z 2 , tu 
gia thiet suy ra xyz = 1. Luc nay ap dung bat dang thuc Cauchy ta duoc 

y 2 + z 2 > 2yz; x 3 + x > 2x 2 ; x 2 + 1 > 2x 

Do do ta thu duoc 

_-_ - __ =_ - _ < _ - _ 

2 (a 3 + l) + b 3 + c 3 2(x ! + l) + y 3 +z 3 2(x 3 +l + yz) 

B6 y din gia thiSt xyz = 1, ta co 

1 _ x < x < x _ 1 

2^x 2 +l + yzj 2^x 3 +x + lj 2^2x 2 +lj 2^x 2 +2xj 2(x + 2^ 

x . , . . x . . . . 1 1 1 _ x 


Ap dung tuong tu ta duoc bat dang thuc can chung minh 


x+2 y+2 z+2 


Khi do bat dang thuc tren trb thanh 


m + 2n n + 2p p + 2m 


Bien doi tuong duong ta duoc bat dang thuc-1-1-> 1 

m + 2n n + 2p p + 2m 

Su dung bat dang thuc Bunhiacopxki ta duoc 

m n p m 2 n 2 p 2 

-1-1-_ — -1— -1— - 

m + 2n n + 2p p + 2m m" + 2nm n“ + 2pn p“ + 2mp 

(m + n + p) 

> —- 2 ^- L - = 1 

m + n + p" + 2nm + 2pn + 2mp 

Vay bat dang thuc duoc chung minh xong. Bang thuc xay ra khi a = b = c = 1. _ 

Bai 80. Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 = 3. Chung minh rang: 




a 2 b 2 + 7 b 2 c 2 + 7 c 2 a 2 + 7 _ _ 

- 2 + - 1 + - 2 ~ 6 

(a + b) (b + c) (c + a) 

Phan ti'ch va loi giai 

Quan sat bat dang thuc ta thay co so 7, vay thi so 7 nay co y nghia gi trong bai toan. Be y den gia 
thiet a 2 + b 2 + c 2 = 3 va cac dai luong bac hai trong bat dang thuc, ta co the viet duoc 
7 = 1 + 2 ^a 2 + b 2 + c 2 j. Khi do ta co 


a 2 b 2 + 7 a 2 b 2 +1 + 2 ^a 2 + b 2 + c 2 j 
(a + b) (a + b) 

Chu y la neu tren tir co dai luong 2ab thi ta co the ket hop vdi a 2 + b 2 de tao ra (a + b) 
chieu bat dang thuc thi theo bat dang thuc Cauchy ta se duoc 

a 2 b 2 +l + 2^a 2 +b 2 +c 2 j 2ab + 2^a 2 + b 2 + c 2 ) a 2 +b 2 +2c 2 

(a + b) (a + b| (a + b) 

Lai de y ta thay (a + b) <2 ^a 2 + b 2 j nen ta duoc 

a 2 + b 2 + 2c 2 _ 3 c 2 
2(a 2 + b 2 ) _ 2 + a 2 +b 2 


de y den 


(a + b) 
a b +7 
(a + b) 


2 a 2 + b 2 


Ap dung tuong tu ta duoc bat dang thuc can cluing minh 
ab +7 be +7 ca +7^9 

(a + b) (b + c) (c + a) ^ 

Phep chung minh se hoan tat neu ta chi ra duoc 


b 2 a 2 

h c 2 + a 2 + b 2 + c 2 


a + b c + a 

That vay, theo bat dang thuc Bunhiacopxki ta duoc 


->® 
! 2 


(a 2 +b 2 + c 2 ) 3^a 2 b 2 + b 2 c 2 + c 2 a 2 j 


a" + b 2 c 2 + a 2 b 2 + c 2 2 (a 2 b 2 + b 2 c 2 + c 2 s 


2 (a 2 b 2 + b 2 c 2 + c 2 a 2 


Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi a = b = c = 1. 
Nhan xet: Ngoai ra ta co the quy bai toan ve chung minh bat dang thuc 

a, + b + 2c + c + 2 a + c + a + 2 b v 

(a + b} (b + c) {c. + a) 

Ap dung bat dang thuc Cauchy ta duoc 

cl + b + 2 c b + c + 2 & c + & + 2 b 


M’ 


2a 2 +b 2 + c 2 )(a 2 +26 2 +c 2 )(a 2 + b 2 +2 c 2 ) 
+ (fr + c) (c + a) 


Phep chung minh se hoan tat neu ta chi ra dupe 




2 a 2 + b 2 + c 2 )(a 2 +2 b 2 +c 2 )(a 2 + b 2 +2 c 2 


(& + c) ( c 


^ dung bat dang thuc 2 (:r 2 + y 2 ) > (x + y ) to cftorc 

8 (a 2 + 6 2 ) (& 2 + c 2 ) (c 2 + a 2 ) > (a + &) (& + c) (c 


Mat khac ta lai co 


4 a + 6" 6 + c < a + 26 


4(a 2 +6 2 )(a 2 +c 2 )<(2a 2 +6 2 +c 2 ) 2 
4(& 2 + c 2 ) (c 2 + a 2 ) < (a 2 + b 2 + 2c 2 ) 


Nhan theo ve cac bat dang thuc tren ta duac 

64 (a 2 + 6 2 ) 2 (b 2 + c 2 )' (c 2 + a 2 )* < (2a 2 + 6 2 + c 2 )* (a 2 + 26 2 + c 2 )' (a 2 + b 2 + 2c 2 )' 
Hay 8(a 2 + 6 2 )(fr 2 + c 2 )(c 2 + a 2 ) < (2a 2 + 6 2 + c 2 )(a 2 +26 2 + c 2 )(a 2 + 6 2 + 2c 2 ) 

Tit do dan den 

(a + 6)“(6 + c) 2 (c + a) 2 < (2a 2 + 6 2 + c 2 )(a 2 +26 2 + c 2 )(a 2 + 6 2 + 2c 2 ) 

(2a 2 + b 2 + c 2 ) (a 2 + 26 2 + c 2 )(a 2 +b 2 +2c 2 ) 

Hay V -' V 2 --—- L > i 

(a + 6) (6 + c) (c + a) 

Fay bat dang thuc tren duac chung minh. 



Phan tich va loi giai 

Truac het ta du doan duac dau dang thuc xay ra tai a = b = c = 1, Khi do de y den phep bien 


II 

00 

+ 

-<s 

(b + 2) 

(b 2 - 2a + 4) va ca 

chieu 

cua bat dang 

thuc ta co danh gia 

b 2 - 2b + 4 = | 

M 

+ 3 > 3, do do ta duac | 

(b + 2)( 

b 2 - 2b + 4) > 3 ( 

b + 2). 

Suy ra 


a 2 a 2 

4*+ 8 ^(b + 2)(b 2 - 

2b+ 4) 

^3 (b+2) 



Ap dung tuong tu ta duac 



Bay gid de tao ra dai luong a 3 + b 3 + c 3 va chu y den chieu bat dang thuc ta ap dung bat dang 
thuc Bunhiacopxki thi duac 




f a 2 | b 2 | c 2 Y _ 

f \ 

a 2 | b 2 | c 2 

Wb 3 +8 Vc 3 +8 v/a 3 + 8 J 

^/3( b + 2) ^/3(c + 2) ^3 (a + 2 ) J 


. / 3 i 3 3\ a D C 

<(a +b + c I —-H—7-H—7-r 

v ^3(b + 2) 3(c + 2) 3(a + 2) 


_ a b c 

b + 2 c + 2 a + 2 

Phep chung minh se hoan tat neu ta chi ra duoc ——-1———I-—— < 1 

' b + 2 c + 2 a + 2 

Hay a 2 c + b 2 a + c 2 b + 2 ^a 2 + b 2 + c 2 j < abc + 8 

That vay, ap dung bat dang there Cauchy ta dugc 


a 3 + a 3 +1 > 3a 2 ; b 3 + b 3 +1 > 3b 2 ; c 3 + c 3 +1 > 3c 2 


Do do ta dugc 2 ^a 3 + b 3 + c 3 j + 3 > 3 (a 2 + b 2 + c 2 j hay a 2 + b 2 + c 2 <3 

Do do ta chi c&n chung minh a 2 c + b 2 a + c 2 b - 2 - abc < 0 

Khong mat tinh tong quat ta gia sir b la so o giua hai so a va c, khi do ta co 

a 2 c + b 2 a + c 2 b - 2 - abc < 0 <=> a 2 c + b 2 a + b ^3 - a 2 - b 2 j - 2 - abc < 0 
<=>-(b-l) (b + 2)-a(b -c)(a-b) < 0 

Bat dang there cuoi luon dung, do do bai toan dugc chung minh. _ 

Bai 82. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

(a + b + c) a b 2 + be 2 + ca 2 ^ _ 

--— + —----— > 10 

_ 3abc _ a 3 + b 3 + c 3 _ 

Phan tich va loi giai 

De dang du doan dugc dau dang thuc xay ra tai a = b = c. Quan sat bat dang thuc ta nhan thay co 

/ \3 3 3 3 222' 

dai lugng I a + b + c) ; a + b + c va dai lugng ab + be + ca ta can tim danh gia lien he giua cac 
dai lugng do. Ap dung bat dang thuc Cauchy ta dugc 

(a + b + c) = a 3 +b 3 +c 3 + 3(a + b)(b + c)(c + a) > a 3 +b 3 +c 3 + 24abc 
Va a 3 + b 3 + b 3 > 3ab 2 ; b 3 + c 3 + c 3 > 3bc 2 ; c 3 + a 3 + a 3 > 3ca 2 

Nen ta dugc a 3 + b 3 + c 3 > ab 2 + be 2 + ca 2 
Do do ta dugc 

(a + b + c) a b 2 + be 2 + ca 2 ^ a 3 + b 3 + c 3 + 24abc ab 2 + be 2 + ca 2 

-1-O- n - n - —-1-^^^- 

3abc a + b + c 3abc a + b + c 

a 3 + b 3 + c 3 ab 2 + be 2 + ca 2 

=-+-+ 8 

3abc a 3 + b 3 + c 3 

Mat khac cung theo bat dang thuc Cauchy ta dugc 

a 3 + b 3 + c 3 + ab 2 + be 2 + ca 2 > 2 lab 2 + be 2 + ca 2 > 2 l3abc _ 2 
3abc a 3 + b 3 + c 3 V 3abc V 3abc 




(a + b + c) a b 2 + be 2 + c 


Do vay , 

3abc a + b + c 

Vay bat dang thuc dirge chung minh. Bang thu'c xay ra khi a = b = C. 


Bai 83. Cho a, b, c la cac so thuc duong thoa man abc = 1 . Chung minh rang: 

a 3 +1. b 3 + l c 3 + l s .r—- 

, = + , = + , = > 2Vab + be 4 

V a 4 + b + c Vb 4 + c + a V c 4 + a + b 


Phan tich va loi giai 

Nhan thay bieu thuc dubi cac dau can khong dong bac nen chu y den gia thiet abc = 1 ta co the viet 
dupe Va 4 + b + c = ^a 1 + abc (b + c) . Be y den chieu cua bat dang thuc ta nghT den mot tich dubi 

mau de co the ap dung duoc bat dang thuc Cauchy 2^/xy < x + y khi do ta duoc 

2^(a 4 + b + c) (ab + be + ca) = 2^a 4 + abc (b + c) J (ab + be + ca) 

= 2^|(a 3 + b 2 c + be 2 ) (a 2 b + a 2 c + abc) < a 3 + b 2 c + be 2 + a 2 b + a 2 c + abc 

, w . (a + b + c)(a 3 +l) 

= (a + b + c) (a 2 + be) =---- 

a 3 +1 2aVab + be + ca 


Tir do suy ra - 

V a 4 +b + c a + b + c 

Ap dung tuong tu ta duoc 

b 3 +1 ^ 2b Vab + be + ca c 3 +1 ^ 2 c Vab + be + c 

V b 4 + c + a 


a + b + c Vc 4 + a + b a + b + c 
Cong theo ve cac bat dang thuc tren ta duoc 
a 3 +1 


b 3 +l 


c 3 +1 


- > 2-s/ab + be 4 


V a 4 + b + c Vb 4 + c + a Ve 4 + a + b 

Vay bat dang thuc dupe chung minh. Bang thuc xay ra khi a = b = C = 1. 
Bai 84. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

(a + b + cf 18^3 ^ 81 

- 1 — , >- 

abc V a 2 + b 2 + c 2 a + b + c 


Phan tich va loi giai 

Quan sat bat dang thuc ta thay co cac dai lupng (a + b + c) ; a 2 + b 2 + c 2 , ta can danh gia dai 

lupng abc vd ab + be + ca di tim xem co m6i lien he nao vdi cac dai luong tren hay khong. Su dung 
bat dang thuc quen thuoc sau 

3abc (a + b + c) < (ab + be + ca) 

(a + b + c) 3 (a + b + c) 3 (a + b + c) 

abc 3abc (a + b + c) ( a b + be + ca) 

Nhu vay phep chung minh se hoan tat neu ta chi ra duoc 

3(a + b + c) 18^3 ^ 81 


Suy ra 


(ab + be + ca) 2 Va 2 +b 2 +c 2 a + b + c 






Be y la khi a = b = c thi 


3 |^a + b + c j 


9V3 


9V3 


(ab + be + ca) Va 2 + b 2 + c 2 Va 2 + b 2 + c 2 
Do do ap dung bat dang thuc Cauchy ta dupe 

3(a + b + c) 9^3 9V3 ^ 27(a + b + c) 

(ab + be + ca) Va 2 + b 2 + c 2 Va 2 + b 2 + c' 

Ma cung theo bat dang thuc Cauchy ta co 


^(ab + be + ca) (a 2 + b 2 + c 2 ) 

r 7T7 7 (ab + be + ca) + (ab + be + ca) + (a 2 + b 2 + c 2 ) 

.y (ab + be + ca) (a 2 + b 2 + c 2 ) < ---—-----—--- 


Do do ta duoc 


27 (a + b + c) 


3.27 (a + b + c) 


^(ab + be + ca) 2 (a 2 + b 2 + c 2 ) (ab + be+ca) + (ab + be + ca)+(a 2 + b 2 + c 2 ) 


a + b + c 

Vay bat dang thuc duoc chung minh xong. _ 

Bai 85. Cho a, b, c la cac so thuc khong am thoa man a + b + c = 3 . Chung minh rang: 



Phan ti'ch va loi giai 

Be de tim ra cac danh gia hop li ta tim each dua cac dai lupng ve trai vao trong cung mot binh 
phuong. Chu y den chieu bat dang thuc ta co 



That vay, ap dung bat dang thuc Bunhiacopxki dang phan thuc va mot danh gia quen thuoc, ta duoc 



Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi a = b = c = 1. 


Bai 86. Cho a, b, c la cac so thuc duong thoa man a 3 + b 3 + c 3 = 3 . Chung minh rang: 

a b c 3 

(b + c) (c + a) (a + b) 


Phan tich va 161 giai 





De dang du doan dugc dau dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta nhan 
thay khong the ap dung bat dang thuc Bunhiacopxki dang phan thuc dugc vi khi do cac mau so se co so 
mu ldn, cung khong the danh gia mau theo chieu troi hon vi luc nay mau cung se co so mu ldn. Do do ta 
hubng den cac danh gia lam giam bac cua cac mau so hoac la bien doi lai gia thiet theo chieu so mu nho 
hon 

Cach 1: Trudc hit ta tiSp can bit ding thuc theo hudng lam giam sd mu d cac mlu sd, dilu nay lam ta 
lien tudng den ky thuat them bbt trong bat dang thuc Cauchy, Chu y de dau dang thuc xay ra va gia thiet 
a 3 + b 3 + c 3 = 3 ta dugc 

a a 3 1 1 > 1 a 

(b + c) 4+16 + 16 + 16_2 ' b + c 
b b^ I £ J! b 

(c + a) 4 + 16 + 16 + 16_2 ' c + a 
c c 3 1 1 > 1 c 

(a + b) 4+16 + 16 + 16_2 a + b 
Cong theo ve cac bat dang thuc tren ta dugc 

a b c ^ 1 

-T ~^-7 ^-7 — — 

(b + c) (c + a) (a + b) 2 


D§ dang chung minh dugc ——-1-—-1--— > — 

b+c c+a a+b 2 


a b c ^ a 3 + b 3 + c 3 3 

b + c c + a a + bj 16 8 

if a | b | c 1 9 

2^ + c c + a a + bj 16 


Suy ra 


a b 

-1-- 

(b + c) (c + a) 


(a + b) 


> _3_ 
' 16 


Bat dang thuc dugc chung minh xong. 

Cach 2: Chu y den den gia thiet a 3 + b 3 + c 3 = 3, ta se danh gia lam giam bac cua cac hang tir trong gia 
thiet, chu y den luy thua bac 4 cua cac mau, ta chgn cac danh gia theo bat dang thuc Cauchy la 

a 3 + a 3 +1 > 3a 2 ; b 3 +b 3 +l>3b 2 ; c 3 +c 3 +l>3c 2 


Do do ta dugc 2(a 3 + b 3 +c 3 ) + 3 > 3(a 2 + b 2 +c 2 ) hay a 2 +b 2 + c 2 < 3 

Bay gid ta can lam troi cac mau so lam sao cho xuat hien a 2 ; b 2 ; c 2 . Khi do ta chu y den danh gia 


(a + b) <4 (a 2 + b 2 ) thi dugc 

a > a _ a _ a 3 

(b + c) 4(b 2 +c 2 ) 4(3 - a 2 ) 2.2a 2 . (3 - a 2 ). (3 - a") 


>1 

2 


Ap dung tuong tu ta dugc 


j^ 2 a + (3 — a ) + (3 — a )J 


a 3 + b 3 + c 3 3 


(b + c) (c + a) (a + b) 


Bat dang thuc dugc chung minh xong. 


Bai 87. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 




L 

.iT + f 

'i + iT + [ 

i + iT- 

f 3 > 


aj 1 

. b J i 

. °J 

2 + abc 


Phan tich va loi giai 

Quan sat bat dang ta nhan thay bat dang thuc co co cac can bac cao va cac dai luong lai co luy thua 
bac cao. Do do ta can danh gia de dua tong cac luy thua ve cung mot luy thua de co the khu can. Trudc 
h6t ta bi6n d6i bit ding thuc thanh 


1+ a + 1+ b + 1+ c - 3 r 


Ap dung bat dang thuc Cauchy ta co 


Ta quy bai toan ve chung r 


1 + - ! + - ! + -> 1 


De y la 1 + 1 + abc > 3yabc nen 1 + ,- = 

Do do phep chung minh se hoan tat neu ta chi ra duoc 


f lY 

1 + - 1 

iY- 

f 

i+- > i 


v a A 

+ b Jv‘ 

C J V 

Vabc J 


Dat x = —;y = —;z = — thi bat dang thuc tren trb thanh 


(l + x)(l + y)(l + z) > ^1 + \/xyzj 
oc chung minh. 

xong. Ding thuc xay ra khi va chi khi a = 1 
c khong am thoa man a + b + c = 1. Chung 

fa- 0 )’. L, ( a ~°f. L. ( a -bf 


Day la mot danh gia dung da duoc chung minh. 

Bat dang thuc ducrc chung minh xong. Dang thuc xay ra khi va chi khi a = b = C = 1 . 

I Bai 88 . Cho a, b, c la cac s6 thuc khong am thoa man a + b + c = 1. Chung minh ring: 


Phan tich va loi giai 

Bat dang thuc nay khong xay ra dau bang tai a = b = c, cung khong xay ra tai a = b; c = 0 na 
dang thuc xay ra tai a = 1; b = c = 0 va cac hoan vi cua no. Do do ta nghT d6n viec sip thu tu bi6n. Tuy 
nhien ta can tiet tieu duoc cac dau can bac hai ben ve trai. Ngoai ra de y la vdi dau dang thuc xay ra nhu 


tren thi ta du doan b - c < b + c. Do do ta du doan la a 


. Neu chung minh 


duoc danh gia do thi xem nhu bai toan duoc giai quyet xong. 
Ta xet 





Tir do suy ra 


(b-c) 2 f b + cY ( u ^ (b-c) 2 f b + cY 

H-—— a +—-— = a(a + b + c) + -—-^- L — an—-— 

(b-cf (b + cf 

= 4-= -be < 0 

4 4 

( b ~ c ) 2 J. , b + cY 


Hay 

Ap dung tuong tu ta dugc 


(b-c 


2 J 

b + c 


, l a_C j/u a + c 

b + --— < b H-; 

4 2 

Cong ve theo ve cac bat dang thuc tren ta dugc 


a -b) 


cl + 


(b-c 


+ \ b + - 


a-c 


c + --— <2(a + b + c) = 2 




4 \ 4 

Vay bai toan dugc chung minh xong. _ 

Bai 89. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 


1 1 1 

-1-1-1- 

a b c a+b+c 


- > 4 


1 | 1 | 1 
a+b b+c c+a 


Phan ti'ch va loi giai 

Bat dang thuc tren la bat dang thuc co cac dai lugng dong bac nen ta nghi den phep doi bien 
a y =-—-; z =-—-. Tu do suy rax + y + z = l. Khi do nhan ca hai ve cua 


a+b+c a+b+c a+b+c 
bat dang thuc vbi a + b + c, khi do bat dang trb thanh 

i + i + i[ + 9> 

a b c 


1 + 1 + 1 
a+b b+c c+a 


f 


f 

1 \ 1 \ 1 

+ 9 > 4 

1 1 1 i 1 

a b c 

a + b b + c c + a 

va+b+c a+b+c a+b+c2 


Va+b+c a+b+c a+b+cy 


Hay 

Hay 

Hay 


1 1 1 .( 1 1 1 ) 
- + - + - + 9>4 -+-+- 


^x + y y + z z + xj 


,)fi + i + b +9 > 4 

( \( i 1 1 ^ 

= x + y + z -+-+- 

\x y z) 

v ^x+y y+z z+x^ 


x + y | y + z < z + x 


> 4 


y 


y+z z+x x+yj 

4y 


Ap dung bat dang thuc Cauchy ta co 

xx 4x y y ^ 4y z z 4z 

_ + _>-; 2L + 2L>—_ + _>- 

y z y+z z x x+z x y x+y 

Cong ve theo ve cac bat dang thuc tren, ta dugc 





y . 


4y + 4z 
z + x x + y 


Hay 


; y y z z 4x 

- + — + — + — + —>- 

: z x x y y + z 

+ x ^ . [ x y 

->4 -4-^—4-- 

y i^y + z z + x x + y J 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 
Bai 90. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

Vb + c Vc + a Va + b 4(a + b + c) 

a b c 


(- b)(b + c)(c 


Phan tich va loi giai 

De dang du doan duoc dau dang thuc xay ra tai a = b = c. Quan sat bit ding thuc ta nhan thiy 
can phai khu cac can bac hai, do do ta nghT den bat dang thuc Cauchy hoac bat dang thuc Bunhiacopxki. 
Tuy nhien de ap dung cac bat dang thuc nay ta can tao ra tich cac dai luong. Do do ta bien doi tuong 
duong bat dang thuc can chung minh nhu sau 

(b + c)^(a + b)(c + a) (c + a)^(a + b)(b + c) (a + b)^(b 4 - c)(c + a) 
a b c 

> 4 (a + b + c) 

Chu y den chieu cua bat dang thuc can chung minh thi ap dung bat dang thuc Bunhiacopxki ta co 
^(a, 4 - b)(a 4- c) > a + Vbc hoac ^a 4- b)(a 4- c) > yjac + Vab , tuy nhien di y din miu s6 ta chon 
danh gia thu nhat. Khi do ta duoc 

(b + c)^(a + b)(a + c) (b 4 - c)^a 4 - Vbc j (b + c)Vbc 


(b + c) Vbc 


Theo bat dang thuc Cauchy ta co 

z 

(b + c) ^a + b)(a 


2bc 


Do do ta duoc 


a 


I be 

- > b + c 4- 

2 


Ap dung tuong tu ta duoc 

(b + c)^(a 4-b)(c4-a) (c + a j ^{a + b) (b + c) (a + b) ^b + c) (c + a) 

a b c 

, _/ . \ be ca ab 

y 2^a + b + cj + 2l-1--j— 4- 

Ta cin chung minh 2 (a + b + c) + 2 f — + ^ + —1 > 4 (a + b + c) 


Hay 


be ca ab ^ 

— + — + — > a 4- b 4 
a b c 


That vay, theo bat dang thuc Cauchy ta co 
f b 2 4 


be ab ca | _ / 2 

— + — + — >3 a 

a c b ) v 


\ ^ / , \ 2 be ab ca ^ 

j > (a + b + cj =>-1-+ — > a 4 


Vay bat dang thuc dugfc.chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 
| Bai 91. Cho a, b, c la cac so thuc duong thoa man a 4- b 4- c = 3 . Chung minh rang 




- > a 2 + b 2 + c 2 


Phan tich va 151 giai 

De dang du doan dirge dang there xay ra tai a = b = c = 1. Quan sat bat dang there ta lien tercmg 
den mot danh gia quen thuoc 

+ + + + - a + b + c 
a 2 b 2 c 2 ab be ca abc 

Va lai co 3abc (a + b + c) < (ab + be + ca) 

1 i i a + b + c (a+b + c) 2 3(a + b + c) 2 

Do do ta co — H—- + — >-= v , -~ y - —-- — 

a b" c abc abc (a + b + c) ( a b + bc + ca) 

Phep eh ung minh se hoan tat neu ta chi ra dupe 

3(a + b + c) 

—--> a + b + c 


(ab + be + ca) 

3(a + b + c) > (a 2 + b 2 + c 2 )(ab + be + ca) 


Hay 

De thay theo bat dang there Cauchy ta dupe 
(a + b + c) =(a 2 +b 2 +c 2 ) 


o + be + ca) + (ab + be + ca I 


> 3.^(a 2 + b 2 + c 2 ) (ab + be + ca) 

Hay (a + b + c) 6 > 27 (a 2 + b 2 + c 2 ) (ab + be + ca) 

Maa + b + c = 3 nen ta co (a + b + c) = 81 (a + b + c) 

Suy ra 3 (a + b + c) > (a 2 + b 2 + c 2 ) (ab + be + ca) 

Vay bat dang there dupe cherng minh xong. 

Nhan xet: Ngoai each chwng minh tren ta co the tham khao them cac each chung minh sau day 
Cach 1: Do a,b,c > 0 => a 2 + b 2 + c 2 < (a + b + c) =9 

+ Truong hop 1: Giai su 1 trong 3 so a, b, c nho hem — 

Khi do tong \ \ > 9 , bat dang thuc luon dung trong truong hop nay. 

abc 

+ Truong hop 2: Giai sit ca 3 so a, b, c deu lorn horn —. 


Do 


1 7 

a + b + c = 3 => — < a:b:c < — 
3 3 


Tit do taco — - a 2 - (-4a + 4) = 
a v ’ 

1 2 . 


- a-1 a -2a -1 


Suy ra 


a 


1_ 6 2 >_46 + 4 ;1-c 2 >-4c + 4 

b 2 c 2 


Tuong tu ta co 




Cong ve theo ve cac bat dang thuc tren ta duac 

\ + \ + \-a 2 -b 2 -c 2 >4(3-a-b-c) = 0 
a 2 b c 1 ’ 

Hay \ \ > a 2 + b 2 + c 2 

a b c 

Vay bat dang thuc duac chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Cach 2: 

+ Truomg hap 1: Vai a,b,c e |o; 1 + ^2 j. Khi do ta co 

(a -1) 2 1^2 - (a -l)“ J > 0 -a 4 + 4a 3 - 4a 2 +1 > 0 -s> \ - a 2 > -4a + 4 

Ap dung tuomg tu ta duac - b 2 > -46 + 4; \~c 2 > -4c + 4 
b c 

Cong theo ve cua 3 bat dang thuc ta duac 

\-a 2 + \-b 2 + \-c 2 >l2-4(a + b + c) = 0 
a 2 b 2 c 2 v ’ 

Hay 

+ Truong hap 2: Neu co mot trong 3 so a, b, c lom hem hoac bang l + sfe. 

Khong mat tinh tong quat gia sir a > b > c, khi do suy ra: 

a>l + -\/2=>& + c<2-V2=>c< i- > 6 + 4 ^2 

2 c 2 

Khi do ta duac — + — + — >6 + 4^2 . Trong khi doa 2 + b 2 + c 2 < (a+ b + c) =9 
a 2 b 2 c 2 v 


1 1 1 2 , 2 2 

— + — + — > a +b +c 
a 2 b 2 c 


Tu do suy ra 

a 

Vay bat dang thuc duac chung minh. 


Ill 2 i 2 2 

— + — + —> a +b +(f 
2 b c 


Bai 92. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3. Chung minh rang: 

a b a ^ . 

— t^A —F+'Ifca + b + c 

Vb Vc Va 


Phan ti'ch va loi giai 

De dang du doan duac dau dang thuc xay ra khi va chi khi a = b = c = 1 . Quan sat bat dang 
thuc ta thay co dau hieu su dung bat dang thuc Bunhiacopxki dang phan thuc, do do ap dung bat dang 
thuc Bunhiacopxki ta co 

a | b | c _ a 2 | b 2 | c 2 ^ (a + b + c) 

Vb Vc Va aVb bVc cVa aVb + bVc + cVa 

, (a + b + c) 

Ta quy bai toan ve chung minh fc+rl -£p&^#fe^a + b + c 

avb + bvc + eva 

Hay aVb + bVc + cVa < a + b + c 

Be y den dau dang thuc xay ra va chieu cua bat dang thuc ta co danh gia theo bat dang thuc 
Cauchy la 

i — a(b +1) i— b(c +1) i — c(b +1) 

avb < V -V bvc < —^cVa < V - ’ 

2 2 2 

Cong theo ve cac bat dang thuc tren ta duoc 





a-s/b + bVc + cVa <^(a + b + c + ab + bc + ca) 

Ma lai co a 2 + b 2 + c 2 = 3 => a + b + c < 3 

Matkhac (a + b + c) (a + b + c) > 3(ab + be + ca) > (a + b + c)(ab + be + ca) 

Hay a + b + c > ab + be + ca 

Do do ta co aVb + bVc + eVa <^(a + b + c + a + b + c)<^> aVb + bVc + eVa < a + b + c 
Vay bat dang there duoc chung minh xong. 


Bai 93. Cho a, b, c la cac so there duong tuy y. Chung 

minh ring: 

a(b + c) b(a + c) 

c(a + b) 6 

- “ - 2 -- + -“- 2 -- + ~ 

V ) < u 

(b + c) +a 2 (c + a) +b 2 (s 

i + b) 2 + c 2 5 


Phan ti'ch va 151 giai 

Trude het ta du doan duoc dau dang there xay ra tai a = b = c. Quan sat bieu there ther nhat ben ve 
trai ta thay ca tur va mau cung chera dai cac dai luong a; b + c, tuy nhien dudi mau lai la tong nen neu 



Vay bat dang thuc duoc chung minh xong. 

Nhan xet: Cung nhan dinh nhu tren, nhung ta chu y den cac phep bien doi sau 





+ Neu ta dat x =-; y =-; z =-, khi do bat dang thuc duac v; 

a b c 

l + x 2 1 + y 2 1 + z 2 5 

Bey den dau dang thuc xay ra tai x = y = z = 2, do do ta co danh gia 
x _ 4x < 4x _ 4 

l + x 2 4 + x 2 + 3x 2 4x + 3x 2 3x + 4 


Hoan todn tuomg tu ta thu duac -- H-- 

l + x 2 1 + y~ 

Phep chung minh se hoan tat neu ta chi ra duac 
' ^ r , . b + C c+a 


Den day ta thay lai x 


2 1 + y 2 1 + z 2 3x + 4 3y + 4 3z + 4 

. * 4 4 4 6 

3x + 4 3y + 4 3z + 4 5 

+ a a + b , / t 

-; z = - vao bat dang thuc thi duac 

b c 

4b 4c 6 


4 a 4b 4c ^ 6 

-1-1-< — 

3b + 3c + 4a, 3c + 3 a + 4b 3 a + 3b + 4c 5 
Va ta chung minh hoan todn nhu tren. 

+ Neu ta dat x = ° ; y = —-—; z = —-—, khi do bat dang thuc tren duac viet lai la 
b + c c + a a + b 

x y z ^ 6 

- V + —^~N + - o ~ ~ 

l + x 1 + y 1 + z 5 

Va ta chung minh hoan todn tuang tu. 

Bai 94. Cho a, b, c la cac so thuc duong thoa man abc = 2 . Chung minh rang: 

a 3 + b 3 + c 3 > aVb + c + bVa + c + cVa + b 

Phan tich va loi giai 

Trudc het ta du doan duac dau dang thuc xay ra tai a = b = c = ^2 . Quan sat bit ding thuc cin 
chung minh ta co mot so nhan xet nhu sau: Ve trai chua cac luy thua bac ba nhung ve phai lai chua can 

bac hai, ngoai ra vdi diu ding thuc xiy ra tai a = b = c = thi c 3 = a + ^ . Do do ta nghT d6n bit 


dang thuc Cauchy cho hai so, tuy nhien de co duoc danh gia c +- 

c 

dai luong & + ^ . Chu y den gia thiet va mot danh gia quen thuoc ta co 
c 

a 3 + b 3 ab(a + b) _ ab(a + b) _ a 
2 2 abc 

3 a 3 +b 3 3 a + b _ I ~ 

2 c 


- > 2cVa + b ta can tao ra duoc 


Tir do ta co 
Tuong tu ta co 




, 3 a 3 + c 3 ^ i 3 a + c ^ „ /- 3 b 3 +c 3 3 b + c ^ 0 r, - 

b H-> b H-> 2bVa + c; a H-> a H-> 2avb + c 

2 b 2 a 

Cong ve theo ve cac bat dang thuc tren ta dugc: 

a 3 + b 3 + c 3 > aVb + c + bVa + c + cVa + b 
Bai toan dugc chung minh xong. 

Ngoai each chung minh nhu tren ta co th6 chung minh bai toan blng each ap dung bit ding thuc 
Bunhiacopxki nhu sau: 

Ap dung bat dang thuc Bunhiacopxki ta co 

|aVb + c + bVa + c + c>/a + b j < 2^a + b + c^a 2 + b 2 + c 2 j 

= abc(a + b + c)(a 2 +b 2 +c 2 j 

Theo mot bit ding thuc quen thuoc ta co abc (a + b + c j ^ (ab + be + ca j 
Tu do ta dugc 

abc (a + b + c) (a 2 + b 2 + c 2 j < (a 2 + b 2 + c 2 j (ab + be + ca) 


< 


(a 2 + b 2 + c 2 + ab + be + ca + ab + be + ca j 
3 4 

(a + b + 

3 4 


Hay 


(aVblT+b 41^1 +cVITb) 2 < 

I - I - j - fa + b + 

aVb + c + bVa + c + eVa + b < --— 

3 2 

/ s (a + b + c) 

De dang chung minh dugc (a 3 + b + c 3 j > ----— 

Tir do ta dugc bat dang thuc sau 

a 3 + b 3 + c 3 > aVb + c + bVa + c + eVa + b 


Bai 95. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

\ 

1 r3 ■ 

1 b3 

1 C> M 

^a 3 + (b + c) ]j 

b 3 + (a + c ) 3 ]j 

1 3 A \ 3 

c + (b + aj 


Phan tich va loi giai 

Trubc het ta du doan dugc dau dang thuc xay ra tai a = b = c. Quan sat bat dang thuc ta chu y 


den phep bien doi 


a 3 + (b + e) J | (b + c) 


. Khi do ta nghT den phep doi bien x = - 


bieu thuc tren duoc viet lai thanh J-. Chu y la khi a = b = c thi x = 2, ta co danh g 

V1 + x 3 


/(x + l)(x 2 - x + lj 


x + l + x-x + 1 x+2 




Khi nay thay lai x = ^ + C vao bat dang thuc tren ta duoc 


3 + (b + c) |^b + cj + 2 2a 2 + (b + c) 

Theo mot danh gia quen thuoc ta duoc (b + c j <2 ^b 2 + c 2 j, khi do ta suy ra duoc 

I 


Hoan toan tuong tu ta co 


a J + (b + c) a + b + c 
b 2 


\j b 3 + (a + c) 3 a 2 + b 2 + c 2 
Cong theo vi cac bit dang thuc tren ta duoc 


f (b 4 


a 2 + b 2 + c 2 


+ (b + c) ^b 3 +(a + c) ^c 3 + (b + a)' 


Vay bai toan duoc chung minh xong. 

Nhan xet: Ngoai each lam nhu tren ta co the chung minh bai toan nhu sau: Thuc hien bien doi nhu tren 
va chung minh 

’ 1+ r^T,i + i^±£ 

[ a J 2^0 

That vay, bat dang thuc tren tuong duemg voi 
( b + c 


(b + c\ + lffr + c^j 

< - +-«> - - 

) V a ) 4 l a J 4 l a 


Bat dang thuc cuoi cung luon dung, do vay bat dang thuc tren duoc chung minh. 
Ap dung tuong tu ta quy bai toan ve chung minh 


1 


1 


1 

fb + c > 

fl + il 
1 2 

r c + a^ 

\ \ + l| 
1 21 

^ a, + b '| 

l a J 

{ b j 

, - J 


That vay, dp dung danh gia quen thuoc {x + y} <2 {x 2 + y 2 ^ ta co 

1 2a 2 2a 2 _ a 2 

1 | lfb + c] 2 2 a 2 +(b + cf 2a 2 +2(& 2 +c 2 ) a 2 +b 2 +c 2 

2 l 


Bai 96. Cho a, b, c la cac so thuc duong tuy y. 

Chung minh rang: 


< a+b+c )(rHH 

M a + b + c)(a + b)(b + c)(c + a) 


V (ab + be + ca) 



Phan tich va loi giai 

Trade het ta du doan duoc dau dang thuc xay ra tai a = b = c. Be co nhung danh gia hop ly t 
viet bat dang thuc can chung minh lai thanh 





a + b + c + b + c + a> 3 | (a + b + c)(a + b)(b + c)(c + a) 
b c a a b c 


(ab + be 4 


Quan sat bat dang thuc tren ta viet dugc ve trai thanh 

a b c b c a a 2 c + b 2 a + c 2 a b 2 c + c 2 a + a 2 b 

-+—+-+—+—+-=-+- 

b c a a b c abc abc 

Quan sat v6 phai ta nhan th&y cin danh gia dai luong a 2 c + b 2 a + c 2 a v6 dai luong a + b + c dl 

co the thu gon dugc hai ve, chu y den chieu bat dang thuc ta ap dung bat dang thuc Cauchy thi dugc 

a 2 c + a 2 c + b 2 a > 3>/a 5 b 2 c 2 = 3aVa 2 b 2 c 2 
a 2 c + c 2 b + c 2 b > 3-\/a 2 b 2 c 5 = 3cVa 2 b 2 c 2 

b 2 a + b 2 a + be 2 > 3Va 2 b 5 c 2 = 3aVa 2 b 2 c 2 
Cong ve theo ve cac bat dang thuc tren, ta dugc 

a 2 c + b 2 a + c 2 b > (a + b + c) Va 2 b 2 c 2 

, a b c (a + b + cjW a + b + c 

b c a abc be 


b c a ^ a + b + c 

- + - + - >: - - - 

a b c 3/ a bc 

a b c b c a 2 (a + b + c) 

— + —i-1-1-b — > —-— -- — 

b c a a b c 3/abc 
Phep chung minh se hoan tat neu ta chi ra dugc 


Hoan toan tuong tu ta co 

Suy ra 


Hay 


2(a + b + c) |3(a + b + c)(a + b)(b + c)(c + a) 
a/ abc v (ab + be + ca) 

8 (a + b + c) 81 (a + b + c)(a + b)(b + c)(c + a) 

a ^ c (ab + be + ca) 

Khai trien va thu ggn ta dugc 

8 (a + b + c) (ab + bc + ca) > 81 (ac + bc)(ca + ab)(ab + be) 

Ap dung bat dang thuc Cauchy ta co 

81 (ab + be) (be + ca) (ca + ab) < 81. —-—-— = 24 (ab + be + ca) 

Mat khac ta lai co 3 (ab + be + ca) < (a + b + c) . Do do ta dugc 

24 (ab + bc + ca) =8 (ab + bc + ca) .3(ab + be + ca)< 8(ab + be + ca) (a + b + c) 

Hay 81abc(a + b)(b + c)(c + a) < 8 (a + b + c) (ab + bc + ca) 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = C. 


li 97. Cho a, b, c la cac so thuc duong thoa man Va + Vb + Ve = 1 . Chung minh rang: 

a 2 + be + b 2 + ca + c 2 + ab > ^ 

aVb + c bVc + a aVa + b 




Phan tich va loi giai 

Be co cac danh gia hop li ta viet lai ve trai cua bat dang thuc can chung minh thanh 
a 2 b 2 c 2 be ca ab 

aVb + c bVc + a aVa + b aVb + c bVc + a aVa + b 

Be y ta thay cac nhom tren co dau hieu sir dung bat dang thuc Bunhiacopxki nen ta tach ra va ap 
dung thi dupe 

a 2 b 2 c 2 ( a + b + c) 

- 1^=^= i-i- — - - -i- ' - - - 

aVb + c bVc + a aVa + b VaVab + ac + VbVbc + ab + VcVca + be 

(a + b + c) 

.^2 (a + b + c) (ab + be + ca) 

Ma theo mot danh gia quen thuoc thi 3 (ab + be + ca) < (a + b + c) nen ta dupe 
(a + b + c) 


(a + b + c) 

A /2 (a + b + c)(ab + be + ca) t u \ 12/ u \ 
VI A ) (a + b + c)^-(a + b + c) 

a 2 b 2 c 2 | 3 (a + b + c) 

Bo do ta dupe — , H- , H- , > W—-- 

aVb + c bVc + a aVa + b V 2 

Cung nhu tren ta ap dung bat dang thuc Bunhiacopxki thi dupe 

(b. 


3(a + b + c) 
2 


ab) 


aVb + c bVc + a aVa + b abeVb + c abeVe + a abeVa + b_ 
(ab + bc + ca) 3abc(a + b + c) 

abc |Vb + c + Ve + a + Va + b j abc^6(a + b + c) 


3 (a + b + c) 
2 


Bo do ta dupe 


a 2 + be + b 2 + ca + c 2 + ab _ 
aVb + c bVc + a aVa + b 


i .^6 (a + b + c) 

Lai co a + b + c > ^ | Va + Vb + Ve j = ^ nen .^6 (a + b + c) > V 2 


Hay 


aVb + c bVc + a aVa + b 


> V2 


Vay bat dang thuc dupe chung minh. Bang thuc xay ra khi a = b = c = — 

Bai 98. Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 1 . Chung minh ring: 

ab be ca 3 VII 

^(1 _ c) 3 (1 + c) + 7(1 - a) 3 (1 + a) + V(1 - b) 3 (1 + b) “ ^ 

Phan tich va loi giai 

Quan sat bat dang thuc can chung minh thi suy nghT dau tien la co gang don gian hoa cac dai 
lupng dubi dau can roi tien tbi loai bo can bac hai. Trubc het ta ta bien doi don gian hoa cac bieu thuc 
trong can. Chu y den gia thiet a + b + c = lta viet dupe 




(l + c) (a + b)Vl cT (a + b^yj(a + b + c) -c 


(a + b)^(a + b + c) -c 2 (a + b)^a +b + 2^ab + bc + ca) 
Mat khac ap dung bat dang thuc Cauchy ta dugc 

a 2 + b 2 + 2 (ab + be + ca) > (ab + be) + 2 (ab + ca) va a + b > 2y/ab 
Do do theo mot danh gia quen thuoc ta co 

ab < 1 I ab 

(a + b) Ja 2 + b 2 + 2(ab + be + ca) 2 ^(ab + be) + 2(ab + ca) 

Ma theo bat dang thuc Cauchy ta lai co 


Tir do ta dupe 


ab < 1 ab ^ ab _ 1 a + b 

2(ab + be) + 2(ab + ca) 2^2 Vab + bc ab + ca 2^2 Va + c b + c 

ab ^ 1 l~a b 


•^(l - c) 3 (l + e) _ 4^2 Va + c b + e 


Ap dung hoan toan tuong tu ta dupe 

ab be 


^(l-cfp + c) j(l-a) 3 (l + a.) J(l-bf(l + b) 


1 

’ 4 yfc 


■f 1 a + b + 

1 b | c | 

1 c + a | 

^\a + c b + c 1 

Vb+a c+a 

V c + b a + b 


Ta can chung minh 


■1 1 a + b + 

1 b | c | 

I c + a \ 

y a + c b + c 1 

Vb+a c+a 

Vc + b a+b^ 


, 3^2 


Hay 


a b b c , s- ^« 

-1-h a -1-h a -1-< 3 

a+c b+c Vb + a c+a Vc + b a+b 


Den day ta chu y den bat dang thuc Bunhiacopxki ta dupe 


nr 

I b | / b | c | / c | 

a 

Va + c 

b+c Vb+a c+a Vc + b 

a + b 


b + b + c + c + a 

H 

y [a + c 

b + c b + a c + a c + b a + b 


Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi a = b = c = — 


Bai 99. Cho a, b, c la cac so thuc duong thoa man a + b + c < 1. Chung minh rang: 

1 1 1 1 87 


2 +b 2 +c 2 ab(a + b) cb(c + b) ac(a + c) 2 


Phan tich va loi giai 

Quan sat bat dang ta nhan thay ve trai co ba phan thuc phia sau dong bac nen ta danh gia ba phan 
thuc do trude. Ap dung bat dang thuc Cauchy ta dupe 








ab(a + b) cb(c + b) ac(a + c) ^a 2 b 2 c 2 (a + b)(c + b)(a + c) 

Trong bieu there dude dau can ta chu y den dai lugng (a + b) (b + c) (c + a) co the danh gia ve 

a + b + c. Nhu vay theo bat dang thuc Cauchy ta dugc 

, w, w x 8(a + b + c) 8 
(a + b)(b + c)(c + a) < V 

Ngoai ra chu y den dai luong a 2 + b 2 + c 2 d dudi mau cua phan thuc thu nhat, de danh gia dugc 
ve trai ve (a + b + c) thi ta can danh gia dai lugng a 2 b 2 c 2 va ab + be + ca. Do do cung theo bat dang 

(ab + be + ca) 


tuc Cauchy ta co a b e < - 


27 


Ket hgp hai bat dang thuc tren ta dugc 


„ „ „, w w , 8 (ab + be + ca) 

a b e (a + b) (b + c) (c + a) < —-- 2 -- 


Suy ra ta dugc 


27 

27 


ab(a + b) cb(c + b) ac(a + c) 2(ab + bc + ca) 
Khi do ta dugc bat dang thuc sau 

i i i %: , t 1 


27 


a 2 +b 2 + c 2 ab(a + b) cb(c + b) ac(a + c) a 2 +b 2 +c 2 2(ab + bc + ca) 
Ap dung bat dang thuc Bunhiacopxki ta dugc 

1 1 l 


Va ta lai co 


2 + b 2 + c 2 ab + be + ca ab + be + ca + ^ + c j- 

1 . 3 


- > 9 


- > - 


- > 3 


ab + bc + ac ( a + b + c ) 2 

Do do ta dugc 

1 111 ^ 1 | 27 

a 2 +b 2 + c 2 ab(a + b) cb(c + b) ac(a + c) a 2 +b 2 +c 2 2(ab + bc + ca) 


1 


23 


> 9 + - 


23.3 87 


2 + b 2 + c 2 ab + be + ca 2 (ab + be + ca) 2 2 


Bai toan dugc chung minh xong, dang thuc xay ra khi a = b = c = —. 

Bai 100. Cho a, b, c la cac s6 thuc khong am thoa man a + b + c = 1. Chung minh r^ng: 

1 1 1 


a + b b + c c + a 


->10 


Phan tich va loi giai 

Bat dang thuc khong xay ra dau bang tai a = b = c, do do ta du doan xay ra tai mot bien bang 
khong va hai bien con lai bang nhau. Thay vao bat dang thuc ta co dau dang thuc xay ra tai 

a = b = ^; c = 0. Trong tinh huong nay ta nghT den sap thu tu cac bien va danh gia lam sao bao toan 




dugc dau dang there. Vi vai tro cua cac bien nhu nhau nen ta gia sir c la so nhd nhat trong cac so a, b, c. 
Nhu vay khi danh gia ta can chu y sao cho dau dang thuc xay ta tai a = b = ^; c = 0. Trong cac danh 
gia ta can xem vai tro cua a, b nhu nhau so vbi c. Tu nhung phan tich tren ta co cac danh gia sau 
a + b < (a + ac H-1 + (b + be H-1 = (a ■+—1 + (b H—1 


Tuong tu ta co 
Do do ta co bat dang thuc 


b 2 + c 2 < b + - ; a 2 + c 2 < a + - 



ct H— + b + 


21 b + —[ a + - 

2 ){ 2 


a + ^ | +| b + ^ | +2| b + ^ || a + ^ | |a + b + ^' C 



Vay bat dang thuc dugc chung minh xong. 

Dang thuc xay ra khi va chi khi ^a; b; cj = ^ Ci j va cac hoan vi cua no. 

Bai 101. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 2 + b 2 b 2 + c 2 c 2 + a 2 3(ab + bc + ca) 

- 1 - 1 ->- 

a+b b+c c+a a+b+c 


Phan ti'ch va 151 giai 




Quan sat bat dang thuc tren ta chu y den bat dang thuc Bunhiacopxki dang phan thuc. Tuy nhien 

a 2 + b 2 a 2 b 2 

de ap dung dugc ta can de y den phep bien doi -=-1-hoac danh gia quen thuoc 

a+ba+ba+b 

2(a 2 + b 2 )>(a + b) 2 . 

Cach 1: Ap dung bat dang thuc Bunhiacopxki ta dugc 

a 2 b 2 c 2 (a + b + c) 3(ab + bc + ca) 

- 1 - 1 -^ —, -x > - , -r- 

a + b b + c c + a 2(a + b + cJ 2(a + b + c) 

b 2 c 2 a 2 (a + b + c) 3 (ab + be + ca) 

a + b b + c c + a 2(a + b + c) 2(a + b + c) 

Cong theo ve hai bat dang thuc tren ta dugc 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 > 3 ( a b + be + ca) 
a+b b+c c+a a+b+c 

Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = C. 

Cach 2: Ap dung bat dang thuc Bunhiacopxki ta dugc 

a i+ b 2 | b ; +c 2 | c ; +a ; ^ , ( tl + c ) (c + a) 

a + b b + c c + a 2 (a + b) 2(b + c) 2(c + a) 

(2a + 2b + 2c) 12(ab + bc + ca) 3(ab + bc + ca) 

“ 4 (a + b + c) “ 4(a + b + c) a + b + c 

Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = C. 



Chu de 12 

MOT SO BAT DANG TIII C TRONG CAC DE THI HOC SINH GlOl VA TUYEN SINH DH- 
THPT QUOC GIA VA LOP 10 CHUYEN TOAN 

Trong cac ki thi hoc sinh gioi mon Toan THCS, THPT va cac ki thi tuyen sinh lop 10 chuyen, noi 
dung ve bat dang thuc va gia tri ldn nhat, nho nhat xuat hien mot each deu dan trong cac de thi vdi cac bai 
toan ngay cang kho hon. Trong chu de nay, chung toi da tuyen chon va gioi thieu mot so bai toan ve bat dang 
thuc va gia tri ldn nhat, nho nhat dupe trich trong cac de thi hoc sinh gioi mon torn cap tinh va cac de thi 
chuyen toan cac nam gan day. 


Bai 1. a) Cho cac so duong a, b, c tuy y. Chung minh rang: (a + b + c)— + — + — >9 

b c j 

b) Cho cac sd duong a, b, c thoa man a + b + c < 3. Chung ming ring: 

_ 2009 >670 

a 2 + b 2 + c 2 ab + be + ca 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tinh Hai Phdng nam 2009 - 2010 
Loi giai 

a) Ap dung bat dang thuc Co si cho 3 so duong a + b + c > v/abc; — + — + — > 3 }- — 

a b c sjabc 


Suy ra 


/ n if 1 1 ikr 
(a + b + cj —+ —+ - I > { 


i^a b c J 

Bat dang thuc dupe chung minh. Dau dang thuc xay ra khi va chi khi a = b = c 

(a + b + c) 

b) Ta co ab + be + ca < a 2 + b 2 + c 2 => ab + be + ca < --— < 3 

3 


Suy ra 


2007 


->669 


ab + be + ca 

Ap dung bat dang thuc trong cau a, ta co 

1 1 

- 9 - 9 ~ ^ - 1 

f b + c ab + be + ca ab + be 

1 1 


-- (a 2 + b 2 + c 2 + 2ab + 2bc + 2ca) > 9 

dc + ca p > 


Suy ra 


Do do ta dupe - 


a 2 + b 2 + c 2 ab + be + ca 


(a + b + c^ 


1 


2009 


-> 670. 


a 2 + b 2 + c 2 ab + be + ca 
Vay bat dang thuc dupe chung minh. Dau dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 2. Vdi so tu nhien n > 3. Chung minh rang S < —. 


3(l + V2) 5(72+73) (2n + l)(7n +7n + l) 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tinh Binh Dinh nam 2009-2010 


Loi giai 


Vdi n > 3 , ta co 




1 _Vn + l-Vn_ Vn + l-Vn 

l^Vn + Vn +1 j 2n + l V4n 2 + 4n + 1 
< V n + 1 - -s/n _ V n + 1 - Vn 
V4n 2 + 4n 2>/n + l.Vn 


S <— 1- 7 = 4— 7 =- 7 = + ...4 

2 v V 2 V 2 V3 


- Vn If 

' 1 

l.Vn 21 

vVn yfi 

1 if, 

1 ^ 

= - 1 - 

, 

J 2 l 

\n 4- ly 


Vay bat dang thu'c ctu'gc chung minh. _ 

Bai 3. Chung minh rang — - ^2 > — . J - 


, vai moi so nguyen n 


|_ Trich de thi tuyen sink l&p 10 chuyen Toan Titih Binh nam 2009-2010 

Loi giai 

Vi m, n la cac so nguyen nen — la s6 huu ti va V 2 la s6 vo ti nen —-yfe ^ 0 . 

n n 

Ta xet hai trubng hop sau 
+ Truong hop 1: Vdi — > V 2 , khi do ta dupe 


m > 2n => m > 2n 4-1 hay m > V2n" 4-1 




L 1 [z 

2 L r 

\ 

/T 

J2 4—- 4- v2 

V n 

n 2 J2 + — + 

V n 

v 2 




- Truong hop 2: Vdi — < V 2 , khi do ta dupe 
n 

m 2 < 2n 2 => m 2 < 2n 2 -1 hay m < V2n 2 -1 


- V2 = S ~ — > S ~ 


1 .. i 


Vay bai toan dupe chung minh. 

Bai 4. Cho ba so thuc a, b, c doi mot phan biet. Chung minh rang: 




>2 


|_ Trkh de thi tuyen sink l&p 10 chuyen Toan Tinh Vlnh Phucnam 2009-2010 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 


[a b c | ^ _ ab 

be 

ca 

[b-c c-a a-bj [(b-c)(c-a) I 

(c - a^a - b) 

(a - b)(b - c) 


Ma ta lai co 

ab + be + ca 
(b-c)(c-a) (c-a)(a-b) (a-b)(b-c) 

ab (a - b) + be (b - c) + ca (c - a) (a - b) (b - c) (c 
(a - b)(b - c)(c - a) (a-b)(b-c)(c 


I cL b C | 

-1-1-> o. 

b-c c-a a-bj 

Bat dang thuc cuoi cung la mot bat dang thuc dung. Vay bai toan duoc chung minh. 

Bai 5. Cho a, b, c la cac so thuc duong thay doi thoa man a + b + c = 3 . Tim gia tri nho nhat cua bieu 
thuc: 

„ 2 n o 2 ab + be + ca 

P = a 2 + b 2 + c 2 + — —-- 

ab+bc+ca 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tinh Nghe An nam 2009-2010 
Loi giai 

Du do an duoc dau dang thuc xay ra tai a = b = c = 1 va gia tri nho nhat cua P la 4. Ta quy bai 


toan ve chung minh bat dang thuc 


2 . 2 2 ab + bc + ca ^ , 

a ~ +b +c + 2t , u -r - 4 

ab + be + ca 


a 2 b + b 2 c + c 2 a 

That vay, ket hop vdi gia thiet ta co 

3 (a 2 +b 2 +c 2 ) = (a + b + c)(a 2 +b 2 +c 2 j 

= a 3 + b 3 + c 3 + a 2 b + b 2 c + c 2 a + ab 2 + be 2 + ca 2 
Ap dung bat dangr thuc Cauchy ta co 

a 3 + ab 2 > 2a 2 b;b 3 + be 2 > 2b 2 c; c 3 + ca 2 > 2c 2 a 


3 a +b + c >3 ab + bc + ca >0 


Do do ta duoc a + b + c + —---— = 

a b + be + ca 
Phep chung minh se hoan tat neu ta chi ra duoc 


2 ab + bc + ca 


2 . 2 2 ab + bc + ca 

a 2 + b 2 + c 2 + —---- > 4 

a + b + c 


Dat t = a 2 + b 2 +c 2 . 

Tir gia thiet a + b + c = 3 => a 2 + b 2 + c 2 > 3 , do do ta duoc t > 3 







Hay P 2 > {\ll + x 2 + 2x j + 3 > 3. Do do ta dirge P > V3 . Vay bat dang thiic dirge cluing minh. 
Dang thiic xay ra khi va chi khi 

ad - be = 1 
2a = V3d - c 

2b = Sc - d 

Cach 2: Ta viet lai bat dang thiic can chiing minh thanh 

a 2 + b 2 + c 2 + d 2 + ac + bd > V3 (ad - be) 

Hay a 2 + b 2 + c 2 + d 2 + ac + bd > a |V3d - c j + b |-V3c - d j 


Ap dung bat dang thiic Cauchy ta co 


I V 3d - cl 2 3d. 2 - 2V3cd + c 2 


(-Ac-dJ 3d 2 + 2 Acd + c 2 


b(-Ac-d)<b 2 d 4 > = b » + -M + 2V3cd 

Cong theo ve hai bat dang thiic tren ta dugc 

a 2 + b 2 + c 2 + d 2 + ac + bd > a |V3d - cj + b |-V3c - 


Bai toan dugc chiing minh xong. _ 

Bai 7. Ggi a, b, c la do dai ba canh ciia mot tarn giac co ba goc nhgn. Chiing minh rang vdi mgi so thuc x, 
y, z ta luon co: 





Gia su a < b < c, khi do c 2 - a 2 > 0; c 2 - b 2 > 0. Vbi c la canh Ion nhat va cac goc deu nhon nen 


c 2 < a 2 + b 2 . Do do ta co 

b 2 + c 2 - a 2 > 0; a 2 + c 2 - b 2 >0; a 2 + b 2 - c 2 >0 




> 2x 2 + 2y 2 + 2z 2 





--2k + 1 - 2Jk(k + l) >0« (Vk + 1 - Vk) 2 > 0 

(k + l)Vk Vk.vk + 1 * ' 


Bat dang thuc cuoi cung luon dung vdi moi k nguyen duang. 
Vay bat dang thuc dupe chung minh. 
b) Ap dung ket qua cau a ta co 

111 1 


VT = 


2 VI 3V2 4V3 2010V2009 

<2 (V“i) +2 (i"i) + ’" +2 (^s“^k) 

= 2|;i^, 1 1 < 2 f 1 -- —1 = — = yp 
V2010 J l 45 J 45 


Vay bat dang thuc dupe chung minh xong. _ 

Bai 9. Vdi a, b, c la nhung so thuc duong. Chung minh rang: 

a 2 b 2 


V3a 2 + 8b 2 +14ab^ V3b 2 + 8c 2 + 14bc V3c 2 + 8a 2 +14ca 3 

Trich de thi tuyen sink l&p 10 chuyen Toan DHKHTN Ha Ngi 11 am 2009-2010 


Lol giai 

Ap dung bat dang thuc Cauchy ta dupe 

3a 2 + 8b 2 + 14ab = 3a 2 + 8b 2 + 12ab + 2ab < 4a 2 + 9b 2 + 12ab = ^2a + 3b) 2 

Suy ra 


V3a 2 + 8b 2 + 14ab (2a + 3b) 2 2a + 3b 
Ap dung tuong tu ta thu dupe 

a 2 | b 2 | c 2 

V3a 2 + 8b 2 + 14ab V3b 2 + 8c 2 + 14bc V3c 2 + 8a 2 + 14ca 


2a + 3b 2b + 3c 2c + 3a 

Mat khac theo bat dang thuc Bunhiacopxki dang phan thuc ta dupe 

a 2 b 2 c 2 (a + b + c) a + b + c 

-1-1-> —-r- = - 

2a + 3b 2b + 3c 2c + 3a 5 (a + b + c) 5 

Do do ta dupe 

a 2 b 2 c 2 ^ a + b + c 


V3a 2 + 8b 2 + 14ab V3b 2 + 8c 2 + 14bc V^V + 8a 2 +14ca 3 
Vay bai toan dupe chung minh xong. Bang thuc xay ra khi va chi khi a = b = c 


Bai 10. Gia su x, y, z la nhung so thuc thoa man dieu kien 0<x, y, z<2 vax + y + z = 3. Tim gia 
tri nho nhat va ldn nhat cua bieu thuc: 

M = x 4 + y 4 +z 4 +12(l-x)(l-y)(l-z) 

Trich de thi tuyen sinh l&p 10 chuyen Toan DHKHTN Ha Noi nam 2009-2010 
Loi giai 

Bat a = x-l; b = y -1; c = z- l,ta dupe -l<a; b; c<l vaa + b + c = 0. Bieu thuc M 
dupe viet lai thanh 

M = a 4 + b 4 + c 4 + 4 (a 3 + b 3 + c 3 ) + 6 (a 2 + b 2 + c 2 ) + 4 (a + b + c) + 3 - 12abc 






Be y la khi a + b + c = 0 thi a 3 + b 3 + c 3 - 3abc = 0 nen bieu thuc tren thir thanh 
M = a 4 + b 4 + c 4 + 6 |a" + b 2 + c 2 j + 3 
Theo mot danh gia quen thuoc thi 

a 4 + b 4 + c 4 > abc (a + b + c) = 0 

a 2 + b 2 + c 2 > -^(a + b + c) 2 =0 

Do do suy ra M > 3 hay gia tri nhd nhat cua M la 3. 

Bang thuc xay ra khi va chi khi a = b = c = 0 hay x = y = z = 1. 

Mat khac do -1 < a; b; c < 1 nen ta co lal; Ibl; |c| < 1. Tir do ta co 


Suy ra M = a 4 + b 4 + c 4 + 6|i 


< a 2 < |a|; b 4 < b 2 < |b|; c 4 < c 2 < |c| ( 

6 (a + b + c ) + 3 < 7 f|a| + Ibl + |c|) + 3 


Ma ta lai co a + b + c = 0 nen trong ba so a, b, c co mot hoac hai so am, tuc la luon ton tai hai so 
cung dau. Khong mat tinh tong quat ta gia sir hai so do la b va c. Khi do ta dupe 

l b hl = l b+c l=H 

Ben day ta co M < 14 |a| + 3 < 17 hay gia tri lbn nhat cua M la 17. Bang thuc xay ra khi va chi khi 
a = 1; b = —1; c = 0 va cac hoan vi hay x = 2; y = 0; z = 1 va cac hoan vi 


Bai 11. a) Cho 3 so thuc a, b, c bat ki. Chung minh rang: 

(a- b ) 2 | (b-c) 2 | (c-a) 2 
26 6 2009 

1 2 8 
b 2a - b 

Trich de thi tuyen sink lop 10 chuyen Toan TP Ho Chi Minh nam 2009-2010 


a + b 2 + c > ab + be + ca + - 
b) Cho a > 0; b < 0. Chung minh ring 


Loi giai 

a) Bat dang thuc can chung minh tuong duong vdi 


(a-b) (^ -c ) ( c-a ) ( a_ b) (^ _c ) ( c_a ) 


2 2 2 26 6 2009 

12fa -bf (b-cf 2007fc-af 

Hay —^^^> 0 

13 3 2 
Bat dang thuc cuoi cung luon dung. 

Vay bai toan dupe chung minh. Bang thuc xay ra khi va chi khi a = b = c. 
b) Bat dang thuc can chung minh tuong duong vdi 

1 2 ^ 8 
a -b 2a - b 

Bat c = -b, do b < 0 nen ta dupe c > 0, khi do bit ding thuc tren dupe viit lai thanh 


1 | 2 > 8 
a c 2a + c 


Theo mot danh gia quen thuoc ta dupe 


1 | 2 _ 2 | 2 > 2.4 8 

a c 2a c 2a + c 2a + c 

Vay bat dang thuc dupe chung minh. Bang thuc xay ra khi va chi khi 2a = -b . _ 

Bai 12. Cho a, b la cac s6 duong thoa man —-— + = 1. Chung minh ab 2 < — . 

1 + a 1 + b 8 





Trich de thi tuyen sinh l&p 10 chuyen Toan Tilth QuangBinh nam 2015-2016 


Loi giai 

b 

; y = 


, , .a a 2b a b „ x T y 

Tu gia thiet-1-= 1. Dat x =-; y =-Suy ra a =-; b =-. 

1+a 1+b 1+a 1+b 1-x 1-y 

Khi do ta dugc x + 2y = 1 va bat dang thuc can chung minh dugc viet lai thanh 

x y 2 


- < - 

8 


(l-x)(l-' y ) 

Tu gia thiet ta suy ra 1 - x = 2y; 1 - y = x + y nen lai viet bat dang thuc can chung minh thanh 


2y(x 


r ^ ^ » 4 x y < (x + y) 2 


Danh gia cuoi cimg la mot bat dang thuc dung. Vay bai toan dugc chung minh xong. Dang thuc 
xay ra khi va chi khi a = b. 


Bai 13. Cho x, y, z la cac so thuc duong sao cho xyz = x + y + z + 2. Chung minh rang: 

1113 

f —j= 

Vxy Vyz vzx 2 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tilth Phu Tho nam 2009-2010 


Loi giai 

Gia thiSt cua bai toan duoc vi6t lai thanh — -1---1—-— = 1. 

x +1 y + 1 z + 1 

Dat a = —-—; b = —-—; c = —-—. Khi do ta duoc a + b + c = l.Tudo suy ra 
x+1 y+1 z+1 

_l-a_b+c _l _ b_c+a _l-c a+b 
a a ’ y b 

Bat dang thuc can chung minh dugc viet lai thanh 


b ’ ' 


1 ab 

1 bc i 

j ca 3 

(b + c)(c + a) ]j 

(c + a^a + b^ V 

(a + b^b + c^ 2 


Ap dung bat dang thuc Cauchy ta dugc 


fb)(b + 

Cong theo ve cac bat dang thuc tren ta dugc 


2l 

v b + c c + aj 

1| 

f C a 

b 

2 

+ a a + b y 

1 

( - _ 

c 

2 

^a + b b + c 


1 ab 

1 bc + 

1 ca ^ 3 

(b + c)(c + a) ]j 

(c + a^a + b^ v 

(a + b^b + c^ 2 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 2 _ 

Bai 14. Cho cac s6 thuc khong am a, b, c sao cho ab + be + ca = 3. Chung minh ring: 

1 1 1 
a +2 b+2 c+2 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tilth Phu Tho nam 2009-2010 






Bat dang thuc can chung minh tuong duong vdi 


Loi giai 


a + 2 b 2 + 2 c + 2 

Ap dung bat dang thuc Bunhiacopxki dang phan there ta dugc 


(a + b + c) 


(a + b + c) 


a 2 + 2 b 2 + 2 c 2 + 2 a 2 + b 2 + c 2 + 6 a 2 + b 2 + c 2 + 2 (ab + be 4 
Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 


Bai 15. Cho x, y, z la cac so duemg thoa man x + 2y + 3z = 18 . Chung minh rang: 

2y + 3z + 5 3z + x + 5 x + 2y + 5 51 

—- + - + - - - > — 

1 + x l + 2y l + 3z 7 

Trich de thi tuyen sink l&p 10 chuyen toan Dai hoc Vinh, 2009 - 2010 


Loi giai 

Bat a = x; b = 2y; c = 3x, khi do gia thiSt tro thanh a + b + c = 18 va bit ding thuc dugc vi6t 
lai thanh 

b + c + 5 c + a + 5 a + b + 5 51 

-+-+-> — 

1 + a 1 + b 1 + c 7 
Bat dang thuc tren tuong duong voi 


b + c + 5 c + a + 5 a + b + 5 51 

-+ 1 +-+ 1 +-+ 1 > — + 3 

1+a 1+b 1+c 7 


Hay 


(a + b + c + 6)-1-1-S 

' '^1 + a 1 + b l + c y 


Phep chung minh se hoan tat neu ta chi ra dugc 

1 1 


1+a 1+b 1+c 7 


That vay theo bat dang thuc Cauchy ta co 

1 1 1 9 _ 9 _ 3 

1 + a 1 + b 1 + c 3 + a + b + c 21 7 

Vay bai toan dugc chung minh. 

Bang thuc xay ra khi va chi khi a = b = c = 6 hay x = 6; y = 3; z = 2 . 

| Bai 16. Gia su x, y, z la cac so thuc duong thoa man dieu kien x + y + z = 1. 

Vxy 


Chung minh rang: 


+ z + ^2x 2 + 2y 2 > 

1 +Vxy 

Trich de thi tuyen sink l&p 10 chuyen Toan DHKHTNHa Noi nam 2010-2011 
Loi giai 

Ta se quy bai toan ve viec chung minh bat dang thuc cung bac la 
^xy + z (x + y + z) + ^2x 2 + 2y 2 > 
x + y + z + ^y_ 

<=> J( x + Z )(y + z) + V 2 x 2 +2y 2 >x + y + z + Vxy 

Su dung bat dang thuc Cauchy ta co yj 2x 2 + 2y 2 > x + y 
Bo do ta chi can chung minh ^z + x j (z + yj > z + yjxy 
Bat dang thuc tren tuong duong voi 




z + xy + z(x + yj > z + xy + 2z^/xy «> z(Vx - ^yj > 0 

Bai toan dugc chung minh hoan toan. Bang there xay rakhi x = y = ^;z = 0. 

Bai 17. Cho a,b, c lacac s6 duongthoaman a + b + c + ab + bc + ca = 6. Chung minhr2ng: 

a 3 b 3 c 3 2 i 2 2^0 

— + — + — > a + b + c >3 
b c a 

Trich de thi tuyen sink l&p 10 chuyen Toan DHNNHa Noi nam 2010-2011 
Loi giai 

a 3 b 3 c 3 

Trade het ta chung minh bat dang there-1-+ — > a 2 + b 2 + c 2 

b c a 

That vay, theo bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

a 3 b 3 c 3 (a 2 +b 2 +e 2 ) 
b c a ab + be + ac 

Theo mot danh gia quen thuoc ta co a 2 + b 2 + c 2 > ab + be + ca 
Do do tadugc (a 2 + b 2 + c 2 ) > (a 2 + b 2 + c 2 )(ab + be + ca) 


^ a b C 3 2 r 2 2 

Do do ta suy ra-1-1-> a + b +c 

b c a 

+ Chung minh a 2 + b 2 + c 2 > 3 . 

That vay, ap dung bat dang thuc Cauchy ta co 


a‘ + b > 2ab; b + c > 2bc; 


ha 2 > 2ca; a 2 +1 > 2a;b' +1 > 2b;c 2 +1 > 2c 


Cong theo ve cac bat dang thuc tren ta dugc 

3 (a 2 + b 2 + c 2 ) + 3 > 2 (ab + be + ca + a + b + c) = 12 


Ket hgp hai ket qua tren ta duoc-1-1-> a 2 + b 2 + c 2 >3 

b c a 

Vay bai toan dugc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c = 1. _ 

I Bai 18. Cho cac so duong a, b, c thoa man a + b + c = abc. Tim gia tri Ion nhat cua bieu thuc: 


) V i ) V i ) 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Phu Tho nam 2010-2011 
Loi giai 

Cach 1: Ket hgp vdi gia thiet ta co 

Jbc^l + a 2 ) = Vbc + a 2 bc = ^bc + a (a + b + c) = ^(a + b)(a + c) 


Hoan toan tuong tu ta dugc 


(l + b 2 ) = a + b)(b + c); yba(l + c 2 






J(a + b)(a + c) 


a + b) (b + c) ^(a + c)(b + c 


1 b 

b | 

1 c c 

1 a + b a + c 

Vb + 

c b + c ^ 

c + b a + c 


Ap dung bat dang thuc Cauchy ta dugc 


a < 1 a a 
a + ba + c 2a + b a + c 

Hoan toan tucmg tu ta dugc 

„l[a a b b c 

S<- -+-+-+-+-+ — 

2^a + b a + c b + c a + b a + c b + c) 2 

Vay gia tri ldn nhat cua S la ^. Dang thuc xay ra khi va chi khi a = b = c = sf3 . 

Cach 2: Ta vi6t lai gia thiSt thanh — + — + — = 1 . 

ab be ca 

Bat x = —; y = —; z = —, khi do gia thiSt trb thanh xy + yz + zx = 1 
a b c 
Ta viet lai bieu thuc S thanh 


S \x 2 +l \y 2 +l Vz 2 +1 

Be y den gia thiet xy + yz + zx = 1 ta dugc 


1 yZ ii 

1 zx i 

1 xy 

( x + y)(x + z) y 

(y + z )(x + z) ]j 

(z + x)(y + z) 


S = 


Ap dung bat dang thuc Cauchy ta cluing minh dugc 


Y z 


(x + y)(x + z) ^(y + z)(x + z) ^(z + x)(y + z) 2 


Vay gia tri ldn nhat cua S la —. 


Bai 19. Cho cac so duong a, b c .Tim gia tri nho nhat cua bieu thuc 

^ c(ab + l) a(bc + l) b(ca + l.y 
b 2 (be +1) c 2 (ca +1) a 2 (ab +l) 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Phu Tho ndnt 2010-2011 


Loi giai 


Cach 1: Ap dung bat dang thuc Cauchy dangx + y + z > 3^/xyz ta dugc 

c(ab + l) .a(bc + l) .b(ca + l) 
v b 2 (be +1) .c 2 (ac +1) .a 2 (ab +l) 


^ ^ jc(ab + l) .a(bc + l) .b(ca + l) ^(ab + l)(bc + l)(ac +1) 

a Ik: 


>3- 


2Vab.2\/bc.2Vca 

abc 


Vay gia tri nho nhat cua S la 6, dang thuc xay ra khi va chi khi a = b = c = 1 







ca +1 


Khi do bieu thuc duoc viet lai thanh S = 


Theo bat dang thuc Bunhiacopxki dang phan thuc ta co 


y z x x+y+z 


ab + 1 be +1 ca +1 


= a + — + b 


Vay gia tri nhd nhat cua S la 6, dang thuc xay ra khi va chi khi a = b = c = 1 _ 

Bai 20. Cho x, y, z la cac s6 duong thoa man x + y + z = 18^2 . Chung minh ring: 

1 1 11 

y x (y +z ) ^ V y ( z . + X ) v z ( x+y ) 4 

Be thi tuyen sink l&p 10 chuyen toan Bai hoc Vinh, 2010 - 2011 
Loi giai 

Bit ding thuc cin chung minh tuong duong vdi 

1 | 1 | 1 > 1 
^2x (y + z) ^2y(z + x) ^2z(x + y) ~ 4>£ 

Ap dung bat dang thuc Cauchy ta co 2./2x(y + z) < 2x + y + z , do do ta duoc 


V 2x (y + zJ 

Hoan toan tuong tu ta duoc bat dang thuc 

111 
^2x(y + z) ^2y(z + x) ^2z(x + y) 
Phep chung minh se hoan tat neu ta chi ra duoc 


x + 2y + z x + y + 2z 


2x + y + z x + 2y + z x + y + 2z 
That vay theo bat dang thuc Cauchy ta duoc 


2x + y + z x + 2y + z x + y + 2z 4 (x + y + z) 4.18 a/2 8^2 

Vay bai toan duoc chung minh xong. Bang thuc xay ra khi va chi khi x = y = z = 6-\/2 . 

I Bai 21: Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh rang: 


a + b + c ab + be + ca 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh vinh Pltuc nam 2010-2011 
Loi giai 

Cach 1: Bit ding thuc da cho tuong duong: 

(a + b + c) (ab + be + ca) + 3 (ab + be + ca) > 6 (a + b + c) 





(ab + be + caI > 3abc(a + b + c) = 3(a + b + c) 


Nen bai toan quy ve chung minh ^3 (a + b + cj + 3^3 (a + b + c j > 6 ^a + b + cj 

Bat dang thuc tren tuong duong vbi ,^3 (a + b + c) a + b + c - \fs j >0 

Bat dang thuc cuoi cung la mot bat dang thuc dung. Vay bai toan duoc chung minh. 
Bang thuc xay ra khi va chi khi a = b = c = 1 


1 3 6 3abc 6abc 

a + b + c ab + be + ca a + b + c ab + be + ca 

3 ^ 6 , 3 6 

1 1 1 1 1 1 xy + yz + zx x + y + 


Theo bat dang thuc Cauchy ta co 3 (xy + yz + zx) < (x + y - 


> 0 vbi Vx, y.z > 0 . 


Tir do ta duoc bat dang thuc 1 +->- 

xy + yz + zx x + y + z 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = C = 1 . 
I Bai 22. Cho a, b, c la cac so thuc duong thoa man a + b + c < 2. Chung minh rang: 


|_ Trich de thi tuyen sink lop 10 chuyen Toan TP Hai Phdng nam 2010-2011 

Loi giai 

Cach 1: Trubc het ta chung minh bat dang thuc sau 

Va 2 + x 2 + sjb 2 + y 2 > a + b) + (x + y) 

That vay, bat dang thuc tren tuong duong vbi 


rb 2 + <s/x 2 + y 2 ) >(a + x) +(b + y 


<=> 2. / a + b x + y > 2ax + 2by <=> a + b" x + y > ax + by) 


Bat dang thuc cuoi cung la bat dang thuc Bunhiacopxki 
Ap dung bat dang thuc tren ta co 



1 


-> ( a + b ) 2 


\ 2 1 1 1 

3 + - + —+ - 

’ la b c } 


Ta c4n chung minh (a + b + c) 


a b c J 4 


That vay, ap dung bat dang thuc Cauchy va chu y gia thiet a + b + c<2,ta dugc 


(a + b + c) (a + b + c) 


Bat dang thuc da dugc chung minh. Bang thuc xay ra khi va chi khi a = b = 
Cach 2: Ap dung bat dang thuc Bunhiacopxki ta dugc 


„ V 97 2 1 9 

Hay -Ja H—->aH- 

4 V b 2 4b 

Chung minh tuong tu ta dugc 

V97 C 9 V 97 f~ 2 l 

-Jb +— > b + —;-Jc + — : 

4 V c 2 4c 4 \ a 2 

Cong theo ve cac bat dang thuc tren ta dugc 


a b c a+b+c 


Ta can chung minh 


1 2 1 4 , 

— + . c + — > —j= a + b-f 
c V a V97 


4(a + b + c) 2 


4(a + b + c) 8 


That vay, ap dung bat dang thuc Cauchy ta dugc 



4 (a + b + c) 


^ 2^(a + b + c^ 


a + b + c 4(a + b + c) 


. — =4 + — = 
a + b + c 4.2 8 


Bat dang thuc da dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = — 


97 

8 


Bai 23: Cho cac sd a, b, c e [l;2j. Chung minhring: 

a 2 + b 2 + b 2 + c 2 + c 2 + a 2 < ^ 
ab be ca 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Ha Tilth nam 2010-2011 
Loi giai 

Cach 1: Bit ding thuc cin chung minh tuong duong vdi 

a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 < 7abc 
<=> c (ab - ca - b 2 + be j + a (ab - ca - b 2 + be j + 5abc - 2bc 2 - 2a 2 b > 0 
<=> (ab - ca - b 2 + be j (c + a) + b (4ca - 2c 2 - 2a 2 + ca) > 0 
<=> (a - b) (b - c) (c + a) + b (2a - c) (2c - a) > 0 

Vi vai trd cua a, b, c nhu nhau nen khong mat tinh tong quat ta gia su2>a>b>c>l khi do ta dugc 

2a > 2 > c; 2c > 2 > a. Do do ta dugc 


(a-b)(b-c)(c + a) > 0; b(2a - c)(2c - a) > 0 


Nen bat dang thuc cuoi cung luon dung. Vay bat dang thuc dugc chung minh. 

Dang thuc xay ra khi va chi khi a = b = 2;c = lva cac hoan vi. 

Cach 2: Bat dang thuc can chung minh tuong duong vdi 

b b 

.- — + — 4 
b a c b 

Vi vai trd cac bien nhu nhau nen khong mat tinh tong quat ta gia su 2 > a > b > c > 1. Khi do ta co 






1 >0 


- + i ---- = |-- 1 
a a b 


Cong theo ve hai bat dang thuc tren ta dugc 


^ „ b b 

h —+ 2- — + — + — 4 
lb c a 


—1 > 0 <=> 2 f— + — 

b J l^c a y 


b b c a c 

— | + 2> —l-1-1-1-1— 

b c a b c a 


Phep chung minh se hoan tat neu ta chi ra dugc 

2^- + -j<5o(2a-c)(a-2c)<0 

Tu2>a>b>c>l suy ra 2a > 2 > c; 2c > 2 > a nen bat dang thuc cuoi cung luon dung. Vay bai 


toan dugc chung minh xong. _ 

Bai 24. Cho a, b, c la cac sd thuc duong khong am thoa man a + b + c = 3 . Tim gia tri ldn nhit cua bidu 

thuc: P = aVb + bVc + cVa - Vabc 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tinh Nghe An nam 2010-2011 
Loi giai 






Bat x = Va; y = Vb; z = Vc . Ter gia thiet ta dirge x 2 + y 2 + z 2 = 3 . 

Khi nay bieu there P trb thanh P = x 2 y + y 2 z + z 2 x - xyz 
De thay P > 0 theo bat dang there Cauchy 

Khong mat tinh tong quat ta gia sir y la so nam giera x, z. Khi do ta co 
z ^y - z^y - x^ < 0 <=> y 2 z + z 2 x - xyz < z 2 y 

Do do ta co P = x 2 y + y 2 z + z 2 x - xyz < x 2 y + z 2 y = y ^x 2 + z 2 j 
Mat khac theo bat dang there Cauchy ta co 


2y 2 (x 2 + z 2 ) (x 2 + z 2 ) < 


2x“ + 2y + 2z 


= 8 


Suy ra y (x 2 + z 2 J < 2 nen ta duoc P < 2. Ding there xiy ra khi va chi khi 


x = y = z 

z = 0 va cac hoan vi <C=> 
x 2 = 2y 2 


a = 2;b = l;c = 0 


va cac hoan vi 


Vay gia tri ldn nhat cua bieu there P la 2. 

Bang there xay ra khi va chi khi a = b = c = 1 hoac a = 2; b = 1; c = 0 va cac hoan vi. 

Bai 25. Cho ba so duong a, b, c thoa man ab + be + ca = 1 . Chung minh rang: 

Va 2 +1 - a Vb 2 +1 - b Vc 2 +1 - c 111 

-+-+-<- + — + - 

be ac ab a b c 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Hung Yen nam 2010-2011 


Loi giai 

D6 y la a 2 +1 = a 2 + ab + be + ca = (a + b) (c + a), do do ta duoc 

V a 2 + 1 = + b)(c + a) 

Ap dung bat dang there Cauchy ta duoc 

l - (? \ "k + c 

va 2 +1 - a _ ^(a + bj^c + aj-a 2 a 


— = — f — + —1 

be 2 [^b c ) 


b_ 

2bc 


. . 4 Vb 2 +1 - b^lfl 1 } Vc 2 +1 -c If 1 1 

Hoan toan tuong ter ta duoc-< — I — + — |; -< — I —I— 


ac 2^a cj ab 2^ab 

Cong theo ve ba bat dang there tren ta duoc 

V a 2 +1 - a Vb 2 +1 - b Vc 2 +1 - c 111 


be 


-<- + - . 
ab a b c 

1 


Vay bai toan duoc cherng minh. Bang there xay ra khi va chi khi a = b = c = 




Bai 26. a) Cho 2 so duong a va b. Chung minh rang : —-— — 

a + b 4^a b 

b) Cho 3 so duong x, y, z thoa man — + — + — = 2010. Tim gia tri ldn nhat cua bieu there: 

xyz 


2x + y + z x + 2y + z x + y + 2z 




Trich de thi tuyen sink l&p 10 chuyen Todn Tinh Phu Yen ndm 2010-2011 


Loi giai 

a) Bien doi tuang duang bat dang thuc tren nhu sau 

A_<I 

a + b 4 

Bat dang thuc cuoi cung luon dung. Vay bai toan dirge cluing minh. Bang thuc xay ra khi va chi khi 
a = b 

b) Ap dung bat dang thuc tren ta dugc 


— + ^ j 4ab < (a + b| o 0 < (a - b) 


1 


1 


2x + y + z 4 ^ x + y x + zj 16 ^x y 
Hoan torn tuang tu ta dugc 

- 1 -< —I - + - + - 

x + 2y + z 16 

Cong theo ve cac bat dang thuc tren ta dugc 
1 1 


jfi 2 i) i i.fi l 2) 

— —I-1— ; -< — —I-1— 

16 ^x y zJ x + y + 2z 16 ^x y z y 


1 1H. 1 1 2010 1005 

r — - 1 - 1 -< —-1-1— —-—- 

2x + y + z x + 2y + z x + y + 2z 4^x y z J 4 2 

Vay gia tri Ion nhat cua P la ~~ ■ Bang thuc xay ra khi va chi khi x = y = z = 670 


Bai 27. Cho a, b, c la ba so duong thoa man dieu kien a + b + c < 3. Chung minh rang: 

111 ^3 

1 + ab 1 + be 1 + ca 2 

Trich de thi tuyen sink l&p 10 chuyen Todn Tinh Binh Phu&c ndm 2011-2012 


Cach 1: Theo bat dang thuc Cauchy ta co 

* 1 1 


Loi giai 
1 


1 + ab 1 + be 1 + ca 3 + ab + be + ca 

~ r (a + b + c) 

Mat khac de thay ab + be + ca < 4---— 

Ma a + b + c < 3 nen ab + be + ca < 3 

9 9 3 

Do do ta duoc A >->-= —. 

3 + ab + be + ca 3 + 3 2 

{ 1 + ab = 1 + be = 1 + ca 
a = b = c <=>a = b = c = l 

a + b + c = 3 

Cach 2: Ap dung bit ding thuc Cauchy ta co 
1 1 + ab 


> 2 j 1 1 + ab _ ^ 1 > 1 l + ab_3-ab 

1 + ab 4 \ 1 + ab 4 1 + ab 4 4 


1 > 3-ab 1 > 3-ca 

1 + ab 4 ’ 1 + ca 4 

111 9-(ab + bc + ca) 

1 + ab 1 + be 1 + ca 
Mat khac ta cluing minh dugc ab + be + ca < 3 


Hoan toan tuang tu ta co 
Do do ta dugc 


4 




1 


l i i 9 - (ab + be + ca) 3 

Do do ta suy ra-1-1->--- - > — 

1 + ab 1 + be 1 + ca 4 2 

Vay bat dang there dirge chung minh. 

Cach 3: Ap dung bat dang there Cauchy ta co 

1 _ ^ ab > ^ ab _ ^ Vab 

1 + ab 1 + ab 2Vab 2 

1 ^ , Vbc 1 , Vea 

Tuong tu ta co - >1 -;- >1 - ,r , 

1 + be 2 1 + ca 2 

Cong theo ve theo ve cac bat dang there tren va ap dung bat dang there Cauchy ta duoc: 

- 4 — + - 4 — + - 4 — > 3 --fV^b + Vb^ + 

1 + abl + bcl + ca 2 V / 

lfa + b b + c c + a^l „ a + b + c^„ 


Bai toan duoc chung minh xong. _ 

Bai 28. Chung minh bat dang thuc: 

111 | 1 
Vl + V2 V3+V4 V5 + V6 ’’’ V79+V80 

Trich de thi tuyen sink l&p 10 chuyen Toan DHSPHa Noi nam 2011-2012 
Loi giai 

D5 “ y 7T775 > 75475 ; 75775 > 75771755+755 '755775T 


41+42 43 + 41 V79 + V80 V2 + V3 V4 + Vs ’’’ 4so + 4si 


{41 + 42 43+41 V79+V80J Vl + V 2 V 2 +V 3 ’’’ V80 + V81 

Hay 2 1 1 ■= + ...+ 1 > ^2 -1 + ^3 - 42 + - + ^81 - V80 

V VI + V2 V3+V4 V79+V80j 

Nentaduoc r ^ — 1= + ~j =~—?= + ••• + ■— ^ — 7 = > 4 

Vl + v 2 V3+V4 V 79+V80 

Vay bat dang thuc duoc chung minh. _ 

Bai 29. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

^a 2 b + b 2 c + c 2 aj ^ab 2 + be 2 + ca 2 j > abc + ^a 3 + abcj ^b 3 + abcj ^c 3 + abcj 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh NgheAn nam 2011-2012 
Loi giai 

Cach 1: Bat dang thuc can chung minh tuong duong vbi 


a b c ]f b c a 
c a bile a b 


Bat x = —; y = - 

b’ ■ 


> x; y; z > 0; xyz = 1 


Khi do bat dang thuc tren trb thanh 





_ 1/ \ 

f \ 

f \ 

\ (xy + yz + zx) (x + y + z) > 1+ 3 - + 1 

y+i 

1 - +1 

v'' '' ' ]][z J 

v x ) 

\y J 

n -w-V?-\- , J( x +J 

r )(y + z 

)(z + x) 

<=> Jl X + y) (y + z) ( z + x) + xyz > 1 + ? ± - 



v \ 

xyz 



<^> ^(x + y) (y + z) (z + x) + 1 > 1 + ^(x + y) (y + z) (z + x) 


Bat t = %j(x. + y)(y + z )( z + x ) suy ra t > 2 . Khi do ta viet lai bat dang thuc can chung minh thanh 

, V?^T>l + tot 3 + l>l + 2t + t 2 ot(t-2)(t + l)>0 
Bat dang thuc cuoi cung luon dung do t > 2 . 

Vay bai toan dupe chung minh xong. Bang thuc xay ra khi va chi khi a = b = c 
Cach 2: Bit ding thuc cin chung minh tuong duong vbi 


Hay 


if a b cYb c 
\c a b a 



be ca ab a 2 b 2 c 2 fa 2 ^ Vb 2 Ye 2 

— + — + — + — + — + — > 1+3/ — + 1 — + 1 — + 1 

a b c be ca ab be J^ca A a b y 


a b c „ . _ 

Bat x = —; y = —; z = —, khi do ta co xyz = 1 

be ca ab 

Bat dang thuc can chung minh tro thanh 

^ 3+X + y + Z+ I + I + I > 1+ ^( 1+X )( 1 + y )( 1 + Z ) 

Hay -^3 + x + y + z + xy + yz + zx > 1 + ^2 + x + y + z + xy + yz + zx 

Bat t = y/2 + x + y + z + xy + yz + zx 

Ap dung bit ding thuc Cauchy ta co x + y + z + xy + yz + zx > 6 


Bo do ta co t > ^2 + 6 = 2 

Bat dang thuc can chung minh trb thanh 

Vt 3 +1 > 1 + t <=> t 2 +1 > t 2 +2t + l <=> t(t + l)(t — 2) > 0 
Banh gia cuoi cung dung voi moi t > 2 . 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = C. 


Bai 30. Cho a, b, c la ba so thuc duong thoa man a + b + c = 2. Tinh gia tri ldn nhat cua bieu thuc: 
p _ ab + be ca 

Vab + 2c Vbc + 2a Yea + 2b 

Trich lie thi tuyen sink l&p 10 chuyen Toan Tinh Thanh Hoa nam 2011-2012 
Loi giai 

Bi y din gia thiit a + b + c = 2 ta co ab + 2c = ab + c (a + b + c) = (b + c) (c + a) 

Bo do theo bat dang thuc Cauchy ta duoc 





Hoan toan tuong tu ta dugc - 


ab _ ab < 2ab 2ab 

Vab + 2c ^b + c)(c + a) b + c c + a 

be < 2bc + 2bc ca < 2ca + 2ca 

Vbc + 2a a + b c + a’ ^ca + 2b a + b b + c 

Cong theo ve cac bat dang thuc tren ta dugc 

ab ^ be ^ ca < 2ab 2ab ^ 2bc ^ 2bc ^ 2ca ^ 2ca 

Vab + 2c Vbc + 2a Vea + 2b _ b + c c + a a + b c + a a + b b + c 

= 2(a + b + c) = 4 

Hay P < 4. Vay gia tri Ion nhat cua P la 4. 

2 

Dang there xay ra khi va chi khi a = b = c = — 


Bai 31. Cho a, b, c la cac s6 thuc duong thoa man abc = . Chung minh rang: 

4 

a 3 + b 3 + c 3 > aVb + c + bVa + c + eVa + b 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Vinh Phuc nam 2011-2012 
Loi giai 

Cach 1: Ap dung bat dang thuc Cauchy ta co 

a 3 +b 3 ab(a + b) ab(a + b) ab(a + b) a + b 

22 9 abc c 

4 


Tir do ta co 
Tuong tu ta co 


3 a 3 + b 3 3 a + b ^ _ / r 

c H-> c H-> 2cVa + b 

2 c 


a + c 


- > 2aVb + c 


2 b 

3 b 3 +c 3 3 b + c ^ 

a +-> a + - 

2 

Cong ve theo ve cac bat dang thuc tren ta dugc: 

a 3 + b 3 + c 3 > aVb + c + bVa + c + e\/a + b 
Bai toan dugc cluing minh xong. 

Cach 2: Ap dung bat dang thuc Bunhiacopxki ta co 

^aVb + c+bVa + c+ eVa + b j < 2(a + b + c)(a 2 + b 2 + c 2 ) 

< ^ 2 (a + b + c) (a 2 + b 2 + c 2 ) = abc (a + b + c) (a 2 + b 2 + c 2 j 

Theo mot bit ding thuc quen thuoc ta co abc (a + b + c)<^(ab + bc + ca) 

Tir do ta dugc 

abc (a + b + c) (a 2 + b 2 + c 2 ) < (a 2 + b 2 + c 2 j (ab + be + ca) 

(a 2 + b 2 + c 2 + ab + be + ca + ab + be + ca) (a + b + c) 6 


3 4 


3 4 




Do do ta co 


avb + c + bva + c + cva 


De dang chung minh duoc (a + b + c ) > - - — 

Tir do ta duoc bat dang thuc sau 

a 3 + b 3 + c 3 > aVb + c + bVa + c + cVa 
Vay bat dang thuc duoc chung minh. 

Bai 32. Cho cac so thuc duong a, b, c. Chung minh rang: 


a + b + a b 


a + b + c) J ab) + be) 


Trich de thi tuyen sink lop 10 chuyen Toan Tinh Vlnh Phuc nam 2011-2012 


Theo bat dang thuc Cauchy ta co 


^c (a +b") + a (b +c ) + b (c +a ) > ^c (2ab) + a (2bc) + b (2ca) 

= \l 12a 2 b 2 c 2 = 2-y/3abc 

(a + b + c) ^|(ab) + (bc) + (ca) > ^3>/abc j ^/aVc^ = 9t/3^VcM^bV 
= 9V3a 2 b 2 c 2 

Nhan theo ve hai bat dang thuc tren ta duoc 

Jc 2 (a 2 + b 2 f + a 2 (b 2 + c 2 f + b 2 (c 2 + a 2 f fa + b + cf J(ab) 4 + (be) 4 + (caf 


t + b + c) y(ab) + (bc) + (ra 
2V3abc.9V3a 2 b 2 c 2 = 54(abc) 


Hay yjc 2 (a 2 + b 2 ) + a 2 (b 2 +c 2 ) + b 2 (c 2 + a 2 ) >- 2 I 4 4 = 

(a + b + c) J(ab) + (be) +(ca) 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c. _ 

I Bai 33. Cho cac so duong a,b,c thay doi va thoa man 3a + 4b + 5c = 12 . Tim gia tri ldn nhat cua bieu 


ab + a + b ac + a + c bc + b + c 

Trich de thi tuyen sinh lop 10 chuyen Toan Tinh Ba Ria - Vung Tau nam 2011-2012 
Loi giai 

Ta viet lai bieu thuc S thanh 

0 1 2 3 

1 1 i 1 1 i 1 1 i 

a b c a be 




Ap dung bat dang thuc--- <——+—+—] taco 

x + y + z 9^x y z J 

1_ 2 3 ^ a + b + 1 2(c + a +1) 3(b + c + l) 


S = 


1 1 i 1 1 1 1 1 1 

—+—+1 - + —+ 1 —+ - + 1 
a b c a be 


Vay gia tri ldn nhat cua bieu there S la 2. Bang there xay ra khi va chi khi a = b = c = 1. 
Bai 34. Cho a, b la cac so there duong. Tim gia tri nho nhat cua bieu thuc: 


Va +8b ^b 3 + (a + b) 

Trich de thi tuyen sink l&p 10 chuyen Toan DHKHTN Ha Noi nam 2011-2012 


Loi giai 


Bieu thuc P dupe viet lai la P = 


J._ 

8b 3 


4b 3 


Bat t = — > 0. Khi do bat dang thuc duoc viet lai la 



V1 + 8t 3 

^ t 3 + ^1 + 

Ap dung bat dang thuc Cauchy ta co 



1 + 8t 3 = (l + 2t)(l-2t + 4t 2 ) 

( 2 + 4t 2 ) 2 , 

< v ’ = 1 + 2P 

2 V 

Suyra 

1 1 

1 

(l + 2t 2 

j 2 _ 1 + 2t 2 


Ta se cherng minh 


^t 3 +(l + t) 1 + 2t ' 
That vay, bat dang thuc tren tuong duong vdi 
4t 3 ^ ( 2t 2 

t 3 + (l + t) 3 ~~ V 1 + 2r 

Bat dang thuc cuoi cung dung vdi moi t. 

Do do ta duoc 


(l + 2t 2 ) 2 > t 4 +t(l + t) 3 <i> (t-l) 2 (2t 2 + t + l) > 0 


4t 


2t 


= 1 


Vl + 8t 3 ^t 3 + (l + t) 1 + 2 ^ l + 2 t 2 

Vay gia tri nho nhat cua bieu thuc P la 1. Dang thuc xay ra khi va chi khi a = b 



Bai 35. Cho cac s6 thuc duong a, b, c thoa man ab + be + ca = 5. Tim gia tri nho nhit cua bi6u there: 
p _ 3a + 3b + 2c 

^6 (a 2 + 5) + ^6 (b 2 + 5) + Vc 2 + 5 

Trick de thi tuyen sink l&p 10 chuyen Toan DHKHTNHa Noi nam 2011-2012 


Loi giai 

Tir gia thiSt ab + be + ca = 5 ta co 

a 2 + 5 = a 2 + ab + be + ca = (a + b) (c + a) 

Ap dung bat dang thuc Cauchy ta co 

177 2 _i 177 - 777 -T 3(a + b) + 2(c + a) 5 a + 3b+2c 

V 6 ( a +5)= N /6(a + b)(c + a)< J = --- 

Chung minh tuong tu ta duoc 

^T^ 3a + 5b + 2c , 

Cong theo vd cac bit ding thuc tren ta duoc 


^6 (a 2 + 5^ + ^6^b 2 + 5 ) + Vc 2 + 5 < - 


Suy ra P = 


^6(a 2 +5) + ^6(b 2 +5) + Vc 2 +5 


2 ^3a + 3b + 2c) 2 

9a + 9b + 6c 3 


Vay gia tri nho nhat cua bieu thuc P la —. 

Dang thuc xay ra khi va chi khi a = b = l; c = 2. 


Bai 36. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Tim gia tri 1cm nhit cua bi6u thuc: 

P = Va 2 + abc + V b 2 + abc + V c 2 + abc + 9^abc 

Trick de thi tuyen sink l&p 10 chuyen Toan Tinh Bac Ninh nam 2011-2012 


Loi giai 

a 2 + abc = a 2 (a + b + c) + abc = a (a + b) (a + c) 


Chung minh tuong tu ta duoc 


Do do ta duoc 


/— - r—, -n-r va a + b + a + c va(a + l) 

Do do ta duoc Va" + abc = ^a (a + bj (a + c) <---—-- =-^-- 

Vbfb + l) 1 - Vc(c + l) 

;- ^Vc 2 + abc <-^ 

2 2 

2 2 2 

Mat khac theo bat dang thuc Cauchy ta lai co 

^t a+ 1 ) +A^<A[^ + ^) = A[ a+b 2 +c+1 ] = A 

Chung minh tuong tu ta duoc 

^( b+1 ) . ^( c+1 ) 


h 'Jabc < \/b; + 

2 2 


Nhu vay ta co 





Ma ta co 


7a + 7b + 7c < .^3 (a + b + c) = 73; 67abc < 6,1 


Vay gia tri Ion nhat cua P la ~~ ■ Dang there xiy ra khi va chi khi a = b = c = 7. 

Bai 37. Cho a, b, c la s6 thuc ducmg. Chung minh ring: 

2ab 3bc 3ca a + 2b + 3c 

3a + 8b + 6c 3b + 6c + a 9c + 4a + 4b 9 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Phu Tho nam 2011-2012 
Loi giai 

Cach 1: Bat x = a; y = 2b; z = 3c, khi do bit ding thuc tren duoc vilt lai thanh 
xy yz zx ^x + y + z 

3x + 4y + 2z 3y + 4z + 2x 3z + 4x + 2y 9 
Ap dung bat dang thuc Cauchy ta duoc 

xy _xy_< xy f 1 | 2 ^ 

3x + 4y + 2z x+2y+x+y+z+x+y+z 9 ^ x + 2y x + y + zj 

<^yf 1 , 2 , 2 1 = 2x + y | 2x y 

9 ^9x 9y x + y + zj 81 9(x + y + z) 

Hoan toan tuong tu ta duoc 

yz 2y + z 2yz zx 2z + x 2zx 

3y + 4z + 2x 81 9 (x + y + zj 3z + 4x + 2y 81 9(x + y + zj 

Cong theo cac ve cau ba bat dang thuc tren ta duoc 

xy yz zx < x + y + z 2 (xy + yz + zx) 

3x + 4y + 2z 3y + 4z + 2x 3z + 4x + 2y 27 9(x + y + z) 


tanh gia qu< 

en thuoc ta lai co 

xy + yz + zx < -— 

3 

+ y + z , 

2 (xy + yz + zx 

) ^ x + y + z ( 2(x 

+ y + z ) _ x- 

27 

9(x + y + z) 

27 

27 

xy 

1 yZ 

zx 

^ x + y+ z 

3x + 4y 

+ 2z 3y + 4z - 

f 2x 3z + 4x + 2y 

9 


Hay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = 2b = 3c. 

Cach 2: Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta co 

xy xy (6 + 2 + 1) 2 18 |2| n 

3x + 4y + 2z 81 2 (x + y + z) + 2y + x 8l[;x + y + z y xj 





Hoan torn tuang tu ta dirge 

yz . 2y 4 


2yz 


2zx 


zx < 2z + x 

9(x + y + z) 3z + 4x + 2y 81 9(x + y-t 


3y + 4z + 2x 81 
Cong theo ve cac bat dang there tren ta duoc 

xy yz zx < x + y + z 2 (xy + yz + zx) 

3x + 4y + 2z 3y + 4z + 2x 3z + 4x + 2y 27 9^x + y + z) 

Ben day chung minh hoan toan tuang tu nhir tren. 


Bai 38. Gia sir a, b, c la cac so duong thoa man abc = 1. Tim gia tri ldn nhat cua bieu thuc: 

,, a b c 

M — —---1— ---1— --- 

b + c + a c + a" + b a + b + c 

Tn'ch de thi tuyen sink l&p 10 chuyen Toan Tilth Hai Divonig nam 2011-2012 


Loi giai 

Ta chung minh M < 1 

Bat yfa = x; yfb = y; \[c = z, khi do x; y; z > 0 va xyz = 1 
Bat dang thuc can chung minh tro thanh 

x 3 y 3 z 3 

-1-1- 

y 6 + z 6 + x 3 z 6 + x 6 + y 3 x 6 + y 6 + z 3 

B§ thiy (y _ z ) (y 5 - z 5 ) > 0 => y 6 + z 6 > y 5 z + yz 5 

Suy ra y 6 + z 6 + x 4 yz > yz ^x 4 + y 4 + z 4 ) 

1 1 


y 6 + z 6 + x 3 yz(x 4 + y 4 +z 4 ) 

x 4 yz < x 4 
y 6 + z G + x 3 x 4 + y 4 + z 4 


Tir do ta duoc 

Hay 

Bo do ta duoc 

Tuang tu ta co - 

z u + x u + y J x" 1 + y“ + z" 4 x” + y” + z° x 4 + y" 1 + z“ 

Cong theo v6 ba bit ding thuc tren ta duoc 

y 3 z 3 

—— g — —g —-I— g — g —^ i 

y +z +x z +x + y x +y +z 

Vay gia tri Ion nhat cua M la 1. Bang thuc xay ra khi va chi khi a = b = c = 1. 


y+z+x x+y+z 


Bai 39. Cho a, b, c la cac so duong thoa man abc = 1. Chung minh rang: 

b 3 c 3 ^ 3 


b(c + a) c(a + b) a(b + c) 2 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Thai Binh nam 2011-2012 


Loi giai 

Cach 1: Ap dung bat dang thuc Cauchy cho cac so duong ta duoc 

a 3 bc + a3 b 3 ca + b3. c 3 ab + c3 

—7 -r- + — +-> — a; v + - +-> — b; —? - v + — +-> — c 

b(c + a) 2 4 2 c(a + b) 2 4 2 a(b + c) 2 4 2 

Cong theo ve cac bat dang thuc tren ta duoc 





b 3 C 3 3(a + b + c) 

-----+ a + b + c>—- 

2 


b(c + a) c(a + b) a(b + c) 
a 3 b 3 + c 3 > a + b + c 

b(c + a) c(a + b) a(b + c) 2 

Mat khac theo bat dang thuc Cauchy ta lai co a + b + c > 3>/abc = 3 


Hay 


Nen ta dugc 


b(c + a) c(a + b) a(b + c) 2 

Bat dang thuc dugc chung minh. Dau dang thuc xay ra khi a = b = c = 1. 
Cach 2: Ap dung bat dang thuc bunhiacioxki dang phan thuc ta dugc 


b(c + a) c(a + b) a(b + c) a 2 b + b 2 c + c 2 a + 3abc 


Ta c&n chung minh dugc 2 (a 2 + b 2 + c 2 j >3 (a 2 b + b 2 c + c 2 a + 3abc j 
Vi abc = 1 nen ta dugc a + b + c > 3. 

, / \2 (a + b + c) (a 2 + b 2 + c 2 ) >/ ■ 

D§ thay (a + b + c j > -—^-- > (a + b + cj(a + b + c 

Phep chung minh se hoan tat neu ta chi ra dugc 

2 (a + b + c) (a 2 + b 2 + c 2 j > 3 (a 2 b + b 2 c + c 2 a + 3abcj 


Hay 

2 (a 3 + b 3 + c 2 + a 2 b + b 2 c + c 2 a + ab 2 + be 2 + ca 2 j > 3 (a 2 b + b 2 c + c 2 a + 3abc j 
<=> 2 (a 3 + b 3 + c 2 j + 2 (ab 2 + be 2 + ca 2 ) > a 2 b + b 2 c + c 2 a + 9 
Ap dung bat dang thuc Cauchy ta co 

a 3 + ab 2 > 2a 2 b; b 3 + be 2 > 2b 2 c; c 3 + ca 2 > 2c 2 a 
3 (a 3 + b 3 + c 3 j > 9abc = 9; 3 (ab 2 + be 2 + ca 2 j > 9abc = 9 
Cong theo ve cac bat dang thuc tren va thu ggn ta dugc 

2 (a 3 + b 3 + c 2 j + 2 (ab 2 + be 2 + ca 2 j > a 2 b + b 2 c + c 2 a + 9 

Vay bat dang thuc dugc chung minh. _ 

Bai 40. Cho ba s6 duong a, b, c thoa man a + b + c = 1. Tim gia tri nho nhlt cua: 

ab + be + ca 
a 2 b + b 2 c + c 2 a 

Trich de thi tuyen sink l&p 10 chuyen Toan DHQG TP Hd Chi Minh nam 2012-2013 
Loi giai 

1 - (a 2 + b 2 + c 2 ) 

De dang tinh dugc ab + be + ca =----- - . Lai co 

a 2 + b 2 + c 2 = (a + b + c)(a 2 + b 2 + c 2 j = a 3 + b 2 a + b 3 + be 2 + c 3 + ca 2 + a 2 b + b 2 c + c 2 a 
Ap dung bat dang thuc Cauchy ta co 

a 3 + b 2 a > 2a 2 b; b 3 + be 2 > 2b 2 c; c 3 + ca 2 > 2c 2 a 


A = 14 (a 2 + b 2 + c 2 j + 


Do do suy ra 

a 2 + b 2 + c 2 = a 3 + b 2 a + b 3 + be 2 + c 3 + ca 2 + a 2 b + b 2 c + c 2 a > 3 (a 2 b + b 2 c + c 2 a j 




Tir do ta dugc 

Hay 


a 2 b + b 2 c + c 2 a > a 2 + b 2 + c 2 
ab + bc + ca 3(ab + bc + ca) _ 3 - 3(a 2 + b 2 + c 2 ) 
a 2 b + b 2 c + c 2 a a 2 + b 2 + c 2 2 (a 2 + b 2 + c 2 j 


Bat t = a 2 + b 2 + c 2 => t > —. Khi nay bieu there dugc viet lai thanh 

. _ 3 - 3t 28t 3 3t 27t 3 t 3 

A = 14t +-=-+-=-+ — +- 

2t 2 2t 2t 2 2t 2 2 


27t 3 |27t 3 

Ap dung bat dang thuc Cauchy ta co —+ — > 2 = 9 

,, , t 3.1 3 4 . n 4 23 

Mat khac->-=-. Suy ra A > 9-= —. 

2 2 6 2 3 3 3 

23 1 

Vay gia tri nho nhat cua A la —. Bang thuc xay ra khi va chi khi a = b = c = — 


Bai 41. Cho a, b, c la cac so thuc duong thoa man a<b<3<c;c>b + l;a + b>c 
2ab + a + b + c (ab -1) 

(a +1^ (b +1j(c +1 j 

Trich de thi tuyen sink l&p 10 chuyen Toan DHKHTN Ha Noi nam 2012-2013 


Tim gia tri nho nhat cua bieu thuc: Q = 


Cach 1: Ta co 


Loi giai 


2ab + a + b + c(ab -1) (a +l)(b +1) + (ab -1)(c +l) 
(a + l)(b + l)(c +1) (a + l)(b + l)(c +l) 

1 ab -1 _ 1 ab-1 

c + 1 (a + l)(b + l) a + b + 1 ab + a + b + 1 


Tir gia thiet 


+ b >-c > b +1 => b> a > 1 (a -1)(b -1) > 0 => ab > a + b —4 i ©;**1 ^ 2 
1 ab-1 


Suy ra Q > 

Bat x = ab => x > 2, khi do ta dugc Q > 

Suy ra 


ab + 2 2 (ab +1 j 

1 x — 1 


x + 2 2 (x +1) 


o 5 , 1 , 5 - b- 2 )( x+5 ) , 0 

12 x + 2 2(x + l) 12 12(x + l)(x + 2) 


Bo do ta co Q > —. Vay gia tri nho nhat cua Q la —. Bang thuc xay ra khi va chi khi 
a = l;b = 2;c = 3 

Cach 2: Nhan thay a + b>c>b + l=>a>l do do ta dugc c>3>b>a>l 
Khi do (a-l)(b-l)>0<=>ab>a + b- l>c-l 




5 2 ab + a + b + c(ab - 1 ) 5 

Ta se chiing minh Q > —. That vay Q = - 77 - -7 -> — 

12 ’ (a + l)(b + l)(c + 1 ) 12 

Tuong duang vai 7abc + 7 (a + b) + 19ab - 5c (a + b) - 17c - 5 > 0 

Bat A = 7abc + 7 (a + b) + 19ab - 5c (a + b) - 17c - 5 khi do ta co 

A = 7abc + 7 (a + b) + 19ab - 5c (a + b) - 17c - 5 

= 5abc + 2abc + 7 (a + b) + 19ab - 5c (a + b) - 17c - 5 

> 5c (a + b -1) + 6 (c -1) + 7c +19 (c -1) - 5c (a + b) - 17c - 5 
= 10c - 30 > 0 


Bat dang thiic dirge chiing minh. 

5 

Vay gia tri nho nhat cua Q la —. Bang thiic xay ra khi va chi khi a = l;b = 2;c = 3 

Cach 3:Taco a4-b>c=>a4-b-c>0 

Tira + b>c>b + l=>a>lmab>a.Dod 6 ta dirge 

/ w x [ab > a 4- b -1 [ ab > c -1 

(a - l)(b - 1 ) > 0 = 


a 4- b < ab 4-1 a + b<ab + l 


Khi do ta dugc 


Q = 


2 ab + a + b + c(ab - 1 ) _ 2 ab + a + b - c + abc 2 ab + abc 


^a + 1 ^ ^b + l^c +1 j (a + 1 ^ ^b + lj ^c + lj ^a + 1 ^ ^b + l^c + lj 

ab (2 + c) ab (2 + c) ab (2 4 


(ab 4- a 4- b 4- 1^ (c 4- 1^ (ab 4- ab 4- 1 4- 1 j (c 4- 1^ 2 (ab 4- 1^ (c 4- 1^ 

1 c 4- 2 ^ 1 


C4-2 _ [ c -!)( c + 2 ) _ 1 1 ^5 

~~ 2 c 2 4 - c “ 12 


21 14- — I c + 1 2 [ 1 4 —-— c + 1 2 c(c + l 

ab J { c -1 

Vay gia tri nho nhat cua Q la ^. Bang thiic xay ra khi va chi khi a = l;b = 2;c = 3 


Bai 42. Cho a, b, c la cac so thuc duong thoa man ab 4- be 4- ca = 3abc. Tim gia tri lbn nhat cua bieu 

,, „ 1 1 1 

:huc: P =-4--+ -- 

a 2 4-1 b 2 +1 c 2 4 -1 

Tn'ch de thi tuyen sink l&p 10 chuyen Toan Tinh Binh Phu&c nam 2012-2013 


Ap dung bat dang thiic Cauchy ta dugc 
1 1 


Loi giai 


ab 4- be 4- ca 3 


a 2 4-1 b 2 +l c 2 +l 2a 2b 2a 
„ 3 


Vay gia tri Ion nhat cua P la —. Bang thiic xay ra khi va chi khi a = b = c = 1 


Bai 43. Cho n so thuc x p x 2 ,x n voi n > 3 . Ki hieu Max{x p x 2 ,x n } la so ldn nhat trong cac 
so x p x 2 ,x n .Chiing minh rang: 

f w X. +x 2 4-...4-x n Ixj-xJ + |x 2 -x |4-... + |x n — Xjl 

Max lx,, x,,..., x„}>?p|-MSg—#-# J —^-———- 

^ n 2 n 

Trick de thi tuyen sink l&p 10 chuyen Toan DHSP Ha Noi nam 2012-2013 





Be y la trong hai so thuc x, y bat ki ta luon co 

x + y + x - y 

Min{x, y} < x, y < Max{x, y} va Max{x, y} =-^-- 

x + y + x - y 

Sir dung dang thuc Max{x, y} =-^--, ta co: 

x, +x ; +... + I | |x 1 -x i | + |x,-x,| + ... + |x g -x,| 

n 2n 

X, + X„ + X — xj X-+X- + X. — X. X + X, + x — X 

= —-—^-^ + —-—M-^ + ... + —-—-b 

2n 2n 2n 

Max{x l5 x 2 } + Max{x 2 ,x} + Max{x n ,xJ 
—-— Max{x 1 ; x 2 ; —; xj 

Vay bai toan duoc chung minh. Bang thiic xay ra khi va chi khi x = x 2 =... =x n 


Bai 44. Cho x, y, z la cac so khong am thoa man x + y + z = —. Tim gia tri nho nhat: 

S = x 3 + y 3 + z 3 + x 2 y 2 z 2 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Phu Tho nam 2012-2013 
Loi giai 

Ap dung bat dang thiic Bunhiacopxki ta co 


x +Vy +M z xVx + yVy + zVz 2 x +y +z 


Hay |(x 3 + y 3 + z 3 ) > (x 2 + y 2 + z 2 )' x 3 + y 3 + z 3 > |(x 2 + y 2 + z 2 ' 


Mat khac, de dang chung minh duoc 


xyz > (x + y-z)(x + z-y)(y + z-x) = - 2zjj^| - 2xjj^| - 2y 

= -^--^ x + y + z^ + 6(xy + yz + xz) - 8xyz 


<=> 9xyz > — - 3 (x + y + z j <=> xyz > 


3 x + y 2 ■ 
8 3 


2 2 2 ( x + y + z ) 3 

Bat t = x +y +z > A ---— = —. Khi do ta duoc 


2 t a 

| (3 tY 2t 2 

+ t 2 

t 9 

7t 2 

t | 9 if 3Y 

3 

+ U 3j 3 

' 9 < 

4 ' 64 

9 - 

4 ' 64 ~~ 6 [ 4 J 


25 1 

tri nho nhat cua S la —. Bang thiic xay ra khi va chi khi x = y = z = — 

Bai 45. Cho a,b,c la cac so duong thoa man ab + be + ca = 3. Chiing minh rang: 

1 + 3a + 1 + 3b ^ 1 + 3c ^ ^ 

1 + b 2 ^ 1 + c 2 1 + a 2 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Phu Tho nam 2012-2013 
Loi giai 

Cach 1: Ta viet lai ve trai thanh 






1 + 3a 1 + 3b 1 + 3c _ 1 1 1 3a 3b 

1 + b 2 + 1 + c 2 + 1 + a 2 ~~ 1 + b 2 + 1 + c 2 + 1 + a 2 + 1 + b 2 + 1 + c 2 
Ta di chung minh 

1 1 1 3 a b c 3 

1 + b 2 1 + c 2 1 + a 2 2 ’ 1 + b 2 1 + c 2 1 + a 2 2 

1 1 13 

+ Trade het ta chung minh-- H-- H-- > —. Ta co cac hudng sau 

1 + b 2 1 + c 2 1 + a 2 2 
Hudng 1: Khong mat tinh tong quat, giai su a > b > c 
Do ab + be + ca = 3 => be > 1 

Ta chung minh bat dang there sau: Vdi x, y > 0; xy > 1 ta co 


3c 

1 + a 2 


y 2 + 1 z 2 + 1 yz + 1 

That vay, ta co: (y 2 + z 2 + 2 j (yz + l) > (y 2 + 1 j (z 2 + lj <=> (y - z) (yz - l) > 0 

Do vai tro cua cac bien nhu nhau nen khong mat tinh tong quat ta gia ser a < b < c 
Khi do ta duoc 3bc > ab + be + ca => be > 1 

Khong mit tinh tdng quat, giai su a > b > C. Do ab + be + ca = 3 => be > 1 
Ap dung bat dang there tren ta duoc 

1 | 1 | 1 > 1 | 2 
, 2 +1 b 2 +1 c 2 +1 a 2 +1 be +1 

Do do ta se chung minh: 


P = 


2 3 

-> — <=> _ 

2 +1 be +1 2 a 2 bc + a 2 + be +1 2 

Ter gia thiSt suy raa + b + c>3va abc <l.Dodo a + b + c 

Do do ta duoc —--1---1--— > —--1-— 

a 2 + 1 b + 1 c 2 +l a 2 + 1 

Hudng 2: Bien doi bieu thuc ve trai nhu sau 


2a +bc + 3 > ^ <^> a ( a + b + c - 3abc) > 0 


>1 
be +1 2 


P = 


1 


1 

’ b 2 +1 H 


1 


= 3- 


b 2 

h b 2 +1 4 


Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

4a 2 _ 4a 2 < a 2 . 

3a 2 + 3 3a 2 + ab + be + ca a 2 + ab + ac 

Ap dung tuong ter vdi hai bieu thuc con lai ta duoc 
4a 2 4b 2 4c 2 


2a 2 + be a + b + c 2a 2 + be 


3a 2 +3 3b 2 + 3 

Ta se chung minh 


- < 1 + - 


3c 2 +3 

b 2 c 2 

- 1 - 1 - 

2a 2 + be 2b 2 + ca 2c 2 + ab 
That vay, bat dang thuc can chung minh tuong duong vdi 


2a + be 2b + ca 
< 1 


Hay 


be 


2 b 2 c 2 

- 1 --- 1 --- 

+ be 2b 2 + ca 2c 2 + ab 

ca ab ^ 1 

-1-^ — 

2b 2 + ca 2c 2 + ab 2 


2a 2 + be 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 





l Dc j 


l aD j 


2 a + be 2 b“ + ca 2 c + ab 2 a be + b e 2 ab c + c a 2 abc + a b 

(ab + be + ca) 


a b + b e + c a + 2 abc a+b+c) 


Nhu vay bat dang there tren dugc chung minh. 

b 


+ Chung minh — 

1 + b 2 1 + c 2 1 + a 2 
Ap dung bat dang there Cauchy ta dugc 


>1 

2 


Tuong tu ta co 


a _ ab > ab _ ab 
b 2 +1 b 2 +1 2 b 2 
b > ^ be c > ^ ca 
c 2 +1 2 ’ a 2 +1 2 


Cong theo ve cac bat dang thuc tren ta dugc 

a b c , ab + be + ca , 3 

-+-+-> a + b + c-= a + b + c — 

b 2 +l c 2 + l a 2 +l 2 2 

Mat khac ta co (a + b + c) >3 (ab + be + ca) =>a + b + c>3 
a b c 3 
1 + b 2 1 + c 2 1 + a 2 2 
Vay bat dang thuc dugc chung minh xong. Dang thuc xay ra khi va chi khi a = b = c = 1. 
Cach 2: Ta viet lai ve trai thanh 

1 + 3a 1 + 3b 1 + 3c 1 


Suy ra 


1 + b 1 + c 1 + a 1 + b : 

Khi do ap dung ta dang thuc Cauchy ta dugc 

1 , b : 


1 1 3a 3b 

1 + c 2 + 1 + a 2 + 1 + b 2 + 1 + c 2 


3c 

1 + a 2 


, = 1 - 21 -> 1 - — = 1 - 

b 2 +1 b 2 +1 2 b 

1 cl di 

Hoan toan tuong tu ta duoc —->1-; —->1- 

' c 2 +l 2 a 2 + 1 2 

Khi do ta co bit ding thuc 


Mat khac ta lai co 


1 1 
b 2 + 1 + c 2 + 1 H 
b 


1 a+b+c 

2 


b 2 +1 c 2 + 1 a 2 +1 

Do do ta dugc 

1 | 1 | 1 | 3a | 3b | 3c 

1 + b 1 + c 1 + a 1 + b 1 + c 1 + a 
Vay bat dang thuc dugc chung minh. 


2 2 

5(a + b + c) 9 


->e 

2 


Bai 46. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Tim gia tri nho nhat cua bieu thuc: 

1 | _ 1 _ 

abc 1-2 (ab + be + ca) 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth VTnh Phuc nam 2012-2013 


Loi giai 

Doa + b + c = l=>l-2 (ab + be + ca) = a 2 + b 2 + c 2 





Suy ra 


a 2 + b 2 + c 2 abc a 2 + b 2 + c 2 ab be ca 
Den day ta eh ling minh P > 30 bang cac each sau 
Cach 1: Theo bat dang there Cauchy ta co 

1 1 1^9 

—9-o-y -i-—- 

a + b + c ab + be + ca ab + be + ca , u , r \ 


Bat dang thuc se dugc chung minh neu ta chi ra dugc->21 

ab + be + ca 


Tuy nhien, de thay 


; ab + be + ca o ab + be + ca < — 
3 


Do do ta duoc -> 21 

ab + be + ca 

Vay bat dang thuc dugc chung minh. 

Cach 2: Sir dung bat dang thuc Bunhiacopxki dang phan thuc ta co 

1 111 16 

a 2 + b 2 + c 2 3ab 3bc 3ca a 2 + b 2 + c 2 + 3 (ab + be + ca I 


Bat dang thuc se dugc chung minh neu ta chi ra dugc 

S^ab be ca 

De y tiep bat dang thuc Bunhiacopxki ta dugc 


3 l ab be ca J ab + be + ca 1 , 


Vay bat dang thuc dugc chung minh. 

Ill 9 

Cach 3: Theo mot danh gia quen thuoc ta co -1-1 ->- 

ab be ca ab + be - 

Do do ta co bat dang thuc 

1 _ 1 _ _ 1 _ 1 > 1 9 

a 2 + b 2 + c 2 ab be ca _ a 2 + b 2 + c 2 ab + be + 

Ap dung tiep danh gia tren ta dugc 


ab + be + ca ab + be + ca 
1 2 
a 2 + b 2 + c 2 ab + be + ca 

7 


a + b + c + 2ab + 2bc + 2ca I > 9 


Cong theo ve cac bat dang thuc tren ta dugc 
Vay bat dang thuc dugc chung minh. 


a 2 + b 2 + c 2 ab be ca 



Vay gia tri nhd nhat cua P la 30. Dang thuc xay ra khi va chi khi a = b = c = - 


Bai 47. Cho cac so thvrc duong a, b, c thoa man abc < 1. Chung minh rang: 

a b c ^ . 

—- + — + — > a + b + c 
b 3 ^ c 3 a 3 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tilth VTnh Pltiic nam 2012-2013 
Loi giai 

Bat x = —;y = —;z = — => xyz > 1. Khi do bit ding thuc dupe viit lai thanh 
abc 


y x y z 


Ap dung bat dang thuc Binhiacopcxki ta duoc 


-- 1 - ——I-> -— > x" + y + z 

z x y xx + yz + zx 

Phep chung minh se hoan tat neu ta chi ra duoc x 2 + y 2 + z 2 >— + — + — 

xyz 

That vay theo mot danh gia quen thuoc va gia thiet xyz > 1 ta co 

xy + yz + zx 1 + 1+1 
xyz xyz 


x 2 + y 2 + z 2 > xy + yz + zx > - 


Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1 _ 

Bai 48. Cho ba s6 duong a, b, c thoa man a + b + c = 1. Chung minh ring: 

(l + a) (l + b) (l + c) > 8 (l - a) (l - b) (l - c) 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tinh Bac Ninh nam 2012-2013 
Loi giai 

Vi a, b, c la cac s6 duong vaa + b + c = l nen ta co a, b, c < 1. 

Ap dung bat dang thuc Cauchy ta duoc 


l + a = l- b + l- c> 2^1 - b)(l - c) 


Tuong tu ta co 1 + b > 2^1 - c) (l - a); 1 + c > 2^1 -a)(l- b) 

Nhan theo ve ba bat dang thuc tren ta duoc 

(l + a)(l + b)(l + c) > 8 (l - a)(l - b)(l -c) 

Vay bat dang thuc dune chung minh. Dang thuc xay ra khi va chi khi a = b = c = ^ 


Bai 49. Cho 3 so a, b, c thoa man 0<a<b<c<l. Tim gia tri Ion nhat cua bieu thuc: 

A = (a + b + c + l) —^ + —!— + — } 

' 2 ^a + l b + 1 c + lj 

_ Trich de thi tuyen sinh l&p 10 chuyen Toan Tinh Hai Duofng nam 2012-2013 

Loi giai 

Bat x = 1 + c, y = 1 + b, z = l + a.TuO<a<b<c<lta duoc l<x<y<z<2 

Ta vi 6 t lai bi 6 u thuc A la A = (x+ y +z) — + — + — =3 + — + — + — + — + — + — 
v ; ^x y z J yzxzxy 






1-* + l 

yA Z J y z y.z y z z 


1-- 1-A >0«1-A + 


- > 0 O — + — < — + 1 


x y z y x z 


—+ — + — < — + — + 2 =>— + — 


x x y y z z 


y z y x z x 


y z x z x y 


Bat t = — => — < t < 1. Do do ta dirge 

x | z_ t| l_ t 2 +l _ 2 t 2 - 5 t + 2 | 5_ ( 2 t — l)(t — 2 ) ^ 5 
z x t t 2 t 2~ 2 t 2 

1 ( 2 t — l)(t — 2 ) x z 5 

Do — < t < 1 nen ta co -—-- suy ra —I— < — 

2 2 t z x 2 


Ter do ta duoc A<3 + 2. — + 2 = 10 

2 

Vay gia tri ldn nhat cera A la 10. Bang there xay ra khi va chi khi. _ 

Bai 50. Cho a, b, c ,d la cac s 6 there duong thoa man di 6 u kien a + b + c + d = 3. Tim gia tri nhd nhit 
.p. a+b+c+d 


cua bieu there: 


a 3 + b 3 + c 3 + d 3 

Trick de thi tuyen sink lop 10 chuyen Toan Tinh Nam Dink nam 2012-2013 


Loi giai 

3 3 

Cach 1: Du doan dau dang thuc xay ra tai a = b = c = d = —. Ta di chemg minh P > —. 

4 4 

x , . a + b +c + d 3 

Dieu nay tuong duong voi chemg minh —------ > — 

a 3 + b 3 + c 3 + d 3 4 
Bien doi tuong duong bat dang thuc tren ta co 

4(a 4 + b 4 + c 4 + d 4 ) > 3(a 3 + b 3 + c 3 + d 3 ) 

<=> 4 (a 4 + b 4 + c 4 + d 4 j > (a + b + c + d) (a 3 + b 3 + c 3 + d 3 j Ap dung 

<=> 3 (a 4 + b 4 + c 4 + d 4 j > a 3 (b + c + d) + b 3 (a + c + d) + c 3 (a + b + d) + d 3 (a + b + c) 
bat dang thuc Cauchy ta duoc 

a 4 + a 4 + a 4 + b 4 = 4a 3 b; a 4 + a 4 + a 4 + c 4 = 4a 3 c; a 4 + a 4 + a 4 + d 4 = 4a 3 d 


Cong theo ve cac bat dang thuc tren ta duoc 9a 4 + (b 4 + c 4 + d 4 j > 4a 3 (b + c + d) 

Hoan toan tuong ter ta duoc 

9b 4 + ^a 4 + c 4 + d 4 j > 4b 3 (a + c + d) 

9c 4 + (a 4 + b 4 + d 4 ) > 4c 3 (a + b + d) 

9d 4 + (a 4 + b 4 + c 4 j > 4d 3 (a + b + c) 

Do do ta duoc 

12 ^a 4 + b 4 + c 4 + d 4 j 

> 4a 3 (b + c + d) + 4b 3 (a + c + d) + 4c 3 (a + b + d) + 4d 3 (a + b + c) 


Hay 


3 (a 4 + b 4 + c 4 + d 4 j > a 3 (b + c + d) + b 3 (a + c + d) + c 3 (a + b + d) + d 3 (a + b + c) 




Vay bat dang there dugc cherng minh. 

3 3 

Suy ra gia tri nho nhat cua P la —, dat duoc khi a = b = c = d = — 

4 4 
Cach 2: Ap dung bat dang thvrc Bunhiacopxki ta dugc 

4(a 4 +b 4 +c 4 + d 4 ) > (a 2 +b 2 + c 2 + d 2 ) ; 

(a + b +c +dj (a + b~ + c + d j > ^a 3 + b 3 + c 5 + d 3 j 

Nhan theo ve cac bat dang there tren ta dugc 

4 (a 4 + b 4 + c 4 + d 4 j > (a 3 + b 3 + c 3 + d 3 ) (a 2 + b 2 + c 2 + d 2 j 

Hay 16(a +b +c +dj > 4 ^a 3 + b 3 + c 3 + d 3 j ^a +b +c + d~ j 

Mat khac cung theo bat dang there Bunhiacopxki ta co 

4 (a 2 +b 2 +c 2 + d 2 j > (a + b + c + d)" =9 


4 a + b + c + d ) a L + b + c + d ) > 9 a + b + c + d 


16(a 4 + b 4 + c 4 + d 4 j >9(a 3 + b 3 + c 3 + d 3 
4 (a 4 + b 4 + c 4 + d 4 ) > 3 (a 3 + b 3 + c 3 + d 3 ) 


„ „ , „ a 4 +b 4 +c 4 + d 4 ^ 3 

Do do ta dugc P = —------ > — 

a + b + c + d 4 

3 3 

Suy ra gia tri nho nhat cua P la —, dat duoc khi a = b = c = d = — 

_ 4 _4_ 

Bai 51. Cho tam giac ABC co chu vi bang 2. Ky hieu a, b, c la do dai ba canh cua tam giac. Tim gia tri 
nho nhat cua bieu there: 

„ a 4b 9c 

S =-+-+- 

b+c-a c+a-b a+b-c 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Hai Duong nam 2013-2014 
Loi giai 

Vdi a, b, c la do dai ba canh cua tam giac co chu vi bang 2 nen a + b + c = 2. 

Dat b + c - a = x; c + a - b = y; a + b - c = z, do a, b, c la do dai ba canh cua tam giac nen 

x; y; z > 0. Khi do ta duoc x + y + z = 2vaa = y+ Z ; b = yi + z ■ c = x + ^ . 

' 2 2 2 


hz 4 x + z 9 x + y i 


4(x + z) 9(x + y) 


-I I + iZ 

'2 x y 


9x ] ( 4z 9y 


Ta co 





2 >2 


Do do S > — (4 + 6 + 12j = 11. Dang thvrc xay ra khi va chi khi 


2 5 , 2 1 

<» 4 y = — <z>a = — ;b = — ; c = — 

3 6 3 2 

, z = 1 


Khi do a 2 = b 2 + c 2 . Vay gia tri nho nhat cua S la 11 khi AABC vuong . _ 

Bai 52. Cho x, y, z la ba so thvrc duong. Tim gia tri nho nhat cua bieu thvrc 

g _ Vx 2 -xy + y 2 | yz + z 2 | Vz 2 -zx + x 2 

x + y + 2z y + z + 2x z + x + 2y 

_ Trich de thi tuyen sink lop 10 chuyen Toan Tilth Hai Dironig nam 2013-2014 

Leri giai 

/ \ 2 , ,2 3(x + y) (x + y) 

Ta co x 2 - xy + y 2 = (x + y) - 3xy > (x + y) - V ’ = V ’ 


-- (x + y) 2 - 3xy > (x 4 


Ap dung tuong tvr ta duoc 


x + y + 2z 2(x + z + y + z) 


l-z + x z + x + x + y x + y + y + z 


Dat a = x + y; b = y + z; c = z + x, khi do ta duoc 


h b ) 2 2 4 


Vi theo bat dang thvrc Neibizt thi 


b+c c+a a+b 2 


Vay ta duoc gia tri nho nhat cua S la — dat duoc tai x = y = z . 

_4_ 

Bai 53. Gia svr a, b, c, d la cac so thvrc duong thoa man abc + bed + eda + dab = 1 
Tim gia tri nho nhat cua bieu thvrc P = 4 ^a 3 + b 3 + c 3 j + 9c 3 

Trich de thi tuyen sinh l&p 10 chuyen Toan DHKHTNHa Noi nam 2013-2014 
Leri giai 

Do vai tro cua a, b, c nhu nhau nen ta dvr doan dau dang thvrc xay ra tai a = b = c = kd, vdi k la so 
duong. 








Loi giai 


Trade het ta chung minh bai to an phu sau: Vdi a x < a 2 < a 3 < ... < a n thoa man 

( a x + a 2 + a 3 +... + a n = 0 

| a i| + | a 2 | + | a 3 | + ••• + | a n | = 1 

2 

Khi do ta diroc a — a > —. 

n 

That vay, tCr dieu kien cua bai to an ta nhan thay ton tai so tu nhien k de 

a : < a 2 < a 3 < ... < a k < 0 < a k+1 < ... < a n 





Khi do tu 


I- a„ + a„ +... + a =0 


&1 + a 2 + a 3 +... + a k ^ + (a k+ ^ ■■■ ^n) — ^ 

-fa, + a 0 + a Q +... + a,) + fa, ,+... + a ) = 1 


Cung tu a x < a 2 < a 3 < ... < a k < 0 < a k+1 < ... < a n ta dugc 


cl + ct~ + ••• -t“ cii — - 


a < a < a < ... < a, =^> a <- 

123 k 1 21 

k+1 n n 2 fn - kj 

1 1 n 2 n _ 2 

2 (n-k) 2 k 2 (n-k)n ( n -k + n ) 2 n 


Nhu vay bai toan dugc chung minh xong. 

Tu gia thiet cua bai toan tren ta viet lai nhu sau 


2013 

2013 

2013 

2013 

x i 

+ X2 

+ x » + 

+ Xl92 

2013 

2013 

2013 

2013 


Ap dung ket qua cua bai toan phu ta dugc 

x 192 x 2 2013 

- — -— ^ - => X inn - x > - 

2013 2013 192 192 1 96 

Vay bai toan dugc chung minh xong. _ 

Bai 55. Cho cac so thuc duong a, b, c thoa man a 2 + b 2 + c 2 = 1. Chung minh: 

I ab + 2 c 2 I be + 2 a 2 I ac + 2 b 2 ^ _ . , 

J-- + J -- + J-- > 2 + ab + ba + ca 

V 1 + ab - c V 1 + be - a \ 1 + ac - b 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth VTnh Phiic nam 2013-2014 
Loi giai 

Do a 2 + b 2 + c 2 =1 nen ta co 


I ab + 2 c 2 I ab + 2 c 2 _ j ab + 2 c 2 

Vl + ab-c 2 Va 2 +b 2 +c 2 +ab-c 2 ~~ Va 2 +b 2 +ab 

Ap dung bat dang thuc Cauchy ta co 

^(ab + 2c 2 ) (a 2 + b 2 + ab) < ^ + + b ' + 2ab 

_ | ab + 2 c 2 ab + 2 c 2 ab 

Suy ra J-- = , > —— 

V 1 + ab - c y (ab + 2 c 2 j (a 2 + b 2 + ab j a + 


b + 2c 2 _ ab + 2c 2 

-i- b 2 + ab ^ab + 2c 2 )(a 2 +b 2 +ab) 

b 2 + 2ab 2 (a 2 + b 2 + c 2 ) 


Tuong tu ta dugc 


V 1 + be - a 2 






Cong ve theo ve cac bat dang there tren ket hop a 2 + b 2 + c 2 = 1 ta co bat dang there can chung minh. 
Dang there xay ra khi va chi khi a = b = c = ~^=. 

V 3 


Bai 56. Cho a, b, c la cac so there duong thoa man abc = 1. Chiing minh rang: 

a b c > 3 

(a + l)(b + l) (b + l)(c + l) (c + l)(a + l) 4 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tilth VTnh Phuc nam 2013-2014 
Ldi giai 

Bat dang there can chung minh tuong duong vbi 

4a (c +1) + 4b (a +1) + 4c (b +1) > 3 (a +1) (b +1) (c +1) 

«> 4 (ab + be + ca) + 4 (a + b + c) > 3abc + 3 (ab + be + ca) + 3^a + b + c) + 3 
<^>ab + bc + ca + a + b + c>6 
Ap dung bat dang thuc Cauchy cho cac so duong ta duoc 

ab + be + ca > 3.^abcj =3; a + b + c> 3^/abc = 3 

Cong theo ve hai bat dang thuc tren ta duoc ab + bc + ca + a + b + c >6 
Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1 


Bai 57. Cho a, b, c la cac so there duong thoa man a + b + c + ab + bc + ca = 6 abc. Chung minh rang: 

— + — + — >3 
a 2 b 2 c 2 

Trich de thi tuyen sinh l&p 10 chuyen Toan TP Ha Noi nam 2013-2014 
Ldi giai 

Gia thiet cua bai toan duoc viet lai thanh 

1 1 1 1 1 1 « 

— + — + — + - + — + - = 6 
ab be ca a b c 

Ap dung bat dang thuc Cauchy ta duoc 

—+ — > —- — + — > —■— + — > — 
a 2 b 2 ab ’ b 2 c 2 be ’ c 2 a 2 ca 
1 2 1 2 1 2 
—+ 1 > —; — + 1 > —; — + 1 > - 
a a b be c 
Cong theo v 6 cac bit ding thuc tren ta duoc 

3|i + 4 + 4V3>2fA + A + A + i + I + i] = 2 . 6=12 

bey ^ab be ca a b cj 

Hay . , 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1 _ 


Bai 58. Cho a, b, c la cac so there duong thoa man abc = 1 . Chung minh rang: 


1 


1 


1 


ab + a + 2 bc + b + 2 ca + c + 2 4 

Trich de thi tuyen sinh l&p 10 chuyen Toan TP Ha Noi nam 2013-2014 


Loi giai 

Bat a = —; b = —; c = —. Goi P la ve trai, khi do ta duoc 





1 


ab + a + 2 bc + b + 2 ca + c + 2 


xy + xz + 2 yz xy + yz + 2 xz xz + yz + 2 xy 


Bien doi tuong duang ta dugc 


3 - P = (xy + yz + xz 


- + 1 -—-+ 1 -^- 

r z xy + yz + 2 xz xz + yz + 2 xy 

1 1 1 

- 1 - 1 - 

xy + xz + 2 yz xy + yz + 2 xz xz + yz + 2 xy 


Ap dung bat dang thiic Cauchy dang 


ABC A + B + C 


, \ q q 9 3 

Taco 3 - P = (xy + yz + xz)---= -^P<3-- = - 

' 4xy + 4yz + 4xz 4 4 4 

Vay bat dang thiic dugc cluing minh. Bang thiic xay ra khi va chi khi a = b = c = 1 
Bai 59. a) Chung minh ring: a 3 + b 3 > ab (a + b), vdi a, b la hai s 6 duang. 

b) Cho a, b la hai so duang thoa man a + b > 1. Tim gia tri nho nhat ciia bieu thuc: 

/ 3 . , 3\ 2 . I 2 . i 2 \ . 3 , 


|_ Trich de thi tuyen sink lop 10 chuyen Toan Tilth Phu Tho nam 2013-2014 

Loi giai 

a) Bat dang thuc can cluing minh tuong duang vdi 

(a + b) (a 2 - ab + b 2 ) - ab (a + b) > 0 

<=> (a + b) (a 2 - 2 ab + b 2 ) > 0 <=> (a + b) (a - b) >0 
Ta thay vdi a, b la hai so duang nen bat dang thiic da cho luon dung. 

b) Cach 1 : Ap dung bat dang thiic da chiing minh tren ta co (a 3 + b 3 ) > |^ab (a + b)J nen theo gia 
thi 6 t ta dugc (a 3 + b 3 ) >fab(a + b)l > (ab) 


F > (ab) +1 -2ab + -ab = (ab) 


= ab) - 2 .ab.- 


Dau dang thiic xay ra khi va chi khi a = b = - 


15 1 

Vay gia tri nho nhat ciia F la bang —, dat dugc khi a = b = —. 

Cach 2: Taco F = (a 3 + b 3 ) + (a + b) -^ab 




, voi moi a, b > 0 . 


> — 
16 


Ma ta luon co bit ding thuc a 3 + b 3 > --- 

4 

Ap dung bit ding thuc tren ta co (a 3 + b 3 j > 

Ap dung bat dang thuc Cauchy ta co 

1 2 (a + b ) 2 i 7(a + b ) 2 i 7 i5 

16 v ' 8 16 8 16 8 16 

15 1 

Vay gia tri nho nhat cua F la bang —, dat dupe khi a = b = —. 


Bai 60. Cho ba so thuc duong a, b, c thoa man 12 [ — + — + — <3 + — + — + — 

ya 2 b 2 c 2 J a b c 


Chung minh rang: 


1 


1 


1 


4a + b + c a + 4b + c a + b + 4c 6 

Trich de thi tuyen sink lop 10 chuyen Toan Tilth Phu Tho nam 2013-2014 
Loi giai 

Theo mot danh gia quen thuoc ta co 

4 fl + I + iT<12A + i + i]<3 + I + I + i 

la b cl l a 2 b 2 c 2 J a b c 


Suy ra 

Do do ta dupe 
Dat 


i i i Xfi i li ' 

- + —+ --1 4 —+ —+ - +3 
abc J ^a b cj 


111 
abc 

1 _ _ 

4a + b + c a + 4b + c a + b + 4c 


<lvaa + b + c>9 
1 1 


, , 4 11 

Ap dung bat dang thuc Cauchy dang-< —l— ta duoc 

x + y x y 


4a + b + c a + 4b + c 
1 1 


bb + 4c 
1 1 


4^ 3a a + b + c 3a a + b + c 3a a + b + c 

*AfA + i + A + _?_Wri + l].I 

4^3a 3b 3c a + b + cj 4^3 3 J 6 

Vay bat dang thuc dupe chiing minh. Dang thuc xay ra khi va chi khi a = b = c = 

Bai 61. Cho a, b, c la do dai ba canh cua mot tarn giac. Chung minh ring: 

b 2 + c 2 - a 2 c 2 + a 2 - b 2 a 2 + b 2 - c : 

-+-+- 

be ca ab 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tilth Thanh Hoa nam 2013-2014 


- > 2 


Loi giai 


Bien doi tuong duong bat dang thuc nhu sau 





f a - b a + b - c 


be ca ab 

<=> a (b 2 + c 2 - a 2 j + b (c 2 + a 2 - b 2 j + c (a 2 + b 2 - c 2 j > 2abc 

oa|b 2 +c 2 | + 2abc - a 3 + b (c 2 + a 2 j - 2abc - b 3 + c (a 2 + b 2 - c 2 ) - 2abc - c 3 > 0 

<=>a|jb + c) - a 2 j + b^a - c) - b 2 J + c|ja - b) -c 2 J>0 

<=> a(b + c - a) (b + c + a) + b(a - c - b)(a + b - c) + c(a - b - c)(a - b + c) > 0 

<=> (b + c - a^a 2 - (b - c) J > 0 

<=> (a + b - c) (b + c - a) (c + a - b) > 0 

Vi a, b, c la do dai cac canh cua mot tam giac nen 

a + b- c>0;b + c- a>0;c + a- b>0 

Do vay bit dang thuc cu6i cuhg luon dung. Vfty bai toan duqcchung minh xong. _ 

Bai 62. Cho cac so there dirong x, y, z thoa man x 2 + y 2 + z 2 = 3xyz . Chung minh rang: 

x 2 y 2 z 2 3 

—-+ ^-+ —-< - 

x + yz y + xz z + xy 2 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Nam Binh nam 2014-2015 


Cach 1: Ap dung bat dang thuc Cauchy ta co 

2x 2 -Jyz < x 4 + “ 


Loi giai 


1 


1 


2x 2 7yz x 4 +yz x 4 + yz 2 ^yz 

2 1 1 1 ^if1 l) 

Vyz y z 2^/yz Hy z 


Tir hai bat dang thuc tren ta duoc 


Hoan toan tuong tu taco 


x 4 + yz 4 ^y z 


y 4 + xz 4^x zj z 4 +xy 4 ^x y 
Cong theo ve cac bat dang thuc tren ta duoc 

x 2 | y 2 | z 2 ^ 1 f 1 | 1 | 1 "I _ 1 xy + yz + zx 

x 4 + yz y 4 + xz z 4 + xy 2 ^ y z xj 2 xyz 
xy + yz + zx < x 2 + y 2 + z 2 
x 2 + y 2 + z 2 _ 3xyz _ 


xyz 

y 2 


Mat khac ta lai co 
Do do ta duoc 

Suy ra _ 

x 4 + yz y 4 + xz z 4 + xy 2 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y = z = 1 
Cach 2: Tu gia thiet cua bai toan ta duoc 

3xyz = x 2 + y 2 + z 2 > xy + yz + zx 

Suy ra — + — + — <3. Bat a = —; b = —; c = —, khi do ta duoc a + b + c < 3 
xyz ' x y z 



Bat dang there can chung minh dugc viet lai thanh 


a 2 bc b 2 ca c 2 ab ^ 3 


4 + be b 4 + ca c 4 + ab 2 
Ap dung bat dang there Cauchy ta dugc a 4 + be > 2a 2 Vbc 

a 2 bc a 2 bc Vbc 


Do do ta dugc 


4 + be 2a 2 Vbc 2 

a 2 bc _ b 2 ca _ c 2 ab < Vab + Vbc + \[c& 
~ 2 

D§ thly Vab + Vbc + Vea <a + b + c<3 nen ta dugc - 


Hoan toan tuong tu ta dugc — , , 

a 4 + be b 4 + ca c 4 + ab 


a 4 + be b 4 + ca c 4 + ab 2 
Vay bat dang there dugc chung minh. Dang there xay ra khi va chi khi x = y = z = 1 


Bai 63. Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 1 . Chung minh rang: 

2 abc (a + b + c) < — + a 4 b 2 + b 4 c 2 + c 4 a 2 

Trich de thi tuyen sink l&p 10 chuyen Toan DHKHTN Ha Noi nam 2013-2014 
Loi giai 

Cach 1: Ap dung bit ding thuc dang x 2 + y 2 + z 2 > xy + yz + zx ta dugc 
a 4 b 2 + b 4 c 2 + c 4 a 2 > abc (a 2 b + b 2 c + c 2 a j 


Bai toan quy ve chung minh 2abc |^a + b + cj < — + abc |a b + b e + c aj 


Hay 


2 (a + b + c j < ——— + ^a 2 b + b 2 c + c 2 a j 


, , . . , , ^ . 2 i 1 2 a . 2 1 2 b 2 1 2 c 

Ap dung bat dang thuc Cauchy ta duoc a b H-> —; bet-> —; c a H-> — 

' 9b 3 9c 3 9a 3 

Cong theo ve cac bat dang thuc tren ta dugc 


Hay 


2l . ,. 2 2 1 1 A2a 2b 2c 

8- b + b C + C 8 H-1-1-^-1-1- 

9a 9b 9c 3 3 3 

2l . 2 2 ab + be + ca ^ 2 / . \ 

a b + b"c + c a +-> — a + b + c I 

Qxhr ?? V ’ 


Nhu vay ta can chi ra dugc 2 fa + b + c^ <- 1 — fa + b + c^ 

9abc 3 

4abc(a + b + c) 4 . . 

Hay ---- < — 3abc|^a + b + cj < 1 


3 9 

Danh gia cuoi cung la mot danh gia dung vi 1 


t- be + ca) > 3abc a + b + c) 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = —. 
Cach 2: Ta vi 6 t lai bit ding thuc cln chung minh thanh 

2 abc (a + b + c) + V<l + a 4 b 2 + b 4 c 2 + c 4 a 2 


De y la 


1 = ab + be + ca) = ab + be + ca + 2abc (a + b + c 


Nhu vay ta quy bai toan ve chung minh — < a 2 b 2 + b 2 c 2 + c 2 a 2 + a 4 b 2 + b 4 c 2 + c 4 a 2 




Be y den gia thiet ta bien doi tuong duong bat dang thuc tren thanh 

| < a 2 b 2 (a 2 + 1 ) + b 2 c 2 (b 2 + 1 ) + c 2 a 2 (c 2 + 1 ) 

<^>^ < a 2 b 2 (a + b) (a + c) + b 2 c 2 (b + c)(a + b) + c 2 a 2 (c + b)(c + a) 

<» 4 < 9(a + b)(b + c)(c + a)f-^- + -^- + -^—1 
V A A \b + c c + a a + bj 

D§ dang chung minh dirge 

9 (a + b)(b + c)(c + a) > 8 (a + b + c)(ab + be + ca) = 8 (a + b + c) 
Theo bat dang thuc Bunhiacopxki ta lai co 

a 2 b 2 | b 2 c 2 | c 2 a 2 ^ (ab + be + ca)" _ l 
b + c c + a a + b 2 ^a + b + c) 2 ^a + b + c) 


Nhan theo ve hai bat dang thuc tren ta duoc 



Suyra a = x ; b = y ; c = z , nen a = vx , b = \jy , c = \ z voi x; y; z > 0 
Bat dang thuc can chung minh tro thanh 

x 3 + y 3 + z 3 + 3xyz > 2 (ixV + Jy 3 z 3 + Vz 3 x 3 ) 


Ap dung bat dang thuc Cauchy ta duoc xy(x + y)> 2xy^xy = 2^/x y 


2 yy z ; zxlz + x)> 2\l z x 


Cong theo ve cac bat dang thuc tren ta duoc 

xy ^x + y^ + yz ^y + zj + zx ^z + x^ > 2 (-y/x 3 y 3 + \Jy 3 z 3 + -\/z 3 x 3 
Nhu vay phep chung minh se hoan tat neu ta chi ra duoc 

x 3 + y 3 + z 3 + 3xyz > xy (x + y^ + yz ^y + z^ + zx ^z + x^ 


Vi vai tro cua cac bi 6 n binh ding nen co th 6 gia su x > y > z > 0 

Khi do x(x-y) +z(y-z) + (z + x - y)(x - y)(y - z) > 0 

Suy ra x 3 + y 3 + z 3 + 3xyz > xy (x + y) + yz (y + z) + zx (z + x) 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 

Bai 65. Cho a, b, c la do dai ba canh cua mot tarn giac thoa man di 6 u kien 2c + b = abc. Tim gia tri nho 

„ 3 4 5 

nhat cua bieu thuc: o =-1-1- 

b+c-a c+a-b a+b-c 

Trick de thi tuyen sink lop 10 chuyen Toan Tinh Bac Ninh nam 2014-2015 





Loi giai 

TergiathiSttaco a + b - c > 0; b + c- a>0; c + a- b>0. 

, , 114 

Ap dung bat dang there Cauchy dang —l— >-ta dugc 

x y x + y 

s=f—-—+— 1 —i +2 f—-—+—-—'i+3 r---+--- 

^b+c-a c+a-bj ^b+c-a a + b-cj ^c + a-b a+b-c 

2 4 6 

>-+-+- 
c b a 

2 1 

Ma 2c + b = abc <=> —l— = a nen ket hop vdi bat dang there Cauchy ta duoc 
be 

S > 2a + - > 4^3 
a 

Vay gia tri nho nhat cua S la 4>/3 diu b&ng xay ra khi va chi khi a = b = c = yfH. 

| Bai 66. Cho phuong trinh ax 2 + bx + c = 0 (a ^ o) co hai nghiem thuoc doan [0;2j. Tim gia tri Ion 
8 a 2 - 6 ab + b 2 


nhat cua bieu there: P = - 


4a - 2ab + ac 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth VTnh Phuc nam 2014-2015 
Loi giai 


Goi x’ji x 2 ^x | < x 2 j la hai nghiem cua phuong trinh da cho. Theo dinh li Vi-et ta co 


8 a 2 - 6 ab + b 2 
4a 2 - 2ab + ac 


x + x =-; xx = — 

a a 

3 a + l v aJ 8 + 6 ( x i +x 2 ) + ( x i +X 2 J 


, _ b c 

4-2—+- 
a a 


4 + 2 (x x +x 2 ) + x x x 2 


Do 0 < x x < x 2 < 2 => x 2 < x x x 2 ; x 2 < 4 => x 2 + x 2 < x x x 2 + 4 
=>(x 1 +x 2 ) <3x^+4 


Do do ta dupe 


8 + 6 (x, + x„) + 3x 1 x„ + 4 
P<-AA-——-= 3 


4 + 2 ( x i + x 2 ) + x i x , 
Dang there xay ra khi x 1 = x 2 = 2 hoac x x = 0; x 2 = 2 hay 
Vay gia tri Ion nhat cua P la 3. 


c = -b = 4a 
b = - 2 a; c = 0 


Bai 67. Cho a, b, c la cac so thuc duong thoa man a + b + c < 2014 . Chung minh rang: 

5a 3 -b 3 5b 3 -c 3 5c 3 - a 3 . 

-+-+-- < 2014 

ab + 3a 2 be + 3b 2 ca + 3c 2 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Lao Cai nam 2014-2015 


Loi giai 


De dang cherng minh dupe a 3 + b 3 > ab (a + b), ta bien doi tuong duong bat dang thuc ben nhu sau 





a 3 + b 3 > ab (a + b) <=> 5a 3 - b 3 < 6 a 3 - ab (a + b) <=> 5a 3 - b 3 < a ^ 6 a 2 - ab - b 2 ) 

<=> 5a 3 -b 3 <a(2a-b)(3a + b)<^ 5a ~ b 2 <2a-b 
ab + 3a 

5b 3 - c 3 5c 3 - a 3 

Hoan torn tuong tu ta dugc-- < 2b - c;-< 2c - a 

be + 3b 2 ca + 3c 2 

Cong theo ve cac bat dang thiic tren ta dugc 

5a 3 - b 3 5b 3 - c 3 5c 3 - e 


< a + b + c < 2014 


ab + 3a be + 3b ca + 3c 
Vay bat dang there dugc chiing minh. Dang thiic xay ra khi a = b = c = - 


Bai 68. Cho cac so duong x, y, z thoa man x (x + 1 j + y ^y + 1 j + z yz + lj < 18 . 

1 1 1 


Tim gia tri nho nhat cua bieu thiic: B = 


x+y+1 y+z+1 z+x+1 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Thai Binh nam 2014-2015 


Loi giai 

Ta bien doi gia thiet 

x(x + l) + y (y + l) + z (z + l) < 18 <=> x 2 + y 2 + z 2 < 18 - (x + y + z) 

Ap dung mot danh gia quen thuoc ta dugc (x + y + z) < 54 - 3 (x + y + z) 

Hay 0<x+y+z<6 

, , , 111 9 

Ap dung bat dang thuc Cauchy dang —l— + — >-ta duoc 

a b c a+b+c 

B =-i-i- - -1-i--—r-> —-— = — 

x + y + 1 y + z + 1 z + x + 1 2(x + y + zj + 3 2.6 + 3 5 

3 

Hay B > —. Dau bang xay ra khi va chi khi x = y = z = 2 


3 

Vay gia tri nho nhat cua B la —. Dang thiic xay ra khi x = y = z = 2 


Bai 69. Cho a, b, c la ba so thuc duong va co tong bang 1. Chiing minh rang: 

a - be + b - ca ^ 
a + be b + ca 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Thai Binh nam 2 


- ab < 3 
t- ab ~ 2 


Ket hgp vdi gia thiet ta co bien doi sau 


Loi giai 

2 bc 


2 bc 


a + bc a + bc a(a + b + c) + bc (a + b)(a + c) 


. . , b-ca 

Hoan toan tuong tu ta dugc-= 1 - 


2 ca 


c - ab 


= 1 - 


2 ab 


b + ca (b + c)(b + a) c + ab (c + a)(b + c) 

Khi do ta dugc 

a-bc b-ca c-ab „ J be ca ab 


- = 3 -2 


a + bc b + ca c + ab |^a + b)(a + c) (b + c)(b + a) (c + a)(c + b) 





Ta quy bai toan ve chung minh - 


(a + b)(a + c) (b + c)(b + a) (c + a)(c + b) 4 
Bat dang thuc tren tuong duang vdi 

4bc (b + c) + 4ca (c + a) + 4ab (a + b) > 3 (a + b) (b + c) (c + a) 

, 2 i 2 2 2 2 i i 2 ^/->i bccaab 

<=> b c + be + c a + ca + a^b + ab > 6abc <=>— + — H-i- 1 -h — >6 

a a b b c c 

«fb + »_ 2 | + f£ + b_ 2 ] + f£ + 5l_ 2 ]>0 

lab Jibe 


(a-b) (b-c) ( c_a ) 


ab be ca 

Bat dang thuc cuoi cung luon dung. Vay bai toan dugc chung minh xong. 


Bang thuc xay ra khi va chi khi a = b = c = —. 


Bai 70. Cho a, b, c la cac so thuc duong thoa man 6 a + 3b + 2c = abc. Tim gia tri lbn nhat cua bieu 

. . „ 1 2 3 

hue: B = , + . + . 

V a 2 +l v b 2 + 4 ^ Vc 2 + 9 

Trich de thi tuyen sink lop 10 chuyen Toan Tinh Phu Tho nam 2014-2015 


Loi giai 

6 3 2 1 2 3 

Gia thiet cua bai toan dugc viet lai thanh- 1 - 1 -= 1. Bat a = —; b = —; c = —, khi do ti 

be ca ab x y z 

dugc xy + yz + zx = 1 
Bieu thuc B dugc viet lai thanh B = 


V y +1 V z +1 

Be y den gia thiet xy + yz + zx = 1 ta co x 2 + 1 = x 2 + xy + yz + zx = (x + y) (z + x) 
Khi do ta dugc —j= 


U x+y H z 


Hoan toan tuong tu ta dugc B = . = 

V( x+ b( : 

Ap dung bat dang thuc Cauchy ta dugc 

x 

V( x+y )( z 


y 

i( x+ y)( 

y + z j 


x 1 

U+y 

z + xj 

r^ + 

y ) 

U + y 

y + zj 


-=-l 


v( x+ 4h + 4 2 b +x 

Cong theo ve cac bat dang thuc tren ta dugc 


^(x + y)(x + z) ^(x + y)(y + z) z + x)(y + z) 2 




Vay gia tri Ion nhat cua B la - 


Bang thuc xay ra khi va chi khi a = V3; b = 2^3; c = 3^3 


Bai 71. Cho cac so thuc a, b, c duong. Chung minh rang: 

a b 


Vb 2 + c 2 ylc 2 + a 2 Va 2 + b 2 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Quang Tri nam 2014-2015 


Loi giai 


Ap dung bat dang thuc Cauchy ta duoc - 


Hoan toan tuong tu ta duoc - 


v b 2 + c 2 
2b 2 


^a 2 (b 2 +c 2 ) a 2 +b 2 +c 2 

c ^ 2c 2 


Cong theo ve cac bat dang thuc tren ta duoc 


/c 2 + a 2 a 2 + b 2 + c 2 ’ Va 2 + b 2 a 2 + b 2 + c 2 
b c 


Vi dang thuc khong xay ra nen ta co bat dang thuc - 
Bai toan duoc chung minh xong. 


yj b 2 + c 2 yj c 2 + a 2 Va 2 + b 2 

b 


lb 2 + c 2 ylc 2 + a 2 Va 2 +b 2 


Bai 72. Gia sir a, b, c la cac so thuc duong thoa man a + b + c = 3 . Tim gia tri nho nhat cua bieu thuc: 

(^b + c-aj (c + a-b) ^a + b-c^ 

2 a 2 b 2 c 

_ Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Dak Lak, 2014 - 2015 

Loi giai 

Cach 1: Ap dung bat dang thuc Cauchy ta duoc 

(b + c-a) 2a 1 3(b + c-a) 

--— + — + - > — - -- 

2a 4 2 2 

(c + a-b) 2b 1 3(c + a-b) 

2b 4 2 2 

(a + b-cf | 2c | 1 ^ 3 (a + b-c) 

2c 4 2 2 

Cong theo ve cac bat dang thuc tren ta duoc 

(b + c-af | (c + a-b ) 3 | (a + b-c) | a + b + c | 3 ^ 3(a + b + c) 

2 a 2 b 2 c 2 2 2 

(b + c-a) (c + a-b) (a + b-c) 3 3 

Hay 4- L + V- L + V-Z > a + b + c - - = - 

2 a 2 b 2 c 2 2 

3 

Vay gia tri nho nhat cua A la —. Bang thuc xay ra khi va chi khi a = b = c = 1. 

Cach 2: Bat x = b + c-a; y = c + a-b; z = a + b- c, khi do ta viet lai gia thiet thanh 

x + y + z = 3.Bai toan quy ve tim gia tri nho nhat cua bieu thuc 





2 (y + z) 2 (z + x) 2 (x + y) 


Ap dung bat dang thiic Bunhiacopxki dang phan thiic ta dugc 


A = - 


z + x x + y 2 (xy + yz + zx) 


2 


Vay gia tri nho nhat ciia A la —. Bang thiic xay ra khi va chi khi a = b = c = 1. 


ai 73. Cho ba so thuc x, y, z thoa man x > -1; y > -2; z > -3 va x + y + z = -5 . Chung minh 
14 9 

x+1 y+2 z+3 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Yen Bai nam 2014-2015 


rang: 


>36 


Loi giai 

Do x > -1; y > -2; z > -3 nen x + l>0; y + 2>0; z + 3>0. Khi do ap dung bit ding thiic 


Bunhiacopxki dang phan thiic ta dugc 


1 4 9 ( 1 + 2 + 3 ) 

x+1 y+2 z+3 x+y+z +6 

Bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi 


= 36 


{ x + y + z = -5 
1 _ 2 _ 3 

x + 1 y + 2 z + 3 

Bai 74. Cho ba so thuc x, y, z khong am thoa man x + y + z + xyz = 4 . Tim gia tri Ion nhat ciia bieu 
thiic: 

P = xy + yz + zx 

Trich de thi tuyen sinh l&p 10 chuyen Toan Bai Hoc Vinh nam 2014-2015 


Loi giai 

Cach 1: Gia sir x la so nho nhat trong ba so x, y, z. khi do ta xet cac trudng hgp sau: 
+ Truong hgp 1: yz < 1. Kho do ta dugc xy < 1; zx < 1 nen P < 3 


+ Truong hgp 2: yz > 1. Khi do ta dugc xyz > x. 

Dodo 

4 = x + y + z + xyz >x + y + z + x> 2^x + y)(x + z) 

= 2-^/x 2 + xy + yz + zx = 2 a/x 2 + P > 2-\/p 

Suy ra P < 4. Ket hgp cac ket qua ta dugc gia tri nho nhat cua P la 4. 

Bang thiic xay ra khi va chi khi x = 0; y = z = 2 va cac hoan vi. 

Cach 2: Gia sir x la so Ion nhat trong cac so x, y, z. 

Khi do ta dugc x + y + z < 3x; xyz < x 3 


Suy ra x 3 + 3x > 4 hay (x -1) (x 2 + x + 4 j > 0 => x > 1. 

Ta co 

P = xy + yz + zx = x (x + y + z) + yz - x 2 = x (4 - xyz) + yz - x 2 
= -(x-2) + 4 + yz^l - x 2 ) < 4 
Suy ra P < 4. Vay gia tri nho nhat ciia P la 4. 





Dang thuc xay ra khi va chi khi x = 0 ;y = z= 2 va cac hoan vi. 


Bai 75. Cho a, b, c la ba so thuc duong thoa man a + b + c = 3 . Chung minh rang: 

a 2 | b 2 | c 2 ^ 3 
V b + 3 Vc + 3 V a + 3 2 

Tn'ch de thi tuyen sink l&p 10 chuyen Toan Tilth Bac Giang nam 2014-2015 


Loi giai 

Ap dung bat dang thuc Cauchy ta dugc 

a 2 + b 2 + c 2 _ 4a 2 + 4b 2 + 4c 2 > 4a 2 + 4b 2 + 4c 2 

Vb + 3 Vc + 3 Va + 3 4Vb + 3 4Vc + 3 4^a + 3 ~ b + 7 c + 7 a + 7 

Ap dung tiep bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

4a 2 4b 2 4c 2 4(a + b + c) _ 4.9 _ 3 
b + 7 c + 7 a + 7 a + b + c + 21 3 + 21 2 

n , a 2 b 2 c 2 3 

Suy ra ta dugc , + , + , > — 

Vb + 3 Vc + 3 v a + 3 2 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1 _ 


| 1) Cho a, b, c la ba so thuc duong tuy y. Chung minh rang: 

a + Vab + a/ abc < ^(a + b + c) 

| 2) Cho a, b, c la ba so thuc duong tuy y. Chung minh rang: 

be ca ab 

—-+ —-+ —-< 1 

a + 2bc b + 2ca c + 2ab 

_ Trich de thi tuyen sink l&p 10 chuyen Tin - Toan Tilth Tien Giang nam 2014-2015 


1) Sir dung bat dang thuc Cauchy ta co: 


Loi giai 


I _ I — + b + 4c 

Vab = 2.J— .b < — + b; Vabc = P — .b.4c < — - 

V 4 4 U 3 

I — /- a 7 + b + 4c 4(a + b + c) 

Tir do ta co a + Vab + Vabc < a + — + b + —-= —---. 

4 3 3 

Bai toan dugc chung minh xong. Bang thuc xay ra khi va chi khi a = 4b = 16c 
2) Bat dang thuc can chung minh tuong duong vdi 

a 2 b 2 


a 2 + 2bc b 2 + 2ca c 2 + 2ab 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


>1 


(a + b + c) 


a + 2bc b + 2ca c + 2ab a + b + c + 2ab + 2bc + 2ca 
Bai toan dugc chung minh xong. Bang thuc xay ra khi va chi khi a = b = c 


Bai 77. Cho x, y, z la ba so thuc duong thoa man x + y + z = 1. Chung minh rang: 

+ iz7> 6 

x + yz y + zx z + xy 

Trich de thi tuyen sink l&p 10 chuyen Toan Thanh Pho Ha Noi nam 2014-2015 


Loi giai 


Ap dung gia thiet ta dugc 






1 -x 2 _ ( 1_x )( 1 + x ) _ ( x + y)(y + z) + (z + x )(y + z) 
x + yz (x + y)(z + x) (x + y)(z + x) 

Hoan toan tuong tuh ta dugc 

1 -y 2 _ (x + z)(x + y) + (x + z)(y + z) 
y + zx (x + y)(y + z) 

1 -z 2 _ (x + y)(y + z ) + (x + y)(x + z) 
z + xy (y + z)(z + x) 

Bat a = (x + y) (y + z); b = (y + z) (z + x); c = (x + y)(z + x), khi do ta vi 6 t lai dugc bit ding 
thiic thanh 

a+b b+c c+a^„ 


Ap dung bat dang thiic Cauchy ta dugc — + — >2; — + — >2; — + — >2 
b a c b a a 

Cong theo ve cac bat dang thiic tren ta duoc a + ^ ^ + c + C + a > 6 

cab 

Vay bai toan dugc chiing minh xong. _ 


Bai 78. Cho x, y, z la ba so thuc duong thoa man xy + yz + zx = 1 . Chiing minh rang: 

x y z 3 

Vx^Ti v7+i Vz^+I 2 

Trich de thi tuyen sink l&p 10 chuyen Toan DHSP TP Ho Chi Minh, 2014-2015 
Loi giai 

Ap dung gia thiet ta dugc - 


Vx 2 +1 -y/x 2 + xy + yz + zx A(-bb-) 

Ap dung bat dang thiic Cauchy ta dugc 

' v : At x 


^(x + y)(x + z) y( x + y)( x+z ) 2 l x + y z + x 


X < ir X X 
Vx 2 + 1 ~ 2^x + y z + x 


Hoan toan tuong tu ta dugc 

y 


\Jy‘ +1 2^x + y y + z J’V7Tl 2 [^z + x y + z 

Cong theo ve cac bat dang thiic tren ta dugc 

x + y + z 
Vx 2 +1 -y/y + 1 s]z 2 +1 

< 1 1 x + x + y + y + z + z j_3 

2 i^x + y z + x x + y y + z z + x y + zj 2 

Vay bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi x = y = z = —j= 

v3 


Bai 79. Cho x, y, z la cac so thuc duong thoa man 




yjx + y 2 + -^/y 2 + z 2 + Vz 2 + x 2 = 2014 


Tim gia tri nho nhat cua bieu thuc: P =- 1 - 1 - 

y+zz+xx+y 

Trich de thi tuyen sink lop 10 chuyen Toan Tilth Thanh Hoa, 2014 - 2015 
Loi giai 


De dang chung minh dugc ^2~jy 2 + z 2 ) > x + y do do ta dugc - 


Hoan tom tuong tu ta dugc 


^ 2 (y 2+z! ) 


Dat a = <Jy 2 + z 2 ; b = Vz 2 + x 2 ; c = a/x 2 + y 2 , suy ra a + b + c = 2014 

, , 2 b 2 + c 2 - a 2 2 c 2 + a 2 - b 2 2 a 2 +b 2 -c 2 

Tu do ta dugc x =---; y =- r -; z 


Kin do ta dugc P > 


2 2 
1 f b 2 + c 2 - a 2 c 2 + a 2 - b 2 


2V2 


2 

2 + b 2 - c 2 


b + c - a c + a - b a + b - c 


bcacab/ \ 

= — + — + — + — + — +-la + b + c) 

a a b b c c v ' 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

q = (t + 7 + t) + (t + T + 7 )-( a + b+c ) 

(a + b + c) (a + b + c) , N 

> i- la + b + c) = a + b + c = 2014 
a+b+c a+b+c v ’ 

Do do ta duoc P > vay gia tri nho nhat cua P la ^91^. 

2V2 ' ' 2V2 


Dang thuc xay ra khi va chi khi x = y = z = — 1 =-. 

3V2 

Bai 80. Gia su a, b, c la cac so thuc duong thoa man ab + be + ac + abc < 4. Chung minh rang: 
a 2 +b 2 +c 2 +a + b + c >2 (ab + be + ac) 

Trich de thi tuyen sinh l&p 10 chuyen Toan DHKHTN Ha Ngi mint 2015-2016 
Loi giai 

Ap dung bat dang thuc Cauchy 4 so ta co : 

4 > abc + ab + be + ac > 4-\/a 3 b 3 c 3 =^> 1 > abc =^> a + b + c > 3>/abc > 3^/aVc 2 
Khi do ta quy bai toan ve chung minh a 2 + b 2 + c 2 + 3>/a 2 b 2 c 2 > 2 (ab + be + ac) 

Dat yfa 2 = x, = y, -s/c 2 ^ = z (x, y, z > 0 ), bit ding thuc dugc viit lai thanh 

x 3 + y 3 + z 3 + 3xyz > 2-^/x 3 y 3 + 2-\/z 3 x 3 + 2<Jz 3 y 3 

De dang chung minh dugc 






x 3 + y 3 + z 3 + 3xyz > xy (x + y) + yz (y + z) + xz (x + z) 
xy (x + y) + yz (y + zj + xz (x + z) > 2>/x 3 y 3 + 2-\/z 3 x 3 + 2-y/z 3 y 3 

Khi do ta dugc 

x 3 + y 3 + z 3 + 3xyz > 2^/x 3 y 3 + 2>/z 3 x 3 + 2^/z 3 y 3 

Vay bat dang thuc dugc chung rninh. Bang thuc xay ra khi va chi khi a = b = c = 1 


Bai 81. Gia sir x, y, z la cac so thuc ldn hon 2. Tim gia tri nho nhat cua bieu thuc: 

x y z 

p = _ -l— J -l— _ 

Vy + z - 4 Vz + x-4 V x + y- 4 

Trich de thi tuyen sink l&p 10 chuyen Toan DHKHTN Ha Noi nam 2015-2016 
Loi giai 

^ , _ 4x 4y 4z 

Ta co P = — , 4- , 4- , 

4yy + z-4 4VZ + X-4 4^/x + y-4 

Ap dung bat dang thuc Cauchy ta dugc 

4 Vy + z - 4 = 2^4 (y + z- 4)<y + z- 4 + 4 = y + z 
Ap dung tuong tu thi ta dugc 

„ 4x . 4 y , 4z ^„ f x , y 


4-y/y + z - 4 4-\/z + x - 4 4^/x + y - 4 U + z x + z x + y 


De dang chung minh dugc-+-1-> — 

y + z x + z x + y 2 

Do do ta dugc P > 6. Vay gia tri nho nhat cua P la 6. 
Dang thuc xay ra khi va chi khi x = y = z = 4 . 


Bai 82. Tim cac so thuc khong am a va b thoa man: 


Ta d6 dang chung minh dugc 


a 2 + b + |^b 2 + a + = |^2a + ^ J |^2b + ^ 

Trich de thi tuyen sink l&p 10 chuyen Toan DHSP Ha Ngi nam 2015-2016 
Loi giai 


l-- >0 <=>a 2 + — >aoa 2 +b + — >a + b + — 

2 J 4 4 2 

1 2 

>0<=>b 2 + — >b<=>b 2 +a + — >a + b + - 

4 4 2 


Ap dung danh gia tren va bat dang thuc Cauchy ta dugc 

- —1 > f a + b + —1 = 1 (2a + 2b + l) 2 


hb+ !)( b2 


( 2a 4 — I + 2b 4 — 
{ 2 ) { 2 


>1 2a + - 2b + - 

2 Jl 2 


Dang thuc xay ra khi va chi khi a = b = —. 


4 





Bai 83. Cho x, y, z la cac so thuc duong thoa man ^ = 1. Tim gia tri nho nhat cua bieu thuc: 

x y z 


y z 


x y 


X v +Z ) y l Z +X ) Z l X +r ) 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tilth Phu Tito nam 2015-2016 
Loi giai 

jj_ 

i n (i t) {i i 

V + ?J 

„2 , 1 2 , 2 . 


Ta CO P = - 


b 2 + c 2 c 2 + a 2 a 2 + b 2 a(l-a 2 j b(l-b 2 J c(l-c 2 j 
Ap dung bat dang thuc Cosi cho 3 so duong ta co 

.•(I-.*)’ 4 

. 3v3.a 


1_a ~ 3 a/ 3 ° all-a 2 ] 


Hoan torn tuong tu ta duoc 


3V3.b 2 


^ ?>S.c 
2 


Cong theo ve cac ket qua tren ta duoc P > ~~~ • Vay gia tri nho nhat cua P la ~~ ■ 


Dang thuc xay ra khi va chi khi x = y 


= y = z = V3 


Bai 84. Xet cac so thuc duong a, b, c thoa man abc = 1. Tim gia tri 1cm nhat cua bieu thuc: 

T = a + „ b 4 + ° 4 

b + c + a a + c + b a + b + c 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tilth Nam Binh nam 2015-2016 
Loi giai 

Ta co 2 (b 4 + c 4 ) > (b 2 + c 2 j > 2bc (b 2 + c 2 ) => b 4 + c 4 > be (b 2 + c 2 j 
Do do ta duoc 


b 4 + c 4 + a be ^b 2 + c 2 j + a abc ^b 2 + c 2 j + a 2 a 2 + b 2 + c 2 

Hoan tom tuong tu ta duoc 

b < b 2 c < c 2 

a 4 + c 4 + b a 2 + b 2 + c 2 ’ a 4 + b 4 + c a 2 + b 2 + c 2 
Cong theo ve cac ket qua tren ta duoc T < 1. 

Vay gia tri ldn nhat cua T la 1. Dang thuc xay ra khi va chi khi a = b = c = 1. _ 

| Bai 85. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 






2a + b + c 2b + c + a 2c + a + b 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Nam Binh nam 2015-2016 


Loi giai 


4a 2 +(b-c) 2 2^2a 2 +b 2 +c 2 j-^4a 2 +b 2 + c 2 -2bc) (b + c) 2 


2a 2 + b 2 + c 2 , , 2a 2 + b 2 + c 2 

Ap dung tuang tu ta viet lai dugc bat dang thuc 


2a“ + b + c 2b + c + a 2c + a + b 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


2a 2 + b 2 + c 2 a 2 + b 2 c 2 + a 2 
(c + af c 2 a 2 


2b 2 + c 2 + a 2 b 2 + c 2 b 2 + a 2 
(a + b) 2 ^ a 2 b 2 


2c + a + b c + a c + b 
Cong theo ve cac bat dang thuc tren ta dugc 


-9-9- V -9-9-9~ -9-9- V ~ ^ 

2a + b + c 2 2b + c + a 2c + a + b 
Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c _ 

Bai 86. Cho a, b la cac so duong thoa man dieu kien (a + b j + 4ab < 12. Chung minh rang: 

2015ab < 2016 


1 1 
1 + a 1 + b 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Hai Duong nam 2015-2016 


Loi giai 

Ta co 12 > (a + b) 3 + 4ab > ^Vab j + 4ab. Bat t = Vab, t > 0 thi 

12 > 8t 3 + 4t 2 o 2t 3 + t 2 - 3 < 0 o (t -1) (2t 2 + 3t + 3) < 0 
Do 2t 2 + 3t + 3 > 0, Vt nen t -1 < 0 O t < 1. Vay 0 < ab < 1 
11 2 

De dang chung minh duoc-1-<- j=. 

' 1 + a 1 + b 1 + Vab 
That vay, bat dang thuc tuang duong vdi 
1111 


- < 0 O 


Va, b > 0,ab < 1 
Vab - a 


Vab - b 


l + a 1 + Vab 1 + b 1 + Vab (l + a)|l + Vabj (l + b)|l + Vabj 

S) c0:: 


v l + Vab Jl y l + a 1 + bJ |l + Vabj(l + a)(l + b) 

Do 0 < ab < 1 nen bat dang thuc nay dung. 





Tiip theo ta se chiing minh-^=f+2015ab < 2016, Va, b > 0, ab < 1 

1 + V ab 

Dat t = Vab, 0 < t < 1 ta dugc —-—f 2015t 2 < 2016 
1 + t 

2015t 3 + 2015t 2 - 2016t - 2014 < 0 (t -1) (2015t 2 + 4030t + 2014) < 0 

Do 0 < t < 1 nen bat dang thiic tren dung. 

Vay —+ —— + 2015ab < 2016 . 

; i+a 1 + b 

Bat dang thuc dugc chiing minh. Dang thuc xay ra khi va chi khi a = b = 1. 

Bai 87. Cho a,b, C la cac so thuc bat ky . Chiing minh rang: 

(a +l)(b +l)(c +l)>--- 

Tn'ch de thi tuyen sink l&p 10 chuyen Toan Tinh Nghen An nam 2015-2016 
Loi giai 

Cach 1: Bat dang thiic can chiing minh tuong duong vdi 


(2a 2 + 2) (2b 2 + 2) (2c 2 + 2) > 3 (V2a + ^2b + yfecj 
Dat x = aV2; y = bV2; z = cV2. Bit ding thiic cin chiing minh trb thanh 
(x 2 + 2 )(y 2 +2 )(z 2 +2) > 3(x + y + z) 2 
Ta co (x 2 + 2 )(y 2 + 2 ) = x 2 y 2 + 1 + 2x 2 + 2y 2 + 3 

Suy ra (x 2 + 2 )(y 2 + 2 ) > 2xy + x 2 + y 2 + + 3 = |^(x + y) 2 + 2j 

=^> (x 2 +2)(y 2 +2)(z 2 + 2 ) > ^(x + y) z 2 +4 + 2(x + y) +2z 2 J 

>|^4(x + y)z + 2(x + y) 2 +2z 2 J = 3(x + y4 

Do do ta dugc (a 2 + l)(b 2 + l)(c 2 +1) > 3 ( a + b + c ) 


Vay bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a = b = c = ± 


Vi' 


Cach 2: Bat dang thiic can chiing minh tuong duong vdi 

4a 2 b 2 c 2 + 4 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + a 2 + b 2 + c 2 + 4 > 6 (ab + be + ca) 
Theo nguyen ly Dirichlet ta gia sir 

(2a 2 -1) (2b 2 -1) > 0 c 2 (2a 2 -1) (2b 2 -1) > 0 

<=> 4a 2 b 2 c 2 + c 2 > 2a 2 c 2 + 2b 2 c 2 

Khi do ta quy bai torn ve chiing minh 




4 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) + a 2 + b 2 + 2a 2 c 2 + 2b 2 c 2 + 4 > 6 (ab + be + ca) 

, ,2 , ,2 3(2bc-lf +3(2ca-lf 

<=>(a-b) +(2ab-l) + V -> 0 

Bat dang thuc cuoi ciing luon ddtjg. Vay bai toan du^c-chung minh._, 

Bai 88. Cho a, b, c la cac so thuc duong thoa man a + b + c =—+—+— 

a b c 

| Chung minh rang: 

a) a + b + c > 3abc 

b) 


&3 + 1 

! b 3 + , 

1 c 3 > 3 

1 1 + 3bc V 

1 + 3ca \ 

1 + 3ab 2 


_ Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Bd Ria - Vung Tau, 2015 - 2016 

Loi giai 

a) Gia thiet cua bai toan duoc viet lai thanh 

abc (a + b + c) = ab + be + ca 


ab + be + ca < 


(a + b + c) 


, , (a + b + c) 

Do do ta duoc abc (a + b + c) < ----— o 3abc < a + b + c 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 
b) Bat dang thuc can chung minh duoc viet lai thanh 


| a4 , i 

1 b4 

1 c 4 

1 a + 3abc V 

b + 3abc ]l 

c + 3abc 


Ap dung ket qua cau a ta duoc 



1 b4 + , 

! c 4 ^ a 2 

1 a + 3abc \ 

b + 3abc V 

c + 3abc V2a + b + c 


Ta can chi ra duoc 


V2a + b + c >/a + 2b + c V& + b + 2c ^ 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

(a + b + c) 


V2a + b + c Va + 2b + c Va + b + 2c V2a + b + c+Va + 2b + c + Va + b + 2c 

Ma theo bat dang thuc Bunhiacopxki ta duoc 

V2a + b + c + Va + 2b + c + Va + b + 2c < ^12 (a + b + c) 

Suy ra 

(a + b + c) (a + b + c) (a + b + c) Va + b + c 

V2a + b + c + Va + 2b + c + Va + b + 2c 2^3 (a + b + c) 2>/3 

Cung tu gia thiet a + b + c = — + — + — ta suy ra duoc 
abc 

111 9 

a + b + c = — + — + ->-=>a + b + c>3 

a b c a+b+c 




(a + b + c) Va + b + c 3 

2V3 


< — 
2 


Tii' cac ket qua tren ta dugc 


b + c Va + 2b + c Va + b + 2c 2 
Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 




Bai 89. Cho cac so ducmg a, b, c thoa man ab + be + ca = 3. Chung minh rang: 


1 


1 


- > — 

2 


a" +1 b 2 +1 c 2 +1 

Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Thai Binh 11 am 2015-2016 


Theo mot danh gia quen thuoc ta dugc 

(a + b + c) >3(1 


Loi giai 

fbc + ca) = 9=>a + b + c>3 


Ap dung bat dang thuc Cauchy ta dugc-- = 1-- >1-= 1- 

1 + a 1 + a 2<n 2 


Hoan toan tuong tu ta dugc —-— > 1 - —; —-— 
b 2 +1 2 c 2 +1 

Cong theo ve cac bat dang thuc tren ta dugc 


> 1 -- 

2 


V— + V— + V— > 3 - a + b + c >^ 

a 2 + l b 2 + l c 2 + l 2 2 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 


Bai 90. Cho a, b, c la cac so thuc duong thoa man abc = 1 . Chung minh rang: 


a b c 2(ab + bc + ca) 2 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Thai Binh nam 2015-2016 


Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

b 2 c 2 a 2 (a + b + c) 

— + — + — > --— = a + b + c 

a b c a+b+c 


Ma theo mot danh gia quen thuoc thi a + b + c > ^3 (ab + be + ca) 

Do do ta dugc 

b 2 c 2 a 2 9 ^ I / . . -x 9 

a b c 2(ab + bc + ca) ’ v ' 2(ab + bc + ca) 

Ap dung bat dang thuc Cauchy ta dugc 

./3(ab + be + ca) H—7---- 

* v ’ 2(ab + bc + ca) 

^3(ab + be + ca) ^3(ab + be + ca) g lyf 9 

2 2 2 (ab + be + ca) V 8 2 


b 2 c 2 a 2 9 9 

-1-1-1--r- > — 

abc 2(ab + bc + ca) 2 


Suy ra 



Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 


Bai 91. Cho a, b, c so thuc duong thoa man (a + b) (b + cj (c + a j = 1. Chung minh rang: 

3 

ab + ac + be < — 

4 

_ Tiich de thi tuyen sink l&p 10 chuyen Toan TP Ha Ngi nam 2015-2016 

Loi giai 

D6 dang chung minh dugc (a + b) (b + c) (c + a) > (a + b + c) (ab + be + ca) 

That vay, bat dang thuc tren tuong duong vdi 

9(a + b) (b + c) (c + a) > 8(a + b + c)(ab + be + ca) 

Ta co ding thuc (a + b + c)(ab + be + ca) = (a + b)(b + c)(c + a) + abc 
Nen ta dugc 

9(a + b) (b + cj (c + a) > 8 (a + b) (b + c) (c + a) + 8abc 
<=> (a + b) (b + c) (c + a) > 8abc 

Banh gia cuoi cung la mot danh gia dung. Do do bat dang thuc tren dung. 

Ap dung bat dang thuc tren va ket hgp vdi gia thiet ta dugc 

1 > -^(a + b + c)(ab + be + ca) 
a + b + c > ^3(ab + be + ca) 

1 > ^ ^3 (ab + be + ca) (ab + be + ca) <=> f^-1 >3(ab + bc + ca) 


Lai co 
Nen ta dugc 


Hay 


ab + be + ca < - 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 


Bai 92. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 

a 5 +b 5 +c 5 + — + — + — >6 
abc 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Bac Lieu nam 2015-2016 


Ap dung bat dang thuc Cauchy ta dugc 


Loi giai 


a 5 + — > 2a 2 ;b 5 + — > 2b 2 ; c 5 + — > 2c 2 
abc 


Cong theo ve cac bat dang thuc tren ta dugc 


De thay 


a 5 +b 5 + c 5 + - + — + -> 2 (a 2 + b 2 +c 2 ^ 
a b c v } 

a *+bW> + b + C ) Z =3 

3 

a 5 +b 5 +c 5 + — + — + — >6 
abc 


Do do ta dugc 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 





| Bai 93. Cho x, y, z la cac so thuc duong thoa man x + y + z = 3^2 . Chung minh rang: 

1 1 13 

I - ^ - H ^ a rj'/T ^ ^ — 

^x(3y + 5z) ^y(3z + 5x) ^z(3x + 5y) 4 

_ Trich de thi tuyen sinh ldp 10 chuyen Toan Tinh Binh Thuan nam 2015-2016 


Leri giai 

Cach 1: Ap dung bit ding thuc Cauchy ta dupe 

111 


^x(3y+ 5z) ^y(3z + 5x) ^z(3x + 5y) 


,Jx(3y + 5z) +^y(3 z + 5x) + ^z(3 x + 5y) 


Ma theo bat dang thuc Bunhiacopxki ta duoc 

^x (3y + 5z) + ^y (3z + 5x) + Jz (3x + 5y) 

< ^3 [x (3y + 5z) + y (3z + 5x) + z (3x + 5y)] = ^24 (xy + yz 4 

Ma theo mot danh gia quen thuoc thi 3 (xy + yz + zx) < (x + y + z j =18 
Do do ta duoc 

^x(3y + 5z) + ^y (3z + 5x) + ^z(3x + 5y) < V8.18 = 12 
c 1 1 1 9 3 

^x( 3y + 5z) ^y(3z + 5x) ^z(3x + 5y) 12 4 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi x = y = z = ^2 . 
Cach 2: Ap dung bat dang thuc Cauchy ta duoc 

2^8x(3y + 5z) < 8x + 3y + 5z 

c 1 4^ ^ 4^ 

Suy ra , = = — , =■ >- 

,Jx(3y + 5z) 2^8x(3y + 5z) 8x + 3y + 5z 

Hoan toan tuong tu ta duoc 

1 4^2 1 4V2 


^y(3z + 5x) 8y + 3z + 5x ’ ^ z ( 3x + 5 y ) 8z + 3x + 5y 

_ _ 1 

^x(3y+ 5z) ^y(3z + 5x) ^z(3x + 5y) 

4 V 2 4^2 Ayfe 


Cong theo ve cac bat dang thuc tren ta duoc 
1 1 


8x + 3y + 5z 8y + 3z + 5x 8z + 3x + 5y 

Ma theo bat dang thuc Cauchy ta co 

4V2 4-J2 4>/2 9.4V2 _ 36^2 _ 3 

8x + 3y + 5z 8y + 3z + 5x 8z + 3x + 5y 16(x + y + z) 16.3 V2 4 
1 | 1 | 1 ^3 

^x(3y+ 5z) ^ y(3z + 5x) ^z (3x + 5y) 4 


Suy ra 




Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x = y = z 


= A 


Bai 94. Cho a, b, c la cac so thuc khong am thoa man a + b + c = 2. Tim gia tri nho nhat cua bieu thuc: 

H, 77 T ab + be + ca 1 

P = Va“ + b" + c +-+ —^---- 

2 a + b + c 

Trich de thi tuyen sinh l&p 10 chuyen Toan BH Vinh ncim 2015-2016 
Loi giai 

4 - (a 2 + b 2 + c 2 ) 

Tir gia thiSt a + b + c = 2ta dugc ab + be + ca =------ 

Do do bieu thuc P dugc viet lai thanh 

4 - (a 2 + b 2 + c 2 ) i 


P = Va 2 + b 2 + c 2 + 


a 2 + b 2 + c 2 


r— ---- 2 

Dat t = Va 2 + b 2 + c 2 => —j= < t < 2 . Khi do ta duoc 
V 3 

D . 1 t 2 t t 1 3t t 2 3 ( t “ 1 )( 2 - 1 ) 3 9 

i 1 8 8 2t 2 4 4 4 4 2 4 

g 

Vay gia tri nho nhat cua P la —. Dang thuc xay ra khi va chi khi a = b = 0;c = 2va cac hoan vi. 
4 


| Bai 95. a) Cho a, b la cac s6 thuc duong. Chung minh ring: + a) (l + b) > 1 + Vab 

b) Cho a, b la cac so thuc duong thoa man a + b = ab. Tim gia tri nho nhat cua bieu thuc: 


P = - 


1 


a‘ + 2a b + 2b 


^ + \Z( i+a2 )( i+b! ) 


Trich de thi tuyen sinh l&p 10 chuyen Toan Tinh Binh Phu&c nam 2015-2016 
Loi giai 


a) Binh phuong hai ve ta dugc 

(l + a) (l + b) = 1 + 2Vab + ab a + b > 2\[ab |Va - Vb j > 0 

114 

b) Ap dung bat dang thuc cau a va —l— >-ta duoc 

x y x + y 


a + 2a + b + 2b 

4 ab ab^l 7ab 


---+1 + ab = + ab +1 

(a + b) -2ab + 2^a + b) 


1 ^ Q ,, 1 1 7ab 7 7ab 

ab 16 16 J 8 V 16 16 8 4 8 

Mat khac tu gia thiet ta co ab = a + b > 2y/ab => ab > 4 

7 7.4 21 21 

Do do ta duoc P > —I—— = —. Vay gia tri nho nhat cua P bang —. Dang thuc xay ra khi va chi khi 
4 8 4'' 4 


I Bai 96. Cho ba s6 duong a, b, c thoa man di6u kien — + — + — < 3. Chung minh ring: 

a b c 


a b c ab + be + ca ^ „ 

-+-+-+-> 3 

1 + b 2 1 + c 2 1 + a 2 2 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tinh Ninh Binh nam 2015-2016 






Ap dung bat dang thiic Cauchy ta dugc 


iii q 

3 >- + - + ->---=>a + b + c>3 

a b c a+b+c 


Bien doi va ap dung bat dang thiic Cauchy ta dugc 


Hoan toan tuang tu ta dugc 


ab 2 ^ a ab 2 
1+ b 2 2b 


b > be c 

1+7“ "iw 


a b c ab + be + ca ^ . ab + be + ca ab + be + ca ^ 

-- +-- +-- +-> a + b + c-+-> 3 

1 + bl + cl + a 2 2 2 

Vay bat dang thiic dugc chiing minh. Bang thiic xay ra khi va chi khi a = b = c = 1. 

Bai 97. Cho ba s6 duang a, b, c thoa man di6u kien a + b + c > 3. Chiing minh ring: 

a 4 b 4 c 4 1 


(- 2^b + 2^ (b + 2^(c + 2^ ^c + 2^a + 2^ 


|_ Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Bac Giang nam 2015-2016 

Loi giai 

Cach 1: Ap dung bat dang thiic Cauchy ta co 

a 4 a + 2 b + 2 l > 4a 

(a + 2) (b + 2) + + + 9 " Y 

b 4 b + 2 c + 2 l > 4b 

(b + 2)(c + 2) + 27 + 27 + 9 “ 9 
c 4 c + 2 a + 2 1 4c 

(c + 2)(a + 2) 27 27 9 9 

Cong theo ve cac bat dang thiic tren ta dugc 

a 4 b 4 c 4 2 (a + b + c) \ 4 (a + b + c) 

(a + 2)(b + 2) (b + 2)(c + 2) (c + 2)(a + 2) 27 3 “ 3 

Hay a ‘ , b ‘ c‘ ^ 10(a+ b + c) 21 1 

(a + 2)(b + 2) (b + 2)(c + 2) (c + 2)(a + 2) 27 27 3 

Vay bat dang thiic dugc chiing minh. Bang thiic xay ra khi va chi khi a = b = c = 1. 

Cach 2: Ap dung bat dang thiic Bunhiacopxki ta dugc 


(a + 2^b + 2) (b + 2^c + 2) ^c + 2^a + 2^ ab + be + ca + 4^a + b + + 12 


Phep chiing minh se hoan tat neu ta chi ra dugc 


3(a + b + c j > ab + be + ca + 4(a + b + cj +12 
<=> 3 (a 2 + b 2 + c 2 f > ab + bc + ca + 24 


Theo mot danh gia quen thuoc ta co 


+ c > 9 a +b + c 




> 8.3 = 24 


/ v 8 (a + b + c) 

Lai thay a + b + c > ab + be + ca; 8 (a + b + c ) > —---- 

Cong theo ve hai bat dang there tren ta dugc 

3 (a 2 + b 2 + c 2 ) > 9 (a 2 + b 2 + c 2 ) > ab + be + ca + 24 

Vay bat dang thuc dugc chung minh xong. Dang thuc xay ra khi va chi khi a = b = c = 1 


Bai 98. Cho ba so thuc x; y; z > 1 . Chung minh rang: 

y 4 


(y-l) 2 (z-l) 2 ( x l) 


_ Trich de thi tuyen sink l&p 10 chuyen Toan Tilth Tien Giang nam 2015-2016 

Loi giai 

Cach 1: Ap dung bat dang thuc Bunhiacopsxki ta dugc 


y 


y z 

x — l) 3 ^ y — 1 z-l x-1 
>144 


(y-i) (z-l)' 

Ta quy bai toan ve chung minh ——'-1 —— 

i^y — 1 z-l x- 

Hay —I- —I—> 12 

y — 1 Z — 1 X — 1 

That vay, ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

x 2 | y 2 | z 2 > (x + y + x) 
y-l z-l x-1 x+y+z-3 

(x + y + x) 

Phep chung minh se ho an tat neu ta chi ra dugc —- — > 12 hay 

x+y+z-3 

(x + y + z) > 12 (x + y + z) - 36 O (x + y + z) - 12 (x + y + z) + 36 > 0 
O (x + y + z-6) 2 >0 
Bat dang thuc cuoi cung luon dung. 

Vay bai toan dugc chung minh xong. Dang thuc xay ra khi va chi khi x = y = z = 2. 

Cach 2: Ta di chung minh bit ding thuc: Vdi a > 1 thi a 4 > 16 (a -1) 

That vay 

a 4 > 16 (a -1) <=> a 4 - 16a 2 + 32a -16 > 0 <=> (a - 2) (a 2 + 4a - 4) > 0 
Vi a > 1 nen a 2 + 4a - 4 > 0, do do bat dang thuc tren dung. 

Ap dung bit ding thuc tren ta dugc y 4 > 16 (y -1) do do - 


y-i 


> 16x 4 

y 4 


Hoan ta tuong tu ta dugc 


(y-l) 2 (z-l) 2 (*-l) U 4 z " x " 




Vay bat dang thuc duoc chung minh. 


ai 99. Cho x, y, z la cac so thuc duong thoa man xy + yz + zx = 2xyz. Tim gia tri nho nhat cua bieu 
thuc: 


z(z + x) x(x + y) x(x + z) 

Trich de thi tuyen sink l&p 10 chuyen Toan Tinh Can Thffnam 2015-2016 
Loi giai 

Bien doi gia thiet ta duoc — + — + — = 2. Bat a = —; b = —; c = —, khi do gia thiet trd thanh 
x y z x y z 

a + b + c = 2. 

a 2 b 2 c 2 

Ta viet lai bieu thuc P la P =-1— -1- 

a + 2b b“ + 2c c + 2a 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

b 2 c 2 > (a + b + c) ^ a + b + c _2 

a + 2b b 2 + 2c c + 2a 3^a + b + c^ 3 3 

2 3 

Vay gia tri nho nhat cua P la —. Bang thuc xay ra khi va chi khi x = y = z = — 

Bai 100. Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 3. Chung minh r£ing: 

—-— + —— +—-—>1 
2 + a b 2+b c 2 + c a 

Trich de thi tuyen sinh l&p 10 chuyen Toan Tinh VTnh Phuc nam 2015-2016 


P = 


Loi giai 

Bat dang thuc can chung minh tuong duong vdi 

a 2 b b 2 c c 2 a ^ 1 
-^ +-— +-— < 1 

2 + a b 2 + bc 2 + c a 

Ap dung bat dang thuc Cauchy ta co 2 + a 2 b = l + l + a 2 b>3V^b 

^ a 2 b ^ a 2 b a\/ab 2 

Bo do ta duoc s — 1 = = - 

2 + a b 3va 2 b 3 

Hoan toan tuong tu ta duoc 

a 2 b 


be 


c a ^ a* 


x/ab 2 + by/bc 2 + cy/ca 


2 + a 2 b 2 + b 2 c 2 + c 2 a 3 

a + b + b a + 2b 
3 3 

a (a + 2b) _ a 2 +2ab 


Cung theo bat dang thuc Cauchy ta duoc y/ab 2 < 

Suy ra ay/ab 2 

ay/alA + b-y/bc 2 ^ + c^ca < --- 


Hoan toan tuong tu ta duoc a v 

, a 2 b b 2 c c 2 a 

Tu do ta duoc — + — H-— < 1 

2 + ab 2 + be 2 + c a 





Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. _ 

Bai 101. Cho a, b, c la cac sd thuc duong thoa man ab + be + ca = 11. Tim gia tri nhd nMt cua bidu 
| thuc: 

5a + 5b + 2c 


P = - 


yjl2 (a 2 + ll) + ^12 (b 2 + ll) + Vc 2 +11 

Trick de thi tuyen sink l&p 10 chuyen Toan Tinh Quang Binh nam 2015-2016 
Loi giai 

Dd thly a 2 + 11 = a 2 + ab + ca + ca = (a + b) (a + c), do do ta dugc 

yjl2 (a + ll) = 2j^j(^cj < 3 ^a + b) + ^a + c) = 4a + 3b + c 
Hoan toan tuong tu ta dugc 

Jl2 ^b + ll) = 2^3 ^a + b) ^b + c) < 3 ^a + b) + ^b + c) = 3a + 4b + c 
, c + a + b + c a + b + 2c 


= ^/( c + a )(b4 


Khi do ta dugc J 12 (a 2 + ll) + ^12 (b 2 + ll) + Vc 2 + 11 < + 3c 

Suy ra 


5a + 5b + 2c _ 10a + 10b + 4c _ 2 

15a 15b _ 15a + 15b + 6c 3 

-+-+ 3c 

2 2 


Vay gia tri nhd nhat cua P la —. Dang thuc xly ra khi va chi khi 


2a + 3b = 3a + 2b = c 
ab + be + ca = 11 


<=>a = b = l;c = 5 


Bai 102. Cho ba sd duong a, b, c thoa man didu kien a 2 + b 2 + c 2 = 3. Chung minh rang: 


1 


1 


- >1 


yj 1 + 8a 3 yj 1 + 8b 3 yjl + 8c 3 

Trick de thi HSG tinh Nam Binh nam 2011-2012 


Ap dung bat dang thuc Cauchy ta co 

1 + 8a 3 = (l + 2a)(l-2a + 4a 2 )< 


Loi giai 

1 + 2a + 1 — 2a + 4a 


Do do ta dugc - 


. Hoan toan tuong tu ta dugc 


yjl + 8a 3 1 + 2 a 2 

1 > 1 > 
yjl + 8b 3 1 + 2b yji + 8c 3 1 + 2c 

Cong theo ve cac bat dang thuc tren ta dugc 

1 1 1 , $ 1 


yjl + 8a 3 Vl + 8b 3 yjl + 8c 3 1 + 2a 2 1 + 2a 2 1 + 2a 2 

Theo bat dang thuc Cauchy ta lai co 




Suy ra 


1 + 2a 2 1 + 2a 2 l + 2a 2 3 + 2(a 2 + b 2 + c 2 ) 

T^=r + + - 1 

\1 + 8a Vl + 8b VI + 8c 


Vay bat dang thiic dugc chiing minh. Dang thiic xay ra hi va chi khi a = b = c = 1 


p y e R , Vx X 2V2 

Bai 103. Cho x, y thoa man < 1 . Chiing minh rang:-1—— <- 

0<x,y<^ 1 + y 1 + x 3 


Tir gia thiet suy ra 


Trich cte thi HSG titth Thai Binh nam 2011-2012 
Loi giai 


-Vxj-Vyj>0 <=> Vx + Vy - ~p + V2 Vxy 

xVx ~ X ’^’ “ y '^2 ^ X ^ + y ^ - ^( X + y ) 


j^( xy+ i 

|f^f (x+y) 

Tir cac bat dang thiic tren ta dugc 

xVx + y^/y + Vx + VV < “p( x + y) + + ppj^ + v) + ^f"( X + y ) 

2^(l + x + y + xy) 

“ 3 

Vx + Vy = xW + y Vy + Vx + Vy < 2>|| 

1 + y 1 + x 1 + x + y + xy ~~ 3 


Suy ra 


Vay bat dang thiic dugc chiing minh xong. Dau dang thiic xay ra khi x = y = — 


Bai 104. Cho a, b, c, d la cac so thuc thoa man dieu kien 

abc + bed + eda + dab = a + b + c + d + V2012 
Chiing minh ring: (a 2 + 1 j (b 2 + 1 j (c 2 +1 j (d 2 + 1 j > 2012 

Trich de thi HSG tinh Vinh Phuc nam 2011-2012 


Loi giai 


Tir gia thiet ta co 

2012 = (abc + bed + eda + dab - a- b- c-d) 
= |^(ab -1)(c + d) + (cd -1) (a + b) J 
Mat khac theo bat dang thiic Cauchy ta co 





[(ab-l)(c + d) + (cd-l)(a + b)J <|^ab-l) + (a + b) JJ^cd-l) + (c + d) J 
= (a 2 b 2 + a 2 + b 2 +1) (c 2 d 2 + c 2 + d 2 +l) = (a 2 +l) jb 2 +l) (c 2 +l) (d 2 + l) 
Suy ra (a 2 + l) (b 2 + l) (c 2 + l) (d 2 + l) > 2012 

Vay bat dang thuc duoc chung minh. 


Bai 105. Cho cac so thuc ducmg a, b, c thoa man abc + a + b = 3ab. Chung minh rang: 


ijL + p= + p_^ 

va + b + 1 Vbc + c + 1 \ca + c + l 


Trick de thi HSG tinh Phu Tho nam 2011-2012 


Loi giai 

Tu gia thiet ta suy ra — + — + c = 3. Ta viet lai ve trai cua bat dang thuc can chung minh thanh 
a b 


a + b + 1 vbc + c + 1 Vca + c + 1 h \ \ c f c % 

J- + - +— . |c H-1— J c + - + - 

\abab\ b b V aa 

Bat x = —;y = —;z = c .Khi do gia thiSt trd thanh x + y + z = 3 va bit ding thuc cln chung minh 
a b 
duoc viet lai thanh 

T J — + T J — + T J —~' r3 

\]x + y + xy -yy + z + yz Vz + x + zx 
Ap dung bat dang thuc Bunhiacopxki ta duoc 

1 + 1 + 1 > _9_ 

V x + y + xy Vy + z + y z ^ + x + zx + y + xy + yjy + z + yz + J Z + X + zx 
Bat A = \]x + y + xy + Vy + z + yz + Vz + x + zx 
Theo Bunhiacopxki ta lai co ta co: 

A 2 < 3(6 + xy + yz + zx) = 31^6 + xy + z(3 - z)J 

1/ A ( 3_z ) 

Ap dung Bat dang thuc Cauchy ta duoc xy < — x + y = --— 

4 v / 4 

Khi do ta phai chung minh 
A 2 <3 

Hay A < 3V3 . Do do ta duoc 


( 3 - z ) ! / * 
L -r L+z f 3_z ) 




Suy ra 


Vx + y + xy + Vy + z + yz + Vz + x + zx 3 V^ 




Vx + y + xy Vy + z + y z Vz + x + z 


Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi ba chi khi a = b = c = 1 
Bai 106. Cho ba so duong a, b, c tuy y. Chung minh rang: 




b 3 (c + 2a) c 3 (a + 2b) a 3 (b + 2c) 

Trick de thi HSG Thanh phd Hai Phdng nam 2011-2012 


Loi giai 

Cach 1: Ap dung bit ding thuc Cauchy ta dugc 

a 4 2a + c 1 > a 
b 3 (c + 2a) 9a 3 b 


b 4 


c a + 


2b) 


2b + a 1 ^ b 
9b 3 “ c 


a 3 (b + 2c) 

Cong theo ve cac bat dang thuc tren ta dugc 

a 4 b 4 c 


b 3 (c + 2a) c 3 (a + 2b) a 3 (b + 2c) 9a 9b 9c 3 b c 


Hay 


b 3 (c + 2a) c 3 (a + 2b) a 3 (b + 2c) 9^b c a J 3 


De y ta lai co —l-1— > 3. Do do ta duoc 

b c a 


b 3 (c + 2a) c 3 (a + 2b) a 3 (b + 2c) 3 3 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c 
Cach 2: Ap dung bat dang thuc Bunhiacopxki ta dugc 


b 3 (c + 2a) c 3 (a + 2b) a 3 (b + 2c) 


|^b ^c + 2a) + c ^a + 2b) + a ^b + 2c) J 


>L^ + _ + _ 

b c 


Hay 


|^b 3 (c + 2a) c 3 (a + 2b) a 3 (b + 2c) 

Mat khac cung theo bat dang thuc Bunhiacopxki ta dugc 

a 2 b : 

— + — 
b c 

Do do ta dugc 

a 4 b 4 


|^3 (ab + be + ca)J > | ^- + — + — 


->a + b + c>J3 


+ be + ca) 


b 3 (c + 2a) c 3 (a + 2b) a 3 (b + 2c) 


|^3 (ab + be + ca)J > ^3(ab + be + ca) 


Hay —7-y + —77-y H 77 - y ^ 1 

b 3 (c + 2a) c 3 (a + 2b) a 3 (b + 2c) 

Vay bit dang thuc dirge chung minh. Dang thuc xay ra khi va chi khi a' = b — d _ 

Bai 107. Cho x, y, z la cac s6 thuc duong thoa man xy + yz + zx = 671. Chung minh ring : 




1 


x 2 - yz + 2013 y - zx + 2013 z 2 - xy + 2013 x + y - 


Trich tie thi HSG Thanh Pho Ha Noi nam 2011-2012 


Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


x 2 - yz + 2013 y -zx + 2013 z 2 -xy + 2013 


x 3 + y 3 + x 3 - 3xyz + 2013 (x + y + z) 

Bien doi mau so ben ve phai ta dugc 

x 3 + y 3 + x 3 - 3xyz + 2013 (x + y + z) 

= (x + y + z^ (x 2 + y 2 + z 2 - xy - yz — zx j + 3 (xy + yz + zx j (x + y + z j 
= (x + y + z)(x 2 + y 2 + z 2 + 2xy + 2yz + 2zx) = (x + y + z) 3 

Suy ra ta co 

X , y , 2 ^ (x + y + z) 2 ! 

x 2 - yz + 2013 y 2 - zx + 2013 z 2 - xy + 2013 ( x + y + z ^ x + y + z 

, , , V2013 

Vay bat dang thuc dugc chung minh.Bang thuc xay ra khi va chi khi x = y = z = —-—. 

Bai 108. a) Cho ba so duong x, y, z thoa man xy + yz + zx + x + y + z = 6. Chung minhrang: 
x 2 + y 2 + z 2 > 3 

b) Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Tim gia tri nho nhat cua bieu thuc: 

_ a 3 b 3 c 3 


a + b b + c c + a 


_ Trich de thi HSG Tilth NgheAn nam 2011-2012 

Loi giai 


a) Ap dung bat dang thuc Cauchy ta co 

x 2 + y 2 > 2xy; y 2 + z 2 > 2yz; z 2 + x 2 > 2zx 
x 2 + 1 > 2x; y 2 + 1 > 2y; z 2 + 1 > 2z 
Cong theo ve cac bat dang thuc tren ta dugc 

3 (x 2 + y 2 + z 2 j + 3 > 2 (xy + yz + zx + x + y + z) = 12 

Hay x 2 + y 2 + z 2 > 3 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi x = y = z = 1. 

b) Ap dung bat dang thuc Cauchy ta dugc 

a 3 a 3 + ab 2 - ab 2 ab 2 ab 2 b 

—-- =-----= a —--- > a-= a- 

a+b a+b a+b 2ab 2 

Hoan toan tuong tu ta duoc —J-—- > b - —; ———- > c - — 
b 2 + c 2 2 c 2 + a" 2 
Cong theo ve cac bat dang thuc tren ta dugc 


hb 2 b 2 +c 2 c 2 + a 2 2 2 





3 

Vay gia tri nho nhat cua P la —. Dang thuc xay ra khi va chi khi a = b = c = 1. 


Bai 109. Chung minh bat dang there: 


2>/l 3V2 4V3 2012V2011 

Trich de thi HSG Tilth Quang Binh nam 2011-2012 


Loi giai 


(n + l^jyfn 

De thay 2(n + l) - 2^n (n + l) > 1. That vay, ta co 

|Vn + 1 - Vn j > 0 <=> n + 1 - 2^n (n + l) + n > 0 <=> 2 (n + l) - 2^n (n + l) > 1 


Khi do ta co 


2 Vn + 1 


-^)_J 1 1 


V2012 


(n + l)Vn yfn.y/n +1 v Vn Vn + 1 

Khi do ta dirge 

— + — + — + | 1 
2>/l 3^2 4^3 ’’’ 20l2yl20U 

Vay bat dang there duoc chung minh. 

Bai 110. Cho x, y, z la cacso thuc duong thoa man dieu kien x + y + z = 1 . Tim gia tri nho nhat cua bieu 
thuc: 

F = _^_+_?!_+_?!_ 

(x ! + y ! )(x + y) (y ! + z 2 )(y + z) (z 2 +x 2 )(z + x) 

Trich de thi HSG tilth Ha Tilth nam 2012-2013 

Loi giai 


Hoan torn tuong ter ta duoc 


(* 2 + y 2 )i 

(x + y) 

(*■ 

+ y2 ) 

(x+y) 

y 4 



z 4 


(/+Z 2 ) 

( y + z ) 


+z2 ) 

(y + 4 

z 4 



x 4 


(z ! + x 2 ) 

fz + x) 


+ x 2 ) 

(z + x) 


a 2 + b 2 2 

Ap dung bat dang thuc-> (a + b) ta duoc 





Do ao F dat gia tn nho nhat bang —. Dang thuc xay ra khi va chi khi x = y = z = — 

Bai 111. Cho A =- , vdi neN*. Chung minh rang: 

(2n + l)v2n-l 

Aj + A 2 + A 3 + ... + A n < 1 

Trich de thi HSG tinh Hai Duong nam 2012-2013 
Loi giai 


(2n + l)V2n-l (2n + l)(2n-l) 2 ^2n-l 2n +1 


[ 1 + 1 1 

r 1 

1 ] 

v V2n -1 x/2n + 1 J 

V V 211 -3 

V2n +1J 


V2n-1 V2n + 1 >/2n-l 


Nen 

Do do ta duoc 


A, + A 0 + A„ + ... +A < 1 


2n -1 V2n + 1 

W 1 1 1 


H J 3 IE V2n -1 


Hay A ,+A 2 +A 3 +... + A |i <1- : j— v* 1 

V2n +1 

Vay bai to an duoc chung minh xong. 

Bai 112. Cho cac so thuc duong a, b, c thoa man abc = 1. Chung minh rang: 

a b c ^ 1 

-2" ~^-y H-y ^- 

(ab + a +1) (be + b +1) (ca + c +1) a + b -f 


Trich de thi HSG tinh Ninh Binh nam 2012-2013 






Ap dung bat dang thuc Bunhiacopxki ta co 


Loi giai 



ab + a + 1 bc + b + 1 ca + c + lj 


f 1 b be Y 

- 1 - 1 -— 1 

v b + l + bc bc + b + 1 1 + bc + bJ 


Do do ta duoc-- H-- +-- >- 

(ab + a + l) (bc + b + l) (ca + c + l) a + b + c 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. _ 

Bai 113. Cho a, b, c la cac s6 thuc duong. Chung minh ring: 

ab be ca a + b + c 

- 1 - 1 -<- 

a + 3b + 2c b + 3c + 2a c + 3a + 2b 6 

Trich de thi HSG tinh Phu Tho riant 2012-2013 

Loi giai 

, , g 111 

Ap dung bat dang thuc Cauchy dang-< — + —f — ta duoc 

x+y+z x y z 



a + 3b + 2c b + 3c + 2a c + 3a + 2b 

lfac + bc ab + ac bc + ab a + b + c] a + b + c 

< —- 1 - 1 - 1 -_- 

ll^a + b b + c a + c 2 J 6 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c. _ 

Bai 114. Cho cac so thuc duong a, b, c thoa man a 3 + b 3 + c 3 - 3abc = 1. Tim gia tri nho nhat cua bieu 
thuc: P = a 2 + b 2 + c 2 

Trich de thi HSG tinh Nghe An nam 2012-2013 

Loi giai 

Tir gia thiet ta duoc (a + b + a) (a 2 + b 2 + c 2 - ab - be - ca j = 1 hay 



a+b+c =-+ ab + be + ca 

a + b + c 

o2fa 2 +b 2 + c 2 ) =---+ 2(ab + bc + ca) 

' ’ a+b+c v ’ 

<=> 3 (a 2 + b 2 + c 2 ) =-^-+ (a + b + c) 


Ap dung bat dang thiic Cauchy ta dugc 

^ - + (a + b + c) = - 


a + b + c 
1 1 


- + (a + b + c) >3 


a+b+c v ’ a+b+c a+b+c 

Do do ta dugc 3 (a 2 + b 2 + c 2 j > 3 <=> a 2 + b 2 + c 2 >1 
Vay gia tri nhd nhat cua P la 1. Dang thiic xay ra khi va chi khi 

Ta = b = 0;c = l 


a+b+c - 3abc = 1 
(a + b + c) =1 


i = c = 0; b = 1 
i = 1; b = c = 0 


Bai 115. Cho cac s6 thuc duong a, b, c thoa man abc = — . Chung minh rSng: 

6 

Q a 2b 3c ou o 1 1 % 

3 H-1-1-> a + 2b + 3c H-1-1- 

2b 3c a a 2b 3c 

Trich de thi HSG tinh Vink Phuc nam 2012-2013 
Loi giai 

Dat a = x; 2b = y; 3c = z, khi do ta dugc xyz = 1 va bat dang thiic can chiing minh dugc viet lai 
thanh 

0 xyz^ 111 

3 + — + - + — >x + y + z + — + —+ - 
y z x xyz 


Dat x = —; y = —; z = —. Khi do bat dang thiic tro thanh 
m n p 

m 3 + n 3 + p 3 + 3mnp > m 2 n + mn 2 + n 2 p + np 2 + m 2 p + mp 2 
Bi6n d6i tuong duong ta dugc mnp > + n - p) (n + p - m) (p + m - n) 

Bat dang thiic tren luon dung. Vay bai toan dugc chiing minh. _ 

Bai 116. Cho cac s6 thuc duong a, b, c thoa man a + b + c = 6 . Chiing minh ring: 

b+c+5 c+a+4 a+b+3 

-+-+-> 6 

a +1 b + 2 c + 3 

Trich de thi HSG tinh Quang Binh nam 2012-2013 
Loi giai 

Bat dang thiic can chiing minh tuong duong vdi 

b+c+5 . c+a+4 . a+b+3 __ 

-+ 1 +-+ 1 +-+ 1 > 9 


a +1 

b+2 c+3 

Hay (a + b + c + 6^ 

f — + —— + —} > 9 

^a + 1 b + 2 c + 3j 

Theo bat dang thiic Cauchy ta co 



1 | 1 | 1 9 

a +1 b + 2 c + 3 a + b + c + 6 


Do do ta dugc 





1 


: (a + b + c + 6) 


(a + b + c + 6)[ —-— + — -1—-— |>(a + b + c + 6)-—- 

' ^a+1 b+2 c+3 J ' ' a +b+c+ 

Vay bat dang thiic dugc chiing minh xong. 

Dang thiic xay ra khi va chi khi a = 3;b = 2;c = l 

12 3 

Bai 117. Cho cac so thuc duong a, b, c thoa man —I-h — = 3 . Chiing minh rang: 

abb 

27a 2 | b 2 | 8c 2 ^3 

c(c 2 + 9a 2 ) a(4a 2 + b 2 ) b(9b 2 +4c 2 ) _ 2 


Trich de thi HSG Thanh Phd Ha Noi nam 2012-2013 
Loi giai 


12 3 

Cach 1: Dat a = —; b = —; c = —, khi do gia thiSt dugc viit lai la x + y + z = 3 


Bat dang thiic can chiing minh trb thanh-1-1-> — 

x 2 + y 2 y 2 + z 2 z 2 + x 2 2 
Sir dung ky thuat Cauchy ngugc dau ta chiing minh dugc 

x 3 y 3 z 3 x + y + z 3 

—-y + ^—v + —-- >---= - 

x 2 + y y 2 + z 2 z 2 + x 2 2 2 

Vay bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a = 3;b = 2;c = l. 
Cach 2: Ap dung bit ding thiic Cauchy ta dugc 


27a 2 

_ 27a 2 + 3c 2 - 3c 2 _ 

3 3c ^ 3 

3c _ 3 

1 

c(c 2 + 9a 2 ) 

c(c 2 + 9a 2 ) 

c c 2 + 9a 2 c 

2>/c 2 .9a 2 c 

2a 

b 2 

_ b 2 + 4a 2 - 4a 2 _ 1 

4a ^ 1 

1 


a^4a 2 + b 2 ) 

a^4a 2 +b 2 ) a 

4a 2 + b 2 a 

b 


8c 2 

_ 8c 2 + 18b 2 - 18b 2 

_ 2 18b 

>2_A 


b(9b 2 +4c 2 

) b(9b 2 +4c 2 ) 

_ b 9b 2 + 4c 2 

b 2c 



Cong theo ve cac bat dang thiic tren ta dugc 

27a 2 | b 2 | 8c 2 > 1 (l | 2 | 3^| _ 3 

c(c 2 + 9a 2 ) a^4a 2 +b 2 ) b^9b 2 +4c 2 ) 2 [a b cj 2 

Vay bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a = 3;b = 2;c = l. 

Bai 118. Cho cac so thuc duong x, y, z thoa man x + y + z = 3. Chiing minh rang: 

2x 2 + y 2 + z 2 2y 2 + z 2 + x 2 2z 2 + x 2 + y 2 . 

-2-+ -2--+-2_ > 4 X y Z 

4 - yz 4 - zx 4 - xy 

_ Trich de thi HSG Tilth Phu Tho nam 2013-2014 

Loi giai 

Cach 1: Theo bit ding thiic Cauchy ta co 2x 2 + y 2 + z 2 > 2x(y + z) 

Tuong tu ta co 2y 2 + z 2 + x 2 > 2y(z + x); 2z 2 + x 2 + y 2 > 2z (x + y) 

x(y + z) y(z + x) z(x + y) 

Do do ta se chiing minh — - H--- H— -- > 2xyz 

4 - yz 4 - zx 4 - xy 

Bat dang thiic nay tuong duong vdi 






y + z z+x x+y 

---1-H- - - > 1 

(4-yz)2yz (4-zx)2zx (4-xy)xy 

Taco y + Z ^ 2 fj|~ =_|_ 

(4-yz)2yz ^2 - 7yz)(2 + <y/yz)2yz ^2 - ^/yz) Vyz ^2 + ^yz) 

De thay 0 < ^2 - yfyz, j -y/yz = - |y/xy -1 j +1 < 1 nen 



Do do ta duoc ,—— + , Z ->- ^ ,— 

(4-yz)2yz 2 + y/yz 

TT , , z+x 1 x + y 1 

Hoan toan tuong tu co y-r->-; y-r->- -r= 

(4-zx)2zx 2 + Vzx (4-xy)2xy 2 + y/xy 

Cong theo ve ba bat dang thuc tren ta duoc 

y + z z + x x + y 1 1 1 

(4-yz)2yz (4-zx)2zx (4-xy)xy 2 + y/xy 2 + y/yz 2 + Vzx 

Theo mot danh gia quen thuoc thi 



Vay bat dang thuc duoc chung minh. Dang thuc xay rakhi va chi khi x = y = z = 1. 


Cach 2: Goi ve trai cua bat dang thuc la P. Khi do bien doi P nhu sau 


Theo bat dang thuc Bunhiacopxki dang phan thuc ta co 

x 2 , y 2 , z 2 ^ (x + y + z) 

4 - yz 4 - xz 4 - yx 12 - (xy + yz + zx j 

1 | 1 | 1 > _9_ 

4 - yz 4 - xz 4 - yx 12 - (xy + yz + zx) 


1 + 1 

4 - yz 4 - x 


1 

4 - yx 


4 - yz 


y 

4 — x 


(x + y+ z) 

9(x 2 +y 2 +z 2 ) 

12 - (xy + yz + xz) 

12 - (xy + yz + xz) 

3 (xy + yz + xz) 

9(xy + yz + xz) 

12 - (xy + yz + xz) 

| 12 - (xy + yz + xz) 

12 (xy + yz + xz) 

^ 36^/x 2 y 2 z 2 

12 - (xy + yz + xz) 

1 12 - 3y/x 2 y 2 z 2 


Do do ta dupe 



Bat yjxyz = t < x + ^ + z = | Khi do ta co 


- 4t 3 12t 2 (t - l)(t 2 + t - 3) > 0 


12 - 3t 2 

Banh gia cuoi cung luon dung. Bat dang thuc duoc chung minh xong. 

Cach 3: Ta viet lai bat dang thuc can chung minh thanh 

x 2 + y 2 + x 2 + z 2 x 2 + y 2 + y 2 + z 2 z 2 + y 2 + x 2 + z 2 


xyz(4-yzj 

Ap dung bat dang thuc Cauchy ta co 


xyz (4 - xz) 


xyz 4-yx) 


2xy + 2xz + 2xy + 2yz + 2xz + 2yz 
xyz(4 - yz) xyz(4 - xz) xyz(4 - yx) 

y + z x + z x+z 

—--1-1- 

yz (4 - yz) xz(4-xz) yx(4-yx) 

1 1 1 


[2(4 - yz) x(4-yz) y(4-yx)J [y(4-yz) zx(4-yz) x(4- 
dung bat dang thuc Cauchy ta co 

1 | 1 | 1 _3_ 

z(4-yz) x(4-yz) y(4-yx) ^xyz(4 - yz)(4 - xz)(4 - xy) 

1 1 1 6 


Bo do ta duoc P > 


y (4 - yz) zx(4-yz) x(4-yx) s/xyz(4 - yz) (4 - xz) (4 - xy) 

12^3 


^/3xyz(4 - yz) (4 - xz) (4 - xy) 


Mat khac ta lai co 


3xyz (4 - xz) (4 - yz) (4 - xy) < f + 12 ~ ” ~ ~ yz 


- = 3o Xy + y Z + XZ >3o3xyz-xy-xz-yz<0 
x y z x + y + z xyz 

Suy ra 

3xyz ^4 - xz) (A - yz )( 4 - xy) <810 ^3xyz (4 - xz) (4 - yz) (4 - xy) < 
Bo do ta duoc P > = 4 Nhu' vay bat dang thuc duoc chung minh. 

3v3 

Cach 4: Bat ve trai cua bat dang thuc la P. 

(y + z) (x + y + z) g 

Vdi x, y, z > 0 ta co yz < --— < --— = — =>4-yz>0 

4 4 4 

Tuong tu ta cung co 4 - zx > 0; 4 - xy > 0. 

Ap dung bat dang thuc Bunhiacopxki ta co 

4 )x 2 + x 2 + y 2 + z 2 ) > (x + x + y + z) 2 = (2x + y + z) 2 



Tir do suy ra 


2x 2 + y 2 + z 2 ( 2x + y + z ) 


4-yz 
Hoan toan tuong tu ta co 

I 2 , 2 


4(4 — yz) 


2y 2 + z 2 + x 2 > (2y + z + x ) 2z 2 + x 2 

4-zx 4 (4 - zx) ’ 4-xy 4(4-xy) 


2 + y 2 ^ (2z + x + y) 2 


(2x + y + z) (2y + z + x) (2z + x + y) 

Do do ta duoc P > *—-A- + -—-A- + -—- A- = Q 

4 (4-yz) 4 (4-zx) 4(4 -xy) 

Mat khac theo bat dang thuc Cauchy 

(2x + y + z) 4 , , M2x + y + z) 4 , x 9 / \ 

1 ,- J-+ (4-yz) >2.- A-.- -(4-yz) =-(2x + y + z) 

4(4-yz) 4(4-yz) 9 1 ’ 3 1 ' 

( 2 y ; z +f + i( 4 ^)^ J 2y ; z+ f ^( 2 y+z+ x) 

4(4-zx) 9 l ' 4(4-zx) 9 l '3^ ' 

(2z + x + y) 4, . (2z + x + y) a. . 9 , . 

1 .-A- + (4-xy) >2. ^-4-. (4-xy) =-(2z + x + y) 

4(4-xy) 9 l y) ]j 4(4-xy) 9 l ^ ^ 

Cong theo ve cac bat dang thuc tren ta duoc 

Q + ^ (i2 - xy - yz - zx) > | (x + y + z) = 8 ^ Q > | + ^ (xy + yz + zx) 

Bat dang thuc tren se duoc chung minh neu ta chi ra duoc 

8 4 ( \^A 

— + — |^xy + yz + zxj > 4xyz 
Thay vay, ta viet lai bat dang thuc tren thanh 

~ • ( x + y + z ) 3 + ( x + y + z ) (xy + yz + zx) > 4xyz 
Sir dung bat dang thuc Cauchy ta co 

x + y + z > 3-^/xyz; xy + yz + zx > 3^/x 2 y 2 z 2 

Suyra ^-.(x + y + z) + ^(x + y + z)(xy + yz + zx) > 4xyz 

Vay bat dang thuc duoc chung minh xong. 


" 1 + 1 + 1 ^ 


( x 2 + y 2 + z 2 

v 4 - xy 4-yz 4 - zx j 


^ 4 - y z 4-zx 4 - xy ^ 


Ap dung bat dang Cauchy ta co 

(x . +y . + 4_j_ + ^_ + 9 (f +y2+zi ) 

v \4-xy 4-yz 4-zxJ 12 - (xy + yz + zx) 15 + x + y + z 

Theo bat dang thuc Cauchy ta lai co 



_J^ + x ( 4 -H + l>3jb^, X ( 4 - yZ ) ,l=x 
4-yz 9 3 \ 4-yz 9 3 


4-yz 


X (4-yz) ! _ 5x X yz 1 

9 3 _ T + 7T 3 


^ y 5y xyz 1 z 5z xyz 1 

Tuong tu ta co —--> — H-; ->-1- 

4-zx 9 9 3 4-xy 9 9 3 

Cong theo ve ba bat dang thuc tren ta dupe 

x 2 y 2 z 2 5 / \ xyz . 2 xyz 

4-yz 4-zx 4 - xy 9 ^ ' 3 3 3 

a^'*‘^( X+ ^ +Z ) ^ xyz 

Do do ta duoc A > —-— --- - + — +- 

15 + x 2 + y 2 + z 2 3 3 

18(x 2 + y 2 + z 2 ) 

Tir gia thiSt ta duoc x 2 + y 2 + z 2 > 3. Do do ta co —-— --- - > 3 

15 + x 2 + y 2 + z 2 

Cung tu gia thiSt ta duoc xyz > 1. 

, _ _ 2 xyz 11 xyz llxyz xyz 

Tu do suy ra P > 3 + — + —— =-1->-— H-= 4xyz 

3333 33 

Vay bat dang thuc duoc chung minh xong 


Bai 119. Cho x, y la cac so thuc duong thoa man x + y = 1. Tim gia tri nho nhat cua bieu thuc: 
B = , 1 - + X 


x +y xy 

Trich de thi HSG Tilth Thanh Hoa nam 2013-2014 


Loi giai 

J_ - l +JL= 1 ~fey : 

1 - 3xy xy xy(l-3xy) 


Ta co B = - 


xy 


- - 3 -‘ 

(x + y) -3xy(x + y) 

( x + y) 2 i 

Theo bat dang thuc Cauchy ta co xy < -— = —. 

4 4 

Goi B q la mot gia tri cua B, khi do luon ton tai x, y de 

B » = i ^ H o3B " (xy) ^ (2+B " )xy+1 = 0 

De ton tai x, y thi phuong trinh tren phai co nghiem xy, tuc la 

0 [b >4 + 2^3 

A = B 2 - 8B + 4 > 0 r- 

0 0 B 0 <4-2V3 

De y rang voi gia thiet bai torn thi B > 0. Do do ta co B Q > 4 + 2y[s . 

Vai B 0 =4 + 2 ^^xy = ?^ = -^±A_ =>x(1 _ x) = _pA_ 
6B 0 612 + V3) 6(2 + V3 j 


Ox -xt 


3 +V3 

6(2 + V3) 


= 0 <0 x = - 


,-M7, 




Vay gia tri nho nhat cua B la 4 + 2y/s , dat duoc khi 

X = —V-3- ;y = _Lj- h0 j cx = 


12S 


1 1 + J --1 

3- y = ———-. 


Bai 120. Cho a, b, c la cac so thuc duong thoa man 2ab + 6bc + 2ca = 7abc . Tim gia tri nho nhat cua 
„4ab 9ca 4bc 


a + 2b a + 4c b + c 


Trich de thi HSG tinh Hai Ducmg nam 2013-2014 


Loi giai 

2 6 2 

Tir 2ab + 6bc + 2ca = 7abc ta duoc —1-1— = 7 

cab 

111 fx,y,z>0 

Bat x = —;y = —;z = -=>< 

a b c 12z + 6x + 2y = 7 


Khi do ta duoc C = 
Hay 


4ab 9ca 4bc _ 4 9 4 

a + 2b a + 4c b + c 2x + y 4x + z y + z 


4 9 4 / \ 

C =-1- 2x + y -l-h 4x + z H-by + z- (2x + y + 4x + z + y + z) 

2x + y 4x + z y + z v ’ 


2x + y 
2 

/x + 2y 


4x + z 

V x + 2 y] 


. ^ Vdx + z H^jl ^ — yfy + z | + 17 > 17 

/4x + z ) y + z 


Vay gia tri 


nho nhat cua C la 17. Bang thuc xay ra khi va chi khi x = —; y = z = l 


Bai 121. Cho a, b, c la do dai ba canh cua mot tarn giac. Chung minh rang: 

4a + 9b 4- 16c >26 

b+c-a c+a-b a+b-c 

_ Trich de thi HSG tinh Quang Tri nam 2013-2014 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 


b + c - 


c+a-b a+b-c 


Hay (a + b + c)[---1---+-—-| > 81 

v \b+c-a c+a-b a+b-cj 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

4 9 16 (2 + 3 + 4)" _ 81 


b+c-a c+a-b a+b-c a+b+c a+b+c 


Bo do ta duoc 


(a + b + c) 


lg A 8l(a + b + c) 


= 81 


b+c-a c+a-b a+b-cj a+b+c 

Vay bat dang thuc duoc chung minh. _ 

Bai 122. Cho a, b, c thoa man 0<a;b;c<4 vaa + b + c = 6. Tim gia tri Ion nhit cua 

P = a 2 + b 2 + c 2 + ab + be + ca 

Trich de thi HSG Thanh phd Ha Noi nam 2013-2014 







Loi giai 

Vi 0 < a; b; c < 4 do do ta dirge (a - 4) (b - 4) (c — 4) < 0, biln d6i tuong duong ta thu dirge 
(a - 4) (b - 4) (c - 4) < 0 o abc - 4 (ab + be + ca) + 16 (a + b + c) - 64 < 0 
<=> 4 (ab + be + ca) > abc +16 (a + b + c) - 64 
Do abc > 0 nen ta dugc 

4 (ab + be + ca) > abc +16 (a + b + c) - 64 > 16.6 - 64 = 32 
<=> ab + be + ca > 8 

Ta co 

P = a 2 + b 2 + c 2 + ab + be + ca = (a + b + c) - (ab + be + ca) < 6 2 - 8 = 28 
Vay gia tri ldn nhat cua P la 28. Dang there xay ra khi va chi khi a = 0; b = 2; c = 4 va cac hoan vi. 


Bai 123. Cho x, y, z la cac s6 thuc duong thoa man x + ; 

l 1 

y + z = 4 . Chung minh ring 

1 j *t 

x 2 + 4yz y 2 + 4zx 

z 2 + 4xy xyz 

Trich de thi HSG tinh Thirn Thien Hue nam 2013-2014 


Loi giai 

1 

1 

1 

4zx ’ z 2 

+ 4xy 

<- 

4xy 

1 

- <- 

1 

H- 

1 

H- 

y 4yz 

4zx 

4xy 


Ket hgp vdi gia thiet ta dugc 


1 1 1111 

-1— 7 , -1—^-<-1-1- 

- 4yz y 2 + 4zx z 2 + 4xy 4yz 4zx 4x; 

; . 1 1 1 x+y+z 1 

it ta dugc-1-1-=-=- 

4yz 4zx 4xy 4xyz xyz 

1111 


Suy ra —--+ —--+ —-<- 

x 2 + 4yz y 2 + 4zx z 2 + 4xy xyz 

Vay bat dang thud dugc cluing minh, _ 

Bai 124. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang 
Va 2 + b 2 Vb 2 + c 2 Vc 2 + a 2 ^ _f a 

c a b Vh 2 + r 2 


Wb +c Vc +a Va +b J 

Trich de thi HSG tinh Bac Giang nam 2013-2014 
Loi giai 


Ap dung bat dang thuc Cauchy dang 21 x + y ) > (x + y) ta dugc 


{ { V777 V 2 ( a2+b2 ) | V 2 ( b2+c2 ) | f( c2+a j 

cab jic Sa Jib 

> a+b + b+c + c+a 

~ V2c yfe,a \f%b 

Mat khac cung ap dung bat dang thuc tren ta dugc 

a b c 4%a 4%b V2c 

“■ C4 1 - --b. ~y-„, +: -»-« J pjiS-1-1- 

Jb 2 +r 2 Vr 2 +a 2 + h 2 b + C C + a a + b 


Vb + c V c+a Va +b b + c c + a 

Phep eh ung minh se hoan tat neu ta chi ra dugc 

a+b + b+c + c+a > 2^a + 2x/2b + 2 a/2c 
V 2c Sa Sb ~ b + c c 


c+a a+b 





Hay 


a+b + b+c + c+a, 
cab 


4a 


That vay, Ap dung bat dang thuc Cauchy dang — 
a+b b+c c+a 


4b 4c 
c+a a+b 
i,i, 
y 


, ta dugc 


(- + - 
y c b 


1 1 


1 1 

- + — 
a b 


b 

4a + 4b + 4c 
b+c c+a a+b 
Vay bat dang thuc dugc chung minh. Bang there xay ra khi va chi khi a = b = c 


Bai 125. Cho a, b, c la cac so thuc duong. Chung minh rang: 


a 2 b 2 c 2 1 1 1 

—9-^-9-1-9- —-I-I- 

be c a a b a b c 


Tn'ch de thi HSG tinh VTnh Phuc nam 2013-2014 


Ap dung bat dang thuc Cauchy ta dugc 


Loi giai 


a 2 b 2 13 b 2 c 2 3 1 a 2 c 2 13 

b 2 c c 2 a a c c 2 a a 2 b b a b 2 c a 2 b c b 


Cong theo ve ba bat dang thuc tren ta dugc 


Hay 


0 a 2 b 2 c 2 1 1 1 3 3 3 

(b e c a a bj a b c a b c 

a 2 b 2 c 2 1 1 1 

—9 1 2 ^ 2— ~ 1-I 

be c a a b a b c 


Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c. 
Bai 126. Cho ba so duong a, b, c thoa man Va 2 + b 2 + Vb 2 + c 2 + Ve 2 + a 2 = 1 

minh rang: 


Chung 


a | b | c ^ 1 

b+c c+a a+b _ 2 ^ 

_ Trich de thi HSG tinh Hdi Duong nam 2014-2015 


Loi giai 

De thay 2 (a 2 + b 2 j < (a + b) . Ap dung tuong tu ta dugc 

a 2 | b 2 | c 2 ^ a 2 | b 2 | c 2 
b + c c + a a + b ^ 2 (b 2 + c 2 ) ^2(c 2 +a 2 ) ^2(c 2 +a 2 ) 

Bat x = Vb 2 + c 2 , y = Ve 2 + a 2 , z = Va 2 + b 2 

Khi do ta dugc suy ra 


b+c c+a a+b 2 ^x 
Ap dung tiep bat dang thuc tren thi ta dugc 


2^y 


2>/2z 




y 2 +z 2 

- x 2 z 2 

2 V 2 

X 

2 V 2 

b +z ) 2 

2x 


(y + z) ! 

2 V 2 

2x 

A 

~ 2 V 2 

2y + z -: 


2V2y 


2\[2z 


(z + x) ( x + y) 

- x + -—-— y + -— 


2y 




2y 


- + 2y-3y 


M 


> —^j= \^2y + z - 3x + 2 (z + x) - 3y + 2 (x + y) - 3zJ (x + y + z) = —^ 


2-^2 


Do do ta dugc 


a 2 b 2 c 2 ^ 1 

- 1 - 1 -> — 

b + c c + a a + b 2V2 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 


3-V2 


Bai 127. Vdi a, b, c la cac so thuc duong. Chung minh rang 

a 5 b 5 c 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 3 

Trich de thi HSG tinh Thai Binh nam 2013-2014 


Cach 1: Ta co 


Loi giai 


a 2 + ab + b 2 


- <=> 3a 3 > (2a - b) (a 2 + ab + b 2 j <=> a 3 + b 3 > ab (a + b) 
0 a 2 - ab + b 2 > ab <=> (a - b) >0 


Danh gia cuoi cung luon dung. 

v 2a-b 
3 


Dodo - 


2a - a b 


a 2 + ab + b 2 3 

c 5 a 3 + b 3 + c 3 a 3 + b 3 + c 3 - a 2 b - b 2 c - c 2 a 


a 2 + ab + b : 

Chung minh tuong tu ta dugc 

_ 5 1 5 

cl ^ 

a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 3 3 

khac vi vai trd a, b, c nhu nhau nen gia su a > b > c > 0 

a 3 + b 3 + c 3 - a 2 b - b 2 c - c 2 a = a 2 (a - b) + b 2 (b - c) + c 2 (c - a) 

= (a-b) (a + b) + (a-c)(b-c)(b + c) > 0 
b 5 c 5 a 3 + b 3 + c 3 


Mat 


Tu do suy ra 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c 
Cach 2: Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta co 

a 5 b 5 c 5 

—2- - ~^—0- w ^—2- - 

a + ab + b b + be + c c + ca + a 

a 6 b 6 c 6 

a 3 + a 2 b + ab 2 b 3 + b 2 c + be 2 c 3 + c 2 a + ca 2 
(a 3 + b 3 + c 3 ) 2 

a 3 + b 3 + c 3 + a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 




Mat khac ta co (a - b) > 0 <=> a 2 - ab + b 2 > ab <=> a 3 + b 3 > ab (a + b) 
Chung minh tuong tu b 3 + c 3 > be(b + c); c 3 + a 3 > ca (c + a) 

Suyra 3(a 3 + b 3 + c 3 ) > a 3 + b 3 + c 3 + ab(a + b) + bc(b + c) + ca(c + a) 

f a 3 + b 3 +c 3y 2 


a 3 + b 3 + c 3 


a 3 + b 3 + c 3 + a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 
Vay bat dang thuc dugc chung minh. 


Bai 128. Cho cac so thuc duong a, b, c thoa man a + b + c = 1. Tim gia tri Ion nhat cua bieu thuc: 
„ a b c 


9a + 3b + c 9b + 3c + a 9c + 3a + b 


Trich de thi HSG tinh VTnh Phuc nam 2014-2015 


Cach 1: Ta co P = - 


Loi giai 

3b 


Bat x = 3a; y = 3b; z = 3c 


Khi do ta viet lai dugc 


27a 3 + 9b 2 + 3c 27b 3 + 9c 2 + 3a 27c 3 + 9a 2 + 3b 
x + y + z = 3 


x; y; z > 0 


x +y +z y +z +x z +x +y 
Theo bat dang thuc Bunhiacopxki va chu y den gia thiet ta co 

( x » + ^ + z ) fl + i +z |>( x+y+z ) 2 


1 + x + zx 1 + x + zx 


X ’ +y! + Z (x + y + zf x’+y 2 + z ( x + y + z ) 2 9 

TT , , , * y M + y + xy y 1 + z + yz 

Hoan toan tuong tu thu duoc —---<-; —---<- 

y 3 + z + x 9 z 3 + x + y 9 

3 + x + y + z + (xy + yz + zx) 6 + (xy + yz + zx) 

Tu do suy ra P < v = v ’ 

9 9 

De dang chung minh dugc xy + yz + zx < ^ (x + y + zj =3 
6 + (xy + yz + zx) 6 + 3 

Do do P < - - - < - = 1. Dau dang thuc xay ra khi 

x = y = z = l<=>a = b = c = — 

* 3 

Vay gia tri ldn nhat cua P la 1 dat dugc tai a = b = c = ^ 

Cach 2: Ap dung bat dang thuc Cauchy ta co 

9a 3 + - + - > 3a; 9b 2 + - > 2b => 9a 3 + 9b 2 + c > 3a + 2b + c -1 = 2a + b 
3 3 3 

Hoan toan tuong tu ta dugc 




Do do ta suy ra 


9b 3 + 9c 2 + a > 2b + c; 9c 3 + 9a 2 + b > 2c + a 

„ a b c 1.1 1 

' 2 + a 


Dat x = —; y = —; z = - 
a b ( 


> xyz = 1. Khi do ta duoc 
„ 1 1 


2 + x 2 + y 2 + z 

Ta chiing minh —--1---1--— < 1. 

2 + x 2 + y 2 + z 

That vay, bat dang thiic tuong duong vdi 

(2 + z)(2 + y) + (2 + y)(2 + z) + (2 + z)(2 + x)<(2 + x)(2 + y)(2 + z) 

<=> xy + yz + zx + 4 (x + y + z) + 12 < xyz + 2 (xy + yz + zx) + 4(x + y + z) + 8 
<=>x + y + x>3 

Bat dang thiic cuoi cung luon dung do x + y + z > 3-^/xyz = 3 
Do do bat dang thiic tren duoc chiing minh. 

Vay gia tri ldn nhat cua P la 1 dat duoc tai a = b = c = ^ 

Bai 129. Cho cac so thuc duong x, y, z thao man x 2 + y 2 + z 2 = 3. Chiing minh rang: 


yfyz Vxz yfxy 


> xy + yz + xz 

Trick de thi HSG tinh Phu Tho nam 2014-2015 


Loi giai 

, . x y z xyx yyy z^z 
Ta co A = -jMm r + -j— 

\Jyz yxz yxy yxyz yxyz yx yz 

Ap dung bat dang thiic Cauchy ta co 3 = x 2 + y 2 + z 2 > 3^/x 2 y 2 z 2 <=> xyz < 1. 

Suy ra A > xyfx + y%jy + z%Jz 

Ap dung bat dang thiic Bunhiacopxki 

{x.y[x. + y^fy + Z’\/zj|-\/x 2 + yfy^ + x/z^j > (x + y + z) >3(xy + yz + xz) 
Lai thay theo bat dang thiic Cauchy thi 

CAI< xi+1 A V7n< y2+1 + 1 ;^n< Z; + 1 + 1 

3 v 3 3 

Nen + = 3 

Do do ta duoc A > x\/x + y^jy + zl/z > xy + yz + xz 

TT x y z . 

Hay i~0 £\ X— + .—a -g, xy + yz + xz 
y yz Vxz yxy 

Vay bat dang thiic duoc chiing minh. Dang thiic xay ra khi va chi khi 





X =y 2 =z 2 =1 

j Vx = yjy = yfz <=>x = y = z = l 
x 2 + y 2 + z 2 =3 


Bai 130. Cho ba so thuc khong am x, y, z thoa man x + y + z = 3. Tim gia tri nho nhat cua bieu thuc: 

A = -^2x 2 + 3xy + 2y 2 + \j2y 2 + 3yz + 2z 2 + ^2z 2 + 3zx + 2x 2 

Trich de thi HSG tinh Ninh Binh nam 2014-2015 


Ta viet lai bieu thuc A thanh 


Lol giai 

A = ^2 (x + y) -xy + ^2(y + z) - yz + ^2(z + x) 
Theo mot danh gia quen thuoc ta co 


Do do ta dupe 


/ x 2 , (x + y) 7(x + y) 

2 (x + y) -xy> 2 (x + y) ~ V ^ = 4 

V?(x + y) 




x + y -xy >- 


Hoan toan tuong tu ta thu dupe 

A = -^2x 2 + 3xy + 2y 2 + -^y^+^yz+^z 2 " + -y/2z 2 + 3zx + 2x 2 > -y/7 ^x + y + z j = 3 a/t Vay gia 
tri nho nhat cua A la 3V7 . Dang thuc xay ra khi va chi khi x = y = z = 1 


Bai 131. Cho cac so duong a, b, c co tong bang 3. Chung minh rang: 

a 2 + 6 a + 9 b 2 + 6 b + 9 c 2 + 6 c + 9 


-2a + 3 b -2b + 3 c 2 -2c + 3 

Trich de thi HSG tinh Gia Lai nam 2014-2015 


-2a+ 3 
Hoan toan tuong tu ta dupe 


Lol giai 

2 + 6 a + 9 (a-l) 2 + 8 a + 8 8 a + 6 

--= A - L --- = 1 +---< 14 


(a- 1 ) +2 
b 2 + 6 b + 9 


. c+ 6 c + 9 . . 

< 4b + 4; —— r - 7 < 4c + 4 


b 2 - 2b + 3 c 2 - 2c + 3 

Cong theo ve cac bat dang thuc tren va ket hop vdi gia thiet ta dupe 
a 2 + 6 a + 9 b 2 + 6 b + 9 c 2 + 6 c + 


< 4 (a + b + c) + 3.4 = 24 


a 2 - 2a + 3 b 2 - 2b + 3 c 2 - 2c + 3 
Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 


Bai 132. Cho a, b, c la cac so thuc duong thoa man abc = 1. Tim gia tri lbn nhat cua bieu thuc: 

111 

—-1-1- 

a + 2b + 3 b + 2c + 3 c + 2a + 3 

Trich de thi HSG tinh Nghe An nam 2014-2015 


Lol giai 

Dat a = x 2 ; b = y 2 ; z = c 2 khi do ta dupe xyz = 1 va beu thuc P dupe viet lai thanh 


f 2y 2 +3 y 2 + 2z 2 + 3 






Ta co 


x 2 +y > 2xy; y 2 +1 > 2y => x 2 + 2y 2 + 3 > 2 xy + y + 1 


x 2 + 2y 2 + 3 2 xy + y + 1 

Chiing minh tuong tu ta co 

- - - <1 - I - ; - - - <- - - - 

y 2 + 2 z 2 + 3 2 yz + z + 1 z 2 + 2 x 2 + 3 2 zx + z + 1 

Cong theo ve cac bat dang there tren ta duoc 


21 xy + y + 1 yz + z + 1 zx + x + 1 


Ta can chiing minh 


ab + b + 1 bc + c + 1 ca + a + 1 


Den day ta co hai hudng danh gia - 


xy + y + 1 yz + z + 1 zx + x + 1 


Huong 1: Do xyz = 1, nen ton tai cac so duong m, n, p de x = 


n p m 


xy + y + 1 yz + z + 1 zx + x + 1 m + n + p m + n + p m + n + p 
Huong 2: Do xyz = 1, nen ta duoc 


xy + y + 1 yz + z + 1 zx + x + 1 z + l + zx 1 + zx + z zx + z + 1 


Tir do ta duoc P < - 


Vay gia tri ldn nhat cua P la —. Dang thiic xay ra khi va chi khi a = b = c = 1. 

Bai 133. Cho cac so duong x, y, z thay doi thoa man xy + yz + zx = xyz. Tim gia tri ldn nhat cua bieu 

'i 1 1 

thiic: M =-+-+- 

4x + 3y + z x + 4y + 3z 3x + y + 4z 

Trich de thi HSG Tinh Hai Duonig nam 2014-2015 
Loi giai 

Tu gia thiet ta co — + — + — = 1. Ap dung bat dang thiic Bunhiacopxki ta duoc 

xyz 

64 < 16 + 16 < 4 + 4 + 4 < 4 + 3 + 1 

4x + 3y + z 4x 3y + z x 2y y + z x y z 


Tuong tu ta duoc 


x + 4y + 3z x y z3x + y + 4z x y z 


Do do ta duoc M = 


1 11 . 1.1 1 


4x + 3y + z x + 4y + 3z 3x + y + 4z 8 lx y zJ 8 


Vay M dat gia tri ldn nhat la —. Dang thiic xay ra khi va chi khi x = y = z = 3. 

8 

I Bai 134. Cho cac so duong x, y, z thay doi thoa man x + y + z = 3. Chiing minh rang: 







x + -^3x + yz y + ^/3 jM-~zx z + -\/3z~-Hxy 

Trich de thi HSG Tinh Ha Nam nam 2014-2015 


Loi giai 

Ap dung gia thiet ta chu y den phep bien doi 

3x + yz = x (x + y + z) + yz = (x + y) (x + z) 
Ap dung bat dang thuc Bunhiacopxki ta dugc 


Do do ta dugc 


(x + y) (x + z) > (Jxy + x/xz J 

x < x _ x/x 

x + -y/3x + yz x + -y/xy + x/xz x/x + -Jy + x/z 


Ap dung tuong tu ta dugc 

y 


£ 




y + V 3 y + zx Jx + Jy + \fz z + -^3z + xy x/x +-Jy + x/z 
Cong theo ve cac bat dang thuc tren ta dugc 

, x + / +—r—*1 

x +-y/ 3x + yz y + -^/3y + zx z + ^/3z + xy 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x = y = z = 1. 

I Bai 135. Cho cac so duong a, b, c thay doi thoa man — + — + — = 3 . Tim gia tri Ion nhat cua bieu thuc: 

a b c 


Va 2 - ab + b 2 Vb 2 - be + c 2 x/c 2 - 


ca + a 

Trich de thi HSG Thanh Pho Ha Noi nam 2014-2015 


Loi giai 


o 9 I \ 2 t \ 2 3(a + b) (a + b) 

Cach 1: Ta co a - ab + b = (a + b j - 3ab > (a + bj--- — = - -— 


Do do ta dugc - 


Va 2 - ab + b 2 a + b 2 1 a b 

Hoan toan tuong tu ta co 


x/b 2 - be + A 
Cong theo ve cac bat dang thuc tren ta dugc 


a I + i ; 1 

2 v b C J Vc 2 -c 


.a' t 1 

2 1 c a 


P = - 


1 


1 


1 


Va 2 - ab + b 2 x/b 2 - be + c 2 Vc 2 - ca + a 2 a b c 
Vay gia tri Ion nhat cua P la 3. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Cach 2: Ap dung bat dang thuc Cauchy ta dugc a 2 - ab + b 2 > 2ab - ab = ab 

1 .*..4 


Do do ta dugc 


Hoan toan tuong tu ta co 


Va 2 - ab + b 2 x/ab 

< Ay —^ 

x/b 2 - be + c 2 x/bc x/c 2 - ca + a 2 x/ca 





Cong theo ve cac bat dang there tren ta dugc 

1 1 


va 2 -ab + b 2 Vb 2 -bc + c 2 -s/c 2 -ca + a 2 

De thay }— + j— + j— <— + — + — = 3 

Vab vbc Vca a b c 

Do do ta dugc P < 3. Vay gia tri Ion nhat cua P la 3. _ 

Bai 136. Cho a, b, c la cac cac s 6 thuc khong am thoa man a + b + c = 3 . Chung minh ring: 

a 3 + b 3 + c 3 + ab + be + ca > 6 

Trich de thi HSG Tilth Dak Lak nam 2014-2015 
Loi giai 

Cach 1: De y den gia thiet a + b + c = 3 taco 


a + b + c + ab + be + ca — a + b 


(a + b + c) - a +b +c 


9 - (a + b" + c 


Ap dung bat dang thuc Cauchy ta dugc 

a 3 + a 3 +1 > 3a 2 ; b 3 + b 3 +1 > 3b 2 ; c 3 + c 3 +1 > 3c 2 
Cong theo ve cac bat dang thuc tren ta dugc 

2(a 3 + b 3 + c 3 j + 3 > 3(a 2 +b 2 +c 2 ) 

9-(a 2 +b 2 +c 2 ) 

Do do ta duoc a 3 + b 3 + c 3 H---- > a 2 + b 2 + c 2 + 3 

2 


9- a +b + c 

a 3 + b 3 + c 3 +-^- ' > 6 

2 


Hay a 3 + b 3 + c 3 + ab + be + ca > 6 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Cach 2 : Ap dung bat dang thuc Bunhiacopxki ta dugc 

3(a 3 + b 3 +c 3 ) = (a + b + c)(a 3 +b 3 +c 3 ) > (a 2 +b 2 +c 2 ) 2 

De thay a 2 + b 2 + c 2 > 3, do do ta dugc 

3 (a 3 + b 3 + c 3 j > 3 (a 2 + b 2 + c 2 j <=> a 3 + b 3 + c 3 > a 2 + b 2 + c 2 

Khi do ta suy ra 

a 3 + b 3 + c 3 + ab + be + ca > a 2 + b 2 + c 2 + ab + be + ca 

= (a + b + c) - (ab + be + ca) 

/ ,2 (a + b + c) 

> (a + b + c) -i-^ ^ = 9-3 = 6 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. _ 

Bai 137. Cho a, b, c la cac so thuc duong thoa man a<l;b<2; a + b + c = 6 . Chung minh rang: 

(a +1) (b +1) (c +1) > 4abc 

Trich de thi HSG Tinh Bac Giang nam 2014-2015 




Bat dang thiic can chiing minh tuong duong vdi 


Loi giai 


--¥i+-¥i+- 

a A b A c 


1 + -||1 + -||1 + -|> 4 o 1 + - + - + - + A + A + JL + ^L>4 
a b c ab be ca abc 


111 a+b+c+1 0 1 1 1 7 

<fc> - + — + - +-> 3 <^> - + - + - +-> 3 

abc abc abc abc 


Ap dung bat dang thiic Cauchy ta dugc 


l- — > 2./—; — + -A-fc 2 J bc 

2 V 2 2 3 


b b 


Do do ta duoc 6 = a + — + — + — + —> 2. — + 2.1— + — >Q\ 
2233 V 2 V6 3 

Do do ta dugc ab 2 c 3 < 108, ma theo gia thiet a < 1; b < 2 suy ra a 2 b < 2 

Suy ra ta co 216 > 108a 2 b > ab 2 c 3 a 2 b = (abc) =^> abc < 6 
Ap dung bat dang thiic Cauchy va cac gia thiet ta lai co 

i + 2 + l«JZ> 3 A + i> 2 + I = S;^>^ = I 

abc V abc a b 22 abc 6 2 

Cong theo ve cac bat dang thiic tren ta dugc 

Jill 7 V 5 7 

3 —i-1 1-> 3 H-1— 

^a b c abc J 2 2 

1117 

Hay - + - + - + — >3 

abc abc 

Vay bat dang thiic dugc chiing minh. 

Dang thiic xay ra khi va chi khi a = l;b = 2;c = 3. 


Bai 138. Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 3. Tim gia tri nho nhat ciia bieu 
19a + 3 19b + 3 19c + 3 


thiic: 


T = - 


1 + b 1 + c 1 + a 

Trich de thi HSG Tinh Hung Yen nam 2014-2015 
Loi giai 

Cach 1: Bien doi va ap dung bat dang thiic Cauchy ta dugc 
19a+ 3 in _ b 2 (l9a + 3) 

1 + b 2 1 + b 2 

b(l9a + 3) 38a + 6 - 19ab - 3b 

> 19a + 3---- =- 

2 2 

Hoan toan tuong tu dugc 

19b + 3 ^ 38b + 6 - 19bc - 3c 19c + 3 ^ 38c + 6 - 19ca - 3a 


1 + a 


1 + c 2 2 

Cong theo ve cac bat dang thiic tren ta dugc 

m 19a+ 3 19b+ 3 19c + 3 35(a + b + c) +18 - 19(ab + be + ac) 

1 + b 1 + c 1 + a _ 2 

35.^3 (ab + be + ca) +18 —19.3 
2 

Vay gia tri nho nhat ciia T la 33. Dang thiic xay ra khi va chi khi a = b = c = 1 


= 33 




19a + 3 16a 3(a + l) 

Cach 2: De thay-— =-- H- 4 . Ap dung bat dang thuc Cauchy ta duac 

1 + b 2 1 + b 2 1 + b 2 

16a 16ab 2 16ab 2 

-- = 16a-• > 16a-= 16a - 8 ab 

1 + b 1 + b 2 b 

3(a + l) , v 3(a + l)b 2 , , 3(a + l)b 2 , , 3(a + l)b 

1 --^ = 3(a +1)---> 3(a + l)--^-= 3(a + l)--^- 

1 + b 2 1 ' 1 + b 2 1 ' 2 b 1 ' 2 

Hoan toan tuong tu ta dugc 

m 19a+ 3 19b+ 3 19c + 3 35(a + b + c) +18 - 19(ab + be + ac) 

1 + b 2 1 + c 2 1 + a 2 _ 2 _ 

35.^3 (ab + be + ca) +18 —19.3 

> 2 “ 33 

Vay gia tri nhd nhat cua T la 33. _ 

Bai 139. Cho x, y, z la cac so thuc duong thoa man xyz = 2\fl . Chung minh rang: 


Trich de thi chon HS dir thi HSGQG Tilth Hai Duong nam hoc 2013-2014 


Lol giai 

Bat a = x 2 ; b = y 2 ; c = z 2 suy ra abc = 8 . Bat dang thuc can chung minh dugc viet lai thanh 

a 4 + b 4 b 4 + c 4 c 4 + a 4 

—---+ —---+ —---> 8 

a + b + ab b + c + be c + a + ca 
De dang chung minh minh dugc 

(a 2 + b 2 ) 2 3 (a 2 + b 2 ) 

a 4 + b 4 > --—; a 2 + b 2 + ab < —-- - 

2 2 


Suy ra 


a + b ^ a + b 


+ b"" + ab 3 

a 4 + b 4 b 4 + c 


. Hoan toan tuong tu ta dugc 


2 (a 2 + b 2 +c 2 j 


a 2 + b 2 + ab b 2 + c 2 + be c 2 + a 2 + ca 3 

Mat khac ap dung bat dang thuc Cauchy ta dugc 

a 2 +b 2 +c 2 >3^/a 2 b 2 c 2 =12 

a 4 + b 4 b 4 + c 4 c 4 + a 4 

—---+ —----+ ^- 2 -> 8 

a + b + ab b + c + be c + a + ca 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x = y = z = V 2 


Do do ta dugc 


Bai 140. Cho a, b, c la cac so thuc ducmg thoa man ab + be + ca = 3. Chung minh rang: 

a + b 3 


a 2 + be V b 2 + ca \ c 2 + ab abc 

Trich de thi chon HS du’ thi HSGQG Tilth Bac Giang nam hoc 2013-2014 


Cach 1: Taco a. 

V a + be 
thiet ab + be + ca = 3 ta co 


-j~4 


a 2 + be 


Lol giai 

. Khi do ap dung bat dang thuc Cauchy va chu y den gia 


a 2 + be + ab 2 c 2 > 3abc =^> a 2 + be > abc (3 - be) = abc (ab + ac) 





Do do ta duoc 




a 2 + be abc 

Ap dung hoan toan tuong tu ta dirge 

b | c+a v_ 

V b 2 + ca -y/ca 

Cong theo ve cac bat dang thuc tren ta duoc 

|-r^ L + N|-r^- + 

'a +bc Vb +ca 
Phep chung minh se hoan tat neu ta chi ra duoc 

Va + Vb + Vc 3 



Vabc & bc 

Banh gia cuoi cung la mot danh gia dung vi 

3 = ab + be + ca > Vabc |Va + Vb + Vc j 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Cach 2: Ap dung bat dang thuc Bunhiacopxki ta duoc 

b + c . c + a a + b / . \ [ ab + ac bc + ab ca + ac 

I V a“ + be Vb“+ca V c + ab I v 7 y a + be b+ca c+a 

Ta can chung minh duoc 

/ . \ f ab + ac bc + ab ca + ac^| ( 3 } 

(a + b + c) —-+ —-+ —- < - 

v \a +bc b +ca c +a J ^abej 

/ . \2 / _ \ f ab + ac bc + ab ca + ac | „ . 

o(abc) + + — + — J,9 

D§ tMy abc (a + b + c) < V (ab + be + ca) = 3 va cung tu gia thiSt ta suy ra abc < 1. Do do ta duoc 


(abc) (a + b + c) < 3. 

Nhu vay phep chung minh se hoan tat neu ta chi ra duoc 

ab + ac bc + ab ca + ac ^ _ 

a 2 + be b 2 + ca c 2 + a 

That vay, bien doi tuong duong bat dang thuc tren ta duoc 




ab + ac _ i + be + ab _ i + ca + ac _ i < o 
a 2 + be b 2 + ca c 2 + a 

s (a-b)( a ~ c ) , (b-c)(b-a) | (c-a)(c-b) ^ 

a 2 + be b 2 + ca c 2 + a 

(a-b)T(a-c)(b 2 + ca) - (b - c)(a 2 + bc)l (c-a)(c-b) 

<=>- i—„ - \T~ 9 -\-+- 2 -- 0 

la + bc)lb + ca) c +a 

(b - a)(b + a) ( 2 a + c) 

Do vai tro cua cac bien nhu nhau nen khong mat tinh tong quat ta gia su 


Bai 141. Cho a, b, c, d la cac so there duong thoa man: 

1 1 1 1 
1 + a 3 1 + b 3 1 + c 3 1 + d 3 
1 - a 1 -b i-c 1 -d 


Chung minh rang: 


1 -a + a 1 -b + b 1 -c + c 1 - d + d“ 

Trich de thi chon HS du’ thi HSGQG Tinh Dong Thap nam hoc 2013-2014 


Lol giai 

Bien doi tuong duong bat dang thuc can chung minh 

1 - a 2 1 -b 2 1 - c 2 

1 + a 3 + 1 + b 3 + 1 + c 3 
1 | 1 | 1 | 1 ^ a 2 | b 2 

1 + a 3 1 + b 3 1 + c 3 1 + d 3 1 + a 3 1 + b c 
Tu gia thiet va ap dung bat dang thuc Cauchy ta co 

1 1 1^1 


1 -d 2 


Hay 


d 2 

r - 

1 + d 3 


_ 2 _ ± _ 1 + 2d 3 > 3d 2 

1 + a 3 1 + b 3 1 + c 3 1 + d 3 1 + d 3 1 + d' 


Hay - 

1 + a 

Hoan toan tuong tu ta duoc 


1 

---4 

1 + b 3 

1 

1 + b 3 

1 

1 + a 3 
1 


1 

1 + c 3 


1 + c 
1 

1 + c 3 

1 


3d 2 
' 1 + d 3 

1 

H- 

1 + d 3 

1 

+ 1 + d 3 
1 


1 + a 
3b 2 
1 + b 3 
3c 2 


1 + d 3 1 + c 3 


1 + a 1 + b 
Cong theo ve bon bat dang thuc tren ta duoc 

1 1 1 1 ^ a 2 b 2 c 2 d 2 

1 + a 3 1 + b 3 1 + c 3 1 + d 3 _ 1 + a 3 1 + b 3 1 + c 3 1 + d 3 

Bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = d = l. _ 

3 

Bai 142. Cho a, b, c la cac so thuc duong thoa man a + b + c < —. Tim gia tri nho nhat cua bieu thuc: 


v + i- 


s = f + ? H 

Trich de thi chon HS du • thi HSGQG Tinh Tra Vinh nam hoc 2013-2014 


Cach 1: Chu y den dau dang thuc xay ra ta duoc 


Loi giai 






Ap dung tuang tu ta dugc 17 b 2 + — > b + —; 17 c 2 + — > c 


a 2 ^ 

77 


a J r 


/l7 c 2 + - 

> 1 

l c 

r 

f 2 1 % 

17 


1 

V c ) 


Theo mot danh gia quen thuoc ta co 


a b c a+b+c 


, . 4 4 4 36 

Nen ta dugc a + b + c + — + —h — > a + b + c +- 

abc a+b+c 

Ap dung bat dang thuc Cauchy va ket hgp vdi gia thiet ta dugc 

t 36 . 9 135 

a + b + c H-— a + b + c H—-r- H—- 

a + b + c 4(a + b + cj 4 (a + b + c 

^ o t i \ 9 135 


>2. (a + b + c 


]j^ ' 4(a + b + c) 


135 _ | 135 _ 51 

„ 3 ~~ + 6 _ 2 


Tudotasuyra^a WV + + -j>- 

Nhu vay gia tri nho nhat cua S la • Dang thuc xdy ra khi va chi khi a = b = c = ^. 

Cach 2: De dang chung minh dugc: Vdi a, b, x, y la cac so thuc duong ta luon co: 

Va 2 + x 2 + ^/b 2 + y 2 > J(a + b) + (x + y) 


Ap dung bat dang thuc tren ta dugc 


>^(a + b) 4 

> + b + c 


11 

+ r + \ c 

a bj \ 


Theo bat dang thuc Cauchy ta co 
Do do ta dugc 


a b cl (a+b+c 


( a + b + c ) + U + - + - >(a + b 


Ap dung bat dang thuc Cauchy va gia thiet ta co 




(a + b + c) 


16 (a + b + c) 


, 9 _ 9 1215 1215 _ 135 

4 2 ’ 16 (a + b + C ) 2 16. 9 4 


Cong theo ve hai bat dang thuc tren ta dugc (a + b + c) + 


153 _ 3>/l7 


(a + b + c) 


> 9 135 _ 153 

2 + 4 ~~ 4 


Tir cac ket qua do ta dugc S > 

\ 

Nhu vay gia tri nho nhat cua S la ^ . Dang thuc xay ra khi va chi khi a = b = c = ^. 


Bai 143. Cho a, b, c la cac so thuc duong thoa man abc = 1 . Tim gia tri nho nhat cua bieu thuc: 

_ be ca ab 

P =- 1 - 1 - 

a 2 (b + c) b 2 (c + a) c 2 (a + b) 

Trich de thi chon HS div thi HSGQG Tilth Lam Dong nam hoc 2013-2014 
Loi giai 

Ket hgp voi gia thiet ta viet lai bieu thuc P thanh 

„ b 2 c 2 c 2 a 2 a 2 b 2 

P =-+-+- 

ab + ac ab + be ca + be 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


P = 


b 2 c 2 


a 2 b 2 


(ab + be -+ 


ab + be + ca 


ab + ac ab + be ca + be 2 (ab + be + ca) 2 

Mat khac cung theo bat dang thuc Cauchy ta dugc 

ab + be + ca > 3-\/a 2 b 2 c 2 = 3 
3 3 

Suy ra ta dugc P > — hay gia tri nho nhat cua P la —. Dang thuc xay ra khi a = b = c = 1. 


Bai 144. Cho a, b, c la cac so thuc thoa man 0 < a; b; c < 1 . Chung minh rang: 
a b 


f (l - a) (l - b) (2 - c) < 2 


b+c +1 c+a +1 a+b +1 

Trich de thi chon HS du thi HSGQG Tilth An Giang nam hoc 2014-2015 


Loi giai 

Tir gia thiet ta dugc 0<l-a; l-b<l; a + b + l>l. 
Ap dung bat dang thuc Cauchy ta dugc 

1 = 


(l - a) + (l - b) + (a + b + 1 ) n r 

i--i>^/(l-a)(l-b)(a + b + l) 


Suyta 1 > (l - a)(l - b)(a + b + l) 

Vi 2 - c > 0 nen khi do ta dugc 

2 - c > (l - a)(l - b)(a + b + 1)(2 - c) 
2 - c 


Suy ra 
Hay 


(l-a)(l-b)( 2 -c)< 


a + b +1 


f ( 1_a )( 1_b )( 2 ~ c )-: 


(i) 





Ta di chiing minh - 


2 a 


b+c +1 a+b +1 

a (a + b + l) < 2 a (b + c + 1 ) <=> a (b + 2 c +1 - a) < 0 
b ^ 2 b 


That vay, bien doitucmg duong bat dang thiic tren ta dugc 


Tuong tu ta dugc 

Tu cac ket qua tren ta dugc 


a + c + 1 a + b + 1 


b+c +1 c+a 


— +---+ (l-a)(l-b)( 2 -c) 

hi a + b + 1 V A A / 
2 2 a 


2 b 


a+b +1 a+b +1 a+b +1 

Vay bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a = b = 0;c = l. 

Bai 145. Cho a, b, c la cac s6 thuc ducmg thoa man a + b + c = 3. Chiing minh ring: 

a 3 + b 3 + c 3 + 2 ^ j > 3 (ab + be + ca) 

Trich de thi chon HS die thi HSGQG Tilth Lam Dong nam hoc 2014-2015 


Loi giai 

De thay 2 — + — + — I >-—-= 6 . Do do ta duac 

^a b c J a + b + c 

a 3 + b 3 + c 3 + 6 > 3 (ab + be + ca j 
Ap dung bat dang thiic Cauchy ta dugc 

a 3 +1 +1 > 3a; b 3 + 1 + 1 => 3b; c 3 +1 +1 > 3c 

Ta quy bai toan v 6 chiing minh 3 (a + b + c) > 3 (ab + be + ca) 

Hay (a + b + c) >3 (ab + be + caj, day la mot danh gia dung. 

Vay bat dang thiic dugc chiing minh. Dang thiic xay ra khi va chi khi a = b = c = 1 


ai 146. Cho a, b, c la cac so thuc duong. Chiing minh rang: 

a(b + c) b(c + a) c(a + b) 6 

a 2 +(b + c) b 2 +(c + a) c 2 + (a + b) ^ 

Trich de thi chon HS du thi HSGQG Tilth Thai Binh nam hoc 2014-2015 
Loi giai 

Ap dung bat dang thiic Cauchy ta co 

b + c) 

1 '" 4 V~ ' ') “~V- ) ■ 4 




(b + c^ (4a + 3b + 3c ^ 


Suy ra ta dugc 


a(b + c) 4a(b + c) 


2 +^b + c ^ 2 (4a + 3b + 3c) (b + c) 4a + 3b + 3c 

Ap dung bat dang thiic Bunhiacopxki dang phan thiic ta dugc 

4a a ( 9 + 1 ) a f 9 2 


4a + 3b + 3c 25 4a + 3b + 3c 25 I 3 (a + b + c) & 




Suy ra ta dugc 


a(b + c) ^ 27a 

a 2 + (b + c j 25 (a + b + c) 25 
Ap dung hoan toan tuang tu ta dugc 

b(c + a) ^ 27b 1 c(c + a) ^ 2 7 c 

b 2 +(c + a ) 2 ~~ 25(a + b + e) 25 c 2 + + a ) 2 ~~ 25 (a + b + c) 25 

Cong ve theo ve cac bat dang thuc tren ta dugc 

a(b + c) b(a + c) c(a + b) 27(a + b + c) 3 g 

(b + c) 2 +a 2 + (c + a) 2 +b 2+ (a + b) ! +c I “ 25(a + b+ c) + 25 5 

Vay bat dang thuc dugc chung minh xong. 


Bai 147. Cho a, b, c la cac so thuc khong am sao cho a + b + c = 1. Chung minh rang: 


l + 9bc + 4(b-c) l + 9ca + 4(c-a) l + 9ab + 4^a-b| ^ 

Trich de thi chon HS die thi HSGQG Thanh Pho hai Phdngnam hoc 2014-2015 


Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

a b c 

- 1 - 1 -- 

l + 9bc + 4(b-c) l + 9ca + 4(c-a) l + 9ab + 4(a-b) 

(a + b + c) 

(a + b + c) + 27abc + 4a(b-c) + 4b(c-a) +4c(a-b) 
Phep chung minh se hoan tat neu ta chi ra dugc 

2^a + b + c) > l + 27abc + 4a(b-c) + 4b(c-a) +4c(a-b) 

Hay 1 > 4ab (a + b) + 4bc (b + c) + 4ca (c + a) + 3abc 
Be y den gia thiet ta viet lai dugc bat dang thuc tren thanh 

(a + b + c) > 4ab (a + b) + 4bc (b + c) + 4ca (c + a) + 3abc 
Hay a 3 + b 3 + c 3 + 3abc > ab (a + b) + be (b + c) + ca (c + a) 

Bi 6 n d 6 i tuong duong ta dugc abc > (a + b - c)(b + c - a) (c + a - b) 

Bat dang thuc tren la mot bat dang thuc dung va de dang chung minh dugc. 

Vay bai toan dugc chung minh. 


Bang thuc xay ra khi va chi khi a = b = c = 1 hoac a = b = —; c = 0 va cac hoan vi. 


Bai 148. Cho x, y, z la cac so thuc khong duong. Chung minh rang: 

xy 3 z 3 yz 3 x 3 zx 3 y 3 


<5 

(x 2 +yz) 2 (y 3 + z 3 ) (y 2 +zx) 2 (z 2 +x 2 ) (z 2 + xy)'(x 3 + y 3 ) 8 

_ Trich di thi chon HS die thi HSGQG Trufrng DHKHTN Ha Noi nam hoc 2014-2015 

Loi giai 

Be dang chung minh dugc 2^y 3 + z 3 j ^ (y + z )(y 2 + z 2 j > 2-^/yz ^y 2 + z 2 j 





Va lai co x 2 + yz > 2x^/yz . Nhan theo ve hai ket qua tren ta dugc 


x + yz y + z > 2xyz y + z 


l-yz) 2 (y 3 +z 3 ) 2(x 2 +yz)xyz(y 2 +z 2 ' 


2 (x y + x 2 z 2 + y 3 z + yz 3 1 2 (x y + x 2 z 2 + 2y z 


Hoan toan tucmg tu ta dugc 


x +yz y +z y+zxz+x z +xy x +y 


2|xy + x z +2yzj 2|xy +2xz +yzj 2(2xy +xz +2yz 
Ta can chi ra dugc 

y 2 z 2 x 2 z 2 x 2 y 2 ^ 3 

x 2 y 2 + x 2 z 2 + 2y 2 z 2 x 2 y 2 + 2x 2 z 2 + y 2 z 2 2x 2 y 2 + x 2 z 2 + 2y 2 z 2 4 

Bat a = x 2 y 2 ; b = y 2 z 2 ; c = z 2 x 2 . Khi do bit ding thuc dugc viit lai thanh 

a b c 3 

-1-1-^ — 

2a + b + c a + 2b + c a + b + 2c 4 

Bat dang thuc tren tuong duong vdi 

b+c a+c a+b 3 

-1-1-> — 

2a + b + c a + 2b + c a + b + 2c 2 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


2a + b + c a + 2b + c a + b + 2c 


Phep chung minh se hoan tat neu ta chi ra dugc 


2 ^a 2 + b 2 + c 2 ^ + 6 (ab + be -t 


2(2a + 2b + 2c) 2 > 3^(a 2 + b 2 + c 2 ) + 6(ab + be + ca)] 
o4^a + b + c) >3^a + b + c) +3^ab + ba + ca) 

<»(a + b + c) >3^ab + bc + ca) 

Banh gia cuoi cung la mot danh gia dung. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi x = y = z 
I Bai 149. Cho x, y, z la cac so thuc duong thoa man x + y + z = 1. Tim gia tri lbn nhat cua bieu thuc 


y 4x + 5y \ 4y + 5z \ 4z + 5x 

_ Trich tie thi chon HS du thi HSGQG Truong DHKHTN Ha Noi nam hoc 2014-2015 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta dugc 


P 2 < (xy + ys 


4z + 5x 




__„ x y z 11 | 5y 5z 5x 

Dat Q —- 1 - 1 -— — 3 —- 1 - 1 - 

4x + 5y 4y + 5z 4z + 5x 4[ ^4x + 5y 4y + 5z 4z + 5x 

Ap dung bat dang there Bunhiacopxki dang phan thuc ta dugc 

5 y ^ 5 z ^ 5 x ^ 5(x + y + z ) 2 


4x + 5y 4y + 5z 4z + 5x 4 (xy + yz + zx) + 5 (x 2 + y 2 + z 2 ) 

5 5 


5 (x + y + z ) 2 - 6 (xy + yz + zx) 5 - 6 (xy + yz + zx) 


Do do ta duoc Q < — 

' ^ 4 


5 - 6 (xy + yz + zx) 


Khi do ta suy ra P 2 < — (xy + yz + zxj 


Dat a = xy + yz + zx=>0<a<—. Khi do ta dugc 


5-6 (xy + yz + zxj 

) 


p!< I a f 3 _5 1 8 (5 ~9a) 

4 l 5-6a J 2 (5- 6 a) 


Ta se chung minh 


a (5-9a) \ 


2 (5- 6 a) 9' 

That vay, bat dang thuc nay tucmg duong vdi (l - 3a)(lO - 27a)> 0, day la mot danh gia dung do 


0 < a < —. Do do bat dang thuc tren dugc chung minh. 
Suy ra P < ^ hay gia tri Ion nhat cua P la \ 

Dang thuc xay ra khi va chi khi x = y = z = —. 


Bai 150. Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 1. Chung minh rang: 

a 3 b 3 c 3 (a + b + c) 

1 + 9b 2 ca 1 + 9c 2 ab 1 + 9a 2 bc 18 

Trich de thi chon HS die thi HSGQG Tinh Thu’a Thien Hue nam hoc 2014-2015 
Loi giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

a 3 b 3 p 3 (a 2 +b 2 +c 2 ) 2 


1 + 9b 2 ca 1 + 9c 2 ab 1 + 9a 2 bc a + b + c + 9abc (ab + be + ce 
(a + b + c) 

De thay a 2 + b 2 + c 2 > 1---— va de y den gia thiet ab + be + ca = 1 ta dugc 

(a + b + cj 


a + b + c + 9abc (ab + be + ca j 9 (a + b + c + 9abc j 




Do do ta co 


l + 9bca l + 9cab l + 9abc 9(a + b + c + 9abc) 

Phep chung minh se hoan tit n 6 u ta chi ra duoc 

(a + b + c)' ^ (a + b + c) 3 

9 (a + b + c + 9abc) 18 

Hay a + b + c > 9abc . De y den gia thiet ab + be + ca = 1, ap dung bat dang there Cauchy ta duoc 
a + b + c = (a + b + c) (ab + be + ac) > 3^abc.3x/a 2 b 2 c 2 = 9abc 

Vay bat dang there duoc chung minh xong. Dang there xay ra khi va chi khi a = b = cW* !-^ 

_ V 3 

I Bai 151. Cho a, b, c la cac so there duong tuy y. Chung minh rang: 


V 5a + 4bc + V5b + 4ca + v5c + 4ab 

> 3 (a 2 + b 2 + c 2 ) + 2 |Vab + Vbc + Vea j 

Trick de thi chon HS du’thi HSGQG Tilth Quang Nam nam hoc 2014-2015 
Loi giai 

Bat dang there can chung minh tuong duong vdi 

V5a 2 + 4bc -2\/bc + x/5b 2 + 4ca -2x/ca + V5c 2 + 4ab -2x/ab > J 3(a 2 + b 2 + c 2 ) 


- 4bc + 2x/bc \/5b 2 + 4ca + 2x/ca x/5c 2 + 4ab + 2x/ab J 


, 3 a 2 +b 2 +c 2 ) W5a 4 


2 + 4bc + 2^/bc x/5b 2 + 4ca 


+ 4ca+2Vca v5c' 


+ 4ab + 2x/ab 


Ap dung bat dang thuc Cauchy ta co 
2x/5a 2 + 4bc ^3 (a 2 + b 2 - 


2x/5a + 4bc J3 a 2 + b 2 + c 2 < 8 a 2 + 3b 2 + 3c 2 + 4bc 


4ybc J3 a + b + c I 


4.3VbcJ3(a 2 +b 2 +c 2 ) 2 (3a 2 + 3b 2 + 3c 2 + 9bc) 


= 2 a + b + c + 3bc) 


Cong theo ve hai bat dang thuc tren ta duoc 


2 V5a 2 + 4bc + 2y/bc L 3 a 2 + b 2 + c 2 < 10a 2 + 5b 2 + 5c 2 + lObc 


2 V5a 2 + 4be + 2x/bc L 3 a 2 + b 2 


10a + 5b + 5c + lObc 


) lObc < 5b 2 + 5c 2 nen ta duoc 


10a 2 + 5b 2 + 5c 2 + lObc 10a 2 + 10b 2 + 10c 2 a 2 + b 2 




Do do ta dugc 


2 ^5a 2 + 4bc + 2Vb^J ^3 (a 2 + b 2 + c 2 ) a 2 +b 2 + c 2 

Chung minh hoan toan tuong tu ta dugc 

1 f 5a 2 5b 2 5c 2 


^3 (a 2 + b 2 + c 2 j v V5a 2 + 4bc + 2^jbc \l5b 2 + 4ca + 2^/ca V5c 2 + 4ab + 2^/ab 

> a 2 | b 2 | c 2 _ 1 

“ a 2 + b 2 + c 2 + b 2 + a 2 + c 2 + c 2 + b 2 + a 2 

Vay bat dang thuc dugc cluing minh xong. Dang thuc xay ra khi vachi khi a = b = c. 

Bai 152. Cho a, b, c la cac so thuc duong tuy y. Tim gia tri nho nhat cua bieu thuc: 

2a + 3b 4b 8 c 

- 1 - 

a + 2b + c a + b + 2c a + b + 3c 

Trick de thi chon HS du thi HSGQG Tinh Quang Nam nam hoc 2014-2015 


P = 


Loi giai 

Dat x = a + 2b + c; y = a + b + 2c; z = a + b + 3c. Khi do ta dugc 

a = 5y-x-3z; b = x + z-2y; c = z -x 
4x 2y 8 y 4z 


Bieu thuc P duoc viet lai thanh P = - 

y 

Ap dung bat dang thuc Cauchy ta dugc 


• -17 

y 


2 j^2y +2 j8Z^_l 7 = 12^_l 7 
v y x v z y 


y x z y 
Vay gia tri nho nhat cua P la 12^2 -17. Dang thuc xay ra khi va chi khi 


f 4x _ 

J y 

1 8y = 

l z 

- 2y r 2 2 

' x J 2X 2 = Uz4y = 2x 

_ 4z [2y 2 = z 2 * 

y 

Bai 153. Cho x, y, z la cac so thuc duong thoa man 2-y/xy + Vxz = 1. Xh]ngs minh rang: 


3yz 4zx 5xy ^ . 

+-+ —- > 4 


x y z 

Trich de thi chon HS du’ thi HSGQG Tinh Tuyen Quang nam hoc 2014-2015 


Loi giai 

Bien doi ve trai cua bat dang thuc nhu sau 

3yz + 4zx + 5xy _ yz + zx + 2yz + 2xy + 3zx + 3xy 
xyzxyxzyz 
Khi do ap dung bat dang thuc Cauchy ta dugc 

ZE + ^>2z;^ + ^>4y;^ + ^>6x 

X y x z y z 

* 3yz 4zx 5xy ^ „ 

Do do ta duoc - 1 - 1 -— > 6 x + 4y + 2z 

x y z 

Mat khac cung theo bat dang thuc Cauchy ta dugc 

6 x + 4y + 2 z = 4 (x + y) + 2 (x + z) > 8 -y/xy + 4>/xz = 4 ^ 2 -y/xy + Vxz j = 4 




Do do ta suy ra 



Khi do ta dugc 3 ^x 2 + y 2 + z 2 j - 7 ^x 2 + y 2 + z 2 j + 12 < 0 

Hay x 2 + y 2 + z 2 >3 

Ap dung bat dang thiic Bunhiacopxki dang phan thuc ta dugc 

x 2 y 2 z 2 ^ (x 2 + y 2 +z 2 ) 

P —-1-1-> - . -r 

y + 2 z z + 2 x x + 2 y x 2 y + y 2 z + z 2 x + 2 (xy 2 + zx 2 + yz 2 j 




Ap dung tuong tu ta quy bai toan ve chung minh 





a(b + c) b(c + a) c(a + b) g 

a + (b + c ) b + (c + a) c + (a + b)~ ^ 

Ap dung bat dang thuc Cauchy ta co 


i- (b -t 


|(b + c) 1 >a(b + c) + ^(b + c) ! 


Suy ra ta dugc 


a (b 4 


4a (b a 


(b + c)(4a + 3b + 3c) 

4 

4a 


2 + + c ) 2 (4a + 3b + 3c) (b + c) 4a + 3b + 3c 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

4a a ( 9 +1) < a ( 9 2 + 1 

4a + 3b + 3c 25 4a + 3b + 3c 25 I 3 (a + b + c) a 

a(b + c) 27a 1 

----— <-1- 

a + (b + c) 25 (a + b + c) 25 

Ap dung hoan toan tuang tu ta dugc 

b(c + a) 27b c(c + a) 27c 


Suy ra ta dugc 


1 

25 


b 2 + (c + a) 25(a + b + c) 25 c 2 +(c + a) 25(a + b + c) 

Cong ve theo ve cac bat dang thuc tren ta dugc 

a(b + c) b(a + c) c(a + b) 27(a + b + c) 3 5 

(b + c) + a 2 (c + a) + b 2 (a + b) + c 2 25 (a + b + c) 25 5 

Vay bat dang thuc dugc chung minh xong. 


Bai 156. Cho x, y, z la cac so thuc duong thoa man xy + yz + zx = 2xyz. Chung minh rang: 

<1 


1 

7 II 

1 Z 

12yV + xyz 

2z 2 x 2 + xyz y 

2 x 2 y 2 + xyz 


Trich de thi chon HS dir thi HSGQG Tilth Gia Lai nam hoc 2014-2015 


Ldi giai 

Gia thiet cua bai toan duoc viet lai thanh — + — + — = 2. Bat x = —; y = —; z = — thi ta duoc 
x y z ' a b c 

a + b + c = 2. Khi do bit ding thuc cln chung minh dugc vidt lai thanh 
be + ca + ab < ^ 

V 2 a + be V 2 b + ca V 2 c + ab 
Chu y den gia thiet a + b + c = 2,taco 


be 

be 

be ^ be T 1 | : 

V 2 a+ be ^ 

a (a + b + c) + be ^ 

^(a + b)(a + c) 2 l^a + b ch 

Hoan toan tuong tu ta dugc 



ca 


ab ^ ab ( 1 _ 1 ^ 

x/ 2 b + ca 

2 l^b + c a + bj 

’V 2 c + ab 2 [^c + a b + cj 





Cong theo ve cac bat dang thuc tren ta dugc 
be + ca + ab 
x/2a + be \l2b + ca \j2c + ab 


be 

' 1 1 ^ 

) + Ca f 1 

1 1 

| ab 

1 i ^ 

| a+b+c 

2 

v a + b c + a y 

) 2 ^b + c 

a + b y 

l + 2 

^c + a b + c y 

r 2 


Nhir vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x = y = z = — 

Bai 157. Cho x, y, z la cac so thuc duong thoa man xyz = 1. Tim gia tri nho nhat cua bieu thuc: 
p x+2 | y+2 | z+2 

x 3 (y + z) >■•■(/+x) z 3 (x + y) 

Trich de thi chon HS du thi HSGQG Tinh Can Thor nam hoc 2015-2016 
Loi giai 

Bat a = —; b = —; z = —, suy ra abc = 1. Bi6u thuc P duoc vi6t lai thanh 
x y c 


P = 


a 2 bc(l + 2a) b 2 ca(l + 2b) c 2 ab(l + 2c) 


Hay P = 

Ta viet bieu thuc P thanh P = 
D§ dang chung minh dugc 


b+c c+a a+b 

a(l + 2 a) b(l + 2 b) c(l + 2 c) 

b + c c + a a + b 

a + b + c + 2 a 2 + 2 b 2 + 2 c 2 
b + c c + a a + b b + c c + a a + b 
a + b + c > 3 
b+c c+a a+b 2 
Mat khac theo bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

a 2 b 2 c 2 (a + b + c)“ _ a + b + c 3 ^te _ 3 

b + c c + a a + b 2 (a + b + c) 2 2 2 

3 3 9 ,9 

DO do ta dugc P > — + 2. — = —. Vay gia tri nho nhat cua P la —. 

Dang thuc xay ra khi va chi khi a = b = c = l<=>x = y = z = l 


Bai 158. Cho a, b, c la cac so thuc duong bat ky. Chung minh rang: 


^a + b + c 

3 

^ ab + be + ca 

a 2 + b 2 + c 2 

l 3 J 

“ 3 V 

3 


Trich de thi chon HS du thi HSGQG Tinh Kien Giang nam hoc 2015-2016 


Bat dang thuc can chung minh tuong duong vbi 


Hay 


Loi giai 


a, + b + c\ 

f ab + be + ca^| 

! a 2 + b 2 + c 2 

{ 3 J 

“l 3 J 

3 


(a + b + c) , \2 / „ „ 

--——— > (ab + be + ca) (a + b + c ) 


Ap dung bat dang thuc Cauchy ta co 





(ab + be + ca) (a 2 + b 2 + c 2 ) = (ab + be + ca)(ab + be + ca)(a 2 + b 2 + c 2 ) 


[ ab + be + ca) + (ab + be + ca) + (a 2 + b 2 + c 2 ' 


(a + b + c ) 6 V§y bit ding 
27 


there dugc eh ling minh. Dang thuc xay ra khi va chi khi a = b = c. 


Bai 159. Cho a, b, c la cac so thuc khong am trong do khong co hai so nao cung bang 0. Chung minh 
ring: 

1 1 1^3 


a 2 - ab + b 2 b 2 - be + c 2 c 2 - ca + a 2 ab + be + ca 

Trich de thi chon HS die thi HSGQG Tilth Thanh Hoa nam hoc 2015-2016 
Loi giai 

Vi vai tro cua cac bien nhu nhau nen khong mat tinh tong quat ta gia su c la so nho nhat trong ba so a, b, 
c. Khi do ta dugc 

b 2 - be + c 2 = b 2 - c (b - c) < b 2 
a 2 - ac + c 2 = a 2 - c (a - c) < a 2 


ab + be + ca = ab + c (a + b) > ab 


Va co 


a 2 - ab + b 2 b 2 - be + c 2 c 2 - ca + a 2 a 2 - ab + b 2 a 2 b 2 
3 i 1 


ab + be + ca ab 
Phep chung minh se hoan tit niu ta chi ra dugc 

11 1 


a 2 b 2 a 2 - ab + b 2 ab 
That vay, bat dang thuc tren tuong duong vbi 

1111 1 1 „ 


a 2 ab b 2 ab a 2 - ab + b 2 ab 
ab - a 2 ab - b 2 2 ab - a 2 - b J 


> 0 <=> - 


i -b) 


- > 0 


a 3 b ab 3 (^a 2 - ab + b 2 j ab a 2 b 2 (a 2 - ab + b 2 j 

Bat dang thuc cuoi cung luon dung. Vay bai toan dugc chung minh xong. 

Bai 160. Cho a, b, c la do dai ba canh cua mot tarn giac vaa + b + c = l. Chung minh ring: 

4 4 4 & 1 1 1 n 

-+-+-<- + — + - + 9 

a+b b+c c+a a b c 

Trich de thi chon HS die thi HSGQG Thanh Pho Ha Noi nam hoc 2015-2016 


Loi giai 

Cach 1: Be y den gia thiet lai viet lai dugc bat dang thuc tren thanh 

4(a + b + c) 4(a + b + c) 4(a + b + c) a + b + c a + b + c a + b + c 


a + b 

4c 4a 


b + c 


c + a a 

4b . _ b + c a + c a + b . _ 

>-+-+-+ 12 <-+-+-+ 12 

a+bb+cc+a a b c 

4c + 4a + 4b < b + c + a + c + a + b 
a+b b+c c+a a 


b 





, . 114 

Ap dung bat dang thuc Cauchy dang —l— >-, ta duac 

x y x + y 


i+b b+c c+a 


i %) . p t] f i €] 

c b ) p c) p bj 


> 4a + 4b + 4c 
b+c c+a a+b 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

Cach 2: Bat dang thuc can chung minh tuong duong vdi 

4 4 4 > 1 1 1 _ 

1-c 1-a 1-b a b c 

4 1 

Ta se chung minh-< 18c - 3. That vay, bat dang thuc tren tuong duong vdi 

1-c c 

5c -1 < c (l - c) (l8c - 3) ^ 5c -1 < 21c 2 - 3c - 18c 3 o (3c -1) 2 (2c -1) < 0 
Do a, b, c la ba canh cua mot tarn giac vaa + b + c = l nen 

2c -1 = 2c - (a + b + c) = c - (a + b) < 0 
Do do bat dang thuc tren dung. 

Vay bai toan dugc chung minh xong. _ 

I Bai 161. Cho a, b, c la cac sd thuc duong thoa man a + b + c = — + — + —. Tim gia tri ldn nhit cua 

b c a 


p a+b+1 ^ b+c+1 ^ c+a+1 
a 3 + b 3 +1 + b 3 + c 3 +1 + c 3 + a 3 + 1 

_ Trich de thi chon HS du’ thi HSGQG Truxntg Dai hoc Vinh nam hoc 2015-2016 

Loi giai 

Ap dung bat dang thuc Cauchy cho gia thiet ta dugc 

, a b c ^ _ 

b c a 

Mat khac ap dung bat dang thuc Bunhiacopxki dang phan thuc cho gia thiet ta dugc 
, abc ( a + b + c ) 

a + b + c = — + — + — > — — ^>ab + bc + ca>a + b + c 

b c a ab + be + ca 
Ap dung bat dang thuc Bnhiacopxki ta co 

/ w x / x 2 (a + b +1) (a 2 + b 2 +1| 

(a + b + 1J (a + b +1) > (a + b +1 j > -- — - - 


Do do ta dugc 


Hoan toan tuong tu ta thu dugc P < 


a + b + 1 ^ 3 

i 3 +b 3 +l “ a 2 + b 2 +1 
3 3 


a 2 + b 2 +1 b 2 + c 2 +1 c 2 + a 2 +1 
1 1 1 


Ta se chung minh ■ , 2 2 ■ , 2 ~ J 

a+b+1 b+c+1 c+a+1 

That vay, bat dang thuc tren dugc viet lai thanh 

a 2 + b 2 b 2 + c 2 c 2 + a 2 


a 2 + b 2 +1 b 2 + c 2 +1 c 2 + a 2 +1 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 




a 2 + b 2 b 2 + c 2 


^Va 2 + b 2 + Vb 2 


+ c + V c + a" 


2(ci + b + c 1 + 3 


a 2 + b 2 +1 b 2 + c 2 +1 c 2 + a 2 +1 

Phep chung minh se hoan tat neu ta chi ra dirge 

^Va 2 + b 2 + Vb 2 + c 2 + Vc 2 + a 2 j > 4^a 2 + b 2 + c 2 ) + 6 
<» ^a 2 + b 2 )(b 2 +c 2 j + ^b 2 + c 2 )(c 2 + a 2 j + ^c 2 + a 2 )(c 2 + a 2 j > a 2 + b 2 + c 2 + 3 
Ap dung bat dang thuc Bunhiacopxki ta dugc 

a 2 + b 2 )(b 2 + c 2 ) > b 2 + ac 

Ap dung tuang tu ta dugc 

^(a 2 + b 2 ) (b 2 + c 2 ) + ^(b 2 + c 2 ) (c 2 + a 2 ) + J(c 2 + a 2 ) (c 2 + a 2 ) 

> a 2 + b 2 + c 2 + ab + be + ca 


Ma tu gia thiSt ta dugc ab + be + ca > 3. Do vay ta dugc 

^a 2 + b 2 )(b 2 + c 2 ) + ^b 2 + c 2 )(c 2 + a 2 ) + J(c 2 + a 2 )(c 2 + a 2 j > a 2 + b 2 + c 2 + 3 
Vay bat dang thuc dugc chung minh. 

Suy ra gia tri nho nhat cua P la 3. Bang thuc xay ra khi va chi khi a = b = c = 1. _ 

Bai 162. Cho a, b, c la cac s6 thuc khong am. Chung minh ring: 

(a + bc) + (b + ca) + (c + ab) > V 2 (a + b)(b + c)(c + a) 

Trich de thi chon HS du thi HSGQG Tinh Dak Lak nam hoc 2015-2016 
Lol giai 

Ap dung bat dang thuc Cauchy ta dugc 


(a + be) 2 + (b + ca) 2 > 

t \2 1 \ 2 / \2 (a + b) (c + l) ( .2 

Khi do ta dugc (a + bej + (b + ca j + (c + abj > --—--— + (c + abj 


Cung theo bat dang thuc Cauchy ta co 

(a + b) (c + l) . \ 2 (a + b) (c +1) (c + ab) F/ w w v 

^+ (c + ab) >|p- A A - W^H (a + b) (c +1) (c + ab) 

2 V 2 

Bai toan quy ve chung minh 

V2(a + b)(c + l)(c + ab) > V 2 (a + b)(b + c)(c + a) 

0 (c +1) (c + ab) > (b + c) (c + a) <=> c + abc = be + ca 
<=> c(a -l)(b -1) > 0 

Theo nguyen li Dirrichlet thi trong ba so a, b, c luon tim dugc hai so cung phia vdi 1. Vi vai tro cua 
a, b, c nhu nhau nen khong mat tinh tong quat ta co the gia su hai so do la a va b. Khi do bat dang thuc 
cuoi cung luon dung. 

_ Vay bai toan dugc chung minh xong. Bang thuc xay ra khi va chi khi _ 

Bai 163. Cho x, y, z la cac s6 thuc duong thoa man x + y + z = 1. Chung minh ring: 

x 3 - 2x 2 + x + y 3 - 2y 2 + y + z 3 - 2z 2 + z < 2\fs 

>/x(y + z) Vy( z + x ) Vz( x + y) 3 

Trich de thi chon HS du' thi HSGQG Tinh Kien Giang nam hoc 2015-2016 





Ap dung gia thiet x + y + z = lta dugc 

x»-2x i +x ^ 

Vx (y + z ) Vx(l-x) 

Ap dung tuang tu ta dugc 

x 3 - 2x 2 + x y 3 - 2y 2 + y z 3 - 2z 2 + z 
Vx(y + z) Jy (z + x) Vz(x + y) 


(1 — X ) = Vx -XVX 


vx + -v/y + vz — xvx + x 


Ta cin chung minh Vx + yfy + Vz - |xVx + xVy + x gp -f. 

Tux + y + z = l=> Vx + VV + Vz < V3 . Theo bit ding thuc Bunhiacopxki 1 

V3 (xVx + yVy + zVz) > (Vx + VV + Vz)(xVx + yVy + zVz) 


Vy+xVzj 


Do do ta dugc xVx + y 


^Vy+zVzj > |Vx 
^Vy + zVz S -U.' 


vx + -v/y + vz — xvx + x-v/y + x 


> S s 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi x = y = z = —. 

Bai 164. Cho a, b, c la cac s6 thuc ducmg thoa man a 2 + b 2 + c 2 = 3. Chung minh ring: 

a 2 b 2 + b 2 c 2 + c 2 a 2 < a + b + c 

Trich de thi chon HS dir thi HSGQG Tinh Thira Thien Hue nam hoc 2015-2016 
Ldi giai 

Sir dung ky thuat them bdt ta co bat dang thuc tuong ducmg vdi 
2 (a + b + c) > 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 j 
0 ( a ‘ + b‘ + c ‘) + 2 ( a + b + c) > (a‘ + b‘ + c‘) + 2 (aV + bV + cV) 

<^> (a 4 + b 4 + c 4 j + 2 (a + b + c) > (a 2 + b 2 + c 2 j >9 
Vay ta can chung minh a 4 + b 4 + c 4 + 2 (a + b + c) > 9 


Dieu nay hien nhien dung vi theo bat dang thuc Cauchy bo ba so ta co 
a 4 + a + a > 3Va 4 .a.a = 3a 2 
b + b + b 3Vb .b.b = 3b 
c 4 + c + c > 3 Vc 4 .c.c = 3c 2 

Bai toan dugc giai quyet. Bat dang thuc xay ra khi va chi khi a = b = c = 1 
Bai 165. Cho a, b, c la cac so thuc duong tha man abc = 1. Chung minh rang: 

4 , 4 4 . 2a 2b 2c 


b +c +a + b + c + —-- + -- -+ >9 

b + c a + c a + b 

Trich de thi chon HS dir thi HSGQG Tinh Thai Nguyen nam hoc 2015-2016 
Ldi giai 





D§ dang chung minh dugc a 4 + b 4 > ab ^a 2 + b 2 j = - 
Ap dung hoan toan tuang tu ta dugc 


_/ 4 i 4 4 \ . a + b b + c c 2 + a 2 

2 a + b + c >-+-+- 

1 ’ c a b 


Bai toan quy ve chung minh 

a 2 + b 2 b 2 + c 2 


2 _/ , \ 4a 4b 

- + 2 |a + b + c) + —- - + - - 

v 7 b + c a + c 


Ap dung bat dang thuc Caychy ta dugc 

a 2 + b 2 4c ^ , b 2 
-+ —* - 4 ; — 


^ 4a > 4 c + a 
h b 2 + c 2 “ ; ^T 


Cong theo ve cac bat dang thuc tren ta dugc 
a 2 + b 2 b 2 + c 2 c 2 + 


4a 


4b 


| 4b 
c 2 + a 2 

4c 


> 12 


c a b b 2 +c 2 a 2 + c 2 a 2 + b 2 

Phep chung minh se hoan tat neu ta chi ra dugc a + b + c > 3, danh gia cuoi cung dung theo bat dang 
thuc Cauchy. Vay bai toan dugc chung minh xong 



| Bai 102. Cho a, b, c la cac so khong am thoa man M in |a + b; b + c; c + a j > 0 va 
a 2 + b 2 + c 2 =2 (ab + be + ca). 


Chung minh rang: 


ab 


be 

b 2 + c 2 


'-J2 


Phan tich va loi giai 

Truoc het ta phan tich cac gia thiet cua bai toan, tir Minja + b; b + c; c + aj >0 ta suy ra dugc 

trong cac tong tren khong co tong nao bang khong va tir gia thiet thu hai ta thu dugc trong cac bien a, b, c 
chi co co the co mot bien bang 0. Do do ta du doan dau dang thuc xay ra tai a = b; c = 0 va cac hoan vi 

cua no. Quan sat bat dang thuc ta nhan thay khong the danh gia true tiep tir hoac mau cua cac bieu thuc. 

^ab (a 2 + b 2 j 


Do do ta hudng den bien doi cac bieu thuc truoc. Chu y den phep bien doi 


ab 


f b a + b 

De dam bao dau dang thuc xay ra ta nhan voi ^2 . Khi do bat dang thuc dugc viet lai thanh 
^ 2 ab (a 2 + b 2 j ^ 2 bc (b 2 + c 2 j ^ 2 ca(c 2 + a 2 j 


a 2 + b 2 b 2 

Den day ap dung bat dang thuc Cauchy ta dugc 


/ 2 ab(a 2 +b 2 ) ^ ^ab^ab _ 2 ab 
a 2 + b 2 a 2 + b 2 a 2 + b 2 


Ap dung tuong tu ta dugc 


^2bc~jb 


^2cajc‘ 


b 2 + c 2 b 2 + c 2 

Cong theo ve cac bat dang thuc tren ta dugc 

^ 2 ab (a 2 + b 2 j ^ 2 bc^b 2 + c 2 j ^ 2 ca 

a 2 + b 2 + b 2 + c 2 + c 2 + 

Khi do phep chung minh se hoan tat neu ta chi ra dugc 

2 ab 2 bc 

-1-h 

db + b b+c 


2 ab 


2 bc 
b 2 +c 2 


De y la 


2 ab 


2 bc 


2 ca _ (a + b) (b + c) (c + a) 


t- b 2 b 2 + c 2 c 2 + a 2 a 2 + b 2 b 2 + c 2 c 2 + a 2 

Luc nay ap dung bat dang thuc Bunhiacopxki ta dugc 

(a + b) (b + c) (c + a) (2a + 2b + 2c) 

a 2 + b 2 + b 2 +c 2 + c 2 + a 2 '2(a 2 + b 2 +c 2 ) 

2 (a 2 + b 2 + c 2 + 2ab + 2bc + 2ca) 8 (ab + be + ca) 

2(a 2 + b 2 +c 2 ) 2(ab + bc + ca) 

, 2ab 2bc 2ca . . 

Do do ta co —-- H— -- + —- > 1 

a + b b + c c + a 

Vay bai toan dugc chung minh xong. Dang thuc xay ra khi va chi khi a = b; C = 0 va cac hoan vi. 
| Bai 103. Cho a, b, c la cac s6 thuc duong thoa man Va + Vb + \[c = 1. Chung minh ring: 




1 ab 

+ 1 bc 

: + n 

»_ <1 

V a + b + 2 

c V b + c + 2z 

1 V c + i. 

1 + 2b 2 


Phan tich va loi giai 

Quan sat bat dang thuc tren ta thay dugc mot so y tuong tiep can nhu su dung cac bat dang thuc 
Cauchy, Bunhiacopxki de khu cac can bac hai, doi bien de don gian hoa gia thiet,... 

Cach 1: Trudc het vdi y tucmg khu cac can bac hai, ta chu y den danh gia bang bat dang thuc 
Bunhiacopxki nhu sau 


(l +1 + 2) (a + b + 2c) > (W + Vb + 2ylcJ 


Khi do ket hop vdi bat dang thuc Cauchy ta dugc 

I ab 2\/a b 2\/ab 


V a + b + 2c ^4^a + b + 2c) Va+Vb+2Vc 2 

Ap dung tuong tu ta co 

I be 1 i Vbc Vbc \ I ca 

V b + c + 2a 2 Va + Vb Va + VcJ v c + a + 2b 
Cong theo ve cac bat dang thuc tren ta dugc 


Vbc 

+ ^ bc ]■ / 

ca ^ 1 ( Vca | Vca 

v Va + Vb 


+ a + 2b 2^Va+Vb Vb + Vc y 


^|Va + Vb + Vcj = 


V a + b + 2 c Vb + c + 2 a V c + a + 2 b 2 V I 2 

Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = V. 

Cach 2: Bat x = Va; y = Vb; z = Vc . Tu gia thiSt ta suy rax + y + z = l. 

Khi do bat dang thuc dugc viet lai thanh 

x y yz zx ^1 

Vx 2 + y 2 + 2 z 2 V y 2 + z 2 + 2 x 2 yjz 2 + x 2 + 2 y 2 2 

Ap dung bat dang thuc Cauchy ta dugc 

4^x 2 + y 2 + 2 z 2 ) = (l + l + 2 )(x 2 + y 2 + 2 z 2 ) > (x + y + 2 z ) 2 





b + c c + a 


>2 


Phan tich va 151 giai 

Tu gia thiet cua bai toan thi suy nghi rat tu nhien la doi bien x = 


thiet trb thanh x + y + z = 1 va bat dang thuc dugc viet lai la 


; z = —, khi do gia 


Quan sat bat dang thuc tren ta co cac each xu ly nhu sau 
Cach 1: Chu y den dung bat dang thuc Cauchy ta dugc cac danh gia 

(x + y) (y + z) ( z + x ) 

xy < v -' ; yz < A- ' ; zx < A- 

4 4 4 

Khi do ta dugc bat dang thuc sau 

x 2 (y + z) y 2 (z + x) Z 2 (x + y) 4x 2 4y 2 4z 2 


Ap dung bat dang thuc Bunhiacopxki dang cong mau ta co 

4x 2 4y 2 4z 2 4^x + y + z^ 

- 1 - 1 -- —7-r 

y + z z + x x + y 2(x + y + z) 

Vay bai toan dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 3. 
Cach 2: Bien doi bat dang thuc thanh 



Theo mot danh gia quen thuoc ta co 



Cong theo ve cac bat dang thuc tren ta dugc 

x 4l + i] + rfi + l] + z4l + i)>i^ + iy 

i^y z J y z xj [x y J y + z z + x x + y 


2 (x + y + z) = 2 


Ben day danh gia tuong tu nhu each 1 hoac co the ap dung bat dang thuc Bunhiacopxki nhu sau day 



Vay bai toan dugc chung minh xong. _ 

Bai 105. Cho a, b, c la cac so thuc duong. Chung minh rang: 





1 + ^T + fi + ^T + fi + ^T> 9 < a+b+c 

b J ^ c J y a J ab + bc + c 


Phan tich va loi giai 

Be y den cac dai lugng ve trai cua bat dang thiic ta nhan thay cac y tucmg tiep can 
khai trien roi danh gia bang bat dang thiic Cauchy hoac sir dung danh gia 

3 ^x 2 + y 2 + z 2 j > (x + y + z) . Ta di phan tich cac y tucmg do theo cac each sau 
Cach 1: Trien khai ve trai ta dugc 


bai toan nhu 
quen thuoc 


Ap dung bat dang thiic Cauchy ta dugc 


1 + — 
b‘ 


1 + — | > 2| —+ —T 
b c 


3 kV + ^J-[r 


—i— —^ —i—i— 

c a J lb c a J 


b c 
— + — 
c a 


Tir do ta dugc 

„ , ( a b c | , ( a 2 b' 

i^b c aj ^b c a J ^b 

Be y la theo bat dang thiic Bunhiacopxki ta dugc 

a b c a 2 b 2 c 2 (a + b + c) 

b c a ab be ca ab + be + ca 

c (, 2 a Y f 1 2 b Y 2 c Y ^ 9 (a + b + c ) 2 

\ b ) y c J y a J ab + bc + ca 
Vay bat dang thiic dugc chiing minh. Bang thiic xay ra khi va chi khi a = b = C 
Cach 2: Ap dung bat dang thiic 3 ^x 2 + y 2 + z 2 j > ^x + y + z^ ta dugc 

2 a 


1 + - 


V ( okV ( O V 1 ( u 4 

a -,2b L2cl 00 abc 
- + 1 + — + 1 + — >- 3 + 2 - + - + - 

y J y c J ^ a ) 3 ^bca y 


' | 8 j b 

Ta can chiing minh duoc — 3 + 2 —i— 
'3b 


9 (a + b + c) 
c a Jj ab + bc + ca 
Mat khac ap dung bat dang thiic Bunhiacopxki ta dugc 

a b c (a + b + c) 

b c a ab + bc + ca 

Nhu vay phep chiing minh se hoan tat neu ta chi ra dugc 


3 + 2 —+ —+ — 
b c 


>27|- + - + - 
b c a J 


That vay, dat t = —l-t- - 

b c a 


> t > 3 . Khi do bat dang thiic can chiing minh trb thanh 




(3 + 2t ) 2 > 27t <=> (t - 3)(4t - 3) > 0 
Bat dang thuc cuoi cung luon dung do t > 3. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi _ 


Bai 106. Cho a, b, c, d la cac so thuc duong tuy y. Chung minh rang: 

a 3 b 3 c 3 ^ a + b + c 

—2-T ~^ -2-2~ ^ 2- 2 — - 

a + ab + b b + be + c c + ac + a 3 


Phan tich va loi giai 

Quan sat bat dang thuc thi suy nghi dau tien do la su dung bat dang thuc Bunhiacopxki dang 
phan thuc. Do do ta thu tiep can bai toan vdi bat dang thuc xem nhu the nao? 

Cach 1: Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

a 3 + b 3 + c 3 
a 2 + ab + b 2 b 2 + be + c 2 c 2 + ac + a 2 
(a 2 + b 2 + c 2 ) 2 


a 3 + b 3 + c 3 + a 2 b + ab 2 + b 2 c + be 2 + a 2 c + ca 2 ^a + b + c) ^a 2 + b 2 + c 2 j 

x U r ■ , a 2 + b 2 + c 2 a + b + c 

Ta can chung minh ->- 

a + b + c 3 

Hay 3 (a 2 + b 2 + c 2 ) > (a + b + c) 

Bat dang thuc cuoi cung la mot danh gia quen thuoc. 

Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = C. 

Ngoai ra de y den moi lien he giua tir va mau ta chu y den hang dang thuc bac ba quen thuoc 
a 3 - b 3 = (a - b) ^a 2 + ab + b 2 j. Do do ta co phep bi 6 n d 6 i 

a 3 b 3 a 3 - b 3 


a + ab + b a + ab + b a + ab + b 


- = a - b 


Hoan toan tuong tu ta co 

2 a 3 


2 b 3 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ac + a 2 

a 3 + b 3 b 3 + c 3 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ac + a 2 


, . / x (a + b)(a + ab + b ) 

D6 y la a 3 + b 3 = (a + b) ^a 2 - ab + b 2 j >--- - 


Khi nay ta dugc - 


lbi giai nhu sau 
Cach 2: Ta co 


! + ab + b 2 


-, den day bai toan xem nhu dugc chung minh va ta trinh bay lai 


+ ab + b a + ab + b a + ab + b 


Ap dung tuong tu ta dugc 
b 3 


b 2 + be + c 2 b 2 + be + 
Cong theo ve cac dang thuc tren ta dupe 


r = b - c; - 


c + ac + a" c + ac + a 



Hay 


+ ab + b b + be + c c + ac + a 
b 3 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ac + a 2 


a + ab + b b + be + c c + ac + a 


Do do ta dugc 


De y ta thay 


Do do ta dugc 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ac + a 2 
2c 3 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ac + a 2 

a 3 + b 3 b 3 + c 3 


c +a 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ac + a 2 


. w , (a + b)(a 2 + ab + b 2 ) 

3 +b 3 =(a + b)(a 2 -ab + b 2 )> V - A - ’ 


a + b > a + b 
a 2 + ab + b 2 3 


Ap dung tuong tu ta dugc 

a 3 + b 3 b 3 +c 3 c 3 + a 3 2 (a + b + c) 

a 2 + ab + b 2 b 2 + be + c 2 c 2 + ac + a 2 3 

2 a 3 2 b 3 2 c 3 2 (a + b + c) 


Suy ra 
Hay 


a 2 + ab + b 2 b 2 + be + c 2 c 2 + ac + a 2 3 

a 3 b 3 c 3 a + b + c 


+ ab + b 2 b 2 + be + c 2 c 2 + ac + a 2 3 
Vay bat dang there dugc chung minh. Dang there xay ra khi va chi khi a = b = C 
Cach 3: Ngoai hai lbi giai tren ta co th6 tham khao them loi giai blng phuong phap bi6n d6i tuong duong 
nhu sau 

Vi a, b la cac s6 thuc duong nen ta co 

(a - b) (a + b) > 0 <» 3a 3 > (2a - b) (a 2 + ab + b 2 j <=> - 3a 
Ap dung tuong tu ta duoc 

3b * > 2b - c; —— 


b 2 + be + c‘ 

Cong theo ve cac bat dang thuc tren ta dugc 


a + ab + b 

- > 2 c - a 

. a+b+c 


- > 2 a - b 


a + ab + b b + be + c c + ac + a 3 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = C. 


Bai 107. Cho tarn giac co ba canh a, b, c thoa man —^- 1 -- - 1 --— = 2. Chung minh rang: 

a 2 + 1 b 2 + 1 c 2 + 1 


(a + b + c)(a + b - c)(b + c - a)(c + a - b) < — 


Phan ti'ch va loi giai 



Khi tiep can bai toan nay co le an tupng dau tien la gia thiet cua bai toan la mot dang there phde 
tap. Tuy nhien khi nhin bat dang there can cherng minh ta thay tich cac dai lupng 

a + b-c; b + c-a; c + a- b thi thay ter tin hon ti vi it nhieu lien tudng den mot so danh gia quen 

thuoc. Be co cac bade di hop li ta di danh gia lai gia thiet trade. 

. ., . 1 1 1 o , a 2 b 2 c 2 

Ta gia thiet —-b —--b —-= 2, ta dupe —--b —--b —-= 1 

a +1 b" +1 c +1 a +1 b +1 c +1 

Ap dung bat dang there Bunhia copxki ta dupe 

a 2 | b 2 | c 2 ^ (a + b + c) 

~~ a 2 +1 + b 2 +1 + c 2 +1 “ a 2 + b 2 + c 2 + 3 

2 2 2 / \ 2 3 

Suy ra a" + b + c + 3 > (a + b + cj hay ab + be + ca < —. 

Quan sat tich cac dai lupng dudi dau can ta lien tudng den mot bat dang thde kha la hay gap 

(a + b - c) (b + c - a) (c + a - b) < abc . Nhu vay ta thu dupe bat dang thde 

(a + b + c)(a + b -c)(b + c -a)(c + a - b) < (a + b + c)abc 

\ 2 

ab + be + ca) 

3 

Khi do ta dupe 

/ w . (ab + bc + ca) 3 

(a + b + cj^a + b - cj^b + c - aj|c + a - bj< ----— < — 

Vay bat dang thde dupe cherng minh. Bang thde xay ra khi va chi khi a = b — C. _ 

Bai 108. Cho a, b, c la cac sd there duong thoa man a + b + c = 3. Chung minh ring: 

3 (a 2 + b 2 + c 2 j + 4abc >13 


Ben day ta chu y den danh gia abc (a + b + c) < - 


Phan tich va loi giai 

Trude het ta doan dupe dau dang thde xay ra tai a = b = c = 1. Quan sat bat dang thde ta thay 
xuat hien dai lupng (V 2 + b 2 + c 2 j lien he vdi gia thiet cua bai toan bang mot hang dang thde quen thuoc 

(a + b + c) = a 2 + b 2 + c 2 + 2(ab + be + ca). Nhu vay khi do ta trong bat dang thde se co dai lupng 

ab + be + ca va abc. Hai dai lupng nay lam ta lien tudng d 6 n phep sip thu ter di giam biin, hoac sd 
dung bat dang thde phu quen thuoc, hoac sd dung nguyen li Dirichlet. Td ser phan tich do ta co cac ldi 
giai sau 

Cach 1: Bit ding thde cln cherng minh tuong duong vdi 

3(a + b + c) -6(ab + bc + ca) + 4abc > 13 
Hay 3 (ab + be + ca) - 2abc < 7 

Khong mat tinh tong quat ta gia sd a < b < c, do do ta dupe a < 1. 

Khi do ta co 

3 (ab + be + ca) - 2abc = 3a (b + c) + be (3 - 2a) 


^ 3a (b -+ 


(b + c) (3- 2 a) 


.3a(3-a) + ( 3 ' a )y~ 2a ) = 27 + 3a 4 i - 2a3 


Ta can chdng minh 


4 



Hay 2a 3 - 3a 2 + 1 > 0 O (a -1) 2 (2a +1) > 0 

Bat dang thuc cuoi cung luon dung. 

Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = C = 1. 

Cach 2: Ta co 

(a + b - c)(b + c - a)(c + a - b) = (3 - 2c) (3 - 2b)(3 -2a) 

= 27 -18 (a + b + c) +12 (ab + be + ca) - 8abc = 12 (ab + be + ca) - 27 - 8abc 
Mat khac ta de dang chung minh dugc 

abc > (a + b - c) (b + c - a) (c + a - b) 

Do do ta dugc abc > 12 (ab + be + ca) - 27 - 7abc 
4(ab + be + ca) 

Hay abc > —---- - - 3 

| „ „ „\ / oX 16(ab + bc + ca) 

Do do ta co 3 (a + b + c ) + 4abc > 3 (a + b + c ) H------ -12 

, v 16(ab + bc + ca) 

Ta can chung minh 3 (a 2 + b 2 + c 2 ) H---- - 12 > 13 

Hay 9 (a 2 + b 2 + c 2 ) +16 (ab + be + ca) > 75 

That vay, ap dung mot danh gia quen thuoc ta co 

9 (a 2 + b 2 + c 2 ) +16 (ab + be + ca) 

= a 2 + b 2 + c 2 + 8 |^a 2 + b 2 + c 2 + 2 (ab + be + ca)] 

(a + b + c) , .2 

---— + 8(a + b + c) =3 + 72 = 75 

Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 

Cach 3: Trong ba so duong bat ki a, b, c luon ton tai hai so cung phia so vdi 1. 

Khong mat tinh tong quat ta gia su hai so do la a va b. khi do ta co 

c (l - a) (l - b) > 0 abc > c (a + b) - c 

Ta co 

3 (a 2 + b 2 + c 2 ) + 4abc > 3 
= 3 

Bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = C = 1. 


">1 


2 

(3-c) 2 


- 4c (a + b) - 4c 

, v (c -1) 2 + 26 
+ 4c(3-c)-4c= --->13 


lai 109. Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 2abc. Chung minh rang: 


a(2a -l) b(2b-l) c(2c-l)' 


> X 

2 


Phan tich va loi giai 

Bat dang thuc tren da dugc chung minh bang ky thuat doi bien trong bat dang thuc Cauchy. O day 
ta thuc hien doi bien va ap dung bat dang thuc Bunhiacopxki xem co the chung minh dugc khong. 




Tvr gia thiSt ab + be + ca = 2abc suy ra — + — + — = 2. 

a b c 

Bat x = —; y = —; z = —, khi do ta co x + y + z = 2. 
a b c 


Bat dang there dupe viet lai la 


Hay 


- + - 


- > - 

! 2 


2 - xj (2 — yj (2-z) 

x 3 y 3 z 3 1 

- + —-- + - > - 

2 


(y + z) ( z + x ) ( x + y) 

Ap dung bat dang thvrc Bunhiacopxki dang phan thvrc ta duoc 


(y + zj (z + xj ( x + yj x (y + z ) +y( z + x J + z(x + yj 

__(x’+y’+zf 


x 2 y + y 2 x + x 2 z + z 2 x + y 2 z + z 2 y + 6xyz 


Ta can chvmg minh 




x 2 y + y 2 x + x 2 z + z 2 x + y 2 z + z 2 y + 6xyz 2 

Hay 2 (x 2 + y 2 + z 2 j > x 2 y + y 2 x + x 2 z + z 2 x + y 2 z + z 2 y + 6xyz 

That vay, theo mot danh gia quen thuoc ta co 

/ \ 2 t \s \ 2(x + y + z) (x 2 + y 2 + z 2 ) 

2(x 2 + y 2 +z 2 j = 2(x 2 + y 2 +z 2 J(x 2 + y 2 +z 2 j > —--- ’ 

Ma ta lai co 

(x + y + z)^x 2 + y 2 + z 2 j = x 3 + y 3 + z 3 + x 2 y + y 2 x + x 2 z + z 2 x + y 2 z + z 2 y 

Suy ra ta co 

2 (x + y + z) ^x 2 + y 2 + z 2 j 4 ^x 3 + y 3 + z 3 + x 2 y + y 2 x + x 2 z + z 2 x + y 2 z + z 2 yj 
3 ~~ 3 

Ta c§n chi ra duoc 

4 ^x 3 + y 3 + z 3 + x 2 y + y 2 x + x 2 z + z 2 x + y 2 z + z 2 y j 

> 3 ^x 2 y + y 2 x + x 2 z + z 2 x + y 2 z + z 2 y + 6xyzj 
Hay 4 ^x 3 + y 3 + z 3 j + x 2 y + y 2 x + x 2 z + z 2 x + y 2 z + z 2 y > 18xyz 

Ap dung bat dang thuc Cauchy ta duoc 

4 ^x 3 + y 3 + z 3 j > 12xyz; x 2 y + y 2 x + x 2 z > 3xyz; z 2 x + y 2 z + z 2 y > 3xyz 
Cong theo ve cac bat dang thuc tren ta duoc 

4 ^x 3 + y 3 + z 3 j + x 2 y + y 2 x + x 2 z + z 2 x + y 2 z + z 2 y > 18xyz 

3 

Vay bat dang thuc duoc chvmg minh. Bang thuc xay ra khi va chi khi a = b = c = —. 


Bai 110. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang: 




Va 2 + abc + Vb 2 + abc + Vc 2 + abc + Wabc < 
_3_ 

Phan tich: Chu y d6n phep bi6n d6i a 2 + abc = a 2 (a + b + c) + abc = a (a + b) (a + c), do do ta co 

I ; j r Va (a + b + a + c) Va (a +1J 

danh gia Va + abc = ^a (a + bj (a + cj <------ =-^--. 

Loi giai 

Ta co a 2 + abc = a 2 (a + b + cj + abc = a (a + b)(a + c) 

Do do ta duoc 

J^~T C - /q^ibVaic1 ^^ + b + a + C ) - ^ a + 1 ) 

V d T dUC — yd^dr ^ ^ 

Chung minh tuong tu ta duoc 


/—- Vb (b + l) fs - 

Vb + abc <---Vc + abc < 

2 2 


W(c + l) 


Do do ta duoc 


/—- i— - i— - Va(a + l) Vb(b + l) Vc(c + l) 

Va +abc + Vb +abc + Vc +abc <---- +----+---- 

2 2 2 

Mat khac theo bat dang thuc Cauchy ta lai co 


Chung minh tuong tu ta duoc 

Vb(b + l) 


+ ^<S-, ^ (c+l) + ^<A 
2 2 


Nhu vay ta co 


Va 2 + abc + Vb 2 + abc + Vc 2 + abc + Wabc < Va + Vb + Vc + 6Vabc 


Va + Vb + Vc < ^3^a + b + c) = V3; bVabc < 6^ a + ^ + C j = 

Nen ta suy ra 

Va 2 + abc + Vb 2 + abc + Vc 2 + abc + Wabc < \[s + ~^= = ~^= = —-. 

V3 A 3 

Vay bai to an duoc chung minh xong. Dang thuc xay ra khi va chi khi a = b = c = —. 


Bai 111. Cho a, b, c la cac so thuc duong thoa man abc = 1 . Chung minh rang: 

a b c . , 

- 1 - 1 -^ 1 

a + b 3 + c 3 b + c 3 + a 3 c + a 3 + b 3 


Phan ti'ch: De dong bac mau ta chu y den danh gia theo bat dang thuc Bunhiacopxki 
(a + b 3 + c 3 )(a 3 + b + c) > (a 2 + b 2 + c 2 ) 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta duoc 

(a + b 3 + c 3 )(a 3 + b + c) > (a 2 + b 2 + c 2 ) 







Hay a 2 b 2 + b 2 c 2 + c 2 a 2 > ab + be + ca 

That vay, ap dung bat dang thuc Bunhiacopxki va bat dang thuc Cauchy ta dugc 

3 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) > (ab + be + ca) ; a 2 b 2 + b 2 c 2 + c 2 a 2 > 3^(abc) = 3 
Nhan theo ve hai bat dang thuc tren ta dugc 

(a 2 b 2 + b 2 c 2 + c 2 a 2 ) > (ab + be + ca) 


Hay a 2 b 2 + b 2 c 2 + c 2 a 2 > ab + be + ca 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. _ 

Bai 112. Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 3. Chung minh rang: 

1 1 1 < 3 

_ a 2 +1 + b 2 + 1 + c 2 + 1 ~ 2 _ 

Phan ti'ch: Quan sat bit ding thuc ta chu y din dii chiiu bit ding thuc. Ngoai ra ta co thi sip thu tu cac 
biin di chung minh bai toan. 

Loi giai 

Cach 1: Khong mit tinh ting quat, giai sit a > b > c 
Do ab + be + ca = 3 => be > 1 

Ta chung minh bit ding thuc sau: Vdi x, y > 0; xy > 1 ta co 


y 2 +1 z 2 +1 yz +1 

That vay, ta co (y 2 + z 2 + 2) (yz + l) > (y 2 + l) (z 2 +1) <^> (y - z) (yz -1) > 0 

Khong mat tinh tong quat, giai su a > b > c . Do ab + be + ca = 3 => be > 1 
Ap dung bat dang thuc tren ta dugc 

1 | 1 | 1 > 1 | 2 
a 2 +1 b 2 +1 c 2 +1 a 2 +1 be +1 

Do do ta se chung minh: 

—r 1 + 2 >-<=>a 2 +3-bc- 3a 2 bc >0<=>a(a + b + c- 3abc) > 0 

a +1 be +1 2 ^ ' 

Tir gia thiit ab + be + ca = 3, suy raa + b + c>3va abc < 1. 

Do do a + b + c - 3abc > 0 
Do do ta dugc 



1 1 1 > 1 2 ^3 

a 2 + 1 b 2 +l c 2 + 1 ~ a 2 + 1 bc + 1 _ 2 
Vay bai toan dugc chung minh xong. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Cach 2: Goi bieu thuc ve trai la P, ta bien doi bieu thuc P nhu sau 
1 1 1 


P = ^^ + —^ + ^^ = 3 
a +1 b +1 c +1 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

4a 2 4a 2 ^ a 2 

- — - ^- 1 - 

3a 2 + 3 3a 2 + ab + be + ca a 2 + ab + a 

Ap dung tuong tu vdi hai bieu thuc con lai ta dugc 
4a 2 4b 2 4c 2 


+1 b 2 +1 c 2 +1 


3a 2 + 3 3b 2 + 3 3c 2 + 3 

a 2 b 2 


< 1 + - 


2a 2 + be a + b + c 2a 2 + be 
b 2 c 2 


Ta se chung minh - 

2a 2 + be 2b 2 + ca 2c 2 + ab 
That vay, bat dang thuc can chung minh tuong duong vdi 
3 

2 " 


Hay 


2a 2 + be 2b 2 + ca 2c 2 + ab 
-<1 


2a~ + be 2b + ca 2c + ab 


>1 

2 


> - 
2 


2a 2 + be 2b 2 + ca 2c 2 + ab 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


( bc ) 


_K 


2 a 2 + bc 2 b 2 + ca 2 c 2 + ab 2 a 2 bc + be 2 abc + ca 2 abc 2 + a 2 b 2 

(ab + bc + ca) 

>- v - ' -= 1 

a 2 b 2 + b 2 c 2 + c 2 a 2 + 2 abc ^a + b + c) 

Vay bai toan dugc chung minh xong. 

Bai 113. Cho a, b, c la cac s 6 thuc duong thoa man abc > 1. Chung minh ring: 

1 | 1 | 1 <x 
a 4 + b 3 + c 2 b 4 + c 3 + a 2 c 4 + a 3 + b 2 
Phan tich: Be y la theo bat dang thuc Bunhiacopxki ta co danh gia 

^a 4 + b 3 + c 2 + b + c 2 j > ^a 2 + b 2 + c 2 j 
Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta dugc 

(a 4 + b 3 + c 2 )(l + b + c 2 j > (a 2 + b 2 + c 2 j 
1 _ 1 + b + c 2 < 1 + b + c 2 

f b 3 + c 2 (a 4 +b 3 +c 2 )(l + b + c 2 ) ( a 2 +b 2 +c 2 )~ 


Do do ta co 


Ap dung tuong tu ta dugc bat dang thuc 
1 1 


a+b+c b+c+a c+a+b 


,.3 + cL + b + C + cL + b +c 
(a 2 + b 2 + c 2 ) 2 




Ta can chung minh 


3 + a + b + c + a + b + c 


(a 2 + b 2 + c 2 ) 

Hay ^a +b H~ c ^ ^3 + a + b + c + a +b + c 

That vay, ap dung bat dang thuc Cauchy ta co 

(a 2 + b 2 + c 2 ) 2 > 3^/a 2 b 2 c 2 (a 2 + b 2 + c 2 ) > 3(a 2 + b 2 + c 2 ) 
Tir gia thiet abc > 1 suy raa + b + c>3. 

(a + b + c) 


Suy ra 3 (a 2 + b 2 + c 2 j > a 2 + b 2 + c 2 + a + b + c + 3 

Vay bat dang thuc dugc chung minh. BShg thuc xay fa khi a f= b g c = X _ _ 

Bai 114. Cho a, b, c la cac s6 thuc ducmg thoa man a + b + c = 3. Chung minh ring: 

a 3 | b 3 | c 3 > 3 

a + be b + ca c + ab 2 

Phan ti'ch: Ap dung bat dang thuc Cauchy ta de y den cac danh gia 

a 3 a + bc 1 I a 3 a + be 1 3a , , (a + b + c) 

a + bc 4 2 Va + bc 4 2 2 


Ap dung bat dang thuc Cauchy ta dugc 


Loi giai 


j^ + a + bc + l a3 
i + bc 4 2 Va + bc 


Suy ra 


a + bc 1 _ 3a 
4 ‘2 

a 3 5a be 1 

a + bc 4 4 2 

Chung minh tuong tu ta dugc 

b 3 > 5b ca 1 c 3 > 5c ab 1 

b + ca 4 4 2’c + ab 4 4 2 

Cong theo ve cac bat dang thuc tren ta dugc 

a 3 b 3 c 3 ^ 5(a + b + c) a b + bc + ca 


a + bc b + ca c + ab 


4 4 

9 ab + bc + ca 


Mat khac ta lai co 

Do do ta co 


(a + b + c) 

ab + be + ca < --— = 9 


a 3 | b 3 | c 3 y 9 3 _ 3 

a + bc b + ca c + ab 4 4 2 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 


Bai 115. Cho a, b la cac so thuc duong thoa man ab + a + b = 3. Chung minh rang: 


3a 


3b 


ab 2 2 3 

- 1 - 1 -< a + b + — 

b + 1 a + 1 a + b 2 


Phan tich: Chu y den danh gia (a + b) > 4ab, khi do ta viet lai dugc gia thiet cua bai toan la 
(a + b| + 4 (a + b) -12 > 0 va dat t = a + b. 





Loi giai 

Tir gia thiet ab + a + b = 3 suy ra 3 - (a + b) = ab. 

Ap dung bat dang there Cauchy ta dugc 

3 - (a + b) = ab < -—<=> (a + b| + 4(a + b)-12>0=>2<a + b<3 

Bat dang thuc can chung minh tucmg duang vdi 

3T(a + b) -2abl + 3(a + b) 3 _( a + b ) 3 

-A- A -+---- < (a + b) - 2ab + — 

ab + a + b + 1 a + b v ' 2 

3|"( a + b) -6 + 2(a + b)l + 3(a + b) 3 _( a + b ) 3 

J-+---- < (a + b) -6 + 2(a + b) + - 

4 ^ a+b y 1 V ' 2 

Bat t = a + b=>2<t<3. Khi do bit ding thuc cin chung minh trd thanh 

3(t — 6 + 2tl + 3t 3 —t 3 

J- L - + ^_J< t 2_ 6 + 2 t + 3 

4 t 2 

3t 3 + 9t 2 - 18t +12 - 4t < 4t 3 + 6t 2 - 18t 

(t-2)(t 2 + t + 6) > 0 
Bat dang thuc cuoi cung luon dung vdi t > 2. 


Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = 1. 

Bai 116. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang: 

1 + a 1 + b 1 + c ^ n (a b o'] 

b + c c + a a + b ^b c a J 

Phan tich: Bi y din gia thiit a + b + c = 1 ta co cac phep biin ddi sau 

l + a_ 2 a + b + c_ 2 a + ^ .a a _ ac 

b + c“ b + c “b + c + Ya b b + c“b(b + c) 

Loi giai 

Bien doi tuong duong bat dang thuc ta dugc 

1 + a 1 + b l + c^ 0 fa b cl 2 a 2 b 2 c 0 ^ 0 fa b 

b+c c+a a+b ^b c a J b+c c+a a+b ^b c a J 

aabbcc^3 ac be ab ^ 3 

■w>-1-1-> — -r- H--r H--r > 

1 ) b + c c a + c a a + b 2 blb + c] ala + b) clc + a) 2 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

ac be ab ( a b + be + cal 

-1-1-> '-'— 

b(b + c) a (a + b) c(c + a) 2 abc(a + b + c) 

(ab + be + cal 3 

Ta can chung minh --+f — 

2 abc(a + b + c) 2 


Hay (ab + be + ca) > 3abc (a + b + c) 

Banh gia cuoi cung dung theo bat dang thuc Cauchy 

Vay bat dang thuc dugc chung minh. Bat dang thuc xay ra khi va chi khi a = b = c = ^ . 


Bai 117. Cho a, b, c la cac so thuc khong am tuy y. Chung minh rang: 




1 


1 


(a-b) (b-c 


khong the xay ra tai a = b = c.Tadu doan dang thuc xay ra tai mot bien bang 0. Do do ta nghi den sap 
thu tu cac bien de giam bien cho bai toan. 

Loi giai 

Khong mat tinh tong quat ta gia sir a > b > c, khi do ta co 

ab + be + ca > ab;--—- > ; --—- > \ 


(c-af ^ 


Do do ta duoc bat dang thuc sau 


1 1 1 


[(a-b) 2 (b-c) 2 (. 


- > ab -- h—- h—- 

c-a) (a-b) ^ a 


Ta can chung n 
That vay, ta co 


1 1 1 
(a-b) 2 + b^ 


Ap dung bat dang thuc Cauchy ta duoc 


ab a b 

ab 

(a-b) 2 

(a-b) 2+b + a ( 

a-b) 

ab 

ab f (»->>)’ 

1 

ab 

(a-b) 2 

'a-bf ab V 

fa-bf 

ab 


1 1 1 

(a-b) 2 + b^ 


Vay bat dang thuc duoc chung n 


Dang thuc xay ra khi va chi khi 


c = 0 

(a-b) = ab 


c = 0 

<=>j ^3 + V5 jb 

2 


Bai 118. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

Vab + Vbc + Vca < 3 

c + 3>/ab a + 3>/bc b + 3Vca 4 

Phan tich: Quan sat bat dang thuc ta chu y den phep doi bien x = Va; y = Vb; z = Vc va de co cac 
danh gia hop li ta co the doi chieu bat dang thuc. 

Loi giai 

Dat x = Va; y = Vb; z = Vc . Khi do bit ding thuc cin chung minh trd thanh 






xy , y z , zx ^ 3 

z 2 + 3xy a 2 + 3yz y 2 + 3zx 4 
Ta bien doi bieu thuc ve trai nhu sau 

xy yz zx _ 1 f 3xy 3yz 3zx 


P = 


3xy a 2 + 3yz y 2 + 3zx 3 ^z 2 + 3xy a 2 + 3yz y 2 + 3zx J 
^2 

+ 1 -—-- + 1 -- 


= — [ 1-—- L1 -—— + 1 - — ^ 


3 ^ z 2 + 3xy x 2 + 3yz y 2 + 3zx J 

2 2 
x _y 


Bat 


3 ^ z 2 + 3xy x 2 + 3yz y 2 + 3zx 
2 2 2 

Q = 


z + 3xy x + 3yz y + 3zx 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc va mot danh gia quen thuoc ta dupe 

* t . y 2 - (x + y + A 


Q = 


z 2 + 3xy x 2 + 3yz y 2 + 3zx x 2 + y 2 + z 2 + 3 (xy + yz + zx) 
(x + y + z ) 2 _ 3 


/ P (x + y + z) 

(x + y + z) + ^--- 


J 3 3 

Do do ta duoc P < 1-. — = — . Vay bai toan duoc chung minh. 

3 4 4 

Bang thuc xay ra khi va chi khi a = b = c. _ 


Bai 119. Cho a, b, c la cac so thuc khong am thoa man a + b + c > 0. Chung minh rang: 

a 3 + b 3 + 16c 3 ^ 16 


(a + b + cj 81 


„ . , . ,, a 3 +b 3 +16c 3 a 3 b 3 16c 3 , . 

Phan tich: Be y la -— =-- H-- H--. Khi do ta nghi den 

(a + b + c) (a + b + c) (a + b + c) (a + b + c) 

phep d 6 i bi 6 n x =---; y = ---; z =---. 

a+b+c a+b+c a+b+c 


Loi giai 


Bat x = - 


y = 


. Khi do ta dupe x + y + z = 1. 


a + b + c a + b + c a + b + c 

Bat dang thuc duoc viet lai thanh 

, + b3 , + lfaS = x 3 + y 3 + !6z 3 > — 
(a + b + c) (a + b + c) (a + b + c) 81 

Ap dung bat dang thuc Bunhiacopxki ta dupe 

(x 2 + y 2 + 4z 2 ) ^1 + 1 + -^j > (x + y + z) =1 

Suy ra x 2 + y 2 + 4z 2 > ^ 

Mat khac, cung theo bat dang thuc Bunhiacopxki ta dupe 




81 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi 
[x = y = 4z 

\ 1 1 1 <=>x = y = 4z<=>a = b = 4c 

x 2 = y 2 = 16z 2 



Khi do bat dang thuc can chung minh lam ta lien tubng den danh gia 


Vx 2 + m 2 + yjy 2 + n 2 > yj(x + y) + (m + n) 


Loi giai 

De dang chung minh dugc: Vdi cac so thuc duong x, y, m, n ta luon co 


Vx 2 + m 2 + ijy 2 + n 2 > ^x + y) + (m + n) 

That vay, binh phuong hai v6 va rut ggn ta dugc ^x 2 + in 2 j(^y 2 + n 2 j > xy 4 

Hay ^x 2 + m 2 ^y 2 + n 2 j > (xy + mnj 

Bat dang thuc cuoi cung la bat dang thuc Bunhiacopxki quen thuoc. 

Ggi ve trai cua bat dang thuc tren la P, ap dung bat dang thuc tren ta dugc 


hb) i 1 + ^ + i^ = j (a+b) t 1+ ^ 


- J(a + b\ + (— + — 
' lab 


1 1 
h —+ - 
b c 


111 9 

- 1 - 1 -> - 

a b c a+b+c 


Nen ta dugc 


Ap dung bat dang thuc Cauchy ta dugc 


P> |(a + b + c) 


(a + b + c) 




P > M a + b + c) + 


(a + b + c) 


= a + b + c) + - 


[ 2 J 81 H 
16 


16(a + b + c) 16(a + b + c) 

3^17 
2 


Hay P > ■ Bang there xay ra khi va chi khi a = b = c = \ 

Bai 121. Cho cac s6 thuc a, b, c e |^0; 1J. Chung minh ring: 


1 


1 


a + b + c 


MMM 


Loi giai 

Khong mat tinh tong quat ta gia su 1 > a > b > c > 0, khi do ta co - 
Ap dung bat dang thuc Cauchy ta duoc 


3 = l- b + l- c + l + b + c> 3$j(l - b) (l - c) (l + b + c) 


Suy ra 

Do do ta duoc 
Hay 

Mat khac ta lai co 

Nen ta duoc 
Suy ra 


1 > (l - b) (l - c) (l + b + c) 

1 - a > (l - a)(l - b)(l - c)(l + b + c) 

Ai-aih-bK 1 -') 


1 + b + c 


a+b+c 1+b+c 
1 - a 


_ : i ( 1 - a )( 1 - b )( 1 - c ) 

a + b+ -p- a )H-b)( 1 : e) + ^^,| + (l- a )(l- b )(l-c) 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 


Bai 122. Cho a, b la hai so thuc duong thoa man a 2 + 2b 2 = 1. Chung minh rang: 

—+——— > 3^3 

li : a 1 + b 2 


Loi giai 


Ap dung bat dang thuc Cauchy ta co 


a 2 b 4 a 2 b 2 b 2 


r = 27a 4 


Suy ra > 27a 4 hay > 3\[3a 2 

b b 

Mat khac cung theo bat dang thuc Cauchy ta co 


3 




= 108b 4 


2b 2 (a 2 + b 2 ) (a 2 + b 2 ) f 2 b 2 + a 2 + b 2 + a 2 + b 2 Y f 2 a 2 + 4b 2 

3 3 


r > 108b 4 hay Y b 2 > 6V3b 2 


Suy ra — 

(a 2 + b 2 ) a_ + D " 

Do do ta duoc + 4b > 3V3 (a 2 + 2b 2 ) = 3V3 

b a + b“ v ’ 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = 


A 


Bai 123. Cho a, b la cac so thuc duong. Chung minh rang : 


4b 3 


Phan ti'ch: Bieu thuc ve trai duoc viet lai thanh 


a +8b ^|b 3 + (a + b) 

13 1 


4b 3 


ala 


. Den day ta nghT den 


phep doi bien t = 


Bieu thuc ve trai duoc viet lai la 


Loi giai 


1 


b 3 , b 

~T + 1 + - 
ala 


Dat t = — > 0. Khi do bat dang thuc duoc viet lai la 


! + 8t ^t 3 +(l + t) 


Ap dung bat dang thuc Cauchy ta co 


/ \ / \ (2 + 4t ) , ,2 

1 + 8t 3 = (l + 2t)(l-2t + 4t 2 J < v -^ ’i = (l + 2t 2 J 


Suy ra 


Ta se chung minh 


— > 1 1 

1 + 8t3 ^(l + 2t 2 ) 2 1 + 2t2 

4t 3 ^ 2t 2 


^t 3 + (l + t) 3 1 + 2t2 

That vay, bat dang thuc tren tuong duong vdi 


> - 





Do do ta dirge + + > 3 

V a + 3b v b + 3c yc + 3a 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = —. 

4 



Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta duoc 


ab be ca ( ab + bc + ca ) 

c + ab a + bc a + ca a 2 b 2 + b 2 c 2 + c 2 a 2 + 3abc 




Ma ta co 


a 2 b 2 + b 2 c 2 + c 2 a 2 < 


Va 

Nen ta dugc 


abc (a + b + c) < - 


- 3abc = a b + b e + c a + 3abc a + b + c I 


ab be ca 3 

Do do ta co - 1 - 1 -> — 

c + ab a + be a + ca 4 
Mat khac cung theo bat dang there Bunhiacopxki ta co 


ab + be + ca ^ 

| > 

r 

i 

1 ab 1 be 


y c + ab a + be a + ca^ 



c + ab V a + be ^ 

a + ca^ 


Ket hop hai bat dang there tren ta dugc 

f ab + be + ca 
1 c + ab a + be a + ca 


i- ab V a + be 


Vay bat dang there dugc chung minh. Dang there xay ra khi a = b = c = —. 

Bai 126. Cho a, b, c la cac so thuc duong thoa man a + b + c = abc . Chung minh rang: 

2 1 1 4 

• — H— . H— . < — 


I_ VI + a 2 VI + b 2 VI + c 2 9 _ 

Phan ti'ch: Ter gia thiSt ta suy ra — + — + — = 1. Dat x = —; y = —; z = —, khi do ta dugc 
ab be ca a be 

xy + yz + zx = 1. Khi do d6 y d6n phep bi6n d6i 

x 2 + 1 = x 2 + xy + yz + zx = (x + y) (x + z j 


Ill, 1 11 

Tu gia thiet ta suy ra — + — + — = 1. Dat x = —; y = —; z = — . 

ab be ca a be 

Khi do ta dugc xy + yz + zx = 1 


Bat dang thuc can chung minh trb thanh , H— . H— 1 = 

Vx 2 + i Vy 2 +1 v* 

D6 y ta thly x 2 + 1 = x 2 + xy + yz + zx = (x + y) (x + z^ 

Ap dung tuong tu bat dang thuc trb thanh 

2 X + y + z 

>/( x + y)(x + z) ^(x + y)(y + z) ,J(y + z)(z + : 
Ap dung bat dang thuc Cauchy ta dugc 





2x 


fjx + yjjx + zj yj^x + yj^y + 

. r i. i 


1 l 1 

x + y 4 (y + 


x+y y+z z+x „ 1 „ 9 

-- + —j -r +- = 1 + - + 1 = - 

x + y 41 v + z) z + x 4 4 


x + y 4 (y + z) z + x 4 
Vay bat dang thuc dirge chung minh. 

Dang thuc xay ra khi va chi khi ^a; b; c) = f ; Vl5; Vl5 


Bai 127. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a | b | c | 

ab + bc + ca ^5 

b+c c+a a+b ^ 

a 2 + b 2 + c 2 2 


Lol giai 

Ap dung bat dang thuc Bunhiacopxki dang cong mau ta dupe 
a b c (a + b + c) 

-1-1-> —-r 

b + c c + a a + b 2 (ab + bc + ca) 
Khi do ta dupe bat dang thuc 


a + b + c 
2 (ab + bc + ca) 


\a 2 +b 2 +c 2 2 (ab + bc + ca) \ a 2 + b 2 H 


b + c c + a a + b Va+b+c 2 (ab + bc + ca) 

^ x , a 2 +b 2 +c 2 . ab + bc + ca 5 

Ta can chung minh — -+ I + J— -— > — 

2 (ab + be + ca) V a 2 + b 2 + c 2 2 

Bat t = , j * + ^ + Ca => 0 < t < 1. Khi do bit dang thuc tren trb thanh 
Va+b+c 

i + t + l>|o(t-l) 2 (2t + l)>0 

Ba dang thuc cuoi cung luon dung vbi 0 < t < 1. 

Bat dang thuc dupe chung minh. Bang thuc xay ra khi va chi khi a = b = c. 
I Bai 128. Cho a, b, c la cac s6 thuc duong khong am. Chung minh ring: 


ab + bc + ca (a + b + c) 


( a + b + C ) (ViVic^f 1 i 1 i ii, 2 ( ab + bc + ca )( a + b - 1 
abc ' '^ab be ca J abc 

Ap dung bat dang thuc Bunhiacopxki va cauchy ta dupe 

, . f i i i 4 9(a 2 + b 2 + c 2 ) 

(a 2 +b 2 + c 2 )— + — + —-> —- 

v > ^ab be ca) ab + bc + ca 

2 (ab + be + ca) (a + b + c) 2.3.^a 2 b 2 c 2 .3.-^te 10 

abc abc 




(a + b + c) 9(a 2 +b 2 +c 2 ) 


Do do ta dugc 

abc ab + be + ca 

Suy ra ta co bat dang there 

ab + bc + ca (a + b + c) ab + bc + ca 9 (a + ^ +c ) 

-- + -- - ^-- + —-- H 

a 2 + b 2 + c 2 abc a 2 + b 2 + c 2 ab + be + ca 

x ab + bc + ca 9(a+b+c) 

Ta can chung mmh —----— H---- > I(J 

a + b + c ab + be + ca 
That vay, ap dung bat dang there Cauchy ta co 


ab + bc + ca _ a 2 + b 2 + c 2 > ^ 3 ( a + ^ + c , 


8(ab + be + ca) 
ab + be + ca 


a 2 + b 2 + c 2 ab + be + ac ab + be + ca 
Cong theo ve cua hai bat dang thuc tren ta dugc 

ab + bc + ca + 9 ( a + b + c ) v 
a 2 + b 2 + c 2 ab + be + ca 
Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = C. 


->10 



Ap dung bat dang thuc Cauchy ta dugc 


Loi giai 


1 4 1 4 1 4 

—+4> ; — +4> ■ — +4> 

a 2 a’ b 2 b’ c 2 c 

1 1 14 4 4 

Do do ta dugc — H—- + — > —l-1-12 

abc abc 

111 444 

Khi do ta co a + b + c H-1-1-^a + b + cH-1-1-12 

a 2 b 2 c 2 abc 

4 4 4 36 

Va theo bat dang thuc Bunhiacopxki ta lai co —I-1— >- 

a b c a+b+c 

Tir do ta suy ra 


u 1 1 1 ^ 36 

a + b + c + — + — + — > a + b + c +- 

a 2 b 2 c 2 a + b + c 


Ta can chung minh 


, 36 10 .27 

<h + b + c H-12 ^ — 

a+b+c 2 


Hay 


a + b + c + 


36 


_ 51 

a + b + c 2 


That vay, ap dung bat dang thuc Cauchy ta dugc 

a + b + c H— j ——-r > 2.= 3; , 135 = 

4(a + b + c) U 4(a + b + c) ^3 2 


Cong theo ve hai bat dang thuc tren ta dugc a + b + c + - 


36 


51 



Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = - 


Bai 130. Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh rang: 

(a 2 + b 2 + c 2 ) 3 > 9 (a 3 + b 3 + c 3 ) 


Loi giai 

Bat dang thuc can chung minh dugc viet lai thanh ^a 2 + b 2 + c 2 j > 9abc ^a 3 + b 3 + c 3 j 
Ap dung bat dang thuc Cauchy ta dugc 

9abc (a 3 + b 3 + c 3 j = 27.ab.ac. a + ^ + c < f ab + ab + 


, , a 3 +b 3 +c 3 , , 

ab + ab H-= ab + be + ca + 

3a 


3a ^ 3a 

a 3 + b 3 + c 3 - 3abc 


3a 


= ab + be + ca + 


(a + b + c) (a 2 + b 2 + c 2 - ab - be - ca j 


Suy ra 


9abc(a 3 + b 3 + c 3 j < 


ab + be + ca + 


(a + b + c) (a 2 + b 2 + c 2 - ab - be - ca j 
3a 


Nhu vay ta can chung minh dugc 

(a + b + cjfa 2 + b 2 + c 2 - ab - be - ca) 

ab + be + ca + --—-- < a 2 + b 2 + c 2 

3a 

Hay (a 2 + b 2 + c 2 - ab - be - caj|l - a + ^ + C j > 0 

Banh gia tren luon dung do ta co the gia su a la so lbn nhat trong ba so a, b, c. 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = C. _ 


Bai 131. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3. Chung minh rang: 

Vab Vbc Vea 


4-Vab 4-Vbc 4-Vca 


<1 


Lol giai 

Bat x = Va; y = Vb; z = Vc . Khi do ta viSt lai gia thiSt la x 4 + y 4 + z 4 = 3 . 

Bat dang thuc dugc viet lai la ——-1-—-1-—— < 1 

4 - xy 4 - yz 4 - zx 

Khi do ggi ve trai la P thi ta co 

_ _ .. xy yz zx 4 4 4 

P + 3 = 1 + —— + 1 + —-+ 1 +-=-+-+- 


4- 

zx 4 - xy 

4 - yz 4 

(2-xy 

K 2+x 4 _ t 

4 - x 2 y 2 

( 4 “ 

)(2 + xy) 

9 - (xy - ] 


4 ~ x 2 y 2 _ 5 | x 2 y 2 

9 9 


9 




Tvrcmg tu ta dugc 
Do do ta dugc 


2 < 5 + y / ' 2 < 5 x z 

4-yz 9 9’4-zx 9 9 

y 2 Z 2 -L ~ 2 ^ 2 

~9 


Suy ra P < 1. Vay bat dang thuc dugc chung minh. 
Bang thuc xay ra khi va chi khi a = b = C = 1. 


Bai 132. cho a, b, c la ba so thuc duong. Chung minh rang 

(a + 2 )(b + 2 ) (b + 2 )(c + 2 ) (c + 2 )(a + 2 ) 9 
(b + l)(b + 5) (c + l)(c + 5) (a + l)(a + 5) 4 


(b + 2) 

Phan ti'ch: Chu y den danh gia--- — 


(b + l)(b + 5) 4 (b + 2 ) 

Loi giai 

Ta co bat dang thuc luon dung sau 

, , > . 3 , <=> 4b 2 + 16b +16 > 3b 2 + 18b +15 <=> (b - if > 0 

(b + l)(b + 5j 4(b + 2) v ’ 

(a + 2)(b + 2) 3(a + 2) 

(b + l)(b + 5) “ 4(b + 2 ) 

Tuong tu 

(b + 2)(c + 2) 3(b + 2) (c + 2)(a + 2) 3(c + 2) 

(c + l)(c + 5) “ 4(c + 2 ) ’ (a + l)(a + 5) ~ 4(a + 2) 

Cong ve voi ve cac bat dang thuc tren, va su dung bat dang thuc Cauchy cho 3 so, ta dugc: 

(a + 2 )(b + 2 ) (b + 2 )(c + 2 ) (c + 2 ^(a + 2 ) 3 ^a + 2 b + 2 c + 2 ^| 9 


Tu do ta suy ra 


(b + l)(b + 5) (c + l)(c + 5) (a + l)(a + 5) 4^b + 2 c + 2 a + 2j 4 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 


Bai 133. Cho a, b, c la cac s6 thuc duong. Chung minh ring: 

a + b b + c c + a 16 

- 1 - 1 -+ — 

a + b + c b + c + 4a a + c + 16b 15 

Loi giai 

{ x = a + b + c 3a = y- x 
y = b + c + 4a =>j 15b = z - x 
z = c + a + 16b 15c = 21x - 5y - z 

Khi do bieu thuc ve trai P dugc viet lai la 

_ - 6 x + 5y + z 20x - 5y 16x - z y 3x z 16x 4 

15x 15y 15z 3x 4y 15x 15z 5 

Ap dung bat dang thuc Cauchy ta co 

y_ 4x 4 16x 8 

3x 3y 3 ’ 15x 15z 15 


Do do ta dugc 


_8__4 
15 5 


16 

15' 


Dang thuc xay ra khi va chi khi 





I y_ _ 4x _ 5c 

3x 3y ^ I a 7 
z _ 16x 1 b _ 3c 

15x 15z l 7 

Vay bat dang there duoc chung minh. Dang there xay ra khi va chi khi a = ^; b = . 


Bai 134. Cho a, b, c la cac so thuc duong thoa man —+ —J= + ~^= = 2 . Chung minh ring: 

Va Vb Vc 

i i i 

,<1 


v a + 3b vb + 3c v c + 3a 
Phan tich: Quan sat gia thiSt ta chu y din phep dbi biln x = Va; y = Vb; z = Vc . B6n day ta co thi 
danh gia cac can bac hai theo bat dang thuc Cauchy hoac Bunhiacopxki nhu sau 

x 2 + 3y 2 = x 2 + y 2 + y 2 + y 2 > 

4 (x 2 + 3y 2 ) = (l + 1 + 1 +1) (x 2 + y 2 + y 2 + y 2 ) > (x + 3y) 2 

Loi giai 

Cach 1: Bat x = Va; y = Vb; z = Vc . Khi do ta duoc — + — + — = 2 

x y z 

Bat dang thuc can chung minh trb thanh 

1 1 1 


Vx 2 + 3y 2 \]y 2 + 3z 2 ^z 2 + 3y : 

Ap dung bat dang thuc Cauchy ta duoc 

x 2 + 3y 2 = x 2 + y 2 + y 2 + y 2 > 4^/xV 
Ap dung mot bat dang thuc Cauchy khac ta duoc 

1.1 1 lfl 1 


<1 



1 lfl 3 ] 1 lfl 

Tucmg tu ta co ; - b =».:& ^ —I— ; — — 

V y 2 + 3z 2 8 U Z J Vz 2 + 3y 2 8 l z 


1111 


Cong theo ve cac bat dang thuc tren ta co 

1 , 1 , 1 
Vx 2 +3y 2 + Vy 2 + 3z 2 + \Jz 2 + 3y 2 
, , , c 

Vay bat dang thuc duoc chung minh. Bang thuc xay ra khi va chi khi a = b = c = - 

Cach 2: Bat x = Va; y = Vb; z = Vc . Khi do ta duoc — + — + - = 2 

x y z 

Bat dang thuc can chung minh trb thanh 

111 


Vx 2 + 3y 2 Vy 2 + 3z 2 V z2 + 3y" 


<1 





Ap dung bat dang thuc Bunhiacopxki ta dugc 

4(x 2 +3y 2 ) = (l + l + l + l)(x 2 +y 2 + y 2 + y 2 ) > (x + 3y) 2 
Do do ta dugc 



Bat x = —; y = —; z = -. Khi do ta dugc x + y + z = 3. 
a b c 

x 2 2 z 2 

Bat dang thuc can chung minh trb thanh ——-1-——- H---> 1 

x + 2y 2 y + 2z 2 z + 2x 2 

Ap dung bat dang thuc Cauchy ta dugc 

x 2 _ x 2 + 2xy 2 - 2xy 2 _ 2xy 2 > 2xy 2 _ 2^/x 2 y 2 

x + 2y 2 x + 2y 2 x + y 2 + y 2 2^/xjA 3 







Do do ta dugc -- H-- H-- >3-— = 1. 

x + 2y y + 2z 2 z + 2x 2 3 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 


Bai 136. Cho a, b, c la cac so thuc duong. Chu'ng minh rang: 
1 


(a 2 + b 2 + c 2 ) 


Ldi giai 

Ap dung bat dang thuc Bunhiacopxki ta dugc 

(a 3 + b 3 + c 3 ) (a + b + c) > (a 2 + b 2 + c 2 ) 

3 (a 2 + b 2 + c 2 ) > (a + b + c) 

Nhan theo ve hai bat dang thuc tren ta dugc 

3 (a 3 + b 3 + c 3 ) > (a + b + c) (a 2 + b 2 + c 2 ) 

a 3 + b 3 + c 3 a 2 + b 2 + c 2 


Suy ra 

a + b + c 

Cung tu hai bit ding thuc tren ta dugc 


(i) 


3(a 3 +b 3 + c 3 ) >(a 2 +b 2 +c 2 ) 


Suy ra 

(a 3 + b 3 + c 3 ) : 


1 6(a 3 +b 3 +c 3 ) 2 V 3 

, - S ---— ^ — - 

(a 2 + b 2 + c 2 ) 3 (a + b' + c ) (a 2 + b 2 + c 2 ) Va 2 + b 2 + c 2 


( 2 ) 


Ap dung bat dang thuc Cauchy ta dugc 

a 2 + b 2 + c 2 V3 


^3 


3 V a 2 + b 2 + c 2 V a 2 + b 2 + c 2 

Cong theo vi cac bit ding thuc (1), (2), (3) ta dugc 


( 3 ) 


a 3 + b 3 + c 3 ^ 6(a 3 + b 3 + c 3 ) ^ 
(a 2 + b 2 + c 2 ) 


Hay 


1 

- \ 

a + b + c 


b 2+ b ; + c 2 ) a+b+c 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 


Bai 137. Cho a, b, c la cac so thuc duong. Chung minh rang: 

b 


4a + 4b + c 4b + 4c + a 4c + 4a + b 3 


Phan tich: Be y den phep bien doi 

4a(a + b + c) a (4a + 4b + c) + 3ca 3 ca 

4a + 4b + c 4a + 4b + c 4a + 4b - 

Ldi giai 

Bat dang thuc can chung minh tuong duong vdi 

4a(a + b + c) 4b(a + b + c) 4c (a + b + c) 4 (a + b + c) 
4a + 4b + c 4b + 4c + a 4c + 4a + b 3 



4a(a + b + c) a (4a + 4b + c) + 3ca 3 Ci 

4a + 4b + c 4a + 4b + c 4a + 4 

Tuong tu ta co 

4b(a + b + c) 3 b c 4c(a + b + c) 

—-- -- = b +-; —--- = c + 

4b + 4c + a 4b + 4c + a 4c + 4a + b 

Bat dang thiic can chiing minh trb thanh 

9ca 9ab 9bc 

-1-1-* 

4a + 4b + a 4b + 4c + a 4b + 4c + a 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


3ba 

4b + 4c + a 


4a + 4b + c 2 (2a + b) + (2b + c) 2(2a + b) 2b + c 2a + b 2b + c 

_ 9ca ^ 2ca ca 

Do do ta duoc -<-1- 

4a + 4b + c 2a + b 2b + c 

Hoan toan tuong tu 

9ab < 2ab + ab 9bc < 2bc + be 

4b + 4c + a 2b + c 2c + a ’ 4b + 4c + a 2c + a 2a + b 
Cong theo ve cac bat dang thuc tren ta duoc 

9ca 9ab 9bc 

-1-1- 

4a + 4b + a 4b + 4c + a 4b + 4c + a 

< 2ca + ca + 2ab + ab + 2bc + be _ 
2a + b 2b + c 2b + c 2c + a 2c + a 2a + b 
Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = C. 

Bai 138. Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 1. Chiing minh ring: 

—- - -— H —— > 30 

_ a + b + c abc _ 

Phan ti'ch: Chii y la theo bat dang thiic Cauchy ta co 

1 a + b + c 1 1 1' „ 9 


Ta quy bai toan ve chiing minh —---- H-> 30 

a 2 + b 2 + c ab + be + ca 

Lol giai 

Cach 1: Sir dung bat dang thiic Cauchy ta duoc 

(ab + be + ca) > 3abc (a + b + c) = 3abc (a + b + c) > 3abc.27abc = 81 (abc) 

Suy ra ab + be + ca > 9abc 

Ap dung bat dang thiic Bunhiacopxki dang phan thiic ta duoc 

1 | 1 1 | 1 | 1 | 7 

a 2 + b 2 + c 2 abc a 2 + b 2 + c 2 9abc 9abc 9abc 

> , 9 ; - + 7 , 

a +b +c +2.9abc ( a , u, r \ 


a + b + c + 2 ab + be + ca) 


+ 21 = 30 





Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = - 

Cach 2: Vdi gia thiSt a + b + C = 1, bi6u thuc P dugc vi6t lai thanh 
1 1 _ 1 a + b + c _ 1 

a 2 + b 2 + c 2 + abc “ a 2 + b 2 + c 2 + 

Theo mot danh gia quen thuoc ta co — + — + — > 


a 2 + b 2 + c 2 ab be ca 


Do do ta co 


ab be ca ab + be + ca 
11 9 


a 2 + b 2 + c 2 abc 
Ap dung bat dang thuc Bunhiacopxki va bat dang thuc ab + be + ca > 


+ b 2 + c 2 ab + be + ca 

a + b + c) 


Ta dugc 


1 


a 2 + b 2 + c 2 ab + be + ca 

1 1 


2 + b 2 + c 2 ab + be + ca ab + be + ca ab + be + ca 
9 7^9 7.3 


a 2 + b 2 + c 2 + 2 (ab + be + ca j ab + be + ca ( a + b + c) 2 (a + b + c) 2 

Bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = ^ 

Bai 139. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

1 1 1 b + c c+a a+b 

- 1 - 1 -^- 1 - 1 - 

_ a b c a 2 + be b 2 + ca c 2 + ab _ 

Phan ti'ch: Chu y den danh gia theo bat dang thuc Bunhiacopxi 

a + b (a + b)" _ (a + b) _ a 2 b 2 

c 2 + ab (a + b)(c 2 +ab) b(a 2 + c 2 j + a(b 2 + c 2 ) _ b(a 2 + c 2 ) a(b 2 +c 2 j 

Hoac phep bien doi tuong duong. 

Lol giai 

Cach 1: Ap dung at dang thuc Bunhiacopxki dang phan thuc ta dugc 

a + b (a + b)" _ (a + b) _ a 2 b 2 

c 2 + ab (a + b)(c 2 +ab) b(a 2 + c 2 j + a(b 2 + c 2 j _ b(a 2 + c 2 j a(b 2 +c 2 ) 

Ap dung tuong tu ta dugc 

b + c < b 2 | c 2 
a 2 +bc c(a 2 +b 2 j b(a 2 +c 2 j 
c + a ^ c 2 a 2 


b 2 + ca a (b 2 + c 2 1 c (c 2 + a 2 ) 


Ma ta lai co 
b 2 


c(a 2 +b 2 j b(a 2 +c 2 j a(b 2 + c 2 j c(b 2 + a 2 j b(a 2 + c 2 j a(b 2 +c 2 j a b c 




Do do ta duoc 


1 1 1 b+c c+a a+b 

-+—+->-+ —-+ —- 

a b c a 2 + be b 2 + ca c 2 + ab 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = C. 
Cach 2: Bi6n d6i tuong duong bit dang thuc nhu sau 

1 1 1 b + c c + a a + b 

—I-1— + —--1—--1—-- 

a b c a + be b + ca c + ab 


(\ a + b + f 1 b + c ^ f1 c + a ^> 0 

^ a c 2 + ab J ye a 2 + be J y b b 2 + ca J 

(b - c)(b - a) 


a(c 2 +ab) c(a 2 +bc) 

(c-a) (c + a) (be + ab - ab) (b-c)(b-a) 


ca a + be) c + ab) 


b + abc 


> 0 


Khong mit tinh t6ng quat ta gia six b la s6 ldn nhit trong ba s6 a, b, c khi do ta duoc 
(b - c)(b - a) 

be + ab - ca > 0; --- - > 0 

b + abc 

Do vay bat dang thuc cuoi cung luon dung. 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

Bai 140. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 2 - be b 2 - ca c 2 - ab 

- 9 - + --- + --- < 0 

2a + ab + ac 2b + be + ba 2c + ca + cb 


Phan ti'ch: D6 y d4n phep bi6n d6i 

be-a 2 | 1 _ a 2 +ab + bc + ca _ (a + b)(c + a) 

2a 2 + ab + ac 2a 2 + ab + ac 2a 2 + ab + ac 

Loi giai 

Cach 1: Bat dang thuc can chung minh tuong duong vbi 

be - a 2 ca - b 2 ab - c 2 ^ _ 

—r-+ — -+ —r-> 0 

2a 2 + ab + ac 2b 2 + be + ba 2c 2 + ca + cb 

be - a 2 ca - b 2 ab - c 2 _ ^ _ 

<fc> - + 1+ - + 1 + —-- + 1 > 3 

2a + ab + ac 2b + be + ba 2c + ca + cb 


(a + b)(a + c) (a + b)(b + c) (b + c)(c + a) 
a(2a + b + c) b(a + 2b + c) c(a + b + 2c) 

Ap dung bat dang thuc Cauchy ta duoc 


> 3 


b(a + 2b + c 

j c(a + b + 2c) 


1 (a + b) 

(b + c 2 )(c + a) 

f abc (2a + b + c)| 

(a + 2b + c) (a + b + 2c) 


Ta can chung minh 


(a + b) (b + c 2 )(c + a) 


abc (2a + b + c) (a + 2b + c) (a + b + 2c) 

Hay (a + b) (b + c 2 )(c + a) > abc(2a + b + c)(a + 2b + c)(a + b + 2c) 




Hay (ab + be + ca) (a + b + c) > 2abc (a + b + c) + 3abc (ab + be + ca) 

That vay, ap dung bat dang thuc Cauchy ta dugc 

(ab + bc + ca) (a + b + c) 9abc(ab + be + ca) , . 

^>--—-- = 3abc (ab + be + ca) 

2(ab + bc + ca) (a + b + c) , w , , 

— ---- > 2abc (a + b + c) (a + b + c) = 3abc (a + b -4 

Cong theo ve hai bat dang thuc tren ta dugc 

(ab + be + ca) (a + b + c) > 2abc(a + b + c) + 3abc(ab + be + ca) 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = C. 

Cach 2: Bat dang thuc can chung minh tuemg duong vdi 

be ca ab ^ a b 


2a 2 + ab + ac 2b 2 + be + ba 2c 2 + ca + cb 2a + b + c 2b + c + a 2c + a + b 
Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 
be ca ab 

-2-1-~-1- 2 - 

2a + ab + ac 2b + be + ba 2c + ca + cb 

(ab + be + ca) 

be (2a 2 + ab + ac) + ca (2b 2 + be + ba) + ab (2c 2 + ca + cb) 
(ab + be 


4abc (a + b + c 
b 


>5 

4 


Ta can chung minh - _ 

2a + b + c 2b + c + a 2c + a + b 4 
That vay, ap dung bat dang thuc Cauchy ta dugc 


1 

1 

<l 

4 

1 

1 ^ 

1 a ^l( a | a ) 

2a + b + c 

a + b + a + c 

^a + b 

a + c y 

) 2a + b + c 4 ^a + b a + cj 


Ap dung tuong tu ta dugc 


a 


2a + b + c 2b + c + a 2c + a + b 

<-f— — + — — 1 + - 

i\a + b a + cj 4 + b b + cj 4:(a + c b + c 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = C. 


Bai 141. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 

a 3 b 3 c 3 


b(2c + a) c(2a + b) a(2b + c) 


Cach 1: Ap dung bat dang thuc Cauchy ta dugc 
a 3 b 2c + a _ 

b(2c + a) 3 9 

Chung minh tuong tu ta dugc 


Loi giai 


b(2c 




b 3 > 8b - 3c - 2a c 3 > 8c - 3a - 2c 
c(2a + b) 9 ’ a(2b + c) 9 

Cong theo ve cac bat dang thuc tren ta dugc 

a 3 ^ b 3 ( c 3 > a + b + c _ ^ 
b(2c + a) c(2a + b) a(2b + c) 3 
Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Cach 2: Ap dung bat dang thuc Bunhiacopxki ta dugc 
a 3 | b 3 | c 3 
b(2c + a) c(2a + b) a(2b + c) 

( 7 ^) ! 

b(2c + a) c(2a + b) a(2b + c) 3(ab + bc + ca) 

Mat khac theo bat dang thuc Bunhiacopxki ta dugc 

|Va^ + VtV + Vc^j^Va + Vb + Vcj > (a + b + c) 

= 3^3"(V4A)~-i-~cj > 3|Va + Vb + Vc j 

Nen V^+Vt7+V7>3 

Ma theo mot danh gia quen thuoc ta co 

3 (ab + be + ca) < (a + b + c) = 9 => ab + be + ca < 3 

(Va^ + Vb 3 ^ + V?) 

Do do ta dugc - , V — > 1 l 
3 (ab + be -+ 

Cach 3: Bieu thuc ve trai dugc viet lai thanh- — ^ -r -4-V--- H-—--r 

ab(2c + a) bc(2a + b) ca(2b + c) 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

(a 2 + b 2 +c 2 ) 2 


. hay bat dang thuc dugc chung minh. 


b 4 


ab (2c + a) be (2a + b) ca (2b + c) a 2 b + b 2 a + a 2 c + c 2 a + b 2 c + c 2 b + 6abc 
Ma ta co 

a 2 b + b 2 a + a 2 c + c 2 a + b 2 c + c 2 b + 6abc 
= (a + b + c) (ab + be + ca) + 3abc = 3 (ab + be + ca) + 3abc 
Ap dung mot bat dang thuc quen thuoc ta dugc 

(a 2 +b 2 +c 2 ) (ab + bc + ca) . . 

--— > --— > abc (a + b + c) = 3abc 

3 3 K ’ 

2 (a 2 + b 2 + c 2 V (a + b + effa 2 +b 2 +c 2 ) . . 

--- L >± -AA-- = 3 (ab + be + ca) 

Cong theo ve hai bat dang thuc tren ta dugc (a 2 + b 2 + c 2 ) >3 (ab + be + ca) + 3abc 
a 3 b 3 


b(2c + a) c(2a + b) a(2b + c) 


> 1 . 


Do do ta dugc 



Dang thuc xay ra khi va chi khi a = b = C = 1 . 

Bai 142. Chung minh ring vdi i 

tngi a, b, c khong am ta co: 

ab + be + ca 3 j 

|( a + b)(b + c)(c + a) 

3 " V 

8 


Loi giai 

Su dung bat dang thuc Cauchy ta thu dugc: 

abc = ^,^7<^±^, a b + b c + ca = ( ab + bc + ca )( a + b + c ) 
3 3 9 

Dlthly (ab + be + ca)(a + b + c) = (a + b)(b + c)(c + a) + abc. 

Do do taco 8(ab + be + ca)(a + b + c) < 9(a + b) (b + c) (c + a) 

Mat khac, su dung bat dang there Cauchy ta co 

^)(^(^) < (a + b) + (b + c j + (c + a^ = 2(a + b + cj. 

tu do suy ra 

(a + b) (b + c) (c + a) > ^ (ab + be + ca) (a + b + c) 


Hay tuong duong 


Bai toan dugc chung minh xong. 


||(ab + be + ca). ^ 

ab + be + ca ^ J( a + b)(b + c)(c + a) 


> ^ (ab + be + ca). ^ s((a + b )(b + c)(c + a) 


Bai 143. Cho a, b la hai s6 thuc duong thoa man (a + b j + 4ab > 2 . Cung minh ring: 

3 (a + b + a b j - 2 (a + b~ j +1 > 

Loi giai 

De thay vdi mgi a, b ta luon co (a + bj >4ab. Ket hgp vdi bat dang thuc gia thiet 

(a + b) + 4ab > 2, ta dugc (a + b) + (a + b) >2<=>a + b>l 


Do do ta dugc 
Khi do ta dugc bit ding thuc 


, , (a + b) i 

a 2 + b 2 > ^> - 

2 2 


3(a 4 + b 4 + a 2 b 2 j -2(a 2 + b 2 ) + l = 3^(a 2 +b 2 ) -a 2 b 2 j-2(a 2 + b 2 ) + l 

-2(a 2 + b 2 j +1 = — (a 2 + b 2 j -2(a 2 +b 2 ) + l 


Ma ta lai co 





q, ,2 / \ (a + b ) 4 (a + b ) - 4 (a + b" ) + 1 i 

— (a 2 + b 2 ) - 2 (a 2 + b 2 ) + l = -- L + A - l - i- l - + 1 

4 V / V / 4 2 2 

(a 2 +b 2 ) [ 2 (a 2 +b 2 )-l] 1119 

= - -— + ^+ - > — + - = — 

4 2 2 16 2 16 


Do do ta dugc 3 (a 4 + b 4 + a 2 b 2 ) - 2 (a 2 + b 2 ) + 1 > —. 


Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = —. 


Bai 144. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 
ab + be + ca +1 3 ,, 


(a + b + c + l) 


f b)(b + c)(c 


abc 


thi khi do ta co the su dung bat dang thuc Cauchy de 


Phan tich va loi giai 

Trade het ta du doan dau dang thuc xay ra khi va chi khi a = b = c = 1. Bat dang thuc co chua 
can bac ba nen suy nghi rat tu nhien la danh gia lam mat can bac ba. Tuy nhien ta khong danh gia theo 
hudng do dugc vi dai lugng trong can co dang tich nen khong the dung bat dang thuc Cauchy de danh 
gia, ngoai ra ta cung khong the su dung phep dat an phu vi nhu vay dai lugng ngoai can se co bac cao. 

(a + b)(b + c)(c + a) 

De y den dai luong -- — - — -- trong can bac ba, neu ta danh gia duoc dai luong 

abc 

ab + be + ca +1 x abc 

(a + b + c + l ) 2 (a + b)(b + c)(c + a) 

chung minh bat dang thuc. Vdi y tudng nhu vay va chu y den dau dang thuc xay ra ta tap trung chung 
minh bat dang thuc 

ab + be + ca + 1 > 2 abc 

(a + b + c + l)' (a + b)(b + c)(c + a) 

+ Huong 1: Ta bien doi tuong duong bat dang thuc tren thi dugc 

(a 2 + b 2 + c 2 +1 - ab - be - ca) (a + b + c + abc) + 2 abc (ab + be + ca) 

+ (ab + be + ca) (a + b + c) > 4abc (a + b + c) + 3abc 
D 6 thly (a 2 + b 2 + c 2 +1 - ab - be - ca) (a + b + c + abc) > 0 
Ap dung bat dang thuc Cauchy ta dugc 


+ —-—-- 

3 

1 4abc(ab + be + ca) 

(a + b + c) 

1 3 

^abc.3abc(a + b + c) 

(a + b + c) 


Cung theo bat dang thuc Cauchy ta dugc 

(ab + be + ca )(a + b + c) „< /- 

^^> 3va b c .-yabc = 2 
3 

Cong theo ve cua ba bat dang thuc tren ta dugc 




(a 2 + b 2 + c 2 + 1 - ab - be - ca) (a + b + c + abc) + 2 abc (ab + be + ca) 

+ (ab + be + ca) (a + b + c) > 4abc (a + b + c) + 3abc 

„ T1 „ , a 4i , , ab + be + ca +1 2 abc 

Nhu vay bat dang thuc-— > -- duoc chung mmh. 

(a + b + c + l) (a + b)(b + c)(c + a) 

+ Huang 2: Ap dung bat dang thuc Bunhiacopxki ta dugc 

(ab + be + ca + 1 ) ^ + — + — + 1 j > (a + b + c +l) 

(ab + bc + ca + l)|^- + ^ + - + lj > (b + c + a + l ) 2 
ig thuc nay ta dugc 

, , (a + b)(b + c)(c + a) , v s 

(ab + be + ca + 1 ) --—-—-- >2 (a + b + c + l) 


Cong theo ve hai bat dang thuc nay ta dugc 


Tu do suy ra 


ab + be + ca +1 _ 


abc 

2 abc 


(a + b + c + l)' (a + b)(b + c)(c + a) 

„ T1 „ ,., a .j , , ab + be + ca +1 , 2 abc , ,. , x , , 

Nhu vay voi bat dang thuc-— > , ,-. ,-. ta quy bai toan ve chung mmh 

(a + b + c + l) (a + b)(b + c)(c + a) 

2 a.be 3 ,| (alb)(b + c)(c + a) ^ i 

(a + b)(b + c)(c + a) 8 V abc 

Ap dung bat dang thuc Cauchy ta dugc 


2 abc 1 

(a + b)(b + c)(c + a) 8 )l 


f b)(b + c)(c 


, 2 abc 1 | 

J( a + b)(b + c)(c + a) 

^(a + b)(b + c)(c + a) 8 ^ 

i abc 

I I a 2 b 2 c 2 

I abc 


Cung theo bat dang thuc Cauchy ta dugc 


f abc ~ , 1 J (a + b)(b + c)(c + a) ^ [i , 
f(a + b)(b + c)|c + a) 4'f abc “ U 

Do do ta suy ra dugc 

2a.be , 3 ,/ (a + b)(b + c)(c + a) ^ 

(a + b)(b + c)(c + a) 8 V abc 

Vay bat dang thuc dugc chung minh. Bang thuc xay ra khi va chi khi a = b = c = 1. 


Bai 145. Cho a, b, c la cac so thuc duang thoa man a 2 + b 2 + c 2 = 3. Chung minh rang: 

a b c 'V3 


Va 2 + b + c Vb 2 + b + c Ve 2 + a + b 


Phan tich va loi giai 




Cach 1: Du doan dugc dau dang there xay rakhi va chi khi a = b = c = l.Dey den dai luong 
a 2 + b + c co the danh gia bang bat dang thuc Bunhiacopxki nhu sau 
(a 2 + b + c) (l + b + c) > (a + b + c) 


Khi do ta dugc 
Ap dung tuong tu ta dugc 


a aVl + b + c 
Va 2 + b + c a + b + c 


aVl + b + c + bVl + c + a + cVl + a + b 


Va 2 + b + c Vb 2 + b + c Vc 2 + a + b 

Phep chung minh se hoan tat neu ta chi ra dugc 


aVl + b + c + byfll 


cVl + a + b 


< V3 

a + b + c 

Hay aVl + b + c + bVl + c + a + cVl + a + b < V3 (a + b + c) 
Ap dung bat dang thuc Bunhiacopxki ta dugc 

aVl + b + c + b>/l + c + a + cyjl + a + b 


< a + b + c) (a + ab + ac + b + be + ab + c + ca + be) 

= + b + c)[^a + b + c + 2 (ab + cb + ca) J 

Theo mot danh gia quen thuoc ta co 

(a + b + c) <3(a 2 +b 2 +c 2 ) = 9=>a + b + c<3 

Do do ta dugc 2 (ab + cb + ca) < — - — < 2 (a + b + c) 

Suy ra ^(a + b + c)[^a + b + c + 2(ab + cb + ca)J < ^3(a + b + c) = V 3 (a + b + c) 

Tir do ta co aVl + b + c + bVl + c + a + cVl + a + b < V 3 (a + b + c) 

Vay bat dang thuc dugc chung minh. 

Cach 2: Trade het de lam mat cac dau can bac hai ta chu y den danh gia 
a + b + c 

Va 2 + b + c Vb 2 +b+~c Vc 2 +a + b _ 


a+b+c b+c + a c+a + b 


Ta quy bai toan ve chung minh 


(a + b + c)^- 
;h 1 ta cc 
(a + b + c)^- 


a 


^a'+b + c b+c + a c+a + b 
Theo danh gia nhu each ltacoa + b + c<3 nen ta dugc 

b c /) 


a 2 + b + c b 2 +c + a c 2 + a + b J 
a b 


a 2 +b + c b 2 +c + a c 2 + a + b J 


Phep chung minh se hoan tat neu ta chi ra dugc 



a | 

b + C <1 

a 2 + b + c 

Theo bat dang thuc Bunhiacopxki ta duoc 

d 2 + c + a c 2 + a + b 

a | b | c 

a(l + b + c) + b(l + c + a) + c(l + a + b) 

a 2 +b + c b 2 +c + a c 2 +a + 

^ (a + b + c) 

Theo mot danh gia quen thuoc ta co 


a + b + c < 3 (a 

+ b 2 + c 2 ) = 3 = a 2 + b 2 + c 2 

Khi do ta duoc 


a (l + b + c) + b (l + c + a) + c (l + a + b) 

a + b + c + 2 (ab + be + ca) 

(a + b + c) 

^a + b + c) 

a 2 + b 2 

+ c 2 + 2 (ab + be + ca) ^ 


(a + b + c) 

T-V AA^A _ a , b 

l u do ta duoc + + 

_<i 

a + b + c b + c + a c 
Vay bat dang thuc duoc chung minh. 

+ a + b 

Bai 146. Cho a, b, c la cac so thuc duong thoa 

man a 2 + b 2 + c 2 = 1. Chung minh rang: 

1 -ab 

1 - be 1 - ca ^ 3 

(a + b) 

(b + c) (c + a) ^ 


Phan ti'ch va 151 giai 

Cach 1: Chu y den gia thiet a 2 + b 2 + c 2 = 1, khi do ta co 

1 -ab 2 ^a 2 + b 2 + c 2 ) - 2 ab a 2 + b 2 + c 2 + (a - b) c 2 
(a + b) 2 ^a + b) 2 ^a + b) ^a + b) 

2 ^a + b) 2 (a + b) 

Khi do ta dupe 

1 -ab 1 - be 1 - ca 






1 1 1 _9_ > 9 _ 9 

(a + b) 2 (b + c) 2 (c + a) 2 _ (a + b) 2 +(b + c) 2 +(c + a) 2 _ 4 (a 2 +b 2 +c 2 ) 4 


= ±(- 


(a + b) (b + c) (c + a) 
Cong theo ve hai bat dang thuc tren ta duoc 


3 i b + c c+a a+b 


> 1 9 _ 3 
' 3‘4 ~~ 4 


Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c . 

V 3 


(a + b) 1 - ab 

Cach 2: De y ta thay ab < - -— suy ra-- 


Ap dung tuong tu ta duoc 

1 - ab 1 - be 1 - ca 

- ~^ - - ^ -9~ 

(a + b) (b + c) (c + a) 

Ma ta lai co 

1 1 1 


') l a + b ) 

1 1 
-1- 

(a + b) (b + c) 


,b) 


1 

(c + a) 


t- b) (b 4 


fb) +(b 


+ c I + c + a 


4 (a 2 + b 2 + c 2 


„ . 1-ab 1-bc l-ca 9 3 3 

Do do ta duoc-- H-- H-- >-= — 

(a + b) (b + c) (c + a) ^ ^ 2 

Vay bat dang thuc duoc chung minh. 

Cach 3: De y den danh gia a 2 + b 2 + c 2 > ab + be + ca, khi do ta duoc 
2 > a 2 + b 2 + c 2 + ab + be + ca 

Do do ta duoc 

1-ab _ a 2 + b 2 + c 2 + ab + be + ca -2ab 
(a + b) 2 (a + b) 

(a-b) +(b + c)(c + a) (b + c)(c + a) 
2 (a + b) 2 (a + b) 

Ap dung tuong tu ta duoc bat dang thuc 
1-ab 1-bc 

-r +-— +-r ^ --—-—+ — 

2 (b 


l-ca ( b + c )( c + a ) (a + b)(c + a) . (b + c)(a + 


(a + b) (b + c) (c + a) 2 (a + b) 2 (b + c) 2(c + ? 

dang thuc Cauchy ta co 

(b + c) (c + a) (a + b) (c + a) (b + c) (a + b) 3 

2 (a + b) 2 (b + c) 2 (c + a) 2 

1-ab 1-bc l-ca ^3 

- 2 ~^ -y ^-—• > — 

(a + b) (b + c) (c + a) 2 


Do do ta duoc 




Vay bat dang there dugc chung minh. _ 

Bai 147. Cho a, b, c la cac s6 thuc ducmg thoa man a + b + c = abc . Chung minh ring: 

1 | 1 | 1 < 1 
a 2 (l + bc) b 2 (l + ca) c 2 (l + ab) 4 

Phan ti'ch va loi giai 

Cach 1: Du doan dugc dau dang thuc xay ra tai a = b = c = \fs . Bien doi gia thiet ta dugc 

— + — + — = 1. Den day rat tu nhien ta nghT den phep doi bien x = —; y = —; z = —, khi do gia 
ab be ca ’ a b c 

thiSt trd thanh xy + yz + zx = 1 va bit ding thuc cin chung minh dugc vi6t lai thanh 

x 2 yz | y 2 zx | z 2 xy < 1 
1 + yz 1 + zx 1 + xy 4 

x 2 yz y 2 zx z 2 xy a 1 

Hay-1-1-< — 

xy + yz + xz + yz xy + yz + xz + zx xy + yz + xz + xy 4 

Dat m = xy; n = yz; p = zx => m + n + p = 1 va bat dang thuc tren trd thanh 


mp mn np 1 

-1-1-^ — 

m+n+n+p m+p+n+p m+n+m+p 4 

Ap dung bat dang thuc Cauchy ta dugc 

mp ^ if mp | mp ^ 
m+n+n+p 4^m+n n + pj 
mn < 11 mn + mn j 
m + p + n + p 4^m + p n + pj 
up ^ 1 f np | np ) 
m + n + m + p 4^m + n m + pj 
Cong theo ve cac bat dang thuc tren ta dugc 

mp mn np m + n + p 

-—- 1 - 1 -—-<-— = 1 

m+n+n+p m+p+n+p m+n+m+p 4 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = . 

Cach 2: D6 y d6n gia thiSt a + b + c = abc ta dugc 


1 _ 1 _ 1 
a 2 (l+ be) a (a + abc) a(a + b + a + c) 
Theo bat dang thuc Cauchy ta dugc 

- - - <-(—*— + ——)<— (- + - + -} 

a + b + a + c 4\ a + b a + c J 16^ b c J 


c ) 

Hoan toan tuong tu ta dugc 

1 < lf 1 | 1 \ 1 < if 1 | 0_ 1 

b 2 (l + ca) _ 4 [^b(b + c) b(a + b)J’ c 2 (l + ab) ~~ 4 |^c(c + b) c(c + a)J 

Cong theo ve cac bat dang thuc tren ta dugc 


Suy ra 


h be) 






111 
a 2 (l + be) b 2 (l + ca) c 2 (l + ab) 
f 

A 

- 1 1 i 1 i 1 i 1 

4[a(a + b) a(a + c) b(b + c) b(a + b) c(c 

fc. ! 1 

+ b) c(c + a) 1 

Lai co , - y H - T~ -V = —, do do ta dupe 

a(a + b) b(a + b) ab 

1 i 1 i 1 i 1 i 1 i 1 

1 i i 

a(a + b) a(a + c) b(b + c) b(a + b) c(c + b) c(c + a 

,) ab be ca 

Suy ra ta dupe 

1 l 1 l 1 ^ 1 f 1 | 1 | 1 l- 

a + b + c 1 

a 2 (l + bc) b 2 (l + ca) c 2 (l + ab) 4^ab be ca J 

4abc 4 

Vay bat dang thiic dupe chiing minh. 


Bai 148. Cho a, b, c la cac sd thuc duong thoa man ab + be + ca = 1. Chiing 
a b c ^ 9 

b(l + a 2 ) c(l + b 2 ) a(l + c 2 ) 4 

minh ring: 


Phan ti'ch va loi giai 


Trade het ta du doan dau dang thiic xay ra tai a = b = c = = . Bat dang thiic can chiing minh co 

Vs 

dau hieu sir dung bat dang thiic Bunhiacopxki dang phan thiic, do do ta thir tiep can vdi bat dang thiic do 
xem sao? 

a b c (a + b + c) 

- 1 - 1 ->----- 

b(l + a 2 ) c(l + b 2 ) a(l + c 2 ) ab(l + a 2 ) + bc(l + b 2 ) + ca(l + c 2 ) 

Phep chiing minh se hoan tat neu ta chi ra dupe 

9 (a + b + c) >4|^ab(l + a 2 ) + be(l + b 2 ) + ca(l + c 2 )J 

Bat dang thiic tren khong dong bac va ta can phai danh gia dai luong co bac 4 ve phai ve dai luong 
troi hon, tuy nhien danh gia khong kha thi, nen ta tam dung danh gia nay d day. 

Chii y din gia thiSt ab + be + ca = 1 khi do ta vilt dupe 1 + a 2 = (a + b) (c + a), hoan toan 
tuong tu ta viet lai bat dang thiic can chiing minh thanh 

a + b + c > 9 

b(a + b)(a + c) c(a + b)(b + c) a(c + a)(b + c) 4 
Hay bat dang thiic tuong duong vdi 

a 2 c(b + c) + b 2 a(c + a) + c 2 b(a + b) g a 2 b 2 + b 2 c 2 + c 2 a 2 + abc (a + b + c) g 
abc (a + b)(a + c)(b + c) 4 abc (a + b)(a + c)(b + c) 4 

D§ thly a 2 b 2 + b 2 c 2 + c 2 a 2 + abc (a + b + c) = (ab + be + ca) - abc (a + b + c) 

Ap dung bat dang thiic Cauchy ta dupe 

, w w > 8 (ab + bc + ca) 
abc (a + b)(b + c) (c + a) < —--—-— = 


27 





, , (ab + bc + ca) \ 

abc (a + b + cj < ---- — = — 


a 2 b 2 + b 2 c 2 + c 2 a 2 + abc (a + b + c) 3 


abc (a + b) (a + c) (b + c) 


Vay bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c =st|^. . 

V 3 


Bai 149. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh rang: 


la 2 + b 2 + c 

|b 2 + c 2 + a I 

/ a + b + c 2 i 

b + c + a 2 ' V 


c 2 + a 2 + b 
c + a + b 2 


> 3 


Phan tich va loi giai 

Trudc het ta du doan duoc dau dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc can 
chung minh thi suy nghT dau tien la lam mat cac can bac hai. Be y den chieu bat dang thuc ta co cac danh 
gia nhu sau 


a+b+c b+c+a 


b + c + a' 

> 3.1 


c 2 + a 2 + b 
c + a + b 2 


a 2 + b 2 + c b 2 + c 2 + a c 2 + a 2 + b 


Hoac la 


a + b + c 


/a + b + c 2 b + c + a 2 c + a + b 2 
a 2 +b 2 +c ^ 2 ^a +b +c) 


^a + b + c 2 ) (a 2 + b 2 + c) 


a + b + c + a + b + c 


Ta di tim hieu xem trong cac danh gia tren thi danh gia nao giai quyet duoc bai toan 
+ Vbi danh thu nhat ta quy bai toan ve chung minh 

a 2 + b 2 + c b 2 + c 2 + a c 2 + a 2 + b > ^ 

a + b + c 2 b + c + a 2 c + a + b 2 

Hay (a 2 + b 2 + c)(b 2 + c 2 + a) (c 2 + a 2 + b) > (a + b + c 2 ) (b + c + a 2 )(c + a + b 2 j 

Tuy nhien danh gia qua phuc tap, nhu vay each thu nhat khong kha thi. 

+ Vdi danh gia thu hai ta duoc bit ding thuc 


1 a 2 +b 2 +c ( . 

|b 2 + c 2 + a | 

1 c 2 + a 2 + b 

/a + b + c 2 \ 

b + c + a 2 V 

c + a + b~ 


a 2 + b 2 + c 2 + a + b + c 


Ta quy bai toan ve chung minh 


4 (a 2 + b 2 + c 2 ) + 2 (a + b + c) 


a + b + c + a + b + c 

Hay ta phai chung minh duoc 

4 (a 2 + b 2 + c 2 ) + 6 > 3 (a 2 + b 2 + c 2 + 3) <=> a 2 + b 2 + c 2 > 3 

fa + b + c) 

Danh gia cuoi cung la mot danh gia dung vi a 2 + b 2 + c 2 > ---- — = 3 . 

Nhu vay bai toan duoc chung minh. _ 

| Bai 150. Cho a, b, c la cac s6 thuc duong thoa man a + b + c = 3abc. Chung minh ring: 




1 1 1 

a b c 


(ab + l)(ac + l) (bc + l)(ab + l) (ca + l)(bc + l) 


> 

'T 


Phan tich va loi giai 

Du doan dugc dau dang thuc xay ra tai a = b = c = 1. Quan sat bat dang thuc ta nhan thay dugc 
su phuc tap cua bai toan. Bat dang thuc tren co mot so y tubng tiep can nhu doi bien, su dung bat dang 
thuc Bunhiacopxki dang phan thuc 

Cach 1: Trubc hit ta tiSp can bai toan vdi y tubng d6i bi6n 

Nhan thay gia thiet cua bai toan co the viet lai dugc — + — + — = 3, den day hoan toan tu 

ab be ca 

nhien ta nghT d4n phep d6i bi6n x = —; y = —; z = — khi do gia thiSt duoc vi6t lai thanh 
a b c 

xy + yz + zx = 1 va bat dang thuc can chung minh trb thanh 

(x + y + 4 yz 


x 2 (l + xy)(l + xz) y 2 (l + yz)(l + xy) z 2 (l + zx)(l + yz) 

Ta thay sau khi doi biet thi thu dugc mot bat dang thuc con phuc tap hon ca bat dang thuc ban dau 
nen ta tarn dung y tucmg nay lai. 

Cung tir gia thiet ta thu doi bien x = —; y = —; z = — xem sao? Viec ta can lam do la danh 
be ca ab 

gia sao cho xuat hien cac dai lugng ab; be; ca . 

9 3 

_ -=-, khi do ggi P la ve trai cua bat dang thuc thi ta thu dugc 

a b c a + b + c abc 


De thay — + — + — > 


danh gia 


(ab + l)(ac + l) (bc + l)(ab + l) (ca + l)(bc + l) 

a 2 b 2 c 2 


b 2 c 2 (ab + l) (ac +1) c 2 a 2 (be +1) (ab +1) a 2 b 2 (ca +1) (be +1) 
a 2 bc b 2 ca c 2 ab 


b 3 c 3 (ab + l)(ac + l) c 3 a 3 (be + l)(ab +1) a 3 b 3 (ca + l)(bc +1) 

Den day ta co the thay ab = —; be = —; ca = — vao bat dang thuc tren thi bat dang thuc trb 
z x y 


thanh 


P > 9 


L( 1 + y )( 1 + z ) (l + z)(l + x) (l + x)(l + y)J 
Phep chung minh se hoan tat neu ta chi ra dugc 

x 3 y 3 z 3 > 3 

(l + y)(l + z) (l + z)(l + x) (l + x)(l + y) 4 

Bat dang thuc tren da dugc chung minh trong ky thuat them bbt trong bat dang thuc Cauchy. 

Cach 2: Nhan thay bat dang thuc co dau hieu su dung bat dang thuc Bunhiacopxki dang phan thuc, khi 
do ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 





b 4 


Hay ta dugc 


b + l)(ac + l) (bc + l)(ab + l) (ca + l)(bc + l) 

(a 2 + b 2 + c 2 ) 

(ab +l) (ac +1) + (be +l) (ab +1) + (ca +l) (be +l) 

a 4 b 4 c 4 

(ab + l)(ac + l) (bc + l)(ab + l) (ca + l)(bc + l) 

(a 2 + b 2 + c 2 ) 2 


De thay —+—+—>— 

a b c a+b+c 
Do do ta dugc 


- va a 2 + b 2 + c 2 > - 


abc (a + b + c) + 2 (ab + be + ca) + 3 
(a + b + c) 


i i *y 

_+_+_ 
a b c y 


(ab + l)(ac + l) (bc + l)(ab + l) (ca + l)(bc + l) 


Y 


a + b + c J 


1 (a + b + c)' (a 2 + b 2 + c 2 ) 


abc (a + b + c) + 2 (ab + be + ca) + 3 
a 2 + b 2 + c 2 ) 


abc (a + b + c) + 2 (ab + be + ca) + 3 
Phep chung minh se hoan tat neu ta chi ra dugc 

27 (a 2 + b 2 + c 2 ) 27 

abc(a + b + c) + 2(ab + bc + ca) + 3 4 

Hay ta cin chung minh 4 (a 2 + b 2 + c 2 ) > abc (a + b + c) + 2 (ab + be + ca) + 3 
Be y den gia thiet a + b + c = 3abc ta quy bai toan vk chung minh 

12 (a 2 + b 2 + c 2 ) > (a + b + c) +6 (ab + be + ca) + 9 

Theo bit ding thuc Cauchy ta co 3abc = a + b + c > 3>/abc => abc > 1. 

De thay 

3 (a + b + c)> (a + b + c) 

6 (a 2 + b 2 + c 2 ) > 6 (ab + be + ca) 

3 (a 2 + b 2 + c 2 ) > 9>/a 2 b 2 c 2 > 9 
Cong theo ve cac bat dang thuc tren ta dugc 

12 (a 2 + b 2 + c 2 ) > (a + b + c) +6 (ab + be + ca) + 9 
Vay bai toan dugc chung minh xong. 


Bai 151. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3 . Chung minh ring: 


1 


1 


1 


V3a 2 + 4b 2 + 5 V3b 2 + 4c 2 + 5 \/3c 2 + 4a 2 + 5 ^ vabc 





Phan tich va loi giai 

De dang du doan dugc dau dang there xay ra tai a = b = c = 1. Trade het ta viet lai bat d 
cln chdng minh thanh 

I abc I abc I abc ^ -y/3 

V 3a 2 + 4b 2 + 5 + V 3b 2 + 4c 2 +5 + v 3c 2 + 4a 2 + 5 _ ~2~ , 

Quan sat bat dang thde tren thi suy nghi rat tu nhien la danh gia lam mat cac dau can bac h 
den chieu bat dang thuc ta co danh gia theo bat dang thuc Bunhiacopxki la 


j abc t j abc 

r 

abc 

V 3a 2 + 4b 2 + 5 ' V 3b 2 + 4c 2 + 5 + 

V 3c 2 

+ 4a 2 + 5 

< Lf abc 


abc ^ abc j 

]l ^3a 2 + 4b 2 + 5 

f 3b 2 

+ 4c 2 + 5 3c 2 + 4a 2 + 5 J 

bai toan ve chung minh 



abc | abc 


abc ^ 1 

3a 2 + 4b 2 + 5 3b 2 + 4c 2 ■ 

f 5 + 

3c 2 + 4a 2 + 5 4 


Ap dung bat dang thuc Cauchy ta dugc 3a + 4b + 5 > 

_ . abc ^ abc 

Do do ta dugc —----<- 

3a + 4b + 5 2ab + 4a + 6b 
Cung theo bat dang thuc Cauchy ta dugc 


---<- ---+ — 

2ab + 4a + 6b 4^2ab + 4a 6b 

_ 4 , abc 

Do do ta duoc —--— 

3a 2 + 4b 2 4 


,112 1 1 | 1 | 1 
= 72 [ab + a J + 24b _ 72ab + 36a + 24b 
c be ac 
“ 72 36 24 


Hoan toan tuong tu ta dugc 

abc < a ca ba abc < b ab be 
3b 2 + 4c 2 +5 " 72 + 36 + 24’ 3c 2 + 4a 2 + 5 " 72 + 36 + 24 
Cong theo ve cac bat dang thuc tren ta dugc 

abc abc abc < a + b + c 5 (ab + be + ca) 

3a 2 + 4b 2 + 5 ^ 3b 2 + 4c 2 + 5 3c 2 + 4a 2 + 5 “ 72 72 

Phep chung minh se hoan tat neu ta chi ra dugc 

a + b + c 5(ab + bc + ca) l 

-1— -- < — <^> ab + be + ca < 3 

72 72 4 


Danh gia cuoi cung la mot danh gia dung vi ab + be + ca < ----— = 3 . 

Vay bat dang thuc dugc chung minh xong. _ 

Bai 152. Cho a, b, c la cac sd thuc duomg. Chung minh ring: 

a 3 + b 3 + c 3 + 3abc > ab^2 (a 2 + b 2 ) + bc^2(b 2 + c 2 ) + ca^2 (c 2 + a 2 ) 

Du doan dugc dau dang thuc xay ra khi va chi khi a = b = c. Quan sat bat dang thuc t 


mot so hudng tiep can nhu sau 

Cach 1: Khong mat tinh tong quat ta co the gia su c la so nho nhat trong ba so a, b, c. Khi do ta co gang 
danh gia bat dang thuc xoay quanh bien c. Ap dung bat dang thuc Cauchy ta dugc 




Ta quy bai toan ve chung minh 


I 7 - - 3c (a 2 + b 2 ) 

3 + b 3 + c 3 + 3abc > ab^2 (a 2 + b 2 j ^-- 4 


Hay 


I —7—;-c 3c (a 2 + b 2 ) 

a 3 + b 3 + 3abc > ab^2 ^a + b~ j 4-—- 

<=> 2a 3 + 2b 3 - 2ab^2(a 2 +b 2 ) > 3c (a - b) 2 

Ta can bien doi ve trai cua bat dang there tren sao cho xuat hien dai hrong (a - b) . 

Ta co 

2a 3 + 2b 3 - 2ab^2(a 2 +b 2 ) = 2 (a + b) (a 2 + b 2 - ab) - 2ab^2(a 2 +b 2 ) 

= (a + b)(a-b) + (a 4- b) (a 2 + b 2 j - 2ab^2 (a 2 + b 2 j 

= (a + b) (a - b| + ^ a |ja + b) ^2^a 2 + b 2 j - 4ab j 
Theo gia sir tren ta co a + b > 2c do do ta dirge 

(a + b)(a-b) >2c(a-b) 

Mat khac 

^ > 2; (a + b)^2^a 2 + b 2 j - 4ab > (a + b) (a + b) - 4ab = (a - b) 

Suy ra ta dirge 2 ^ [j a + k) ^2^a 2 + b 2 j - 4ab J > 3c(a - b) 

Vay bat dang there dirge chung minh. Dang there xay ra khi va chi khi a = b = c. 

Cach 2: Cung vdi y tirong sap thu tu cac bien, ta gia sir a > b > c . Khi do ta chu y den cac danh gia 

2ab^2 ^a 2 + b 2 ) < a (a 2 + b 2 ) + 2ab 2 

2bc^2^b 2 +c 2 j < c (b 2 + c 2 ) 4- 2cb 2 

r—. -- calc 2 + a 2 ) 

2ca^2 ^c 2 + a 2 J < —-- + 2abc 

Cong theo ve cac bat dang there tren ta dirge 

2ab^2^a 2 +b 2 ) + 2bc^2^b 2 +c 2 j + 2ca^2^c 2 +a 2 ) 

ca(c 2 +a 2 ) 

< a 3 + c 3 + 3b 2 (a + c j 4- —-- + 2abc 

Ta quy bai toan ve chung minh 

. . calc 2 + a 2 ) 

a + b + c + 3abc ^ a + c + 3b ^a + c j 4-h 2abc 





Hay a 3 + 2b 3 + c 3 + 4abc > 3b 2 (a + c) H- v ^ 

Bien doi tuong duong bat dang thuc tren ta dugc 

(»-b)(b-c)[^-2b 

Danh gia tren la mot danh gia dung vi 

(a - b)(b - c)> 0; a ^ C - 2b + c H 

Vay bai toan dugc chung minh xong. _ 

I Bai 153. Cho a, b, c la cac so thuc duong. Chung minh rang: 


- 2b + a + c > 0 


2b + c + a > — + a - 2b > 0 
b 


| (a 2 + b 2 )(b 2 + c 2 )(c 2 + a 2 )(ab + be + ca) > 8a 2 b 2 c 2 (a 2 + b 2 + c 2 ) 

Phan tich va loi giai 

Cach 1: Bit ding thuc cln chung minh dugc vilt lai thanh 

a 2 +b 2 b 2 + c 2 c 2 + a 2 > ( a 2 + b 2 + c 2 X 
2ab 2bc 2ca ^ ab + be + ca J 

Khong the danh gia bat dang thuc tren bang bat dang thuc Cauchy hay Bunhiacopxki vi se thu dugc 
nhung danh gia ngugc chieu nhau. Do do ta hubng den phep bien doi tuong duong. Khi do bat dang thuc 
tren tuong duong vdi 

( a ~ b f n ( b ~ c ) 2 ( c ~ a ) 2 > ! | ( a ~ b ) 2 + ( b - c ) 2 + ( c - a ) 2 

2ab 2bc 2ca 2 (ab + be + ca j 

Den day de co each danh gia de dang hon ta co the sap thu tu cac bien, khong mat tinh tong quat ta 
co the gia su a > b > c , khi do ta dugc 


(M 2 


Nhu vay ta cung can danh gia ve phai ve dai lugng (a - c 1 


Taco (a-b) + (b-c) = (a-c) -2(a -b)(b -c) < (a -c) 

Bai toan quy ve chung minh 


1 + ( a - c ) 2 

i + ( c_a ) ! 

> 

i+ ( c ~ a ) ! 

2(ab + be) 

2ca 


ab + be + ca 


Ap dung bat dang thuc Bunhiacopxki ta dugc 



i + ( a “ c ) ! 

i + ( c_a ) 2 

> 

L («-*)* 1 


2(ab + be) 

2ca 


2^jca (ab + be) 

Ma theo bat dang thuc Cauchy ta dugc 2 

^ca(ab + be) 

< ab + be + ca nen ta cd 




c -a 


c - a 


2^ca (ab + be) ab + be + ca 


1, ( a -Y 

i + ( c ~ a ) 2 


2(ab + be) 

2ca 



Do do ta dugc 


Vay bat dang there dugc chung minh. Dang there xay ra khi va chi khi a = b = c. 

Cach 2: Bit ding there cin chung minh duoc viit lai thanh 

i + j_Yj_ + iYi + j_Yi + i + iY> 8 [j_ + i + i] 

a b J^b c a J^a b cj ^a b c ) 

Den day ta dat x = —; y = —; z = —, khi do bat dang there tren trb thanh 
a b c 

(x 2 + y 2 )(y 2 + z 2 )(z 2 + x ! )(x + y + z) 2 >8(xV + yV + zV) 

Ta thiy vi trai cua bit ding thuc co chera dai lugng (x + y + z) nen ta danh gia no vi x 2 , y 2 , z 2 di co 
the doi bien tiep. 

D6 thiy (x + y + z) = x 2 + y 2 + z 2 + 2xy + 2yz + 2zx va theo bit ding thuc Cauchy ta dugc 
4x 2 y 2 4y 2 z 2 4z 2 x 2 


2xy + 2yz + 2zx > - 

Do do ta dugc 

(x 2 +y 2 )(y 2 + z 2 )(z 2 +x 2 )(x + y + z) 2 


x" + y y+z z+x 


> (x 2 + y 2 )(y 2 + z 2 )(z 2 + x 2 ) x 2 + y 2 + z 2 + 

' '' '' ' x 2 + y y 2 + z 2 z 2 + x 2 


Ta quy bai toan ve chung minh. 

b 2 + y 2 )(y ! + z 2 )(z 2 + x'l|x' + y'+z' 


^ 4x 2 y 2 + 4y 2 z 2 + 4z 2 x 2 
x 2 + y 2 y 2 + z 2 z 2 + x 2 

>8(xV + yV+zV) 

Dat m = x 2 ; n = y 2 ; p = z 2 , khi do ta cin chung minh 

/ w w \| 4mn 4np 4pm | 

m + n n + p p + m m + n + p +-+- — + —— 

v /v /v m + n n + p p + m J 

> 8 |mn + np + pmj 

Khai trien va thu ggn ta dugc 

mn(m-n| + np(n-p) +pm|p-mj >0 

Danh gia cuoi cung la mot danh gia dung. Vay bai toan dugc chung minh xong. _ 

Bai 154. Cho a, b, c la cac so thuc duong. Chung minh rang: 

ab be ca ^ a b c 

—7-\ 1 7-y H-7-y ^-1-1- 

c(c + a) afa + bj b(b + c) c + a a + b b + c 


Phan tich va 151 giai 




Cach 1: Be y la-1-= 1 , khi do bat dang thuc can chung minh dugc viet lai thanh 

a + c c + a 


ab 


be 


Hay 


c(c + a) c + a a(a + b) a + b b(b + c) b + c 
c 2 + ab a 2 + be b 2 + ca ^ _ 


c(c4-a) a(a4-b) b(b4-c) 

Ap dung bat dang thuc Cauchy ta dugc 

c 2 + ab + a 2 + be + b 2 4 
c(c4-a) a(a4-b) b(b 

Phep chung minh se hoan tat neu ta chi ra dugc 

c 2 + ab a 2 + be b' 


- > 3 


c 2 + ab a 2 + be b 2 + ca 
cfc + a ) a(a + b) b(b + c) 


c c + a a a 


- b)' b (b -f 


Hay ta can chung minh 

(a 2 4- bej(b 2 + ca)(c 2 4- abj > abc(a + b) (b 4- c)(c 4- a) 

Ta co ^a 2 4- be j (b 2 4- ca j - ab (a 4- c) (b 4- c) = c(a4- b) (a - b) do do ta dugc 
4- ca j > ab (a 4- c) (b 4- c) 

Hoan toan tuong tu ta dugc 

(b 2 4- ca j (c 2 4- ab j > be (a 4- b) (a 4- c); (c 2 4- ab j (a 2 4- be j > ca (a + b) (b 4- c) 
Nhan theo ve cac bat dang thuc tren ta dugc 

(a 2 4- be j (b 2 4- caj^c 2 4- ab j > abc (a + b) (b 4- c) (c 4- a) 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 


Cach 2: Bat dang thuc can chung minh dugc viet lai thanh 
b c a 
c , a , b _. > 1 


1 + - 


1 + - 


1 

'l + 8 


Bat x = —; y = —; z = —, khi do ta dugc xyz = 1. Bat dang thuc dugc viet lai thanh 
b c a 

y z x 1 1 1 

1 4-z 1 4-x 14-y 1 4- z 1 4-x 1 4- y 

Bat dang thuc tren tuong duong vdi ——- 4- ——- 4- ——— > 0 hay 
1 + y 1 4- z 1 4- x 

(x 2 -l)(z + l) + (y 2 -l)(x 4-1)4- (z 2 -l)(y+ l) > 0 

Khai tri6n va thu ggn ta dugc xy 2 4- yz 2 4- zx 2 4-x 2 4-y 2 4-z 2 >x4-y4-z + 3. 

Ap dung bat dang thuc Cauchy va mot danh gia quen thuoc thi ta dugc 

2 2 2 o 2 2 9 (x + y + z)(x4-y + z) 

xy 4- yz 4- zx > 3; x 4- y 4- z > --y-- > x 4- y 4- z 

Cong theo ve hai bat dang thuc tren ta dugc 

xy 2 4- yz 2 4- zx 2 +x 2 4-y 2 4-z 2 >x + y4-z + 3 



Vay bat dang thuc dugc chung minh. 


Cach 3: D§ thay 


c c + a c + a c c + a 


Y, khi do bat dang thuc can chung minh dugc viet lai 


Den day ta dat x = 


a(b-c) b(c-a) c(a-b) 
c(c + a) a(a + b) b(b + c) 
-b b+c c+a 


De thay xyz > 1, khi do ta dugc 


b + c _ 

,^c r ~ _ y - 1 


. Hoan toan tuong tu ta viet lai dugc 


bat dang thuc can chung minh thanh 

x 1 y -1 z — 1 x y z ^ 1 1 1 

y z x yzxxyz 

Ap dung bat dang thuc Cauchy ta dugc 

x x z ^ 0 xz 3 y y x xy 3 z z y lyz 3 

- + - + ->3 3 A + A + _> 3 3=_;_ + _ +A 3 p_ = _ 

yyx Vy yzzy vz z x x z Vx x 


Cong theo ve cac bat dang thuc tren va thu ggn ta dugc 

xyz 111 
-+-+—>-+-+- 
yzxxyz 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

Bai 155. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang: 

ab be ca ^ V 2 

Vab + be + Vbc: + ca + Vca + ab ~ 2 

Phan ti'ch va loi giai 

Cach 1: De y la theo bat dang thuc Bunhiacopxki ta luon co 

ab _ aVb a^/2b 
Vab + be V a + c Va + Vc 


Hoan toan tuong tu ta dugc bit ding thuc 

ab ^ be ^ ca 

^ aV2b 

bV2c 

cV2a 

Vab + bc Vbc + ca Vca + 

ab Va+Vc 

A + b‘ 

Vb + V 

Ta quy bai toan ve chung minh 




2aVb ^ 2bVc 

+ 

= a + b + c 



Va+Vc Va+Vb Vb + Vc 

Dat x = Va; y = Vb; z = Vc , khi do bit ding thuc trb thanh 

2x 2 y 2y 2 z 2z 2 x 2 2 2 

- + -2-— +-< x 2 + y 2 + z 2 

x + z x + y y + z 

De y den phep bien doi ^ = 2xy - ^‘ x ^ rz nen bat dang thuc tren trb thanh 


z + x 


z + x 




Hay 


2xyz 2xyz 2xyz^| ^ 2 22 

2xy + 2yz + 2zx - —— + —— + —— < x + y + z 
\X + z x + y y + zj 


x 2 + y 2 + z 2 + 2xyz 


1 i i 

x+z x+y y+z 


4-> 2xy + 2yz + 2zx 


Hay 2(x 2 + y 2 + z 2 ) + 2xyz —-— + — -1--— > (x + y + z) 

v ’ l x + z x + y y + z J V ' 

2xyz 2x(xy + yz + xz) 

thly 2x 2 +-=--- - , hoan toan tuang tu ta thu duac bit ding thuc 

' y + z 


—+ ^ + — >( x + y + z) 2 
y + z z + x x + y J ' ’ 


y + z 

2 (xy + yz + zx 

Theo bat dang thuc Bunhiacopxki ta dirge 

21 xy + yz + zx I 

U + z z + x x + y y 

= [ X (y+ z) + y(z + x) + z(x + y)l > (x + y+ z 

L v ’ v ’ v /J ^y + z z + x x + yj v 

Nhu vay bat dang thuc tren dugc chiing minh xong. 

Dang thuc xay ra khi va chi khi a = b = c = \ 

Cach 2: Ap dung bat dang thuc Bunhacopxki ta dugc 

f ab + be + ca 

Wab + be Vb c + ca Vea + ab 

. t 1 1 \( ab be 

<lab + bc + cal 


. . aD DC 

= ab + be + ca +- 1 -h 


- 1 - 1 - 

ab + be be + ca ca + ab 

ab 2 be 


Ta quy bai toan ve chung minh 

2(ab + be + ca) + 2 


ab 2 + be 2 + ca 
a + b b + c c + 


a+b b+c c+a 

< 1 = (a + b + c) 


Hay 


ab 2 + be 2 + ca 2 
a+b b+c c+a 


< a 2 + b 2 + c 


2ab 2 b(a + b) b(a + b) 

Ap dung bat dang thuc Cauchy ta duac-< — 7 - 4- = — - - 

a + b 2(a + b) 2 

Hoan toan tuang tu ta dugc 

_ [ ab 2 be 2 ca 2 | a 2 + b 2 + c 2 + ab + be 4 
^a + b b + c c + a 
Phep chung minh se hoan tat neu ta chi ra dugc 

a 2 + b 2 + c 2 + ab + be + ca ^ 2 , 2 2 

2 

Hay ab + be + ca < a 2 + b 2 + c 2 , danh gia cuoi cung la mot danh gia dung. 
Vay bat dang thuc dugc chung minh. 



Cach 3: Ap dung bat dang thuc Bunhiacopxki ta dugc 
ab be ca 


V ab + be Vbc + ca V ca + ab 
= f Va + b. i ^ —r ■ 

t n a + b )( a + c ) 

<2(a + b + c)f ? -^- 

V '[(a + b)(a + < 

Bai toan quy ve chung minh 


yjb + c. 


,b)( b 


1 1 

ca 2 

+ c) + C+ 1 

ca 2 

(b + c)(c + a) 

(b + c)(c + a) 

ca 2 ^ 1 


Hay 


(a + b)(a + c) (a + b)(b + c) (b + c)(c + a) 4 
ab 2 be 2 ca 2 ^ a + b + c 


(a + b)(a + c) (a + b)(b + c) (b + c)(c + a) 4 
Bat dang thuc tren tuang ducmg vdi 

4a 2 b(b + c) + 4b 2 c (c + a) + 4c 2 a (a + b) < (a + b) (b + c) (c + a) (a + b + c) 
Khai trien va thu gon ta dugc 

ab(a-b) + bc(b-c) + ca(c-a) >0 
Bat dang thuc cuoi cung luon dung. Vay bat dang thuc dugc chung minh. 


Bai 156. Cho a, b, c la cac s6 thuc ducmg thoa man abc = 1 . Chung minh ring: 

1 1 13 

-2-'-o-1-“- ^ — 

a + l) (b + c) (b + l) (c + a) (c + l) (a + b) 8 


Phan tich va loi giai 


x y z 


Khi do bat dang thuc can chung minh trd thanh 

x 2 yz y 2 zx 


(x + yj (xy + z J (y + zj (yz + x j (z + xj(zx + y^ 
Ap dung bat dang tuc Cauchy ta co 

xy + z 2 > 2zy[xiy 

(x + y) 2 = x 2 + y 2 + 2xy > 2^2xy(x 2 +y 2 ) 

^ . x 2 yz x 

Do do ta dugc---< — , = 

(x + y) (xy + z 2 ) 4^2(x 2 + y 2 ) 

Hoan toan tuong tu ta quy bai toan ve chung minh 

y 


-y/x 2 + y 2 -^/y 2 + z 2 Vz 2 + x 2 V 2 
- <3 


2x2 + 1 

1 2 y 2 + 1 

1 2z 2 

1 x 2 + y 2 i 

y 2 + z 2 V 

z 2 + x 2 


Hay 

Bat dang thuc tren da dugc chung minh bang bat dang thuc Bunhiacopxki bang each doi xung hoa 
bat dang thuc hoan vi. 



Cach 2: Bat a=x;b=y;c=z vdi x; y; z > 0 , suy ra xyz = 1 . Khi do bat dang thuc can chung 
minh trb thanh 

1 | 1 ( 1 ^3 

(x 2 +l)’(y 2 + z 2 ) (y 2 +1) 2 (z 2 + x ! ) + (z 2 +l) 2 (x 2 + y 2 ) “ 8 

Ap dung bat dang thuc Bunhiaopxki ta co 


'x +1 y +z > xy 4 


1 + x y“ + z > y + zx = y 


z z 

, 1 y 2 +i 


Do do ta duoc x + 1 y + z > 


(y 2+1 )( z2+1 ) 


(x 2 +l) (y 2 +z 2 ) (x +l)(y +l)(z +1) 

Hoan toan tuong tu ta duoc 

1 1 1 < xy + yz + zx 

(x 2 + l) (y 2 + z 2 ) (y 2 + l) (z 2 + x 2 ) (z 2 + l) (x 2 + y 2 ) ~~ ( x2 + ^(y 2 + + X ) 

Ta quy bai toan ve chung minh 

(x 2 + i)(y 2 + i)(z 2 + 1 ) ^ ^( x y + yz + z X ) 

Ap dung bat dang thuc Bunhiacopxki ta co 

(x 2 +l)(y 2 +l) £ (x + y) 2 ; (y 2 +l)(z 2 +l) > (y+ z) 2 ; (z 2 +l)(x 2 +l) > (z + x) 2 
Nhan theo ve cac bat dang thuc tren ta duoc 

(x 2 +l)(y 2 +l)(z 2 +l) 1 ( x + y)(y + z)(z + x) 

Be y den bat dang thuc (x + y) (y + z) (z + x) > ^x + y + z) (xy + yz + zx) 

Phep chung minh se hoan tat neu ta chi ra duoc 

“( x + y + z)(xy + yz + zx) > ^(xy + yz + zx) 

Hay x + y + z > 3, danh gia cuo cung la mot danh gia dung do xyz = 1. 


Bai 157. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

la, 2 lb 2 1 c 2 

< 3 

^b 2 +(c + a) ^c 2 +(a + b) ^a 2 +(b + c 

2 x/5 


Bat dang thuc can chung minh tuong duong vbi 



i + r 2 

1 + r 2 -i 

2 

i b 2 + (c + a) 

v 5 c 2 + (a + b) 

V5 a 2 + (b + c) 


Ap dung bat dang thuc Bunhiacopxki ta duoc 


1 + 4 




Do do ta duoc 

1 

a 2 

. | a2 

a 

5 b 2 + (c + a) 

V |^b + 2 ^c + a) 

( J b + 2^c + a) 

Chung minh tuong tu ta dugc 




b 2 

b 


\ 

5 c 2 + (a + b) 

c + 2 (a + b) ’ ^ 

5 a 2 + (b + c) 


Tir do ta dugc A < - j - . *4-^-r- -4--, , 

b + 2(c + a) c + 2 ^a + b) a + 2^b + c) 

^ x , , . , a b c 3 , 

Ta can chung mmh--.• H--• H--. < — hay 

b + 2(c + a) c + 2(a + b) a + 2(b + c) 5 


b + 2c + c + 2a + a + 2b > 9 
b + 2^c + a) c + 2^a + b) a + 2^b + c) 5 
That vay, ap dung bat dang there Bunhiacopxki dang phan thuc ta dugc 
b + 2c + c + 2a + a + 2b 
b + 2^c + a) c + 2^a + b) a + 2^b + c) 

(b + 2c) 2 (c + 2a) 2 (a + 2b) 2 

(b + 2c)^b + 2(c + a)^j (c + 2a)|^c + 2 (a + b)J (a + 2b) [^a + 2^b + c)J 
9(a + b + c) 

(b + 2c) j^b + 2 ^c + a) J + ^c + 2a) ^c + 2 ^a + b) J + ^a + 2b) |^a + 2 ^b + c)^ 

9^a + b + c) g 

5 (a 2 + b 2 +c 2 + 2ab + 2bc + 2ca) 5 

Nhu vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = C. _ 

Bai 158. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

4(a 3 +b 3 +c 3 ) 9(a + b)(b + c)(c + a) , , 

V,--- v 1 + — - A -^-- > 4(a + b + c) 

a+ ^ +c (a + b + c) 

Loi giai 

Ap dung bat dang thuc Bunhiacopxki ta dugc 

(a 3 + b 3 + c 3 ) (a + b + c) > (a 2 + b 2 + c 2 ) 

Do do ta dugc 

4^a 3 +b 3 +c 3 ) 4 |a 3 + b 3 + c 3 ) (a + b + c) 
a 2 +b 2 +c 2 (a 2 +b 2 +c 2 )(a + b + c) 

4 (a 2 +b 2 +c 2 ) 2 4 (a 2 +b 2 +c 2 ) 

|a 2 +b 2 +c 2 )(a + b + c) a + b + c 
Mat khac ta lai co (a + b) (b + c) (c + a) > 8abc, cho nen 

8 (a + b + c) (ab + be + ca) = 8 (a + b) (b + c) (c + a) + 8abc < 9 (a + b) (b + c) (c + a) 



9 (a + b)(b + c)(c + a) 8 (a + b + c)(ab + be + ca) 8(ab + bc + ca) 

(a + b + c) 2 (a + b + c) 2 a + b + c 

Tu cac bat dang thuc tren ta dirge 

4(a 3 +b 3 +c 3 ) 9(a + b)(b + c)(c + a) 

a+ b +c (a + b + c) 

4(a 2 +b 2 +c 2 ) 8(ab + bc + ca) , . 

> - L + -± - ’- = 4(a + b + c) 

a+b+c a+b+c v ' 

Nhir vay bat dang thuc dirge chung minh. Dau dang thuc xay ra tai a = b = c 


Bai 159. Cho a, b, c la cac so thuc duong thoa man a + b + c = abc . Chung minh rang: 

b c a ^ 3 

2 


aVb 2 + 1 bVc 2 +1 


Lol giai 

Tu gia thiet a + b + c = abc suy ra — + — + — = 1. 

ab be ca 

Bat x = —; y = —; z = —, Khi do gia thiet cua bai toan trb thanh xy + yz + zx = 1. 
abc 


Bat dang thuc can chung minh trb thanh - 


^y 2 +1 Vz 2 +1 Vx 2 +1 2 

De thay Vx 2 + 1 = \]x 2 + xy + yz + zx = #Aj( X + z) 


Tuong tu ta dugc -y/y 2 + 1 = ^(y + z) (y + x); Vz 2 + 1 = ^{z + x)(z + y) 
Ap dung bat dang thuc Cauchy ta dugc 

_J_ _ z x _y_ 


y 2 +1 Vz 2 +1 Vx 2 +1 ^(y + x)(y + z) ^ z + x )b+y) V( x+y )( x + z) 

2x 2y 2z 


x + 2 y + z x + y + 2 z 2 x + y + z 

2x 2y 2z 3 

-1-1-^ — 

x + 2 y + z x + y + 2 z 2 x + y + z 2 

That vay, ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

2 x 2 y 2 z 2 x 2 2 y 2 2 z 2 


Ta can chung minh 


x + 2 y + z x + y + 2 z 2 x + y + z x(x + 2 y + z) y(x + y + 2 z) z( 2 x + y + z) 
2 (x + y + z) ^ 2 (x + y + z) 3 

~ 2 


(x + y + z) + xy + yz + zx . ,2 (x + y + z) 

V ’ (x + y + z) +^--- 

Nhu vay bat dang thuc ban dau dugc chung minh. Dau dang thuc xay ra tai a 


= b = c = V3 . 


Bai 160. Cho a, b, c la do dai ba canh cua tarn giac. Chung minh rang: 


Va 2 + 3bc \lb 2 + 3ca Vc 2 + 3ab 2 


Lol giai 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 





a | b | c _ a 2 | b 2 | c 2 
Va 2 + 3bc Vtf + 3ca V c 2 + 3ab aVa 2 + 3bc bVb 2 " + 3ca c\lc 2 + 3ab 

(a + b + c) 

aVa 2 + 3bc + bVb 2 " + 3ca + cVc 2 + 3ab 

Mat khac cung theo bat dang thuc Bunhiacopxki ta dugc 
a V a 2 + 3bc + bVb 2 + 3ca + c\/c 2 + 3ab 

= VaVa 3 + 3abc + y/b\lb :i + 3abc + VcVc 3 + 3abc < ^(a + b + c) (a 3 + b 3 + c 3 + 9abc) 
Do vay ta dugc 

a b c > _ (a + b + c) _ 

Va 2 + 3bc Vb 2 + 3ca Vc 2 + 3ab 


i-b + c)(; 


a + b + c + 9abc) 


Ta can chung minh 


(a + b + c) 


/ a + b + c a + b + c + 9abc 


(a + b + c) q 

Hay 1 -> - 

a + b + c + 9abc 4 

Thuc hien bi 6 n d 6 i tuong duong bit ding thuc ta dugc 

12^ab(a + b) + bc(b + c) + ca(c + a)J > 5 (a 3 + b 3 + c 3 j + 57abc 

Theo bat dang thuc Cauchy ta lai co a 3 + b 3 + c 3 > 3abc 

Do do 6 (a 3 + b 3 + c 3 + 9abcj > 5 (a 3 + b 3 + c 3 j + 57abc 

Nhu vay ta can chung minh 

2 |^ab (a + b) + be (b + c) + ca (c + a> a 3 + b 3 + c 3 + 9abc 
Hay (3a - b - c)(b - c) + (b + c - a) (a - b)(a - c) > 0 

Do a, b, c co tinh doi xung, nen khong mat tinh tong quat ta chgn a lbn nhat, khi do bat dang thuc cuoi 
cung la mot bat dang thuc dung. 

Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = C. _ 


Bai 161. Cho a, b, c la do dai ba canh cua mot tarn giac. Chung minh rang: 


abc 


a+b-c vb+c-a 


abc 


abc 


Ldi giai 

{ x = b + c- a 2 a = y + z 
y = c + a- b=> j 2 b = z + x 
z = a + b- c 2 c = x + y 
Khi do bit ding thuc cln minh tuong duong vdi 

'(x + y)(y + z)(z + x) f 1 l J-.’] 

s t + 77 + xJ _x+y+z 

Binh phuong hai ve va quy dong ta dugc 

( x + y)(y + z)(z + x)^/xy + Tyz + Vzx) > 8xyz(x + y + z) 




Hay 


y)(y+ z )(z 


8xyz 


x + y + z 


Vxy + Vyz + Vzx 


B6 y ring vdi m > n > 0; k > 0, ta co tinh chit — > m + ^ 

n n + k 

Do do ta co 

x + y x + y + z . y + z s x + y + z ^ z + x x + y+ z 

2^Jxy 2^Jxy + z 2yjyz + x 2^fyz + x 2yfzx + y 2yfzx + y 

Nhan theo ve cac bat dang thuc tren ta duoc 

( x + y)(y + z )( z + x ) ^_( x + y + z ) S 


Ta can chung minh 


8x y z {lyfxy + zj^^yz + xj^Vzx + y j 

(x + y+ z) 


^2^/xy + Z j ^2-y/yz + X j ^2>/zx + y j [ V^y + Vyz + Vzx 
Hay ^2yjxiy + z j ^2-y/yz + x j ^2yfzx + y j < (x + y + z'j^fxiy + yfyz, + Vzx j 

Khai trien va thu gon ta duoc |Vx - Vy j {yfy ~ Vzj |Vz-Vxj >0 

Bat dang thuc cuoi cung la mot bat dang thuc dung. 

Vay bat dang thuc duoc chung minh. Dau dang thuc xay ra tai a = b = C. _ 

Bai 162. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a + b + C a (a-bf + (b-c) i + (c-a) 2 +fe 
3 12(a + b + cj 

Loi giai 

Cach 1: Nhan hai ve vdi 12 (a + b + c j, khi do bat dang thuc trb thanh 

a 2 + b 2 + c 2 + 5 (ab + c + ca) > 6Vabc (a + b + c) 

Hay (a + b + c) + 3 (ab + c + ca) > 6Vabc (a + b + c) 

Ap dung bat dang thuc Cauchy ta duoc 

(a + b + c) +3 (ab + c + ca) > 2 (a + b + c) ^3(ab + c + ca) > 6Vabc (a + b + c) 

Vay bat dang thuc duoc chung minh. Dau dang thuc xay ra tai a = b = C. 

Cach 2: Bit ding thuc cin chung minh tuong duong vdi 

2 (a + b + c) a 2 + b 2 + c 2 - ab - be - ea 3 r— 

6(a + b + c) 6(a + b + c) 

Hay (a + b + c) + 3(ab + lx: + ca j > 6\/abc (a +b + cj 

3a 3b 3c 


=>x + y + z = 3 




Nhan ca hai ve cua bat dang thuc vdi-- va doi bien ta dugc bat dang thuc sau 

(a + b + c) 

(x + y + z) +3 (xy + yz + zx )>6^(x + y + z) 

Hay 3 + xy + yz + zx > 6^/xyz 

Mat khac ta lai co xy + yz + zx > ^3xyz (x + y + z) = 3-y/xyz 
Ta can chung minh 1 + -Jx yz > 2-^/xyz 

Bat t = yfx. yz => t < 1, khi do bat dang thuc can chung minh trb thanh 
1 + t 3 > 2t 2 <=> (l - t)(l + t - t 2 ) > 0 
Bat dang thuc cuoi cung la mot bat dang thuc dung. 

Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = c. _ 

Bai 163. Cho a, b, c la cac s 6 thuc duong thoa man ab + be + ca = 3 . Chung minh ring: 

a + 2 b b + 2 c c + 2 a 


2a + 4b + 3c 2b + 4c + 3a 2c + 4a + 3b 


- < 1 


Loi giai 

Bien doi tuong duong bat dang thuc ta dugc 

2 (a + 2 b) 2 (b + 2 c) 2 (c + 2 a) 

2a + 4b + 3c 2 2b + 4c + 3a 2 2c + 4a + 3b‘ 

2 (a + 2 b) 2 (b + 2 c) 2 (c + 2 a) 

1 --- —~1 + ---^- + 1 --- ’—> 


Hay 

Hay 


2a + 4b + 3c 2b + 4c + 3a 2c + 4a + 3b 

c 2 a 2 b 2 1 

- —i-1-^ — 

2a + 4b + 3c 2 2b + 4c + 3a 2 2c + 4a + 3b 2 3 


<2 

1 


Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

c 2 a 2 b 2 


2a + 4b + 3c 2 2b + 4c + 3a 2 2c + 4a + 3b 2 


Ta can chung minh 


c (2a + 4b + 3c ) a (2b + 4c + 3a ) b (2c + 4a + 3b ) 
3 (a 3 + b 3 + c 3 ) + 6 (ab + be + ca) 

(V^+Vb^+V ?) 2 1 


3 (a 3 + b 3 + c 3 ) + 6 (ab + be + ca I 


Hay Va 3 b 3 + Vb 3 c 3 + Vc 3 a 3 > ab + be + c 

That vay, ap dung bat dang thuc Cauchy ta dugc 

V^+Vbv+V^v 


i 3 b 3 + Vab j + |Vb 3 c 3 + x/bc j + |Vc 3 a 3 + Vea j - |Vab + Vbc + Vea j 

> 2 (ab + be + ca) - |Vab + Vbc + Vea j 

> ab + be + ca + 3 - ^3(ab + be + ca) = ab + be + ca 



Vay bat dang there dugc chung minh. Dau dang there xay ra tai a = b = c = 1. 


Bai 164. Cho a, b, c la cac so thuc khong am thoa man a + b + c = 1. Chung minh rang: 

10(a 3 +b 3 +c 3 )-9(a 5 +b 5 +c 5 )>l 

Loi giai 

Bat dang thuc can chung minh tuong duong vdi 

(lOa 3 - 5a 5 - a) + (lOb 3 - 5b 5 - b) + (lOc 3 - 5c 5 - c) > 0 

B 6 y ring 10a 3 - 9a 5 - a = a (l - a 2 ) ^9a 2 -1 j 
Do do bat dang thuc trb thanh 

a(l-a 2 )(9a 2 -l) + b(l-b 2 )(9b 2 -l) + c(l-c 2 )(9c 2 -l)> 0 
Be y tiep ta lai thay 

(l + a)(9a 2 -l)-|(3a-l) = ^(3a + 5)(3a -1 ) 2 > 0 

Hay (l + a)(9a 2 -l) > |(3a-l) 

Do do ta co a (l - a 2 j^9a 2 -1 j = a (l - a) (l + a)^9a 2 -1) > a (l - a). ^^3a -1) 
Ap dung tuong tu ta dugc 

a(l-a 2 )(9a 2 -l) + b(l-b 2 )(9b 2 -l) + c(l-c 2 )(9c 2 -l) 

- a ( 1-a )'f ( 3a_1 ) + b ( 1_b )-f ( 3b_1 ) + C ( 1_C )‘f( 3c_1 ) 

Ta c&n chung minh a(l - a) (3a -1) + b(l - b)(3b -l) + c(l - c)(3c -1) > 0 
Hay 4(a 2 + b 2 +c 2 )-3(a 3 + b 3 +c 3 ) > 1 

Doa + b + c = l nen bat dang thuc tren trb thanh 

4(a 2 + b 2 + c 2 )(a + b + c)-3(a 3 + b 3 + c 3 ) > (a + b + c) 
Trien khai va thu gon ta dugc 

ab (a + b) + be (b + c) + ca (c + a) > 6 abc 

TT a + bb + cc + a^„ 

Hay -+-+-> 6 

cab 
Bat dang thuc cuoi cung la mot bat dang thuc dung. 

Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = c = \ 

BAI TAP TU” LUYEN 

Bai 1. Cho a, b, c la cac so thuc duong thoa man abc = 64. Chung minh rang: 

a 3 + b 3 + c 3 > 4(a 2 + b 2 +c 2 ) 

Bai 2. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang 


a 5 + b 5 b 5 + c 5 c 5 + a 5 3 

Bai 3. Cho a, b, c la cac s 6 thuc duong thoa man — + — + - = a + b + c. 

abc 

Chung minh rang: 5 (a + b + c) > 7 + 8 abc 
Bai 4. Cho a, b, c la cac so thuc duong thoa man dieu kien a + b + c = 3. 



Chung minh rang: -—- 1 - 1 ---< 1 

a+b +1 b+c +1 c+a +1 


Bai 5. Cho a, b, c la cac so thuc duong thoa man dieu kien a + b + c = 1 . 

, . , 4 25 „ /_ „ , \2 /, ,, \2 fe „ \2 


Chung minh rang: 


1 - 4ab) + (l - 4bc) + (l - 4ca) < 3 


Bai 6 . Cho a, b, c la cac so thuc duong thoa man dieu kien a + b + c = 1. 

, . , i ab + c be + a ca + b _ „ 

Chung minh rang: - 1 - 1 -> 2 

a + b b + c c + a 

Bai 7. Cho a, b, c la cac so thuc duong thoa man dieu kien ab + be + ca = 2abc. 

^ , . , > 1 1 1 1 
Chung minh rang: -- H-- H-- > — 

a( 2 a-l) b ^ 2 b — 1 ^ c( 2 c-l) ^ 

Bai 8 . Cho a, b, c la cac so thuc duong thoa man dieu kien ab + be + ca = 1. 

.... . . i 1 1 ^ 9V3 

abc (a + b)(b + c)(c + a) 2 
Bai 9. Cho a, b, c la cac s 6 thuc duong bit ki. Chung minh ring: 

2Vab + be + ca < V3.^(a + b)(b + c)(c + a) 

Bai 10. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

a 2 + b 2 b 2 + c 2 c 2 + a 2 5 

—7-7 ~^^-7 ^ ^ — 

a - 2 ab + b" b - 2 bc + c c - 2 ca + a 2 

Bai 11. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

a 3 | b 3 | c 3 

( 2 a 2 + b 2 ) ( 2 a 2 + c 2 ) ( 2 b 2 + c 2 ) ( 2 b 2 + a 2 ) ( 2 c 2 + a 2 ) ( 2 c 2 + b 2 ) 

Bai 12. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 


Bai 13. Cho a, b, c la c 


3 thuc duong thoa man a + b + c = 1. Chung minh rang: 
ab be ca 1 


1+c 1+a 1+b 4 

Bai 14. Cho a, b, c la cac so thuc duong bat ki. Chung minh rang: 

(^ + c + a)( a + b + C b 3 J 3 ( aI+b! + c! ) 

Bai 15. Cho a, b, c la cac s 6 thuc duong bit ki. Chung minh ring: 


b+c c+a a+b a+b b+c c+a 
Bai 16. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 


64abc(a + b + c) <27[ja + b) (b + c)(c + a)J 


Bai 17. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 


Bai 18. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 


c ) 2 (c + a)' (a + b)' (a + b)(b + c)(c + a 



Bai 19. Cho a, b, c la cac so thuc duong thoa man ab + be + ca = 3. Chung minh rang: 

1 | _4_ > 3 

abc (a + b) (b + c) (c + a) 2 

Bai 20. Cho a, b, c, d la cac s 6 thuc duong thoa man a 2 + b 2 + c 2 + d 2 = 1. 

Chung minh rang: abed < (l - a) (l - b) (l - c) (l - d) 

Bai 21. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

3a + b 3b + c 3c + a ^ „ 


Va 2 + 2b 2 + c 2 Vb 2 + 2c 2 + a 2 Vc 2 + 2a 2 + b 2 

Bai 22. Cho a, b, c la cac so thuc thoa man a. b, c e [0: 1]. Chung minh rang: 

2 (a 3 + b 3 + c 3 ) - (a 2 b + b 2 c + c 2 a) < 3 

Bai 23. Cho a, b ,c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang 

a + b + c ^ 1 J ( a + b ) 2 ( b + c ) 2 (c + af 


Bai 24. Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh rang: 

- >3 


ung lii ua man ciu^ — ± . \^iiung ii 

a 4 + b 4 b 4 + c 4 lc 4 +a 4 . 
1 + ab v 1 + be V 1 + ca 


Bai 25. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

(l + a 3 ) (l + b 3 ) (l + c 3 ) > (l + ab 2 ) (l + be 2 ) (l + ca 2 ) 

Bai 26. Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 = 3. Tim gia tri nho nhat cua bieu thuc 
p _ 1 | 1 | 1 
2 + ab 2 + be 2 + ca 

Bai 27. Cho a, b, c la cac so thuc duong thoa man ab + be + ca = abc. Chung minh rang 

a 4 + b 4 + b 4 + c 4 + c 4 + a 4 > ^ 
ab (a 3 + b 3 ) be (b 3 + c 3 ) ac (a 3 + b 3 ) _ 

Bai 28. Cho a, b, c la cac so thuc duong thoa man a, b, c>0;a + b + c = l. Chung minh rang: 

-yf £ (a- b )( b - c )( c -a) S ^ 

Bai 29. Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 < abc. Chung minh rang: 

a + b + c < 1 
a 2 + be b 2 + ca c 2 + ab 2 

Bai 30. Cho a, b, c la cac so thuc thoa man a, b, c e [3; 5]. Chung minh rang: 

Vab + 1 + Vbc + 1 + Vea + 1 > a + b + c 
Bai 31. Cho a, b, c la cac so thuc duong tuy y. Tim gia tri nho nhat cua bieu thuc: 

3(b + c) 4 a + 3c 12(b - c) 

2a 3b 2a + 3c 

Bai 32. Cho a, b, c la cac so thuc khong am thoa man (a - b)(b - c)(c - a) ^ 0. Chung minh rang: 


3 + be + ca) 


1 


1 


1 




> 4 


(Ja-b) (b-c) ( c_a ) 

Bai 33. Cho a, b, c la cac s 6 thuc duong thoa man a + b + c = 3. Chung minh ring: 

a 2 b 2 c 2 3 


b 2 - 2b + 3 c 2 - 2c + 3 a 2 - 2a + 3 2 



Bai 34. Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 = 3. Chung minh rang: 

a b c , . 

—i- 1 -ha + b + c >6 

b c a 

Bai 35. Cho a, b, c la cac s 6 thuc khong am thoa man abc = 1. Tim gia tri nho nhlt cua bilu thuc: 

„ a 3 + b 3 b 3 + c 3 c 3 + a 3 

a 2 + ab + b 2 b 2 + be + c 2 c 2 + ca + a 2 

Bai 36. Cho a, b la cac s 6 thuc duong. Tim gia tri nho nhlt cua: 

p a 3 + b 3 + 7ab(a + b) 

ab V a 2 + b 2 

Bai 37. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

1 1 1 ^ 27 


a(a + b) b(b + c) c(c + a) 2 (a + b + c) ! 
Bai 38. Cho a, b la cac so thuc duong tuy y . Chung minh rang: 


1 1 


32 (a 2 +b 2 ) 
,b ) 4 


Bai 39. Cho a, b, c la cac so thuc duong thoa man a + b + c = 3. Tim gia tri nho nhat cua bieu thuc: 

P = a 3 + b 3 + c 3 + a 2 + b 2 + c + abc 

Bai 40. Cho a, b, c la cac so thuc duong thoa man a + 2b + 4c = 12. Tim gia tri Ion nhat cua bieu thuc: 
p _ 2ab + 8bc + 4ca 
a + 2b 2b + 4c 4c + a 

Bai 41. Cho cac so thuc duong a, b, c thoa man (l - a)(l - b)(l - c) = 8abc. 

Chung minh rang: a + b + c > 1 

Bai 42. Cho a, b, c la cac so thuc duong thoa man a 2 + 2b 2 + 3c 2 = 3abc. 

Chung minh rang: 

Bai 43. Cho cac so thuc duong a, b, c 1cm hon 1 va thoa man a + b + c = abc . 

Tim gia tri nho nhat cua bieu thuc sau: P = a + ^ 

b 2 c 2 a 2 

Bai 44. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 2 b 2 


3a + 2b + c + — + — + — >21 
abc 


< 1 


2 a + be 2 b + ca 2 c + ab 
Bai 45. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang: 

1 1 1 ^ 27 

1 - ab 1 - be 1 - ca 8 

Bai 46. Cho a, b, c la cac so thuc duong. Tim gia tri nho nhat cua bieu thuc: 

_ a+b b+c c+a 

P =-+-+- 

a + b + c b + c + 4a a + c + 16b 

Bai 47. Cho a, b, c la cac s 6 thuc duong thoa man a + b + c = 1. Chung minh ring: 

ab be ca < 3 

1 - c 2 1 - a 2 1 - b 2 " 8 

Bai 48. Cho a, b, c la cac so thuc duong tuy y. Chung minh rang: 

a 2 + b 2 ^ 
a+b b+c c+a 2 \ 


f + Vea j > a + b 4 



Bai 49. 

P = 


Cho a, b, c la cac so there duong thoa man a 2 + b 2 + c 2 = 3. Tim gia tri nho nhat cua bieu there 

a 2 b 2 c 2 


1 + ab + be 1 + be + ca 1 + ca + ab 

Bai 50. Cho a, b, c la cac so there duong thoa man ab + be + ca = 1. Chung minh rang: 

? — + 6 b + ? — + 6 c + ? — + 6 a < 

V a V b V c abc 

Bai 51. Cho cac so thuc a,b, c e [0; 1] vaa + b + c^0. Chung minh rang: 

1 1 1 < 5 

ab + 1 bc + 1 ca + 1 a + b + c 

Bai 52. Cho a, b, c la cac s 6 there duong thoa man a + b + c = 1. Chung minh ring: 

1 1 t > 2 2 2 

1 -a 1 -b 1 -c 1 +a 1 +b 1 +c 


Bai 53. Cho cac so thuc a, b, c e [0;lj. Chung minh rang: 

Bai 54. Cho a, b, c la cac so there duong. Tim gia tri nho nhat cua bieu thuc: 

P = ^4 (a 3 + b 3 ) + ^4(b 3 + c 3 ) + ^4(c 3 + a 3 ) + 2^ + ^ ^ 

Bai 55. Cho a, b, c la cac so there duong tuy y. Chung minh rang: 

a + b + 3c a + 3b + c 3a + b + c 15 

- 1 - 1 -> - 

3a + 3b + 2c 3a + 2b + 3c 2a + 3b + 3c 8 
Bai 56. Cho a, b, c la cac s 6 there duong thoa man a + b + c = 3. Chung minh ring: 

a 2 b b 2 c c 2 a 
2 a + b 2 b + c 2 c + a 

Bai 57. Cho a, b, c la cac so there duong tuy y. Chung minh rang: 


-<1 


3 + 


-H 


— la + b + c 

3' > 


c 2 a 2 b 2 2 ^ 

!. Cho a, b, c la cac s 6 thuc duong thoa man a + b + c < 3. Chung minh ring: 

-(tM^ 

». Cho a, b, c la cac so there duong tuy y. Chung minh rang: 

a 2 (b + c) b 2 (a + b) c 2 (a + b) 2 ^a 2 + b 2 +c 2 j 

b 2 + be + c 2 c 2 + ca + a 2 a 2 + ab + b 2 a + b + c 

I. Cho a, b, c la cac so there duong thoa man ab + be + ca = 1. Chung minh rang: 

j- + j- + t>3 +f irr 1+ Kr 1+ Kr 1 

ab be ca V a \ b V c 

. Cho a, b, c la cac so there duong thoa man a 2 + b 2 + c 2 = 3. Chung minh rang: 

1 | 1 | 1 > 4 | 4 | 4 

a + b b + c c + a a 2 + 7 b 2 +7 c 2 + 7 

;. Cho a, b, c la cac so there duong thoa man a + b + c = 1. Chung minh rang: 


ab 


be 


c + 6 ab a + 6 bc b + 6 ca 3 

i. Cho a, b, c la cac so there duong thoa man ab + be + ca = 1. Chung minh rang: 



b(l + a 2 ) c(l + b 2 ) a(l + a 2 ) 4 

1 1 1 


Bai 64. Cho a, b, c la cac so thuc duong thoa man —----r —----r —--- 

a“ + b“ + 1 b + c 2 + 1 c + a + 1 

Chung minh rang: ab + be + ca < 3 

Bai 65. Cho a, b, c la cac so thuc duong thoa man a 3 + b 3 + c 3 = 3 . Chung minh rang: 

a 2 b 2 c 2 1 

i- wM — +-^ - 

b+5 c+5 a+5 2 

Bai 66. Cho a, b, c la cac thuc duong thoa man [a + b + c) = 9abc . Chung minh rang: 

1 1 13 

= + . — + , = <- 
Vl+ 3c 2 2 


Vl + 3a 2 VI + 3b 2 

Bai 67. Cho a, b, c la cac thuc duong thoa man abc = 1. Chung minh rang: 

S + / ^ 

V b + 8a 

Bai 68 . Cho a, b, c la cac thuc duong thoa man a 2 + b 2 + c 2 = 12. Chung minh rang: 

1 | 1 | 1 ^ 3 

1 + ab 1 + be 1 + ca 5 
3 

Bai 69. Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 < —. Chung minh rang 

4 


> 1 . 


- >1 


(a + b)(b + e)(c + a) + *. ( + * ;j + * :i > 


25 


li 70. Cho a, b, c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang 

+ 1 + J— + 1 + J-*- + 1 ^ 2 {yfa + Vb + Vc) 


Bai 71. Cho a, b, c la cac so thuc duong thoa man abc = 1. Chung minh rang 
a b 

a 2 + 2 + b 2 + 2 ' c 2 + 2 ' 

Bai 72. Cho a, b, c la cac so thuc khong am thoa man min ja + b; b + c; c + aj > 0. Chung minh rang 


<1 


ab 

a 2 + b 2 


be 

b 2 +c 2 




Bai 73. Cho a, b, c la cac s6 thuc duong thoa man a 2 + b 2 + c 2 = 1. Chung minh rSng: 

— + — + - + a + b + c> 4 V 3 
abc 

Bai 74. Cho a, b, c la cac so thuc khong am thoa man a + b + c = 1. Chung minh rang 

a 2 + 1 b 2 + 1 c 2 + 1 7 
b 2 + 1 c 2 + 1 a 2 + 1 2 

Bai 75. Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 = 1. Chung minh rang: 

a 2 Vl - be + b 2 Vl - ca + c 2 \Jl - ab > 

Bai 76. Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 = 3. Chung minh rang: 


b + c 


3b 4 


li 77. Cho a, b, c la cac so thuc duong thoa man a 2 + b 2 + c 2 = 3. Tim gia tri nho nhat cua bieu thuc 




Bai 78. Cho a, b, 

Bai 79. Cho a, b 
thuc: 

Bai 80. Cho a, b, 

Bai 81. Cho a, b, 

Bai 82. Cho a, b, 

Bai 83. Cho a, b, 

Bai 84. Cho a, b, 

Bai 85. Cho a, b, 

Bai 86 . Cho a, b, 

Bai 87. Cho a, b, 

Bai 88 . Cho a, b, 

Bai 89. Cho a, b, 

Bai 90. Cho a, b, 

Bai 91. Cho a, b, 


+ 6 c - 6 c + 5 + - 


ab + ac J ^ be + ba J 

c la cac so thuc khong am thoa man a + b + c = 1. Chung minh rang 
aVl + b - c + byjl + c - a + cV 1 + a - b < 1. 

, c la cac so thuc duong thoa man a 2 + b 2 + c 2 < abc. Tim gia tri nho nhat cua bieu 


1 a + 1 

r^ + l 

1 6 a 2 + 9 V 

6 b 2 + 9 V 


V 6 c 2 + 9 

c la cac so thuc khong am thoa man a + b + c = 3. Chung minh rang: 


1 ab , 

1 bc , 

1 ca ^ yfs 

V 2 a 2 + 3b 2 + 7 1 

V 2b 2 + 3c 2 + 7 1 

V 2 c 2 + 3a 2 +7 “ 2 


c la cac so thuc duong thoa man a 2 + b 2 + c 2 = 3. Chung minh rang: 
a + b + c > 3 c 
1 + be 1 + ca 1 + ab 2 

c la cac so thuc duong thoa man a + b + c = 3. Chung minh rang 
Va 2 - ab + b 2 + Vb 2 - be + c 2 + Vc 2 - ca + a 2 > 3 
a 2 + b 2 b 2 + c 2 c 2 + a 2 2 

c la cac so thuc duong thoa man a + b + c = abc. Chung minh rang 
be + ca + ab > 3\f3 
a(l + bc) b(l + ca) c(l + ab) 4 
c la cac so thuc duong thoa man ab + be + ca = 3abc. Chung minh rang: 
b 2 a 2 

ab 2 + 2a 2 ac 2 + 2c 2 be 2 + 2b 2 

c la do dai ba canh cua tarn giac. Chung minh rang: 


>1 


1 


^ 3a + b 3a + c 2 a + b + cJ 3a + c 3a + b 
c la cac so thuc duong. Chung minh rang: 


- < 2 . 


a(l + b) b(l + c) c(l + a) 1 + abc 
c la cac s 6 thuc duong. Chung minh ring: 

ab be ca ^ a 2 + b 2 


b 2 + c 2 + be c 2 + a 2 + ca a 2 + b 2 + ab ab + be + ca 

c la cac so thuc duong thoa man a + b + c = 1. Chung minh rang: 


3 ^ n . f a 2 b 2 c 2 1 

— > 24- 1 - 1 - 

+■ 1 v 9a + 1 9b + 1 9c + 1 


3a + 1 3b + 1 3c 
c la cac so thuc duong thoa man a + b + c = 1. Chung minh ring: 

2ab + 2bc + 3ca > 5 
(a + c)(b + c) (a + b)(c + a) (b + c)(c + a)"3 
c la cac so thuc duong thoa man ab + be + ca = abc. Chung minh rang: 

a 4 + b 4 b 4 + c 4 c 4 + a 4 

—7 -\ + —7 -\ +—7 -\ ^ 1 

ab (a 3 + b 3 j be (b 3 + c 3 j ca (c 3 + a 3 j 

c la cac so thuc duong thoa man ab + be + ca < 3abc. Chung minh rang: 

I* 


- + 3 < yfe |Va + b + Vb + c + Vc + a j 



Bai 92. Cho a, b, c la cac s 6 thuc duong. Chung minh ring: 

a 2 + b 2 b 2 + c 2 c 2 + a 2 6^a+b+c) 

-+-+-< —-- y L 

(a + b + c) 


a 2 + b 2 + ab b 2 + c 2 + be c 2 + a 2 + ca 


Bai 93. Cho a, b, c la cac so thuc duong thoa man a 3 + b 3 + c 3 = 1. Chung minh rang: 

1 1 1 81 

a 5 (b 2 + c 2 ) 2 b 5 (c 2 + a 2 ) 2 c s (a 2 +b 2 ) 2 4 

Bai 94. Cho a, b, c la cac so thuc duong thoa man a + b + c = 6 . Chung minh ring: 

a + b + c > 3 

^(b + 2)(b 2 - b + 2) ^(c + 2)(c 2 - c + 2) ^(a + 2)(a 2 - a + 2) 2 

Bai 95. Cho a, b, c la cac s 6 thuc duong. Chung minh ring: 

1 11 ^_2_ 

2a + b 2b + c 2c + a “ + b)(b + c)(c + a) 

Bai 96. Cho a, b, c la cac so thuc duong thoa man dieu kien a + b + c = 3. Chung minh rang: 

J1 1 n 


+ — + - + 9 > 10 (a 2 + b 2 + c 2 ) 


^a b c J 

Bai 97. Cho a, b, c la cac s6 thuc Ion hon 1. Chung minh ring: 

a 4 b 4 c 4 


(b-l) (c -l)‘ (a-l) 

Bai 98. Cho a, b, c la cac so thuc duong khong am thoa man a + b + c = 3. Tim gia tri ldn nhat cua: 

P = (a 2 - ab + b 2 j + (b 2 - be + c 2 j + (c 2 - ca + a 2 j. 

Bai 99. Cho x, y, z la nhung so duong thoa man x + y + z > 6 . Chung minh rang: 

——i- ——i——— > 6 
y+z x+z x+y 

Bai 100. Cho a, b, c la cac s 6 thuc duong thoa man abc = 1. Chung minh ring: 

(a 2 + 8^b 2 + 8^c 2 + 8^ < (a + b + c) 

Bai 101. Cho x, y, z la cac so thuc duong thoa man xy + yz + zx = 3xyz. Chung minh rang: 


xy + 2x xz + 2z yz + 2y 




HlTCKVG DAN BAI TAP I t LUYEN 

Bai 1. Xet biiu thuc a 3 - 6 a 2 + 32 = (a - 4) (a + 2) > 0, do a > 0. 

Do do a 3 + 32 > 6 a 2 , tuong tu ta co b 3 + 32 > 6 b 2 ; c 3 + 32 > 6 c 2 


Cong theo vi ba bit ding thuc tren ta dupe a 3 + b 3 + c 3 + 96 > 6 (a 2 + b 2 + c 2 ). 
Nhu vay ta can chung minh 

6 (a 2 + b 2 + c 2 ) > 4(a 2 +b 2 + c 2 ) + 96 <=> 2(a 2 +b 2 + c 2 ) > 96 

Theo bit ding thuc Cauchy ta co 2 (a 2 + b 2 + c 2 ) > 2.3>/a 2 b 2 c 2 = 2.3^64^ = 96. 
Vay bat dang thuc duoc chung minh. Dau dang thuc xay ra khi a = b = c = 4. 

r r ■> 

Bai 2. Trudc het ta chung minh bat dang thuc->-. 

a 5 + b 5 2 

That vay, do a > 0; b > 0 nen 




Tuong tu ta co 


<=> (a - b) (a + b)(a 4 + a 3 b + a 2 b 2 + ab 3 + b 4 ) > 0 
b 7 + c 7 ^ b 2 + c 2 c 7 + a 7 c 2 + a 2 


b 5 + c 5 2 c 5 + a 5 2 

Cong theo ve cac bat dang thuc tren ta duoc 

a 7 + b 7 b 7 + c 7 c' + aJ 


a 5 + b 5 b 5 + c 5 


> a 2 + b 2 + c 2 


Ta can chung minh a 2 + b 2 + c 2 > —. Tuy nhien bat dang thu nay dung vi 


- b )’+( b - 


1 (a + b + c) 

a 2 + b 2 + c 2 -= a 2 + b 2 + c 2 - --— 

3 3a 

Vay bat dang thuc tren duoc chung minh. Dau dang thuc xay ra khi a = b = c = 


Bai 3. Tu gia thiet taco — + — + - = a + b + c<=>ab + bc + ca = abc (a + b + c). 

a b c v ' 

Mat khac cung tu gia thiet tren ta duoc 

, 1119 , 

a + b + c = — + — + — >-=>a + b + c>3 

a b c a+b+c 

Bat dang thuc can chung minh tuong duong vdi 

5(a + b + c) > 7 (a + b + c) + 8 abc(a + b + c) 

<» 5 (a + b + c) > 7 (a + b + c) + 8 (ab + be + ca) 

Ma ta co (a + b + c) >3 (ab + be + ca), ta can chung minh 

, \ 2 i . 8 (a + b + c) 

5(a + b + c) >7(a + b + c) +--- 

Dat t = a + b + c>3,bat dang thuc tren trb thanh 7t 2 - 21t > 0 <=> 7t (t - 3) > 0, bat dang thuc cuoi 
cung dung vdi moi t > 3. 

Vay bat dang thuc duoc chung minh. Dau dang thuc xay ra khi a = b = c = 1. 



Bai 4. Su dung gia thiet a + b + c = 3,ta thay rang bat dang thuc can chung minh tucmg duang vdi 

——i———i--— < 1. Quy dong hai ve va rut gon ta dupe bat dang there sau 

4-c4-a4-b 

a 2 b + b 2 c + c 2 a + abc < 4 . 

Khong mat tinh tong quat ta gia sit a(a-c)(b-c)< 0 » a 2 b + c 2 a < a 2 c + abc . 

Khi do ta co a 2 b + b 2 c + c 2 a + abc < b 2 c + a 2 c + 2abc = c (a + b) 

Ap dung bat dang thuc Cauchy ta co 

/ \ 2 i / w v ( 2 a + 2 b + 2 c ) 3 

c(a + b) = — • 2c(a + b)(a + b) < --—-= 4 

Hay a 2 b + b 2 c + c 2 a + abc < 4 . 

Vay bat dang thuc dupe chung minh. Dau dang thuc xay ra khi a = b = c = 1. 

Bai 5. + Trade het ta chung minh (l - 4ab) + (l - 4bc) + (l - 4ca) < 3. 

Tir gia thiet a + b + c = l,taco l = a + b+c>a+b> 2 Vab. 

Dodo 0 < 1 - 4ab < 1, nen (l-4ab ) 2 <1. 

Ap dung tuong tu ta dupe (l - 4bc) < 1; (l - 4ca) < 1. Cong theo ve ba bat dang thu do ta dupe 
(l - 4ab ) 2 + (l - 4be)' + (l - 4ca ) 2 < 3 . 

+ Chung minh ^ < (l - 4ab) + (l. - 4bc) + (l - 4ca) 

Bat dang thuc can chung minh tuong duang vdi 

3-4 (ab + be + ca) + 16 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) > ^ 

<» ab + be + ca - 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) < — 

' > 27 


De y ta co ab - 2 a 2 b 2 = -2 ab - 


Tuong tu ta co be - 2b c < — 


( bc 4) 


+ — ;ca- 2 cV<-| 
81 9 


f _ 1 

[ Ca 9 


_7_ 

81 

_7_ 

^ 81' 


Cong theo ve cac bat dang thuc tren ta dupe 

ab + be + ca - 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) < — f ab + be + ca - — 


7_ 

27 


Mat khac ta lai co ab + be + ca > 


(a + b + c) 


Do do ab + be + ca - 2 (a 2 b 2 + b 2 c 2 + c 2 a 2 ) < —. Tuc la bat dang thuc tren dupe chung minh. 

Bai 6 . De y rang ab + c = ab + c (a + b + c) = (a + c) (b + c). Do do bat dang thuc can chung minh 
tuong duang vdi 

(a + c)(b + c) | (a + b)(c + b) ^ (b + a)(c + a) ^ ^ 
a+b a+c b+c 

Ap dung bat dang thuc dang x 2 + y 2 + z 2 > xy + yz + zx ta dupe 
(a + c)(b + c) (a + b)(c + b) (b + a)(c + a) 

1-14- L + \ -ZA- L+ v-A-Z>b + c + a + b + c + a = 2 . 

a+b a+c b+c 


a + c 




Nhu vay bat dang thuc dugc chung minh. Dau dang thuc xay ra khi a = b = c = —. 

Bai 7. Gia thiet cua bai toan tuang duang vdi — + — + — = 2 . Bat x = — ; y = —; z = —, khi do ta duac 
a b c a b c 

x + y + z = 2 va bat dang thvrc can chung minh trb thanh 

x 3 y 3 z 3 ^ 1 

F? + Af Af 2 ' 

Chu y la x, y, z < 2. 

2-x 2-x > 3x 

h 8 + 8 ~T' 


Ap dung bat dang thvrc Cauchy ta dugc - 


( 2 -x) 


Tvr do suy ra - 


1 


— > x - —. Thiet lap cac bat dang thuc tuang tu va cong theo ve ta dugc 


x 3 y 3 z 3 ^ 3 1 

-+ —--+->x + y + z - = -. 

( 2 -x/ ( 2 -y)’ ( 2 -.)* 

Nhu vay bat dang thuc dugc chung minh. 

Bai 8. Ap dung bat dang thuc Cauchy cho ba so duang ta dugc 

1 | _4__ _ 4 _ 

abc (a + b)(b + c)(c + a) 2 abc 2 abc (a + b)(b + c)(c + a) 


a 2 b 2 c 2 (a + b) (b + c) (c + a) ^abc(ac + be)(ab + ac)(be + ba) 


Mat khac cung theo bat dang thuc Cauchy ta dugc 


(ab + bc + ca) i i 

a 2 b 2 c 2 < ----=> abc < — -j= 

27 27 3>/3 

(ab + ac)(bc + ba)(ca + cb) < 8 ( ab+ ^ C + ca ) = A 

'27.3V3 9V3 


abc (a + b)(b + c)(c + a) 

Bat dang thuc duac chung minh. Dau dang thuc xay ra khi a = b = cf^t-!=. 

V 3 

Bai 9. Be y ta co dang thuc (a + b)(b + c)(c + a) = (a + b + c)(ab + be + ca) - abc . 
Theo mot danh gia quen thuoc thi 

j— -r j(ab + bc + ca) 

a + b + c > ^)3(ab + be + ca); abc < J- -—-— 

aa 

(a + b)(b + c) (c + a) > (ab + be + ca) ^3(ab + be + ca) - ^ 

|(ab + be + ca) 

27 

Lay can bac ba hai ve ta dugc bat dang thuc 



2 Vab + be + ca < 4s.^j{a + b)(b + c)(c + a) 

Bat dang thuc dugc chung minh. Dau dang thuc xay ra khi a = b = c. 

Bai 10. Bit ding thuc cin chung minh tuong duong vdi 

(a + b) + (a-b) (b + c) + (b-c) (c + a) + (c-a) 


(a-h) 
^ + (b, 
-b) ! (b- 


(b-c 


Bat x = a + ^ ; y = ^ + c ; z = c + a ; khi do bat dang thuc can chung minh tro thanh 
a-b b-c c-a 

x 2 + y 2 + z 2 > 2 

Ta co 

_a+b b+c+b+c c+a+c+a a+b 
a-b b-c b-c c-a c-a a-b 
(a — b)(b - c)(c - a) 

(a - b)(b - c)(c - a) 

Ma (x + y + z) > 0, do vay x 2 + y 2 + z 2 > -2 (xy + yz + zx) = 2. 

Bat dang thuc dugc chung minh. Dau dang thuc xay ra khi a = b = C. 

Bai 11. Theo bat dang thuc Bunhiacopxki ta dugc 

(2a 2 + b 2 )(2a 2 + c 2 ) = (a 2 +a 2 + b 2 )(a 2 +c 2 + a 2 ) > (a 2 + ab + ac) = a 

„3 

-, chung minh tuong tu ta dugc 


( 2 a 2 + b 2 )( 2 a 2 + c 2 ) ( a + b + c) 

b 3 b 


( 2 b 2 +c 2 )( 2 b 2 + a 2 ) (a + b + c) 2 ’ ( 2 c 2 + a 2 )( 2 c 2 + b 2 ) ( a + b + c ) 2 

Cong theo ve cac bat dang thuc tren ta dugc 

a 3 b 3 c 3 „ 1 


( 2 a 2 + b 2 ) ( 2 a 2 + c 2 ) ( 2 b 2 + c 2 ) ( 2 b 2 + a 2 ) ( 2 c 2 + a 2 ) ( 2 c 2 +b 2 ) a + b + c 

Vay bat dang thuc tren dugc chung minh. Dau dang thuc xay ra khi a = b = c. 

Bai 12. Bien doi ve trai cua bat dang thuc nhu sau 


;( Va | Vb | Vc 1 _ 

( 1 a 

1 h 

1 C 

Va + b + c ! 

^a + b + c ! 

^ a + b + c 

Ib+c c+a a+bl 

b + c 

c + a 

a + b 


1 a+b+c 

a + b + c 

a + b + c 


a + b + c 


_. w I a I b [ 

Bat dang thuc can chung minh trb thanh 

x | y | z ^ 3V3 

y 2 + z 2 z 2 + x 2 x 2 + y 2 2 

Ta co the chung minh bat dang thuc tren nhu sau 
Tir dieu kien x 2 + y 2 + z 2 = 1, ta dugc 


, suy rax +y +z = 1 . 


(a + b + c) 





y 2 + z 2 z 2 + x 2 x 2 + y 2 1 - x 2 1 - y 2 1 - z 2 

3^3 ^ _ 2x “ 3 ^ x2 (l - x 2 ) _ x(V3x + 2)(V3x - l) 
2 (l-x 2 ) 2 (l-x 2 ) 

3S 


Xet- : — x“ 

I X 2 


Tir do suy ra - >-x", chung minh tuong tu ta duoc 

1 - x 2 2 

, _z_. 

1 - y 2 2 1 - z 2 

Cong cac bat dang thuc tren theo ve ta duoc 


> W 3 2 
2 

^ 3^3 


1 -x 2 1 -y 2 1 -z 2 2 

Vay bat dang thuc tren duoc chung minh. Dau dang thuc xay ra khi a = b = c. 

4 1 1 

Bai 13. Ap dung bat dang thuc quen thuoc dang-<- 1 -ta duoc 

x + y x y 

ab be ca ab be ca 


1+c 1+a 1+b a+c+b+c a+b+a+c a+b+b 

< lf ab + ab + be + be + ca 
“Il^a + c b + c a + b a + c a + b 
_a + b + c_ 1 
“ 4 ~ 4 

. , . 1 

Bat dang thuc duoc chung minh. Dau dang thuc xay ra khi a = b = C = —. 

Bai 14. Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

a , b , c = a 2 + l)AAc 2 > ( a + b + c ) 2 


+ c 

c< 

b4 


b c a ab be ca ab + be + ca 


» fa b c), , , (a + b + c) 3 

Do do — + — + — a + b + c) > — 

^ b c a J v ' ab + be + ca 

Ta can chung minh 

(a + b + c) /—-r 

1 - ’ > 3 J 3 a 2 + b 2 + c 2 ) 

ab + be + ca V v > _ 

<» (a + b + c) > 3 (ab + be + ca) ^3 (a 2 + b 2 + c 2 ) 

That vay, theo bat dagr thuc Cauchy ta co 

(a + b + c) = (a 2 + b 2 + c 2 ) + (ab + be + ca) + (ab + be + c 

> 3^|(a 2 + b 2 + c 2 ) (ab + be + ca) 

Luy thua bac ba hai ve ta duoc 

(a + b + c) >27 (a 2 + b 2 + c 2 ) (ab + be + ca) 

Lay can bac hai hai ve bat dang thuc tren ta duoc 

(a + b + c) > 3 (ab + be + ca) ^3 (a 2 + b 2 + c 2 ) 

Nhu vay bat dang thuc tren duoc chung minh. Dau dang thuc xay ra khi a = b = c 



T , a 2 -b 2 b 2 -c 2 c 2 -a 2 ,, , n 

Bai 15. Ta co - 1 - 1 - = a- b + b- c + c- a = 0 

a+b b+c c+a 

„ ., a 2 b 2 c 2 b 2 c 2 a 2 

Do do -+-+-=-+-+- 

a+b b+c c+a a+b b+c c+a 

x ,, . , 2a 2 2b 2 2c 2 a 2 + b 2 b 2 + c 2 c 2 + a 2 

Khi do ta can chung minh- 1 - 1 ->- 1 - 1 - 

b+c c+a a+b a+b b+c c+a 
Bat dang there tren tuong duong vbi 


2a 2 - b 2 + c 2 2b 2 - c 2 + a 2 2c 2 - a 2 + b" 


>0 


b+c c+a a+b 

.. (a - b) 2 (a + b) | (b-c)'(b + c) | (c - a)* (c + a) ^ ^ 

(a + c)(b + c) (a + b)(a + c) (a + b)(b + c) 

Nhu vay bat dang there dupe chung minh. 

Bai 16. Trade het ta chung minh bat dang there 

(a + b)(b + c)(c + a) > ^(a + b + c)(ab + be + ca) 

That vay, khai trien va rut gon ta dupe bat dang thuc sau 

c ( a - b) 2 + b(c - a) 2 + a(b - c) 2 > 0 
Do do bat dang thuc tren dupe chung minh. 

Ap dung bat dang thuc tren ta dupe 

27^a + b)(b + c)(c + a)J >27.^(a + b + c) (ab + be + ca) 

Mat khac theo mot danh gia quen thuoc ta dupe 

(ab + be + ca) > 3abc (a + b + c) 

Do do ta dupe bit ding thuc 

27[ja + b) (b + c) (c + a)J > 64abc(a + b + c) 

Vay bat dang thuc ban dau dupe chung minh. Dau dang thuc xay ra khi a = b = c. 

Bai 17. Bi6n ddi tuong duong bit ding thuc tren ta dupe 

a + b + b + c + c + a > ^ + ( a + ^ +c ) ( a ^ + be + ca) 
cab abc(a + b + c) 

. + b | b + c | c + a^l | 3 (a 2 + b 2 + c 2 )(ab + be + ca) ^ 

c a b J abc(a + b + c) 

ab (a + b) + be (b + c) + ca (c + a) + 3abc (a 2 + b 2 + c 2 ) (ab + be + ca j 

<^>-,-r- 

abc abc (a +b + c) 

(a + b + c) (ab + be + ca) (a 2 + b 2 + c 2 ) (ab + be + ca) 

abc abc (a + b + c) 

(a + b + c) (ab + be + ca) (a 2 + b 2 + c 2 ) (ab + be + ca) 

abc(a + b + c) abc(a + b + c) 

2(ab + bc + ca) , \ 2 / \ 

<=> —-—t -f- > 6 «> (ab + be + ca) > 3abc (a + b + c) 

abc (a + b + c) V ) \ ) 

Bat dang thuc cuoi cung la mot bat dang thuc dung theo mot danh gia quen thuoc la 


>6 




(x + y + z) >3(xy + yz + zx) 

Vay bat dang thuc tren dugc chung minh. Dau dang thuc xay ra tai a = b = c. 
b ^ _ c 

a + b ’ 

Khi do bat dang thuc can chung minh trb thanh x 2 + y 2 + z 2 + lOxyz > 2 
b c 3 


Bai 18. Dat x =-; y = 

b + c c + a 


De dang chung minh dugc 


b+c c+a a+b 


Do do ta dugc x + y + z>—,tudota suy ra 


x 2 + y 2 + z 2 + lOxyz = x 2 + y 2 + z 2 + 6xyz + 4xyz > x“ + y 2 + z 2 + 


6xyz 


6xyz 


> 2(xy + yz + zx) 


Mat khac ta lai chung minh dugc x + y + z 

x + y + z 

Tu do suy ra x 2 + y 2 + z 2 + lOxyz > 2 (xy + yz + zx) + 4xyz 
Ta can chung minh xy + yz + zx + 2xyz = 1 

Hay a b + b C + C a +2 a ^ C -1 

b+c c+a c+a a+b a+b b+c b+c c+a a+b 
Dang thuc tren dugc chung minh d6 dang. 

Vay bat dang thuc ban dau dugc chung minh. Dau dang thuc xay ra tai a = b = c. 
Bai 19. Theo bat dang thuc Cauchy ta co 3 = ab + be + ca > 3a/ a 2 b 2 c 2 => abc < 1 


(ab + ac)(ab + be)(ac + be) < 


ab + ca + ab + be + ca + be 


Cung theo bat dang Cauchy ta co 

1 4 


abc (a + b 

) (b + c) (c + a) 2abc 2abc 

> ^ + 2 1 

f 1 4 

2abc V 

2abc (a + b) (b + c) (c + a) 

= —+ 2l 

1 2 , 

2abc ]j 

(ac + be) (ab + ac) (be + ab) 

Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai ; 


(a + b)(b + c)(< 

1 + 2 ^ = 1 
2 V4 2 


I- =- + l = - 
2 


Bai 20. Tir gia thiet a 2 + b 2 + c 2 + d 2 =1 suy ra 0 < a, b, c, d < 1 . 


Xet 

2(l-a)(l-b) = 2-2a-2b + 2ab 

= a 2 + b 2 + c 2 + d 2 - 2a - 2b + 2ab - 2cd + 2cd 
= (a + b - l) + (c - d) + 2cd > 2cd 

Hay (l - a) (l - b) > cd. 

Chung minh tuong tu ta dugc (l - c) (l - d) > ab 

Nhan theo ve hai bat dang thuc tren ta dugc abed < (l - a) (l - b) (l - c) (l - d) 

Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = c = d = ^ . 
Bai 21. Ap dung bat dang thuc Bunhiacopxki ta dugc 


+ 4xyz 




3a + b 


3b + c 


3c + a 


V-\/a 2 + 2b 2 + c 2 Vb 2 + 2c : 

< 3 


+ a 2 Vc 2 + 2a 2 + b 2 J 

(3a + b) (3b + c) 


(3c + a) 


a + 2b + c b + 2c + a c + 2a" + b 


Mat khac cung theo bat dang there Bunhiacopxki dang phan thuc ta dugc 

( 3a + b ) 2 ^ 9a 3 b 2 _ 9a 3 


a + 2b + c a + b + c b a + b + c 

Ap dung tuang tu ta dugc 

(3a + b) (3b + c) (3c + a) 

a 2 + 2b 2 + c 2 b 2 + 2c 2 + a 2 c 2 + 2a 2 + b 2 

„ 9a 2 9b 2 


Do do 
Hay 


2 + b 2 + c 2 b 2 + c 2 + a 2 c 2 + a 2 + b 2 
3c + a 


Va 2 + 2b 2 + c 2 Vb 2 + 2c 2 + a 2 V c 2 + 2a 2 + b 2 

3a + b 3b + c 3c + a 


Va 2 + 2b 2 + c 2 Vb 2 + 2c 2 + a 2 Vc 2 + 2a 2 + b 2 

Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = c. 
Bai 22. Tir gia thiSt a,b,c e [0; 1], suy ra 0 < a,b,c < 1. 


Khi do (l - a 2 ) (l - b) > 0 hay 1 + a 2 b > a 2 + b. Ap dung tuang tu ta dugc 

3 + a 2 b + b 2 c + c 2 a > a 2 + b 2 + c 2 + a + b + c (l) 

Mat khac cung tir gia thiet 0 < a, b, c < 1, ta dugc 


a > a 2 > a 3 la + a 2 > 2a 3 

b > b 2 > b 3 => j b + b 2 > 2b 3 

c > c 2 > c 3 I c + c 2 > 2c 3 
Cong theo v6 ba bit ding thuc tren ta dugc 

a 2 + b 2 + c 2 + a + b + c > 2a 3 + 2b 3 + 2c 3 ( 2 ) 

Tir k6t qua cua (1) va (2) ta dugc 3 + a 2 b + b 2 c + c 2 a > 2 (a 3 + b 3 + c 3 j 

Hay 2 (a 3 + b 3 + c 3 j - (a 2 b + b 2 c + c 2 a j < 3 

Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = b = c = 1. 


Bai 23. Bat dang thuc can chung minh tuang duang vbi 27 [ja + b) (b + c) (c + a)J > 64abc 
D§ dang chung minh dugc 

9(a + b)(b + c)(c + a) > 8(a + b + c)(ab + be + ca) 

Nen ta dugc (ab + be + ca) > 3abc «> (ab + be + ca) > 3abc (a + b + c) 

Bat dang thuc cuoi cimg luon dung, do do phep chung minh hoan tat. 

Dang thuc xay ra khi va chi khi a = b = c. 

Bai 24. Ap dung bat dang thuc Cauchy cho ve trai cira bat dang thuc ta dugc 



a 4 + b 4 
I 1 + ab 


lb 4 +c 4 

1 c 4 + a 4 

1 1 + be V 

1 + ca 


| 2 (a 4 + V) , 

|2( b ‘+c*) . 

[2 ^c 4 + a 4 ) 

1 2 + 2ab V 

2 + 2bc V 

2 + 2ca 


V 2 + 2ab V2 + 2 be V2 + 2ca >/2 + 2ab V2 + 2bc 

Su dung bat dang there Bunhiacopxki va bat dang there Cauchy ta dugc 

b 2 c 2 ^ 2 ( a + b + c ) 2 


V2 + 2ca 2 V 2 + 2ab + 2 V 2 + 2bc + 2 V 2 4 
2(a + b + c) 3 
ab + be + ca + 9 2 


Tuang ter ta co - 


V2 + 2ab V2 + 2bc 

Cong hai bat dang thuc ta duoc J a + ^ + . V + C + . ° + a > 3 
' V 1 + ab V 1 + be V 1 + ca 

Phep chung minh hoan tat. Bang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 25. Trade het ta chung minh bat dang thuc sau: Vdi moi so thuc duong x, y, z ta c 

(l + x 3 )(l + y 3 )(l + z 3 ) > (l + xyz) 3 

That vay, bat dang tuong duong vdi 

1 + x 3 + y 3 + z 3 + x 3 y 3 + y 3 z 3 + z 3 x 3 + x 3 y 3 z 3 > 1 + 3xyz + 3x 2 y 2 z 2 + 3 
Hay x 3 + y 3 + z 3 + x 3 y 3 + y 3 z 3 + z 3 x 3 > 3xyz + 3x 2 y 2 z 2 

Ap dung bat dang thuc Cauchy ta dupe 

x 3 + y 3 + z 3 > 3xyz; x 3 y 3 + y 3 z 3 + z 3 x 3 > 3x 2 y 2 z 2 
Cong theo ve cac bat dang thuc tren ta dupe 

x 3 + y 3 + z 3 + x 3 y 3 + y 3 z 3 + z 3 x 3 > 3xyz + 3x 2 y 2 z 2 

Vay bat dang thuc tren dupe chung minh. 

Ap dung bat dang thuc tren ta dupe 

(l + a 3 + b 3 + b 3 j > (l + ab 2 ) 

(l + b 3 )(l + c 3 )(l + c 3 J > (l + be 2 ) 

(l + c 3 )(l + a 3 )(l + a 3 ) > (l + ca 2 ) 

Nhan trmg ve cua ba bat dang thuc tren ta dupe 

(l + a 3 ) (l + b 3 ) (l + c 3 ) > (l + ab 2 ) (l + be 2 ) (l + ca 2 j 

Vay bat dang thuc dupe chung minh. Bang thuc xay ra khi va chi khi a = b = c. 

Bai 26. Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta co 

p _ 1 | 1 | 1 > 9 

2 + ab 2 + be 2 + ca ab + be + ca + 6 
Mat khac, theo bat dang thuc Cauchy ta co a 2 + b 2 + c 2 > ab + be + ca 

—9 _ 

e b 2 + c 2 + 6 3 + 6 

Bai toan dupe hoan tat. Bang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 27. Ap dung bat dang thuc Cauchy ta co 

a 4 + a 4 + a 4 + b 4 > 4a 3 b; b 4 + b 4 + b 4 + a 4 > 4ab 3 


Bo do 


P> 


- = 1 


Suy ra 2 a 4 + 2 b 4 > a 4 + b 4 + a 3 b + ab 3 = (a 3 + b 3 )(a + b) 

Ap dung tuong tu va ket hop vdi gia thiet ab + be + ca = abc, ta dupe 



bc(b 3 


> a + b b + c 
2ab 2bc 
ab + be + ca _ 
abc 


Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = 3 

Bai 28. Bat dang thuc can chung minh tucmg duong vdi |ja - b)(b - c)(c - ajj < 

Khong mat tinh tong quat, ta gia su a > b > c > 0 . 

Ta co bien doi sau 


[ja - b)(b - c)(c - a)J <[ja-b)abj < 
Ap dung bat dang thuc bat dang thuc Cauchy ta co 

f 2ab + 2ab + (a - b) 


x2ab(a - b) j 


^2ab2ab(a - b) 


Tirdosuyra [(a-b)(b-c)(c-a)] < ^ 
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Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = 3 
Bai 29. Ap dung bat dang thuc quen thuoc dang - 


a 2 + be a 3 + abc 

Ap dung tuong tu ta duoc 


)- be b 2 + ca c 2 + ab 

1 1 1 
b 


. 1 1 

= — + —, ta duoc 


f-+ — 

^a 3 a 2 + b 2 

if 1 1 1 

4^a b c 


ll 1 

4 a 


<1 


Ta can chung minh 

That vay, Ap dung mot danh gia quen thuoc va ket hop vbi gia thiet, ta duoc 

f b 2 + c 2 ^ ab + be + ca 


1 >- 


1 1 1 

=-1- h — 

abc 


abc abc 

Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = 3 
Bai 30. Do a, b, c e [3; 5], nen ta dupe |a - b| < 2 <=> (a - b) <4 

Khi do ta dupe 4ab + 4 > a 2 + b 2 + 2ab = (a + b) 

Hay 2\/ab + 1 > a + b 

Chung minh tuong tu ta dupe ‘2\Jbc + 1 > b + c; 2yjca + 1 > c + a 
Cong theo ve cac bat dang thuc tren ta dupe 

Vab + 1 + Vbc + 1 + Vea + 1 > a + b + c 
Do dau dang thuc o cac bat dang thuc tren khong dong thbi xay ra. 

Do do ta dupe Vab + 1 + Vbe + 1 + Vea + 1 > a + b + c 

Vay bat dang thuc dupe chung minh. 

Bai 31. Dat x = 2a; y = 3b; z = 3c 

Bieu thuc da cho viet lai nhu sau 




y + z 2x + z 4y — 4z _ y + z + x — x 2x + z 4y + 4x - 4x - 


x y x+z x y x+z 

- y + x + z + x + x + z + ^ x + 
xy x y x+zx+z 

Ap dung bat dang thuc Cauchy ta dugc 

Y x ^ „ z + x 4x^, x + z 4y^, 

- + — > 2; -+-> 4; -+ —— > 4 

xy x x+z y x+z 

Do do ta dugc P > 10 - 5 = 5. Dang thuc xay ra khi va chi khi 


x = y = z 


3 3 

>2a = 3b = 3c<»a = -b = -c 
2 2 


, , 3 3 

Vay gia tri nho nhat cua bieu thuc P la 5, dat dugc tai a = — b = — c. 

Bai 32. Vi vai tro cua a, b, c nhu nhau nen ta co the gia sir c la so nho nhat trong ba so a, b, c. 
Khi do ta dugc 

b 2 ( r _A 2 a 2 


ab + be + ca > ab: 


(b - c 


Do do ta can chung minh ab 


1 

\ 2 

a - b) 


a 2 + b 2 


> 4 hay - 




Danh gia cuoi cung dung theo bat dang thuc Cauchy. 
Dang thuc xay ra khi va chi khi 


a 2 + b 2 = 3ab 
0 


c = 0 

ab = (a -b) ]c 

Bit ding thuc dugc chung minh. 

Bai 33. Ap dung gia thiet ta co bien doi nhu sau 

a 2 3a 2 


b 2 2b + 3 3b 2 3.2b + 3 2 3b 2 - (a + b + c) .2b + (a + b + c) 2 

3a 2 


a + 2b + c + 2ac 
3a 2 ^ 3a 2 


Ap dung bat dang thuc Cauchy ta dugc —— _ 

a + 2b + c“ + 2ac 2 fa 2 + b 2 + c 2 j 

Ap dung tuong tu ta dugc 


b - 2b + 3 c - 2c + 3 a - 2a + 3 
. 3 f a 2 


2 ^a 2 + b 2 + c 2 a 2 + b 2 + c 2 a 2 + b 5 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi a = b = c = 1 

Bai 34. 

Cach 1: Dat a + b + c = 3-t 2 => -^3 - < t < ^3 - -\/3 

a b c 2(3-t 2 ) t 4 (5-t 2 ) 

Taco — + — + — + a + b + c- 6> V - ’ - 3 - t 2 = — 1 - ’ > 0 

b c a (3 - t) 2 - 3 t - 6t 2 + 6 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi a = b = c = 1 
Cach 2: Ap dung bat dang thuc Bunhiacopxki ta dugc 


fat 



a + b + c 


a b c (a + b + cf 


b c a ab + be + ca ab + be + ca 

Ta can chung minh bat dang there sau 

---+ a + b + c>4«--—--+a+b+c-4>0 

ab + bc + ca (a + b + c) -3 

(a + b + c - 3) 2 (a + b + c + 2) > 0 

Bat dang there cuoi luon dung, do do bai toan duoc chung minh xong. 

Bang there xay ra khi a = b = c = 1 

f b 3 (a + b) (a 2 - ab + b 2 ) 
a 2 + ab + b 2 a 2 + ab + b 2 

De dang chung minh duoc a 2 - ab + b 2 > ^ (a 2 + ab + b 2 ) 

That vat, bat dang there tren tuong duong vbi 

3 (a 2 - ab + b 2 ) > a 2 + ab + b 2 <» a 2 - 2ab + b 2 > 0 <» (a - b) >0 
a 3 + b 3 


Bai 35. Ta co bien doi bieu there nhir sau - 


r A( a + b ) 


Ap dung bat dang thuc vera chung minh tren ta duoc - 9 

a + ab + b 3 v 
Ap dung tuong ter ket hop vbi bat dang thuc Cauchy ta duoc 

_ a 3 + b 3 b 3 + c 3 c 3 + a 3 2 / . \ n 3 r, „ 

a + ab + b b + be + c c + ca + a 3 v 7 

Vay gia tri nho nhat cua P la 2, dang thuc xay ra khi a = b = c = 1. 

Bai 36. Ap dung bat dang thuc Cauchy ta duoc 

V2ab.Va 2 + b 2 < — (a 2 + b 2 + 2ab) = — (a + b) 


Suy ra 


4^.4777 <^L 

2V2 


Do do ta duoc 


Vab (a + b) 


a 3 + b 3 + 7ab(a + b) 2^|^a 3 + b 3 + 7ab(a + b)J 
ab-v/a 2 + b 2 ^/ab (a + b) 2 

2^2 [(a + b) (a 2 + b 2 + 6ab)] [(a + b) 2 + 4ab j 

Vab (a + b) 

Mat khac lai theo bat dang thuc Cauchy ta duoc 

(a + b) + 4ab > 4^/ab (a + b) 

2^[(a + b) +4abl g^.A^bfa + b) r 

Do do ta co P >-J==---4 >-=-A ——L = 8V2 

vabla + bl vabla + bl 

Vay gia tri nho nhat cua P la 8 -n/ 2 . Dang thuc xay ra khi va chi khi a = b 
Bai 37. Ap dung bat dang thuc Cauchy ta duoc 
1 1 


>3 


a(a + b) b(b + c) c(c + a) )jabc(a + b)(b + c)(c + a 



Ta can chung minh 


^|abc(a + b)(b + c)(c + a) 2 (a + b + c) 2 

Hay 8(a + b + c) > 729abc(a + b)(b + c)(c + a) 

That vay, ap dung bat dang there Cauchy ta dugc 

27abc < (a + b + c) ; 27(a + b)(b + c)(c + a) < 8(a + b + c) 

Nhan theo ve hai bat dang thuc tren ta dugc 

8(a + b + c) > 729abc(a + b)(b + c)(c + a) 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi a = b = c. 

1 1 4 (a 2 + b 2 ) 

Bai 38. Ta co - --- v ’ 


4a 2 b 2 

b 2 a 2 + b 2 a 2 b 2 (a 2 +b 2 ) a 2 b 2 (a 2 +b 2 ) 

Ap dung bat dang thuc Bunhiacopxki ta duoc 

(a 2 + b 2 ) 4a 2 b 2 (a 2 + b 2 + 2ab) 




a 2 b 2 (a 2 + b 2 ) a 2 b 2 (a 2 + b 2 ) 2a 2 b 2 (a 2 + b 2 ) 2a 2 b 2 (a 2 + b 2 

fa + b) 32(a 2 + b 2 ) 

Ta can chung minh - x > —--- 7 

2a 2 b 2 (a 2 +b 2 j ( a + b) 

Tha vay, bat dang thuc tren tuong duong vdi (a + b) > 64a 2 b 2 (a 2 + b 2 j 

Hay (a + b) > 8ab(a 2 + b 2 j. Trien khai va thu ggn ta dugc (a - b) >0. 

Bat dang thuc cuoi cung dung vdi mgi so thuc a, b. 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi a = b. 

Bai 39. Xet dang thuc sau 

a 3 + b 3 + c 3 - 3abc = (a + b + c)(a 2 + b 2 + c 2 - ab - be - ca) 

= 3 (a 2 + b 2 + c 2 - ab - be - ca) 


Tir do suy ra 
Khi do ta dugc 


abc = — (a 3 + b 3 + c 3 J 


P = — (a 3 + b 3 + c 3 j + ab + be + ca 


De y ta thay khi a + b + c = 3 thi a + b + c > 3 
Ap dung bat dang thuc Cauchy ta dugc 

a 3 + a 3 + 1 > 3a 2 ; b 3 + b 3 + 1 > 3b 2 ; c 3 + c 3 + 1 > 3c 2 
Cong theo ve cac bat dang thuc tren ta dugc 

2 ^a 3 + b 3 + c 3 j + 3>3 ^a 2 + b 2 + c 2 j > 2 ^a 2 + b 2 + c 2 j + 3 
a 3 + b 3 + c 3 > a 2 + b 2 + c 2 


Nen ta dugc 
Suy ra 


P > 


^a 2 + b 2 + c 2 j + ab + be + ca= ^ (a + b + c) + ^a 2 + b 2 + c 2 j ^ = 7 


3 V 1 2 \ > 6' 

Vay gia tri nho nhat cua bieu thuc P la 7. Dang thuc xay ra khi va chi khi a = b = c = 1. 

Bai 40. Doi bien x = a; y = 2b; z = 4c, khi do ta dugc x + y + z = 12va bieu thuc P dugc viet lai thanh 


P = 


x y 


y z 


x+y y+z z+x 



Ap dung bat dang there Cauchy ta dugc 


p = xy | yz | zx ^ \ x + y) | 1/ + | V + x ) = x + y + z = 

x + y y + z z + x 4(x4y) 4(y4z) 4(z4x) 2 

Vay gia tri 1cm nhat cua P la 6. Dang thuc xay rataix = y = z = 4<=>a = 4;b = 2;c = l. 
Bai 41. Gia sua + b + c<l. Khi do ta co 

(l - a)(l - b)(l - c) > (b + c)(c + a)(a + b) 

De dang chung minh dugc (a + b) (b + c) (c + a) > 8abc. 

Do do ta co 8abc > 8abc vo li. Vay a + b + c > 1. 

Bai 42. Ap dung bat dang thuc Cauchy ta co 

3 a + 2b + ch -1-1— = a H-1-2] a-l— |h— | bn — | + ch— 

bj 

2a + b 


> a 4 - 42.4 4-4 
2 2 


Mat khac ta lai co 


3abc = a 2 + 2b 2 + 3c 2 = a 2 4 c 2 4 2 (b 2 4 c 2 ) > 2ab 4 2bc => — > — H— >- 

' ’ 2 a b 2a 4 b 


Do do ta duoc 2a 4 b > 6, suy ra + ^ 418 > 21. 

2 


Tu do ta dugc 3a + 2b + c 4 


5 6 4 , , 

- 4 — 4 — > 21. Bat dang thuc dugc chung minh. 


Bai 43. Ta co a 4 b 4 c = abc <=> — 4 — 4 — = 1. Ta viet lai bieu thuc P thanh 
ab be ca 

a-l+b-1 1 b-l+c-1 1 c-l+a-1 1 

Do do ap dung bat dang thuc Cauchy ta duoc 

P ,4a-i) + 4M + AA =2 fi + i + iV 2 fT,i,i 

ab be ca 


abc 


ab be ca 


D§ thly - + - + - > 3 — 4 — + — = V3 . Do do ta duoc P > a/3 - 2 . 

a b c y ^ab be ca J 

Vay gia tri nhd nhat cia P la a/ 3 - 2, dang thuc xay ra khi a = b = c = a/3 

Bai 44. Bat dang thuc tuong duong vdi ——- 1 -—- 1 -—— > 1 

2a 2 4 be 2b 2 4 ca 2c 2 4 ab 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc de chung minh bat dang thuc tren. 
Bai 45. Tu gia thiet a4b4c = lta suy ra abc < . 

Bat dang thuc can chung minh tuong duong vdi 

(l - ab)(l - be) + (l - be) (l - ca) 4 (l - ca)(l - ab) 27 
(l - ab)(l - bc)(l - ca) ~~ 8 

3 - 2)ab 4 be 4 ca) 4 abc(a 4 b 4 c) 27 


Hay 


1 - (ab 4 be 4 ca) 4 abc (a 4 b 4 c) - a 2 b 2 c 2 8 



Hay 8^3-2(ab + be + ca) + abej <27^1- (ab + be + ca) + abc - a 2 b 2 c 2 J 
Hay 

3 - ll(ab + be + ca) + 19abc - 27a 2 bV > 0 
<=> 4 [^3 + 19abc - 27a 2 bV J > 11.4 (ab + be + ca) 
Tir bat dang there quen thuoc (a + b - c) (b + c - a) (c + a - b) < abc suy ra 
(l - 2a)(l - 2b)(l - 2c) < abc 
Hay 11.4 (ab + be + ca) < 11. (l + 9abc) 

Ta can chung minh 4^3 + 19abc - 27a 2 b 2 c 2 J > 11^1 + 9abc) 

That vay, bat dang there tren tuong duong vdi (l - 27abc) (l + 4abc) > 0 


Bat dang thuc cuoi cung dung do abc < - 


P = - 


Vay bat dang thuc dupe chung minh. Dang thuc xay ra khi va chi khi a = b = c = — 

Bai 46. 

{ x = a + b + c 3a = y- x 
y = b + c + 4a => <^ 15b = z - x 
z = c + a + 16b 15c = 21x-5y-z 

Khi do bieu thuc P dupe viet lai la 

-6x + 5y + z 20x - 5y 16x - z y 3x z 16x 4 

- - -+-— +-= — + — +-+- 

15x 15y 15z 3x 4y 15x 15z 5 

a , y 4x 4 z 16x 8 

Ap dung bat dang thuc Cauchy ta co — + — > —;-+-> — 

3x 3y 3 15x 15z 15 

. 4 8 4 16 4 x 5c . 3c 

Do do ta duoc P > — H-= —. Dang thuc xay ra khi va chi khi a = —; b = — 

3 15 5 15 7 7 

' 16 9 9 5c 3c 

Vay gia tri nho nhat cua P la —, dang thuc xay ra khi va chi khi a = —; b = —. 

Bai 47. Tir gia thiet a + b + c = ltaco 

1 - c 2 = (a + b + c) - c 2 = a 2 + b 2 + 2 (ab + be + ca) > 2 (ab + be) + 2 (ab + ca) 

Mat khac ap dung bat dang thuc Bunhiacopxki ta dupe 


ab 


2(ab + be) + 2(ab + ca) 4^2(ab + bc) 2(ab + ca) 


ab 


ab 


Do do ta co 
Ap dung tuong ter 


ab 

1 - c 2 


8 l ab + be ab + ca 


be < 1 

; be be 

1 ca < 

ca ^ ca I 

1 - a 2 8 

^bc + ca ab + bc y 

’ 1-b 2 “si 

^ca + ab be + ca J 


Cong theo ve cac bat dang thuc tren ta dupe 

ab be ca 
1 - c 2 1 - a 2 1 - b 2 


ab + be ab + ca be + ca ab + be ca + ab be + ca 




Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c 
Bai 48. Bat dang thuc can chung minh dugc viet lai thanh 

Vab + Vbc + Vca > 2 f a--—1 + 2 f b--—1 + 2 f c-—— 


a + b 
2 ab 2bc 2ca 


b + c 


Hay Vab + Vbc + Vca > - 

a+b b+c c+a 

Ap dung bat dang thuc Cauchy ta dugc 

2ab ^ 2ab r~r 2bc ^ 2bc fc— 2ca ^ 2ca /— 

-< — -7= = vab; -< — 1= = Vbe; -< — t = = Vca 

a + b 2 Vab b + c 2Vbc c + a 2Vca 

Cong theo ve cac bat dang thuc tren ta dugc 

r~r r~ I — * 2ab 2bc 2ca 

Vab + Vbe + Vca >-1-1-- 

a+b b+c c+a 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c. 

Bai 49. Ap dung bat dang thuc Bunhiacopxki a dugc 

(a + b + c) 2 


1 + ab + be 1 + be + ca 1 + ca + ab 3 + 2 fab + be + ca) 
De y ta thay, do a 2 + b 2 + c 2 = 3 nen ta co 3 + 2 (ab + be + ca) = (a + b + c) 

(a + b + c) 2 _ ! 

3 + 2(ab + be + ca) 

a 2 b 2 c 2 

-1-1-+ 1 

1 + ab + be 1 + be + ca 1 + ca + ab 

Vay gia tri nho nhat cua bieu thuc P la 1. 

Dang thuc xay ra khi va chi khi a = b = c = 1 
Bai 50. Ap dung bat dang thuc Cauchy ta dugc 

Jl + _ 3^3.9ab(l + 6ab) < 4 + Qbc + 6ab 

9 Vabc 

Ap dung tuong tu ta dugc 


Suy ra 

Do do ta dugc P = 


fb +6c£ 


9 Vabc 
4 + 9ca + 6bc 


, 4 + 9ab + 6ca 
9 Vabc 


9 Vabc V c 

Cong theo ve cac bat dang thuc tren ta dugc 

fi R fi 12 + 15fab + be + ca) q 

| - + 6b + ? - + 6c + 3 - + 6a <- ±-== - = -f== 

» a Vb \c 9vabc Vabc 

Ta can chung minh . ^ —— hay 32/fabc) <1 

Vabc abc VV ' 

Bat dang thuc cuoi cung luon dung. Vi tu gia thiet ta dugc 

1 = ab + be + ca > 3Vab.bc.ca = 3^(abc) 

Bat dang thuc duoc chung minh. Dang thuc xay ra khi va chi khi a = b = c = . 

v3 

Bai 51. Khong mat tinh tong quat ta gia su 1 > a > b > c > 0. 

T/-1 * 4^ , f cl cl C C 

Kh i do ta co -<-; -<- 

ab + 1 be + 1 ca + 1 be + 1 

Suy ra 



a + b + c 1 + b + c + (l - b)(l - c) + be 


be +1 


ab + 1 be + 1 ca +1 

Mat khac ta lai co 

a + b + b + c + c + a_fa + b ^ + 
ab + 1 be + 1 ca + 1 l ab + 1 


be +1 

c + a 
ca +1 


(‘- a )( 1 - b ). t 1 - 11 )! 1 - 0 ), (‘- A 1 -*) 


Cong theo ve hai bat dang there tren ta dugc 

a+b+c a+b+c a+b+c 


<5 


Hay 


ab + 1 be + 1 ca + 1 
1 1 1 < 5 

ab + 1 bc + 1 ca + 1 a + b + c 

Bdt ding there dugc cherng minh. 

Dang there xay ra khi va chi khi a = b = l;c = 0 va cac hoan vi. 

Bai 52. Do a, b, c la cac so thuc duong thoa man a + b + c = 1 nen 0 < a, b, c < 1. 

Suy ra 1 - a, 1 - b, 1 - c > 0 

, 11 4 

Ap dung bat dang thuc quen thuoc — 1 — >-ta duoc 

x y x + y 


1 


1 


4 

S 1 + b 


1 -a 1 -b 2 -a-b 1 +c 

Chung minh tuong tu ta co 

1 1 > 4 i 1 

1 -b 1 — c 1 + a’l-c 1 -a 

Cong theo v 6 cac bit ding thuc tren ta dugc 

1 | 1 | 1 > 2 | 2 | 2 
1 -a 1 -b 1 — c 1 + a 1 + b 1 + c 

Bat dang thuc dugc cherng minh. Dang thuc xay ra khi va chi khi a = b = c = \ 


Bai 53. Khong mat tinh tong quat ta gia ser 1 
Ap dung bat dang thuc Cauchy ta dugc 


0 , khi do ta co - 


Suy ra 

Do do ta dugc 
Hay 

Mat khac ta lai co 
Nen ta dugc 


3 = l- b + l- c + l + b + c> 33/(l - b) (l - c) (l + b + c) 
1 > (l - b)(l - c)(l + b + c) 

1 - a > (l - a)(l - b)(l - c)(l + b + c) 

' ' •(3-..H1 >.ii: ■! 

1 -a 


1 + b + c 

1 - _ 

a+b+c 1 +b+c 


->(l-a)(l-b)(l-c) 


-,i + (l-a)(l-b)(l-c) 


Suy ra - 

a+b+c ^ ^ ^ a+b+c 3 

Vay bat dang thuc dugc chung minh. Dang thuc xay ra khi va chi khi a = b = c = 1 



Bai 54. Ap dung bat dang thuc Cauchy ta co 

4 (a 3 + b 3 j = (a 3 + b 3 ) + 3 (a 3 + b 3 ) = (a 3 + b 3 ) + 3 (a + b)(a 2 + b 2 - ab) 
> (a 3 + b 3 ) + 3ab(a + b) = (a + b) 

Do do ta duoc W4 (a 3 + b 3 ) > a + b 

Ap dung tuong tu ta duoc ^4^b 3 + c 3 ) > b + c; ^4 (c 3 + a 3 j > c + a 
Tu do ta co bat dang thuc sau 

P = ^4 (a 3 + b 3 j + ^4 (b 3 + c 3 j + ^4 (c 3 + a 3 ) + 2 + -7 + 


>2|a + b + c + —+ —+ — 
b c 


Ap dung bat dang thuc Cauchy ta duoc 

a + b + c + -^- + -^- + -^-> 3^/abc + ^— > 6 

b 2 c 2 a 2 

Suy ra P > 12 . Vay gia tri nhb nhat cua P la 12. 

Dang thuc xau ra khi va chi khi a = b = c = 1 

Bai 55. 

Cach 1: Dat x = 2a + 3b + 3c; y = 3a + 2b + 3c; z = 3a + 3b + 2c. 


Khi do bat dang thuc can chung minh tuong duong vdi - 


• 7 x y^y zzx 


y x z y x z 


y x z y x 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra tai a = b = c. 
Cach 2: Bien doi ve trai cua bat dang thuc tren ta duoc 

a + b + 3c a + 3b + c 3a + b + c 

- 1 - 1 - 

3a + 3b + 2c 3a + 2b + 3c 2a + 3b + 3c 


3 ^ 3a + 3b + 2c 3a + 2b + 3c 2a + 3b + 3c J 
1 


= l + 7(a + b + c)(--— 

V ^3a + 3b + 

> 1 + 7 (a + b + c) 


2c 3a + 2b + 3c 2a + 3b + 3c 
15 


'8(a + b + c) 8 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra tai a = b = c 
Bai 56. Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

a 2 b a 2 b 


2a + b a + a + b 9 


+ ^ + ^ =i( 2ab + a 2 ) 


a 2 b b 2 c c 2 a (a + b + c) 

1 -+-<--' = t 

b + c 2c + a 9 

Dang thuc xay ra tai a = b = c = 1. 

rig thuc can chung minh trb thanh 
(b + b)(b-c) b(c + a)(c-a) c(a + b)(a-b) 


Ap dung tuong tu ta duoc 

2a + b 2b + c 2c + a 9 

Vay bat dang thuc duoc chung minh. Dang thuc xay ra tai a = b = c = 1 

Bai 57. 

Cach 1: Bi6n dbi tuong duong bdt dilng thuc cdn chung minh trb thanh 


b 2 c 2 c 2 a 2 a 2 b 2 

Bat dang thuc tren hien nhien dung. Do do bai toan duoc chung minh. 




Cach 2: Quy dong va pha dau ngoac ta dupe 

2(a 3 b 3 + b 3 c 3 + c 3 a 3 ) > a 2 b 2 (be + ca) + b 2 c 2 (ca + ab) + c 2 a 2 (ab + be) 
<=> 2(a 3 b 3 + b 3 c 3 + c 3 a 3 ) > abc 2 (be + ca) + a 2 bc(ca + ab) + ab 2 c(ab + be) 
Ap dung bat dang there quen thuoc x 3 + y 3 > xy (x + y) ta dupe dieu phai chung minh. 

Bai 58. Ap dung bat dang there Cauchy ta co 

< a^.2(b^c»). 8(a + b + c)3 = aib2+aV 
V ) 2 5 .27 2 

Ap dung tuong ter ta dupe 

a> (kA)‘ + b> f«•<? f^T < aV + b ! c ! + cV S i(a ! 4- b ! + 


Vay bat dang there dupe chung minh. Dang there xay ra tai a = b = c = 1. 
Bai 59. Ap dung bat dang there Cauchy ta co 


Suy ra 


4 (ab + be + ca) (b 2 + c 2 + be) < (ab + be + ca + be + b 2 + c 2 ) = (b + c) (a + b + c) 
a 2 (b + c) 4a 2 (ab + be + ca) 


-, ap dung tuong ter ta dupe 


b +bc + c (b + c)(a + b + c) 

a 2 (b + c) b 2 (a + b) c 2 (a + b) 4 (ab + be + ca) f a 2 b 2 c 2 ^ 

b 2 + be + c 2 c 2 + ca + a 2 a 2 +ab + b 2 (a + b + c) 2 t b + c c + a a + bj 

b 2 c 2 (a + b + c) (a 2 + b 2 + c 2 ) 


Ta can chung minh 

Hay 


b + c c + a a + b 2(ab + bc + ca) 

a 2 b 2 c 2 ( a + b + c) 


(a + b + c) 


Hay 


b + c c + a a + b 2 (ab + be + ca) 

a 2 b 2 c 2 (a + b + c) 

b + c c + a a + b 2(ab + bc + ca) 


Bat dang thuc tren tuong duong vdi 


a 


(a + b + c) 


b + c c + a a + b 2 (ab + be + ca) 

Bat dang thuc cuoi cung dung theo bat dang there Bunhiacopxki dang phan thuc. 
Vay bai toan dupe chung minh. 

Bai 60. 

Cach 1: Ap dung bat dang thuc Bunhiacopxki ta co 


Ta can chung minh dupe 



>0 


( 1 1 1 

Y r 

1 i 

A 

— + — + — 

-3 >3 3 

+ —+ —+ 

-4 

^ab be ca 

J l 

a b 

c J 


(a-b) + (b-c) + (c-a) 


a, dc a 2 b 2 c 2 

Bat dang there cuoi cung dung. Vay bai toan dirge eh ling minh xong. 
Cach 2: Ket hap vdi gia thiet ta co 


-1-1-— I ab + be + ca)-1-1-— 3 H-1-1— 

ab be ca v '^ab be ca J b a c 

_ 3+ iT a + b + a + c + b + c + b + a + c + a + c + b| + l| a + 

2 ^ a a b b c cj 2^b a < 

_ a + b a + c b + c b + a c + a c + b 1 . 

V a a V b b V c c 2_ 

„ ja 2 + ab + bc + ca |a 2 + ab + bc + ca |a 2 + ab + bc + ca 

= 3 + i -^- 1 -eC - + ll- 

= 3 + ^ + ^ + ^ = 3 + ^A + JIA + ^ 

Vay bat dang there dugc chiing minh. 

Bai 61. Ap dung bat dang there Cauchy ta co 

1 1 4 _8_ 

a + b b + c a + 2b + c 2a + 2b + 2b + 2c 
8 


’ C a I o 

-+-+- -3 
) a c J 


Hoan toan tuang ter 


fl + b 2 +l + c 2 + l b 2 + 7 
1 18 


Cong theo ve ba bat dang there tren ta dugc dieu phai chiing minh. 

Bai 62. Ta co c + 6ab = c (a + b + c) + 6ab = ab + be + ca + c 2 + 2ab + 3ab 
Ap dung bat dang there Bunhiacopxki dang phan thiic ta dugc 

ab 1 f ab ab 1 | 

- — - -1-5-1- 

c + 6ab O^ab + bc + ca c +2ab 3 J 

Hoan toan tuang tu 

ab be ca ^ 1 f n ab be ca | 

c + 6ab a + 6bc b + 6ca 9 ^ c + 2ab a + 2bc b + 2ca J 
Phep chiing minh hoan tat neu ta chi ra dugc 

ab be ca c 2 b 2 c 2 ^ . 

—- + —- + —j- < 1 O —- + —;- + — ; - > 1 

c + 2ab a + 2bc b" + 2ca c + 2ab a + 2bc b + 2ca 

Bat dang thiic cuoi cung dung theo bat dang thiic Bunhiacopxki dang phan thiic. 

Vay bai toan dugc chiing minh. 

Bai 63. Ap dung bat dang thiic Bunhiacopxki dang phan thiic ta dugc 

a | b : c > (a + b + c)~ _ 

b(l + a 2 ) c(l + b 2 ) a^l + a 2 j ab + be + ca + abc(a + b + c) 






(ab + be -t 


De y la (a + b + c) >3 (ab + be + ca) = 3; abc (a + b + c) < 

(a + b + c) 9 , 

Ta dugc----r- > —. Suy ra bat dang thuc dugc chung minh. 

ab + be + ca + abc (a + b + c) 4 

Bai 64. Ap dung bat dang thuc Bunhiacopxki ta dugc 

(a 2 + b 2 + l)(l + 1 + c 2 ) > (a + b + c) 

1 1 +1 + c 2 ^ 2 + c 2 


Do do ta duoc 

a 2 + b 2 + 1 

Hoan toan tuong tu ta dugc 

i 

1 < 


2 + b 2 +1 1 + 1 + c 2 


(a + b + c) 

6 + a + b +c 


a +b +1 b + c +1 c + a +1 ( a + b + c ) 

Hay ab + be + ca < 3. Vay bat dang thuc dugc chung minh. 

Bai 65. Ap dung bit ding thuc Cauchy taco b+5=b+2+3< 2^3 (b + 2). 

Hoan toan tuong tu ta dugc 

a 2 + b 2 + c 2 < 1 ( a 2 + b 2 + c 2 

b + 5 c + 5 a + 5 2^ Wb + 2 Vc + 2 Va + 2 
Ap dung bat dang thuc Bunhiacopxki ta dugc 
a 2 + b 2 + c 2 

Vb + 2 Vc + 2 V a + 2 

Ta quy bai toan ve chung minh. 

——-1———i--— < 1 <=> a 2 c + b 2 a + c 2 b + 2(a 2 + b 2 + c 2 ) < 8 + abc 

b + 2 c + 2 a + 2 V ’ 

De dang chung minh dugc a 2 + b 2 + c 2 < 3; a 2 c + b 2 a + c 2 b < 2 + abc 

Bat dang thuc dugc chung minh xong. 

Bai 66. 

Cach 1: De thay 9abc = (a + b + c) >3 (ab + be + ca) => 3abc > ab + be + ca 

Dat x = —; y = —; z = — =>x + y + z<3=>xy + yz + xz<3. 
abc 


b + 2 c + 2 a + 2 


Bat dang thuc dugc viet lai thanh 


x y z _ 3 

, —■ + . ; + ^ - < - 

yx 2 + 3 yjy 2 + 3 yz 2 +3 ^ 


Ap dung bat dang thuc Cauchy ta dugc 


•gx + xy + yz + zx 


^/(x + y)(z 


2 \^x + y z + x 


Hoan toan tuong tu ta dugc 


,3 

. w a 2 ' 

Vay bat dang thuc dugc chung minh. 

Cach 2: Dat a = xy; b = yz; c = zx khi do gia thiet trb thanh 

9x 2 y 2 z 2 = (xy + yz + zx) <» 3xyz = xy + yz + zx va xyz > 1. 

Khi do ve trai dugc viet lai thanh 



i + i_i_i_ x + y z 

*Jl + 3y 2 z 2 Vl + 3z 2 x 2 -y/l + 3x 2 y 2 -y/x 2 + 3x 2 y 2 z 2 -y/y 2 + 3z 2 x 2 y 2 yjz 2 + 3x 2 y 2 z 

y 


Ta quy bai toan ve chung minh - 


yjx 2 + 3xyz \]y 2 + 3xyz <Jz 2 + 3xyz 

y 


^/x 2 + 3xyz -y/y 2 + 3xyz yjz 2 + 3xyz ^ 

Den day chu y den 3xyz = xy + yz + zx ta chung minh dirge bat dang thuc tuong tu nhu each 1 

Bai 67. Tir gia thiet abc = 1, ta dat a = — ;b = — ;c = — (x;y;z>o). Khi do bat dang thuc dugc viet 

y z x ' ' 

lai thanh 


•Jx 2 + 8yz ^/y 2 + 8zx yjz 2 + 8xy 


Bat dang thuc tren chinh la bat dang thuc b bai 27. 

Bai 68. 

Cach 1: Ap dung bit ding thuc Cauchy ta co 
1 1 1 


1 + ab 1 + be 1 + ca 3 + ab + be + ca 3 + a 2 + b 2 + c 2 5 

Bit ding thuc dugc chung minh 

1 1 + ab 2 


Cach 2: Ap dung bat dang thuc Cauchy ta co 
Ap dung tuong tu ta dugc 


1 + ab 


25 


25 


1 + 1 + 1 > 6_3 + ab + bc + ca 

1 + ab 1 + be 1 + ca 5 25 

Ta quy bai toan ve chung minh ab + be + ca < 12 . Bat dang thuc cuoi cung dung do 
ab + be + ca < a 2 + b 2 + c 2 = 12 

Bit ding thuc dugc chung minh. 

, 3 „ 


Bai 69. Tu gia thiet ta co — > a + b + c > Silaoc 
4 


Ap dung bat dang thuc Cauchy ta dugc 


t- b)(b + c)(c 


1 1 

h b 3 + c 3 


23 


abc 8abc 8abc 

Bit ding thuc dugc chung minh. 

Bai 70. Ap dung gia thiet va bat dang thuc Bunhiacopxki ta co 


> 2 + 23 = 25 


lab +1 _ l ab + c _ j ab + c(a + b + c) _ j (b + c)(c + a) ^ Tan + y/bc _ | j .~ 

V C V C V c v C Jc 


Hoan toan tuong tu ta co bat dang thuc can chung minh. 

Bai 71. Chu y den a 2 +2 = a 2 +l + l>2a + l. 

Ap dung tuong tu ta quy bai toan ve chung minh 2 (a + b + c) > 6. 


Bai 72. Be y 1; 


ab _ jab (a +b ) yfeab 


b a + b 
2ab + 2bc 
a 2 + b 2 b 2 + c 


ap dung tuong tu ta quy bai toan ve chung minh 

2ca ^ 1 




Bat dang thuc tren tuong duong vdi —--— + —- — + —— 

a + b b + c c - 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


-a) 4(a + b + c) ^ 4(ab + bc + ca) ^ 

fa 2 2(a 2 + b 2 + c 2 ) a 2 + b 2 + c 2 


Bat dang thuc dugc chung minh. 

Bai 73. Tir gia thiet ta duac abgi£^= 

3V3 

Ap dung bat dang thuc Cauchy ta co 

a b c ^be 

Ap dung bat dang thuc Cauchy ta lai co 

111 ../ , 


- + 3^ct + b + c^>3 , + 3.'\/<ibc > Gyfs 


Cong thoe ve hai bat dang thuc tren va thu ggn ta dugc 

— + — + - + a + b + c> 4V3 
a b c 

Bat dang thuc dugc chung minh. 

Bai 74. Gia su a la so lbn nhat trong ba so a, b, c suy ra ^ < a < 1 . 

Khi do bien doi tuong duong ta chung minh dugc 

b 2 +1 c 2 +1 . /■, \ 2 1 .a 2 


Tir do ta quy bai toan ve chung minh 


- a Vl - 3a - 4a 


Bat dang thuc cuoi cung luon dung. Vay bai toan dugc chung minh. 

Bai 75. Bit ding thuc cin chung minh tuong duong vbi 

a 2 V2 - 2bc + b 2 V2 - 2ca + c 'yf‘2 - 2ab A • 'j- 

V3 


) = a 2 Vl + a 2 = Va 4 + a 6 


Hoan toan tuong tu ta dugc 


1 - b 2 V2 - 2ca + c 2 V2 - 2ab > Va 4 + a 6 + Vb 4 + b 6 


V 3 3 

Ap dung bat dang thuc Bunhiacopxki ta dugc 


a + b + c 



Suy ra a 2 V2 - 2bc + b 2 V2 - 2ca + c 2 V2 - 2ab > —== 

V3 

Bat dang thuc dirge chung minh. 

Bai 76. Ta co 


= 9(a 2 +b 2 +c 2 ) + 12^ 


b+c c+a a+b 


Hb) (b4 


Theo bat dang thuc Neibizt va bat dang thuc Bunhiacopxki ta co 

a + b + c > 3 
b+c c+a a+b 2 
111 9 


(a + b) (b + c) (c + a) (a + b) + (b + c) + (c + a) 4 (a 2 + b" + c 2 j 4 


Suy ra ta duoc 3a 


b + c 


3b + 


3c 4 


Bat dang thuc duoc chung minh. 

Bai 77. Ap dung bat dang thuc Cauchy ta co 

6a 2 - 6a + 5 H---= 5 (a 2 + l) - 6a + a 2 


ab + ac 


— 2a + 2a + a H— 


ab + ac 
8a 


Do do ta duoc 6a 2 - 6a + 5 + - 


Hoan torn tuong tu ta duoc 

P > 108(a 4 + b 4 + c 4 ) + 216 —+ -A— 
v > yb + c c + a a + b 

108 (a 2 + b 2 + c 2 ) q 

>-i+ 216.- = 648 

3 2 

Vat gia tri nho nhat cua P la 648, dang thuc xay ra tai a = b = c = 1. 

Bai 78. Ap dung bat dang thuc Cauchy ta duoc 


&\ll + b - c = a^l.l.^l + b - c) < —-——-- = a + ^ ^ 

Hoan toan tuong tu ta duoc a^/l + b - c + byjl + c 


3 3 

f c - a + cfl + a - b < 1. 


Bat dang thuc duoc chung minh. 

Bai 79. Ban doc tu giai 

Bai 80. Ap dung bat dang thuc Bunhiacopxki ta duoc 


ab 


be 


l _?! 

1.2a 2 +3 


ca 


2a 2 + 3b 2 + 7 V 2b 2 + 3c 2 + 7 V 2c 2 + 3a 2 + 7 

ab be ca 

3b 2 +7 2b 2 + 3c 2 +7 2c 2 + 3a 2 + 7 


Tu a + b + c = 3 suy ra ab + be + ca < 3. 
Ap dung bat dang thuc Cauchy ta duoc 



ab _ ab < ab < ab f 1 + 1 

2a 2 + 3b 2 + 7 2 (a 2 + l) + 3 (b 2 +1) + 2 4a + 6b + 2 4 |^6b 4a + 2 

i i „ if i i O' iri i 


4a + 2 2a + 2a + 2 
ab 


2a 2a 2 
a b ab 
2a 2 + 3b 2 + 7 ~ 24 36 72 


Hoan toan tucmg tu ta dugc 
ab 


be 


ca 


2a + 3b + 7 2b + 3c + 7 2c + 3a + 7 

a + b + c a + b + c ab + be + ca ^ 3 3 3 1 

< - + - + - < — + — + — = - 

24 36 72 24 36 72 4 


Suyra J ab -+ J— bc + J- 

V 2a 2 + 3b 2 + 7 V 2b 2 + 3c 2 + 7 V 2c 2 + 3a 2 ■ 


Hay bat dang there dugc chung minh 

Bai 81. Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

a b c ^ (a + b + c) 2 _ (a + b + c) 3 


1 + bc 1 + ca 1 + ab a + b + c + 3abc ( a + b + c) 2 + 3abc(a + b + c) 
(a + b + c) 

(a + b + c) + (ab + be + ca) 

Tu gia thiet va ap dung bat dang thuc Cauchy ta dugc 

(a + b + c) < 9; (ab + be + ca) <9; (a + b + c) > 27abc 


Do do ta dugc 


a b c ^ 3 , 

-+-+-> — abc 

1 + bc 1 + ca 1 + ab 2 


Bat dang thuc dugc chung minh. 

Bai 82. Ap dung bat dang thuc Bunhiacopxki ta dugc 


(a + b) Va 2 - ab + b 2 = ^(a + b)(a 3 + b 3 ) > a 2 + b 2 

^ . Va 2 - ab + b 2 1 , , 

Do do ta duoc->-, hoan toan tuong tu ta duoc 

a 2 + b 2 a + b 

Va 2 - ab + b 2 Vb 2 - be + c 2 Vc 2 - ca + a 2 


"a + b b + c c + a 2(a + b + c) 


Bat dang thuc dugc chung minh. 

Bai 83. Dat x = — ;y = —; z = —, khi do gia thiet duoc viet lai thanh xy + yz + zx = 1. 
abc 

Suy ra x + y + z > yfs 

r i , ^ "y 2 3^/3" 

Bat dang thuc can chung minh trb thanh-1---1->- 

yz + 1 zx + 1 xy + 1 4 

Ap dung bat dang thuc Bunhiacopxki ta dugc 




x + y + z 


x ( y | z ^ (x + y + z) _(_,_ 

yz + 1 zx + 1 xy + 1 3xyz + x + y + z 3xyz ( x + y + z ) + ( x + y + z ) 2 

(x + y + z) (x + y + z) 

(xy + yz + zx) + (x + y + z) 1 + (x + y + z) 

Bat t = x + y + z>V3, khi do de dang chung minh duoc — 1 -— > 

1 +1 2 4 

Vay bat dang thuc duoc chung minh. 

Bai 84. Ban doc tu chung minh 

Bai 85. Neu x,y,z > 0,x < y thi — < - 


Do do 


y + z 

l i _l 

3a + b 3a + c 2a + b + cJ 3a + c 3a + b 
a + c a + b 2a 2a + 2b 2a + 2c 


4a 


3a + b 3a + c 2a + b + c 4a + b + c 4a + b + c 4a + b + c 
Bai toan duoc chung minh xong. 

Bai 86. Bat a = k —; b = k —; c = k —. Khi do bai toan quy ve chung minh 


yz 


xy 


kzx + k 2 xy kxy + k 2 yz kyz + k 2 zx 1 + k 3 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta chung minh duoc bai toan. 

« 2 ah ac(ca-b 2 | 

Bai 87. B6 y ta thly-----= -- v 

ab + be + ca b + c + be (ab + be + ca) (b 2 + c 2 + be) 

Do do bat dang thuc can chung minh tuong duong vdi 

ac(ca-b 2 ) ab(ab-c 2 ) be (be-a 2 ) 


b + c + be c 


tea a 2 + b 2 + ab 


Lai thay 


, ac(ca-b 2 ) c 2 a(a + b + c) 


f be 


h be 


- ca , do do ta viet lai bat dang thuc can chung minh thanh 


a 2 b 


b 2 c 


b 2 + c 2 + be c 2 + a 2 + ca a 2 + b 2 + ab a + b + c 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

c 2 a a 2 b b 2 c 

- 1 - 1 - 

b 2 + c 2 + be c 2 + a 2 + ca a 2 + b 2 + ab 

(ab + be + ca) _ ab + cl 


a(b 2 + c 2 + be) + b(c 2 + a 2 + ca) + c(a 2 + b 2 + ab) a + b + c 


Vay bat dang thuc duoc chung minh. 

Bai 88. Ap dung bat dang thuc Cauchy ta co 


aVa 


H 3a +1 + 6a 2^6a(3a + l) 2^6(3a + l) 


Do do ta duoc 




aVa 

bVb 

\2 

c-v/c 

^9a +1 9b+ 1 9c + lJ 

J6(3a + l) 

A/6( 3b + 1 ) 

^6(3c + l)J 


Ap dung bat dang thuc Bunhiacopxki ta dugc 

aVa b-s/b cyfc 


^6 (3a + l) ^6 (3b + l) ^6(3c + l) 


, a + b + c f a 3 b 3 c 3 
6 I 3a + 1 + 3b + 1 + 3c + 1 


Suy ra ta dugc 


3a + 1 3b + 1 3c + 1 


9a + 1 9b + 1 9c + 1 


Vay bat dang thuc dugc chung minh. 

Bai 98. Bit ding thuc cin chung minh tuong duong vdi 

6ab (a + b) + 6bc (b + c) + 9ca (c + a) > 5 (a + b) (b + c) (c + a) 

<=> ab (a + b) + be (b + c) + 4ca (c + a) > lOabc <=>-+-+ —x-j-—- > 10 

Ap dung bat dang thuc Cauchy ta dugc 

a + b b+c 4(c + a) 


a c b 4c b 4a ^ _ 
= - + - + - + — + - + — >10 
c a b cacbab 

Vay bat dang thuc dugc chung minh. 

Bai 90. De dang chung minh dugc 2 (a 4 + b 4 j > ab (a 3 + b 3 j , do do ta co 
a 4 + b 4 


Hoan toan tuong tu ta dugc 

a 4 + b 4 
abfa 3 + b 3 ) 


Bat dang thuc dugc chung minh. 

Bai 91. Ap dung bat dang Bunhiacopxki ta co 


ab a 3 


b 4 + c 4 
befb 3 + c 3 ) 


v a + b _ If 1 1 

2ab 21 a b 


c + a 
cafe 3 + a 3 '! 


1 1 1 ab + be + ca 



Bat dang thuc tren trb thanh 


— - 

Vx + y 


—- 
V y + z 


Ap dung bat dang thuc Bunhiacopxki va ket hgp vdi x + y + z<3,taco 


/—--1 

Vx + y 


I—--1 

yy + z 


V z + x 


9V2 


9^ 


yJx + Y + 7y + z + Vz + X ^3.2(x + y + z) 


Vay bat dang thuc dugc chung minh. 






a + 


Bai 92. Ta co ^ -= 2-„-„ ’ . Khi do ap dung tuong tu ta duoc 

a 2 + b 2 + ab a 2 + b 2 + ab 


a 2 + b 2 b 2 + c 2 c 2 + a 2 


+ b 2 + ab b 2 + c 2 + be c 2 + a 2 + ca 
( a + b) , (b + c) (c + a) 

1 + b 2 + ab b 2 + c 2 + be c 2 + a 2 + ca 

L 

Bai toan quy ve chung minh. 

6 (a 2 + b i +c i ) (a + b) 2 | (b + c) ; | (c + af ^ 

+ b + c) 2 a 2 + b 2 + ab b 2 + c 2 + be c 2 + a 2 + ca 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

(a + b) (b + e) (c + a ) 4(a + b + c) 

a 2 + b 2 + ab b 2 + c 2 + be c 2 + a 2 + ca 2 (a 2 + b 2 + c 2 ) + ab + be + ca 

Ta can chung minh duoc 

4^a + b + c) 6^a 2 +b 2 +c 2 ) 

2 ^a 2 + b 2 + c 2 j + ab + be + ca + b + c ^ 2 

Bat x = a 2 + b 2 + c 2 ; y = ab + be + ca => x > y va bat dang thuc tren tro thanh 

4(x + 2y) , 6x ,, 4(x+2y) | 4(2x + y) ^ ; 

2x + y x + 2y 2x + y x + 2y 

Bat dang thuc cuoi cung dung theo bat dang thuc Cauchy. 

Vay bat dang thuc duoc chung minh. 

Bai 93. Ap dung bat dang thuc Cauchy ta co 

l 81a(b 2 +c 2 ) 81a(b 2 +c 2 ) 27^9 

a 5 (b 2 + c 2 ) 2 + 8 + 8 4a 


Cung theo bat dang thuc Cauchy ta lai co 


, 27^9 „ 


Do do ta duoc - 


l 81a(b 2 +c 2 ) 81a(b 2 + c 2 ) 


a 5 (b 2 + c 2 j 


Ap dung tuong tu ta duoc 

1 1 


(b 2 + c 2 ) b 5 (c 2 +a 2 ) c 5 (a 2 +b 2 ) 

gl gl gi 8l(a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 ) 


4 ( a ’ + l) 4 ( a>+ f) 4 ( ai 


Lai ap dung bat dang thuc Cauchy ta duoc 



81 


81 


81 


81.9 

4 (a 3 + b 3 + c 2 ) + 8 

8l(a 2 b + ab 2 + b 2 c + be 2 + c 2 a + ca 2 j 81.2 (a 3 + b 3 + c 3 ) 

4 “ 4 

_ 1 1 1 243 162 81 

Suy ra-+-+->-= — 

a 5 (b 2 +c 2 ) b 5 (c 2 +a 2 ) c 5 (a 2 +b 2 ) 4 4 4 

Vay bat dang thuc dirge chung minh. 

Bai 94. Ap dung bat dang thuc Cauchy taco (b + 2)(b 2 - b + 2 j < 



243 

4 


162 


Do do ta diroc . — ^—. Ap dung tuong tu ta duoc 
/(b + 2)(b=-b + 2) b + 4 

a b c 

V(b + 2)(b=-b + 2) + J[c + 2)(c ! - c + 2) + f : 2)(a> - a + 2) 

^ 2a | 2b | 2c 
b 2 + 4 c 2 + 4 a 2 + 4 

Ta can chung minh duoc ——-1---1--— > —. 

b 2 + 4 c 2 + 4 a 2 + 4 4 

Den day ap dung ky thuat Cauchy nguoc dau de chung minh bat dang thuc tren. 

Bai 95. Bit ding thuc cin chung minh tuong duong vbi 

1 ^ 1 ^ 1 "I > 2(a + b + c) 

2a + b + 2b + c + 2c + a J " ^( a + b)(b + c)(c + a) 

Ta co 

(a + b + c) f —-— + —-— + —-—1 
' '^2a + b 2b + c 2c + a J 

c + a + b + 1| b + c + a | + 3 

2a + b 2b+ c 2c + a 2^2a + b 2b + c 2c + aJ 2 

Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta duoc 

c | a | b > (a + b + c) 

2a + b 2b + c 2c + a 3 (ab + be + ca) 

b , ° . (a + b + c) 2 _ t 

2a + b 2b + c 2c + a a 2 + b 2 + c 2 + 2 (ab + be + ca) 

(a + b + c) 2(a + b + c) 

Nhu vay ta can chung minh duoc —4-- + 2 > . v ; 

3(ab + bc + ca) s|(a + b)(b + c)(c + a) 

, , (a + b + c) (a + b + c) 

Ma theo bat dang thuc Cauchy ta co —4- - —r + 2 > 3? —4--—- 

3(ab + bc + ca) V3(ab + bc + ca) 

Phep chung minh se hoan tat neu ta chi ra duoc 




2 (a + b + c 


p(ab + bc + ca) ^ a + b)(b + c)(c 
9(a + b) (b + c)(c + a) > 8(a + b + c)(ab + be + 


Day la mot danh gia dung. Vay bat dang thuc dugc chung minh. 

Bai 96. Khong mat tlnh tong quat, gia sir a la so lbn nhat trong ba so tren. 
Tir gia thiet a + b + c = 3, suy ra 1 < a < 3. 

Bat dang thuc can chung minh tuong duong vbi 


- 42(a + b + c) - 117 > 10 a + b 


Hay -10b 2 + 42b 4 


* 10a — 42a H- \- 48 


(2b - l) 2 (l6 - 5b) (2c - l) 2 (l6 - 5c) (a - 2) 2 (20a - 4) 

b c a 

Theo bat dang thuc Bunhiacopxki dang phan thuc ta dugc 

(2b -1) 2 (l6 - 5b) (2c - l) 2 (l6 - 5c) (2b -1) 2 (2c - l) 2 


16 - 5b 16 - 5c 


16-5b 16-5c 16-5b 16-5c 


Ta can chung minh 


j-2) 2 (20a-4 


i-2) 2 (5a-l 


16-5b 16-5c 

That vay, vi a > b; a > c, do do ta c 


16-5b 16-5c 16-5a 16-5a 16-5a 


(a-2) 2 (a-2) 2 (l6-5 


16-5b 16-5c 16-5a 

(a-2f(l6-5a) (a-2f(5a-l) 

Bay gib ta can chi ra dugc --—-- > --—- - 

3 — a a 

Danh gia tren tuong duong vbi (a - 2) (l6 - 5a) a > (a - 2) (5a -1)(3 - a) 

Hay 3(a-2) >0, danh gia cuoi cung luon dung vbi mgi a. 

Vay bat dang thuc dugc chung minh. Dau dang thuc xay ra tai a = 2; b = c = ^ va cac hoan vi cua no. 
Bai 97. Ap dung bat dang thuc Bunhiacopxki dang phan thuc ta dugc 


3 b - 1 c — 1 a - 1 



Ta can chung minh 


b - 1 c-1 a - 1 

That vay, ta co (b - 2) > 0 <=> b < ^ + 4 <=> b -1 < — 

v / 4 4 

Do do —— > . Ap dung tuong tu ta duoc —— > ; —— 2 

b-1 b c-lc a-1 

Cong theo ve cac bat dang there tren ta duoc 


^—+-+->4 — + — + — >4.3 = 12 

b - 1 c-1 a -1 

Vay bat dang there duoc chung minh. Dau dang there xay ra tai a = b = c = 2 . 
Bai 98. Gia set a = min ja,b,cj. ta cob + c = 3 - c < 3. 

Ser dung bat dang thuc AM-GM ta co: 

P = (a (a - b) + b 2 )(b 2 - be + c 2 (a - c) + c 2 ) 

4 3, 3 

'2 

I 3, 3 U / 

[ 2 V* 2gg v 
3 

Dang thuc xay ra khi a = 0, b = 2, c = 1 va cac hoan vi. 

Vay gia tri lbn nhat cua P la 12. 

Bai 99. 

Cach 1. Ser dung bat dang thuc Cauchy ta co 


< b 2 (b 2 - be + c 2 )c 2 = ^.^bc.^bc(b 2 - be + c 2 ) 


- be + c 2 ) 

_ 4 

( b+c ) ! 


~~ 9‘ 

3 




y + z 

y + z 

8 

y 3 

y 3 1 
+ —— + - 

z + x 

'z, + x) 

z + x 

8 

z 3 

3 

( z + y) 2 

x + y 

x + y 

8 


> 3 y- 
2 y 

>-z 2 

2 


Cong ve vdi ve cac bat dang thuc tren, ta co: 


y+z z+x x+y 

y + 


^x 2 + y 2 + z 2 + xy + yz + zxj > ^x 2 + y 2 + z 2 j 

2 I — - h —-1——— ] > — (x 2 + y 2 + z 2 ) - — (xy + yz + zx) 

ly + zz + xx + yl4 V ' ' 4 v ’ 


^(x 2 +y 2 +z 2 )-i(xy + yz + zx)> A( x + y + z)~ --L( x + y + z) 2 


= i(x + y + z ) 2 > 12 


Do do- 1 — - 1 -> 6. Bai toan duoc chung minh xong. 

y + z z + x x + y 

Cach 2: Ap dung bat dang thuc Bunhiacopxki ta co 


(x 2 + y 2 +z 2 ) x 2 + y 2 + z 2 ( x + y + z ) 


x (y + z ) y( z + x ) z ( x + y) 2lxy + yz + zx) 




Do do-1— - 1 -> 6. Bai toan dugc chiing minh xong. 

y + z z + x x + y 

Bai 100. Sir dung bat dang thiic Cauchy ta co 

(a 2 + 8)(b 2 + 8^c 2 + 8) (a 2 + 8abc)(b 2 + 8abc)(c 2 + 8abc) 

(a + b + c) (a + b + c) 

(a + 8 be) (b + 8ca) (c + 8ab) [a + b + c + 8 (ab + be + ca)] 
(a + b + c) 27^a + b + c) 


+4l 


27 (a + b + c) 


27( v a + b + c 3 J 27 (^abc 3 


Do do (a 2 + 8)(b 2 + 8)(c 2 + 8) < (a + b + c) . Bai toan dugc chiing minh xong. 

Bai 101. Dat x = —, y = —, z = — thi gia thiet dugc viet lai la a + b +c = 3 
a b c 

Khi do ta co: 

y 2 x 2 ^ z 2 a 2 ^ b 2 c 2 

xy 2 + 2x 2 

= a + b + c - 


2 + 2z 2 yz 2 + 2y 2 a + 2b 2 b + 2c 2 c + 2c 2 


2ab 2 2bc 2 2ca 2 
a + 2b 2 b + 2c 2 c + 2c 2 


> a + b + c- (yja 2 b 2 + \lb 2 c 2 + 

3 \ 


Sir dung bat dang thiic Cauchy ta co \la 2 b 2 = y/ab.ab.1 < + + -*• 


Tuong tu 


3 / 7 TT be + be + 1 «./• 2 » ca + ca + 1 

\be <-; vea <- 

3 3 


Tir do ta co a + b + c - ^ a 2 b 2 + >/b 2 c 2 + \]c 2 a 2 j >a + b + c- ^- (2ab + 2bc + 2ca 4 


Bai toan dugc chiing minh xong. 



